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Abstract

The linear matrix equations AXB − CXD = E, AX −X∗D = E, and
AXB − X∗ = E are studied. In the case of uniqueness the solutions are
expressed in terms of contour integrals.
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1. Introduction

In this note we use contour integrals to study the matrix equations

AXB − CXD = E (1)

and
AX −X∗D = E (2)

and
AXB −X∗ = E. (3)

We assume A,C ∈ Cm×m and B,D ∈ Cn×n and E ∈ Cm×n, and m = n
in (2) and (3). The generalized Sylvester equation (1) appears in sensitiv-
ity problems of eigenvalues [12], in numerical solutions of implicit ordinary
differential equations [6], and in a Lyapunov theory of descriptor systems
[1]. Equation (2) - where X∗ denotes the conjugate transpose of X - plays
a role in palindromic eigenvalue problems [2, 9]. The main reference to (3)
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is [13]. Besides (2) and (3) equations of the form AX − XTD = E and
X − CXTD = E - where XT is the transpose of X - have been studied e.g.
in [5], [13] and [3].

Conditions for uniqueness of solutions of (1) - (3) involve matrix pencils
and their spectra. Let the pencil zC−A be regular, that is det(λC−A) 6= 0
for some λ ∈ C. We set

σ(zC − A) = {λ; det(λC − A) = 0} ∪ {λ; det(C − λ−1A) = 0}.

Then 0 ∈ σ(zC−A) is equivalent to detA = 0. By convention 1/∞ = 0 and
1/0 = ∞. Thus ∞ ∈ σ(zC − A) if and only if detC = 0. A contour in the
complex plane will always mean a positively oriented simple closed curve.

2. Explicit solutions by contour integrals

2.1. The generalized Sylvester equation

It is known (see [4]) that equation (1) has a unique solution if and only
if the matrix pencils

zC − A and zB −D are regular, (4)

and
σ(zC − A) ∩ σ(zB −D) = ∅. (5)

In the following we give an explicit description of the unique solution of (1).

Theorem 2.1. If the conditions (4) and (5) are satisfied then there exists
a contour γ such that σ(zC − A) is in the interior of γ and σ(zB − D) is
outside of γ. The unique solution of (1) is given by

X =
1

2πi

∮
γ

(zC − A)−1E(zB −D)−1dz. (6)

Proof. Let T and W be nonsingular complex n× n matrices that transform
the regular pencil zB − D into Weierstrass canonical form (see [7, Section
XII]). Then

T (zB −D)W = zB̃ − D̃ = z

(
Ir 0
0 N

)
−
(
D0 0
0 In−r

)
,
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where N is nilpotent. We have σ(zB − D) = σ(zB̃ − D̃). Set X̃ = XT−1

and Ẽ = EW . Then X is a solution of (1) if and only if X̃ is a solution of
AX̃B̃ − CX̃D̃ = Ẽ, and it is not difficult to see that we can assume that B
and D have the form

B =

(
Ir 0
0 N

)
and D =

(
D0 0
0 In−r

)
,

where σ(N) = {0}. If the pencils zC − A and zB −D are regular then (see
[10], [8]) the identity (1) is equivalent to

(zC − A)−1CX −XB(zB −D)−1 = (zC − A)−1E(zB −D)−1. (7)

Because of (5) we have∞ /∈ σ(zC−A)∩σ(zB−D). Suppose∞ /∈ σ(zC−A),
that is detC 6= 0. Then (7) can be written as

(zI − C−1A)−1X −X
(

(zIr −D0)
−1 0

0 N(zN − In−r)−1

)
=

(zC − A)−1E(zB −D)−1. (8)

The assumption (5) implies that there exists a contour γ surrounding the set
σ(C−1A) = σ(zC−A) and leaving σ(zB−D) in the exterior. In particular,
there is no eigenvalue of D0 in the interior of γ. Note that (zN − In−r)−1 is
a polynomial matrix. Hence the spectral calculus for matrices yields

1

2πi

∮
γ

(zI − C−1A)−1dz = In,

and

1

2πi

∮
γ

(zIr −D0)
−1dz = 0 and

1

2πi

∮
γ

(zN − In−r)−1dz = 0.

Then (6) follows immediately from (8). Now suppose∞ /∈ σ(zB−D). Then
detB 6= 0. In that case we consider the equation DTXTCT − BTXTAT =
−ET and represent XT in accordance with (6). We obtain

X =
−1

2πi

∮
β

(zC − A)−1E(zB −D)−1dz,

where β is a contour such that σ(zB−D) is in the interior of β and σ(zC−A)
is in the exterior of β. Let −β denote the simple closed curve orientated in
the opposite direction of β. Then we have (6) with γ = −β.
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The Sylvester equation

AX −XD = E (9)

is a special case of (1). Suppose σ(A) ∩ σ(C) = ∅ and let γ be a contour
with σ(A) in the interior and σ(D) in the outside. Then (6) implies (see e.g.
[11]) that

X =
1

2πi

∮
γ

(zI − A)−1E(zI −D)−1dz

is the solution of (9). The following result on the discrete-time Sylvester
equation (= Stein equation)

AXB −X = E (10)

is also a consequence of Theorem 2.1.

Corollary 2.2. Suppose 1 /∈ σ(A)σ(B). Let γ be a contour with σ(A) in
the interior and {1/λ; λ ∈ σ(B), λ 6= 0} in the exterior. Then the unique
solution of (10) is given by

X =
1

2πi

∮
γ

(zI − A)−1E(zB − I)−1dz.

2.2. The (X,X∗)-Sylvester equation

In [2] and [9, p. 223] it was shown that the (X,X∗)-Sylvester equation

AX −X∗D = E (11)

has a unique solution if and only if the pencil

A− zD∗ is regular, (12)

and
σ(A− zD∗) ∩ σ(D − zA∗) = ∅. (13)

Condition (13) means that λ ∈ σ(A− zD∗) implies 1/λ̄ /∈ σ(A− zD∗). The
following result gives a contour integral solution of (11).

Theorem 2.3. Let (12) and (13) be satisfied. Then there exists a contour
γ such that σ(D− zA∗) is in the interior of γ and σ(A− zD∗) is outside of
γ. The unique solution of (11) is given by

X =
1

2πi

∮
γ

(zD∗ − A)−1(E + zE∗)(D − zA∗)−1A∗dz. (14)
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Proof. Note that (11) is equivalent to

(A− zD∗)X −X∗(D − zA∗) = E + zE∗. (15)

Hence, if A− zD∗ is regular then (15) can be written as

X(zA∗−D)−1− (zD∗−A)−1X∗ = (zD∗−A)−1(E+zE∗)(D−zA∗)−1. (16)

Suppose detA 6= 0. Then (13) implies that there exists a contour γ such that
σ(zA∗ − D) = σ

(
zI − D(A∗)−1

)
is in the interior of γ and σ(A − zD∗) is

outside of γ. Then

1

2πi

∮
γ

X(zA∗ −D)−1dz =
1

2πi

∮
γ

X (A∗)−1
(
zI −D (A∗)−1

)−1
dz = X (A∗)−1

and
1

2πi

∮
γ

(zD∗ − A)−1X∗dz = 0.

Hence (14) follows from the identity (16). Suppose detA = 0. Then we
obtain (14) by a perturbation argument. We consider the equation ÃX −
X∗D = E where Ã = A+ εI, ε > 0. If ε is sufficiently small then det Ã 6= 0,
Ã− zD∗ is regular, and σ(Ã− zD∗) ∩ σ(D − zÃ∗) = ∅.

2.3. The (X,X∗)-Stein equation

Zhou, Lam and Duan [13] investigated the equation

AXB −X∗ = E. (17)

Using Kronecker products and the vec-permutation matrix the following re-
sult was proved in [13, p.1390, Lemma 13].

Lemma 2.4. The condition σ(zI−B∗A)∩σ(I−zBA∗) = ∅, or equivalently,

1 /∈ σ(AB∗)σ(A∗B), (18)

is necessary and sufficient for the existence of a unique solution of (17).

We apply Corollary 2.2 to derive a contour integral solution of (17).
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Theorem 2.5. Assume (18). Let γ be a contour that has the eigenvalues of
B∗A in the interior and the set {1/λ̄; λ ∈ σ(B∗A), λ 6= 0} in the exterior.
Then

X =
1

2πi

∮
γ

(zI −B∗A)−1(E∗ +B∗EA∗)(zBA∗ − I)−1dz (19)

is the unique solution of (17).

Proof. Let W denote the right-hand side of (19). Then W satisfies the Stein
equation

B∗AWBA∗ −W = E∗ +B∗EA∗. (20)

(by Corollary 2.2). It follows from [13, Theorem 7], which deals with equation
(20), thatW is a solution of (17). We can show this directly as follows. Define
P = AWB and Q = W ∗. Then

P =
1

2πi

∮
γ

[
(zI − AB∗)−1A(E∗ +B∗EA∗)B(zA∗B − I)−1dz

is the solution of

(AB∗)P (A∗B)− P = A(E∗ +B∗EA∗)B,

and (20) yields
(AB∗)Q(A∗B)−Q = E + AE∗B.

Set S = P − Q − E. Then (AB∗)S(A∗B) − S = 0. Therefore (18) implies
S = 0. Hence AWB −W ∗ − E = 0.

References

[1] D. J. Bender, Lyapunov-like equations and reachability/observability
Gramians for descriptor systems, IEEE Trans. Automat. Control 32(4)
(1987), 343–348.

[2] R. Byers and D. Kressner, Structured condition numbers for invariant
subspaces, SIAM J. Matrix Anal. Appl. 28(2) (2006), 326–347.

[3] Ch.-Y. Chiang, A note on the >-Stein matrix equation, Abstr. Appl.
Anal. 2013, Article ID 824641, 8 pages.

6



[4] K.-W. E. Chu, The solution of the matrix equations AXB−CXD = E
and (Y A − DZ, Y C − BZ) = (E,F ), Linear Algebra Appl. 93 (1987),
93–105.

[5] F. De Terán and F. M. Dopico, Consistency and efficient solution of
the Sylvester equation for ∗-congruence, Electron. J. Linear Algebra 22
(2011), 849–863. .

[6] M. A. Epton, Methods for the solution of AXD − BXC = E and its
application in the numerical solution of implicit ordinary differential
equations, BIT 20 (1980), 341–345.

[7] F. R. Gantmacher, The Theory of Matrices, Vol. II, Chelsea Publishing
Company, New York 1959.
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