Applied Mathematics Letters 109 (2020) 106528

= Applied
Mathematics
Letters

Contents lists available at ScienceDirect

e e e

Applied Mathematics Letters

www.elsevier.com/locate/aml S—
Zero relaxation time limits to isothermal hydrodynamic model for R)
semiconductor Bk

Changfeng Xue”, Christian Klingenberg”, Yun-guang Lu ¢, Jin-jun Zhang ¢

# School of Mathematics and Physics, Yancheng Institute of Technology, China
b Department of Mathematics, Wuerzburg University, Germany

¢ Department of Mathematics, Hangzhou Normal University, Hangzhou, China
4 Department of Mathematics, Jiazing University, China

ARTICLE INFO

Article history:

Received 2 May 2020
Accepted 28 May 2020
Available online 2 June 2020

Keywords:

Relaxation limit

Isothermal Euler—Poisson equations
Vanishing viscosity

Flux approximation

ABSTRACT

In this paper, we remove the bounded total variation condition on the initial
data and the restriction of the concentration of a fixed background charge being
a constant in the paper “Relaxation of the Isothermal Euler—Poisson System to
the Drift-Diffusion Equations,” (Quart. Appl. Math., 58 (2000), 511-521), and
obtain the zero relaxation time limits to isothermal hydrodynamic model for
semiconductor by using the varying viscosity method.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we study the relaxation limit of the one-dimensional isothermal Euler—Poisson model for

semiconductor devices:

pt + (pu)x =0,
(pu)e + (pu® + P(p))s = pE — 2, (1.1)
ECE =p—- ’I”L(l')’

in the region (—o0,400) x (0, 00), with bounded initial data

(p; w)li=0 = (po(2), uo (),

and a condition at —oo for the electric field
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A (po(@), o)) = (0,0),  po(z) 20 (1.2)
lim E(z,t)=E_, forae. te€(0,00), (1.3)
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where T, E_ are fixed constants, p > 0 denotes the electron density, the pressure-density relation is P(p) = p,
u the (average) particle velocity and E the electric field, which is generated by the Coulomb force of the
particles. The given function n(x) represents the concentration of a fixed background charge [1,2] and 7 > 0
is the momentum relaxation time. From the physical and engineering point of view, the isothermal case
P(p) = p is very important. The global existence of entropy solutions of (1.1) with BV (R) initial data was
obtained in [2,3] by using the Glimm method [4,5], and with bounded L*°(R) initial data or initial-boundary
values was well studied in [6,7] by using the compensated compactness method.

In this paper, we are concerned with the relaxation limit of the problem (1.1)—(1.3) when 7 — 0%. In the
isentropic case P(p) = % pY,v > 1, Marcati and Natalini introduced a “parabolic scaling” s := 7¢, x := x, and
showed that in the new variables, the solution converges to the solution of the drift-diffusion system [8] (See
also [9,10] for the solutions in LP,1 < p < oo space). In the isothermal case P(p) = p, under the bounded
total variation condition on the initial data and the restriction n(z) = N, where N > 0 is a constant, Junca
and Rascle [11] proved that the BV (R) solution (p7, E7), obtained in [2] converges to the solution of the
drift—diffusion equations

08 _ , N (1.4)

{ 5+ SpE— ) =0
& =
in the sense of distributions, where s := 7t and (p, E) is the relaxation limit of (p”, E7) as 7 — 0. In this
paper, under the assumptions of the initial data ug(x) € L>=(R), po(z) € L (R) N L*(R) and n(z) € L'(R),
we obtain the similar zero-relaxation limit by using the varying viscosity method.

The classical viscosity method is to add the diffusion terms to the right-hand side of system (1.1) and to

study the following parabolic system

pt + (pu)z = €pzz,
(pw)e + (pu? + P(p))e = (pu)ux + pE — 22, (1.5)
E. =p—n(x).

If we consider the momentum m = pu as an independent variable, we must first obtain the positive, lower
estimate of p® since pu? = mTQ in the second equation of (1.5) is not well defined at p = 0. However, if we
apply the third equation in (1.5) to resolve E°(x,t), the new problem arises of how to control the integral
of [T p*(z,t)dz.

To overcome the above difficulty, we construct the approximate solutions of (1.1) by adding the classical
viscosity coupled with the flux approximation

pr+ ((p = 20)u)s = €pra,
(pu) + (pu? — 6u? +p—25Inp), = e(pu)pe + (p — 20)E — %(p — 20)u, (1.6)
Ey = (p—26) —n(z)

with the initial data
(p7°(2,0),u (2,0)) = (po(x) + 20, uo(x)) * G*, (1.7)

where (po(z),uo(x)) are given in (1.2), § > 0 denotes a regular perturbation constant, G¢ is a mollifier such
that (p(z,0),u*°(z,0)) are smooth and

lim (p*°(z,0),u%°(z,0)) = (26,0), lim (pS°(x,0),us°(z,0)) = (0,0). (1.8)
One obvious advantage of the above viscosity-flux approximation is that we may obtain the bound p*° >
20 > 0 immediately, by applying the maximum principle to the first equation in (1.7), which guarantees that
both the term pu? = mTQ, and the function E%°(z,t) = [*_ p*(z,t) — 26 — n(z)dx are well defined. More
precisely, the following lemma was obtained in [10] by using the compensated compactness method [12]
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Lemma 1.1. Let (po(z),uo(x)) be bounded in L*°(R) and (po(x),n(x)) be bounded in L'(R). Then,
for any fized ¢ > 0,6 > 0,7 > 0, the problem (1.6)—(1.8) has a unique global smooth solution
(pa’é(xut)7u876(xat)7EE75(:L‘7t)) in R x (OaTL Satisfying

M ;|00 (050 (2, 1), 0% (2, 1)) = (26,0),  limyy 00 (p5° (2, ¢), us (2, t)) = (0,0),
In p=%(z,t) — u%(w,t) < My + Mat, Inp=°(x,t) + us0(x,t) < My + Mot, (1.9)
0<28 < p™°, [p70(,t) = 20| 1) < M3, |E5°| < Ms,

where the constants M;,i = 1,2,3 depend only on the bounds of the initial data, but are independent of €,9, T.

In this paper, we are concerned with the zero-relaxation-time-limit of above viscosity solutions as &,6, 7
go to zero, without the uniformly time-independent estimates on (p=9, us?).

Theorem 1.1. Let the conditions in Lemma 1.1 and ud(z) € LY(R) be satisfied; let s = 7t,v"(z,8) =
090 (z, £) = v¥0(a,t) for any function v. Then, there exists a subsequence (still labelled) ({p™},{E}) such

that p" (z,s) — p(x,s) weakly in L} (R x RY), E7(x,s) — E(x,s) strongly in LY (R x R*),p > 1 when

loc loc
g,0,T go to zero, and the limit (p, E) is a solution of the drift-diffusion equations

dp 0 dp, oF
25 a—x(P - a) =0, o-=r n(x) (1.10)

in the sense of distributions.

Remark 1.1. It is worthwhile to point out that the results in Theorem 1.1 can be easily extended to the
following Euler—Poisson equations of two-carrier types in one dimension

pit + (pitti)z =0,
(piwi)e + (pi(wi)? + pi)e = pi B — B2 §=1,2, (1.11)

i

E:E = pP1 + P2 — n(x),

in the region (—oo,+00) x [0, T, with suitable bounded initial data and the condition (1.3) at —oo for the
electric potential E, where (p1,u;) and (p2,us) are the (density, velocity) pairs for electrons (i = 1) and
holes (i = 2) respectively, and the given function n(x) represents the impurity doping profile.

In the above case, the drift—diffusion equations (1.10) are replaced by

) =0, 8_.1' =p1+p2—n(a;), 1=1,2. (112)

2. The proof of Theorem 1.1

Let s = 7t and v*°(z,t) = v*(z, £) = v"(x, s). Then

Oved B ov™ Os o™ st QT

= —_— = = 2.1
ot  9s ot | 8s’ 0x oz @1)
and
T 2 T
o+ (o7 - 20)u7) = e Gk,
P2 O (o7~ )N + o7 — 26T ) = (o7 — 2)E7 — L(p7 —20)u +e 2 (22)
Os ox T o
2L~ )
due to (1.6).

We shall prove Theorem 1.1 by the following several lemmas.
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Lemma 2.1. We have the estimates

/OL/R%(PT—25)(UT>2dmdS§M(L) and /OL/]R%(IO;)Q < M(L). (2.3)

Proof of Lemma 2.1. Multiplying the first equation in (2.2) by %—";, and the second by g—?;, then adding
the result, we have

m™i(pT,mT) + @ (pT,mT) = ent, (pT,m7) + (pT — 20)uT ET — £(p7 — 20)(uT)?

r ()T T (2.4)
—e(pf,my) - V2 ( )+ (o3, m7)T,
where
n*(p,m) = %+ p(lnp—1n26) >0 2.5)
q*(p,m) = %32— + pu(Inp —In20) + pu — %(5u3 — 20u — 20u(ln p — In 24), '
(p7 = 20)u™ET — 2(p” = 20)(u”)? < —5=(p7 — 20)(uT)? + 57(p7 — 20)(E7)? (2.6)
and
—&(paymy) - V2*(p,m) - (pzyme)” = _5((72_2 + %)P — 27 52 P M + m2) < _5%/)3- (2.7)
Since
1" (p,m)|s=0 = 557 (2,0)(u"(2,0))* + p*° (z,0)(In p*°(z,0) — In 26) 2.8)
= 5(po(x) + 20)ug(z) + (po(z) + 20)(In(po(z) + 20) — In26) < M(u(x) + po(2)),
which is integrable in L*(R) by the conditions in Theorem 1.1, and
/ %T(pT —20)(E7)*dx < ™M (2.9)
R

due to the estimates in (1.9), thus, we may obtain the estimates (2.3) in Lemma 2.1 immediately by using
(2.5)—(2.8), if we integrate both sides of (2.4) on R x [0, L].

Lemma 2.2. There exists a subsequence (still labelled) {E™} such that E7(x,s) — FE(x,s) strongly in
Lp

loc

(R x RY), for any p > 1, when e,0,7 go to zero.

Proof of Lemma 2.2. Since |E7(z,5)|;00 < M, |E](z, s)|L1 _(RxR+) < M, then —g + % are compact in

H,. '(R x R*1) by using the Murat’s lemma [13], where ¢ is an arbltrary constant. Furthermore, by using the
third and first equations in (2.2), we have

OE™ (" 0p"(x,s) . (p” —20)u”  e0p”(x,s)
0s _/ 0s do = T - T dr (2.10)

— 00

which is bounded in L}

loc

/OL/R(N — 26)|u"|dds < (/OL/R(pT —26)dxds / / - 28)( dmds) <Mr  (211)

from the first estimate in (2.3); and for any fixed N > 0,

(R x RT) because

[N
[N

Jo 2 2125 dwds < ([ 2 75 (on)2dads) ™ - ([ 2 £p7dods) (2.12)
. .
L)(fy ST 2t deds)® < ML)(LN)?,
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from the second estimate in (2.3), if we choose € to be much smaller than 7 such that 2e < re~Mi—M2%

Thus, aaEsT % are also compact in H l;cl (R x RT) for any constant c. If we apply the Div—Curl lemma [14]
to the pairs of functions

(¢, ET), (E7,c), (2.13)

we may obtain

ET-E7 = (E7)2, (2.14)

which deduces the pointwise convergence of E™ and the proof of Lemma 2.2.

Proof of Theorem 1.1. Eliminating 1(p™ — 26)u” in the first two equations in (2.2), we obtain

T T T 2. 1, T
9p _}_%(prE—r_@L):gazp +68(pu)—25ET

Os oz T Oz o2
A(pTu" T T T
—r g = (7 = 6)(u7)? —261n p7) (2.15)
= 5882;; + 882(8";2“7) —20E7 — 2(57’% — 62 (u)?+262(Inp")
~7gs((p7 = 26)u”) — F ((p7 — 26)(u7)?).
Using the estimates in (1.9), we have
25 < p7 < MMt < MIFMaE T < 0 M2£ + |1In(29)| (2.16)
T
for s € (0, L). Thus for fixed L,
e 0%p” 0?(pTuT) ou™ 0 9 0
— —20E7 — 20 —0—(u" 20— (Inp” 0 2.17
T ox2 T oa2 " 95 056(“) + 8w(np)_) ’ (2.17)
in the sense of distributions, if we choose €, to go zero much faster than 7; and
(7~ 25T — (7~ 20) () 0, (2.18)

in the sense of distributions, due to (2.11) and the first estimate in (2.3).

Suppose p” — p weakly in L} (R xRT), E7(x,s) — E(x,s) strongly in L (RxRT),p > 1 when ¢4,

loc loc

go to zero. Then the limit (p, F) satisfies the drift—diffusion equations (1.10), in the sense of distributions,
if we let ,d, 7 go to zero in (2.15), and the third equation in (2.2). Theorem 1.1 is proved.
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