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A monotonicity result for the maximal solution of the 
equation XBB*X - A*X - XA - Q = 0, Q = Q*, (A, B) stabi- 
lizable, is proved. 
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Let A, B and Q be complex matrices of dimen- 
sions n X n, n X m and n X II respectively, and 
Q = Q*. We consider the algebraic Riccati equa- 
tion 

XBB*X-A*X-XA-Q=O. (1) 

By a solution X of (1) we will always mean a 
hermitian X. We are interested in those solutions 
X, for which the eigenvalues of A - BB*X, are 
in the closed left half plane. For such matrices we 
use the notation 

ReX(A-BB*X+)<O. 

In this note we compare such a solution X, 
with solutions X, of another algebraic Riccati 
equation 

X,B,B;X,-AfX,-X,A,-Q,=O, 

Q, = QT. (2) 

For two hermitian matrices K and K, of same 
dimension K, > K means K, - K is positive semi- 
definite. The following theorem contains monoton- 
icity results of [4], [5] and [2] as special cases. 

Theorem 1. Let the pair (A, B) be stabilizable and 
let the equation 

XBB*X-A*X-XA-Q=O (1) 

have a solution X, such that 

Reh(A-BB*X+)<O 

and let X, be any solution of 

X,B,B:X,-A:X,-X,A,-Q,=O. 

Put 

(2) 

fI:=(; -ZB*), H,:=( ;; -;yBT). 
(3) 

Then H 2 H, implies X, > X,. 

Our proof will proceed- along the lines of the 
proof of Theorem 1 in [5] and in addition will use 
the following inertia result. 

Lemma. Let F, D and R be in CnXn such that 
Re h(F) < 0, D and R are hermitian and positive 
semidefinite and (F, D) is stabilizable. If U is 
hermitian and satisfies the equation 

FYJ+ UF= -UDU-R 

then U 2 0. 

(4) 

Proof. Suppose Ub = 0, b E C”. Then (4) and R go 
0 yield Rb = 0, hence UFb = 0. Therefore Ker U E 
Ker R and Ker U is invariant under F. If S is 
non-singular such that 

then 

We can replace F, U, D and R in the lemma by 
S-IFS, SUS, S-‘D(S-‘)* and SRS respec- 
tively. Let 
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be partitioned accordingly. Then (4) is equivalent 
to 

~Q-I- U2F,= -U,DJJ,-Rz 

or 

U;‘e + Flu;’ = -D, - U;‘R,U;‘. 

Our assumptions imply Re X( F2) G 0, 

D,>,O, R,>O 

(5) 

(6) 

and 

(F,, D,) is stabilizable. (4 
We show that F2 has no eigenvalues on the imag- 
inary axis. Suppose 

w*F, = icuw;, (YElla, WEC”, w#O. 

Then (5) yields 

w*(-D2- U;‘R&-‘)w=O 

and (6) implies w*D, = 0. But 

w*( F2 - icul, D,) = 0, w # 0, 

is a contradiction to (e). One can regard now (5) 
as a Ljapunov matrix equation with a stable ma- 
trix F, and a negative semidefinite right-hand side. 
HenceU;‘>Oand U>O. 0 

Proof of Theorem 1. Equation (1) can be written 
as 

(I X)H(#O. 
Put I?:=H-H, and 

R:= -X,BB*X,+AX,+X,A*+Q. 

Then 

R=(I . 

Thus R 2 0. For U := X, - X, we obtain 

(A - BB*X+)*U + I/( A - BB*X+) 

= -UBB*U- R. (7) 

All of the pairs (A - BB*X+, B), (A, BB*) and 
(A, B) are stabilizable if one of them is. Thus for 
(7) the assumptions of the lemma are satisfied and 
we have U>, 0 or X+2X,. q 

We note some results which are consequences 
of Theorem 1 and of the lemma. 
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Theorem 2 [l]. Let (A, B) be stabilizable. If (1) 
has a solution X, such that 

ReX(A-BB*X+)gO 

then X, is Q maximal solution, i.e. X+g X for all 
solutions of (1). 

Proof. H = H, in (3). 0 

A maximal solution of (l), if it exists, is clearly 
unique. 

Theorem 3. If (A, B) is stabilizable, then (1) has 
at most one solution X such that 

Re X( A - BB*X) G 0. 

The linear-quadratic regulator problem leads to 
an equation (1) with Q > 0. In this case positive 
semidefinite solutions are of interest. The follow- 
ing result is proved in [3, p. 4181 under the hy- 
pothesis 

Re p f 0 for each eigenvalue p of M, 
(P) 

Theorem 4. Suppose Q z 0. Let (A, B) be stabiliz- 
able and let (1) have a solution X, such that 

Reh(A-BB*X+)<O. 

Then X, z 0. 

Proof. We write (1) as 

(A - BB*X)*X+ X(A - BB*X) 

= -XBB*X- Q. 

For X = X, the lemma yields X, 2 0. q 

Addendum. This note was stimulated by the AMS 
conference on Linear Algebra and its role in Sys- 
tems Theory (Bowdoin College, 1984) and P. 
Lancaster’s announcement of results of [2]. 
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