
Spectral Radius and Radius of Convergence
Author(s): H. K. Wimmer
Reviewed work(s):
Source: The American Mathematical Monthly, Vol. 81, No. 6 (Jun. - Jul., 1974), pp. 625-627
Published by: Mathematical Association of America
Stable URL: http://www.jstor.org/stable/2319216 .
Accessed: 19/03/2012 06:16

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at .
http://www.jstor.org/page/info/about/policies/terms.jsp

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

Mathematical Association of America is collaborating with JSTOR to digitize, preserve and extend access to
The American Mathematical Monthly.

http://www.jstor.org

http://www.jstor.org/action/showPublisher?publisherCode=maa
http://www.jstor.org/stable/2319216?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp


1974] MATHEMATICAL NOTES 625 

I f(x) - f(y) ? < f(y(ti)) - f(y(ti- 1)) 

< k 
l 

< x Y II + l < ( + x)| X-Y| 

It follows that f satisfies the LCL, and the theorem is proved. 
Theorem 2 shows, in particular, that for functions having convex domain uni- 

form continuity and the SCS property are equivalent. 
The final example shows that the conditions imposed on the domain of the 

function in Theorem 2 are sufficient, but not necessary, for the equivalence of uni- 
form continuity and the SCS property. 

EXAMPLE 2. Let D = {(x, y): O < x < 1 and -x + sin l/x < y < x + sin l/x}. 
Since D is bounded, uniform continuity and the SCS property are equivalent for 
functions on D. However, curves in D from the point (1/, 0) to the points (1/n7t, 0) 
are arbitrarily long for large values of n. Thus D does not satisfy the hypotheses 
of Theorem 2. 

The SCS property can be defined for a function from a metric space X to a metric 
space Y by replacing the Euclidean distances by the corresponding metrics in the def- 
inition given. After minor changes, including a reformulation of the hypotheses 
on D in Theorem 2, the results of this paper are valid in a metric space context. 

This work was initiated by Mr. Telste under the direction of Professor Klopfenstein in an NSF 
sponsored Undergraduate Research Participation Program at Colorado State University, summer, 
1971. 
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SPECTRAL RADIUS AND RADIUS OF CONVERGENCE 

H. K. WIMMER 

Let A = (aij) be a complex m x m matrix with eigenvalues il, .,..e The 
spectral radius p(A) is defined as 

p(A) = max |JKe 
1 <k<m 

In this note we use the traces of the successive powers of A to derive a formula for 
(dA). We recall that 

ni m m 

TrA = 2 akk= ? 4 and TrA = A' 
k=1 k=1 k=1 
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THEOREM. 

(1) p(A) = lim sup / ITr Ai. 
v v+ 00 

Proof. If p(A) = 0, (1) is obvious. We assume p(A) > 0. For I z I < 1/p(A) the 
order of summation can be changed in m= 1S vo= vzv and the power series 

00 

(2) 1 TrAv z7 
v = 0 

(a power series with coefficients TrAV) can be transformed in the following way 
[2, p. 26] 

oo oo -0 oo m I 

Y. TrAvzv = Tr(zA)v =Tr E (zA)v= Tr(I -zA) = 
v=O v=O v=O k=l 1 ZAk 

Let R be the radius of convergence of (2), then 

R 1 = limsup ;/ITrAv i 
v _ 00 

As the singularities of (2) are given by z = lIAk, Ak 0, the radius of convergence 
can also be expressed as 

R = min 1 1 
Ak | max I Ak p(A) 

Thus R- = lim supv, 00 v/ TrAV| = p(A). 
We note that the mapping A.- | A | = I Tr A j assigns to every complex square 

matrix A a real number A A, satisfying the following axioms: 
I. A|| _ O. 
II. cA || = I c I A for any complex number c. 
III. A + B | <| A + || B ||, if the sum A+ B exists. 

Let us call such a mapping a matrix seminorm. We have proved that for the 
seminorm || All = I Tr Al 

(3) p(A) = lim sup AV 
V 00 

holds. It is obvious that there are seminorms (take A 0 for a trivial example) 
for which (3) is not true. If Axiom I is replaced by the stronger axiom 

I*. A 0 * implies || A || > O *, 
then || * || is called a generalized matrix norm [1, p. 61]. For any such generalized 
matrix norm the spectral radius is given by [1] 

p(A) = lim /VAv. 
V-o o 
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We point out the following problem: What are the conditions for a matrix 
seminorm which is not a generalized matrix norm such that (3) holds? 
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A PARTITION IDENTITY OF THE EULER TYPE 

D. R. HICKERSON 

The celebrated Euler identity in the theory of partitions can be stated as follows: 

EULER'S THEOREM. The number of partitions of n of theform n = bo + b1 + * * * + b, 
where, for 0 _ i _ s - 1, bi > bi+1, is equal to the number of partitions of n 
into odd parts. 

Many generalizations of this identity are known (see [1] and [2]). In this paper 
we ask the question whether similar identities exist if the condition bi > bi+1 is 
replaced by bi > rbi+1, where r is a positive integer. The following theorem shows 
that there exists such an identity for each positive integer r. 

THEOREM. If f(r, n) denotes the number of partitions of n of the form 
n = bo + b1 + *. + b,, where, for 0 ? i < s-1, bi > rbi+1, and g(r,n) denotes 
the number of partitions of n, where each part is of the form 1 + r + r2 + + r' 
for some i ? 0, then 

f(r, n) = g(r, n) . 

Combinatorial Proof. A partition counted by g(r, n) may be represented as 
S 

n = ai(l+r+r 2 +. + ri) 
i=o 

for some nonnegative integers s, ao,, a, with as > 0. Given such a partition, 
let, for 0 _ i < s, bi= =iajrj-'. Then 

s s s j 

bo + b, + * j + bS = E ajrJ' ajrS S S j 

i=0 j=i j=0 i=0 

S 

= X a/(ri + ri-1 + + r + 1) = n. 
j=0 

Also, for 0 < i < s-1 
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