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German Science Foundation grant approved 

  The German Science Foundation (DFG) is funding a priority 
program for conservation laws, running for two times three years, where 
they pay for about 20 PhD positions for research in this field at German 
universities. The program has run for three years, and applications for 
the second three years were due a few months ago. In order to decide 
the successful applications, the referees met all applicants in person on 
April 28 in Mainz. A partial list of the referees are: Michael Dumbser, 
Helge Holden, Gabriella Puppo, Eitan Tadmor. We all stood by our 
posters and were questioned by the referees. Afterwards they sat 
together and decided.  
  I had written an application on the Active Flux method together 
with Wasilij Barsukow. Fortunately this has now been approved.  
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News about a papers from our 
work group 

Paper with Simon 
Krotsch submitted  

    The paper Wasilij Barsukow, 
Christian Klingenberg, Simon Krotsch: 
"On the equivalence of semi-discrete 
Active Flux and Discontinuous Galerkin 
methods and a comparison of their 
performance” has been submitted to a 
journal.  
    Here a cor respondence 
between the discontinuous Galerkin 
(DG) and the Active Flux method is 
explained. In certain instances these 
two methods  are equivalent. It is then 
shown that Active Flux seems to be 
much more efficient than DG.  

Lena Baumann’s paper 
accepted  

     The article   Lena Baumann, Lukas 
Einkemmer, Christian Klingenberg, 
Jonas Kusch: "An energy stable and 
conservative multiplicative dynamical 
low-rank discretization for the Su-Olson 
problem" has been accepted for 
publication in the Journal of Compu-
tational and Applied Mathematics.  
       A reduced order numerical 
method is applied to a kinetic radiative 
transfer equation. The method is such 
that energy conservation and local 
mass conservation can be proven.  
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the poster with 
which we 
presented our 
project to the 
referees

L. Baumann et al.

with constant deviation 𝜔IC = 0.03. The traveling particles are initially centered around 𝜀 = 1 and move into all directions 𝜗 ω [ε1, 1]. 
The initial internal energy is set to 𝜛0 = 1 and the opacity to the constant value 𝜔 = 1. For the low-rank computations we use an 
initial rank of 𝜚 = 10. The total mass 𝜍𝜑 at time 𝛻𝜑 is de!ned as 𝜍𝜑 = ϑ𝜀⌋𝜕𝜀
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. As computational parameters we use 
𝜕𝜀 = 1000 cells in the spatial domain and 𝜕𝜗 = 500 moments for the approximation in the directional domain. The time step size is 
determined by ϑ𝛻 = CFL ⋛ ϑ𝜀 with CFL = 0.99, according to the corresponding CFL condition.

For the theoretical proof of energy stability of the multiplicative DLRA scheme (19) the basis augmentations to rank 4𝜚 + 1 per-
formed in (19b) and (19d) are essential. However, in practical implementations it can be observed that the standard basis augmen-
tations to rank 2𝜚 + 1 provide similar solutions while being signi!cantly faster. For this reason, we propose to leave out the basis 
augmentations presented in (19b) and (19d) in practical applications.

We compare the solution of the full system (full) with the solution of the reduced DLRA scheme with rank 2𝜚 + 1 (DLRA) and the 
solution of the augmented DLRA scheme with rank 4𝜚 + 1 (DLRA BasisAug). Fig. 2 displays the solution ℷ (𝜀,𝜗) computed with the 
three di"erent solvers. In Fig. 3 the numerical results for the scalar #ux ϖ = 1

⌉
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}ℷ ⦃𝜗 and the dimensionless temperature ℸ = 4⌉𝜛 are 

shown. All quantities are captured well by both DLRA schemes. In addition, Fig. 3 shows the evolution of the rank 𝜚. For a chosen 
tolerance parameter of ⊳ = 10ε1⦄𝛚⦄⊲  the rank of both DLRA schemes increases up to 𝜚 = 23 before it signi!cantly reduces again. 
Note that the ranks of the reduced as well as the augmented DLRA scheme show a similar behavior as they are displayed after the 
corresponding truncation step. The relative mass error 
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 is of order ∱⟩10ε13⟪, i.e. the DLRA scheme is mass conservative up to 
machine precision. These results con!rm our theoretical !ndings. The memory demand reduce from ∱⟩𝜕𝜀𝜕𝜗

⟪ for the full solver to 
∱
⟩

𝜚max
⟩

𝜕𝜀,𝜕𝜗
⟪⟪ for the DLRA schemes.

Fig. 6. Numerical results for the scalar #ux ϖ (top row) and temperature ℸ  (bottom row) of the 2D beam problem at time 𝛻end = 0.5 computed with 
the multiplicative full solver (left) and the reduced multiplicative DLRA scheme (right).

Fig. 7. Evolution of the rank in time for the 2D beam problem for the reduced multiplicative DLRA method (left) and evolution of the relative mass 
error in time compared for both methods (right).

A 2-dim simulation of a beam is shown, on the right with the full solver, on 
the left with the reduced order method from the paper. The fact that they 

look the same illustrates how well the new method works.

Project EXAMAG

Exascale Simulations of the Evolution of the 
Universe including Magnetic Fields
Prof. Volker Springel (Heidelberg), Prof. Christian Klingenberg (Würzburg)

SPPEXA — DFG Priority Program 1648 

The AREPO code – an innovative technique

Key Science Drivers

Advantages of this approach

Area 1 – achieving exascale scalability

Area 2 – improving magnetic field solvers

Area 3 – anisotropic thermal conduction

Area 4 – discontinuous Galerkin (DG) solvers

Work plan

Longer-term perspective

● Can galaxies form successfully from ΛCDM cosmological
initial conditions?

● What role do magnetic fields and anisotropic thermal 
conduction play in cosmic structure formation?

● How do we arrive at highly accurate and extremely scalable 
hydrodynamical algorithms for astrophysical fluid dynamics?

● Do novel discretization schemes for astrophysical 
hydrodynamics offer significant cost/accuracy advantages? 

Cosmology relies on the exploitation of HPC 
techniques on the largest supercomputers

● Very low numerical viscosity, greatly reduced advection errors

● Provides a crucial improvement over the SPH technique

● High accuracy for shocks, fluid instabilities and turbulence

● Full adaptivity and manifest Galilean invariance

● Makes larger timesteps possible in supersonic flows

Current code status and previous work in this field

Postdoc (Heidelberg):
Will lead the scaling work on the code

PhD Student (Heidelberg)
Carries out state-of-the art application
studies of magnetic fields in cosmology

Great potential for applications in astrophysics, yielding more 
accurate solutions at lower computational cost

● Need multi-treading in all parts of the code

● Preparation for many-core architectures

● Develop alternative mesh-construction algorithm

● Implement GPU support for gravity and mesh calculation

● Prepare for MPI-3 and fault-tolerant/redundant calculations

● Improve ability to do on-the-fly data reduction and postprocessing

● Public release of the AREPO code (like GADGET)

● Include radiative transport

● Investigate applications outside astrophysics 

Postdoc + PhD (Würzburg):
Develop discontinuous Galerkin solver in
the AREPO code framework and improve
the magnetic field discretization

Postdoc + PhD (Würzburg)
Develop treatment of anisotropic conduction 
and study its physics applications

Finite-volume hydrodynamics on a fully adaptive and dynamically moving Voronoi mesh, 
yielding quasi-Lagrangian behavior. The code is coupled to a powerful TreePM solver for 
self-gravity and the additional treatment of a collisionless fluid (dark matter).

The GADGET code of the PI has been used for the worldwide largest calculations in 
cosmology, and is presently the most widely used code in the field

Cosmological applications of AREPO 
demonstrate its large accuracy gain with respect 
to the traditional SPH technique

Scalability of the current MPI-only 
version of AREPO for simulations of 
galaxy formation (on Ranger/TACC)

● Stable and locally conservative

● Can deliver high-order accuracy

● Can easily handle complex geometries

● Highly parallelizable for hyperbolic problems

Li, Frank & Blackman, 2012, ApJ, 748, 24

● Magnetic fields are crucial for the regulation 
of star formation and accretion, and for the 
intracluster medium

● The div B = 0 constraint is difficult to 
guarantee numerically

● New numerical solvers that are robust on 
unstructured moving grids need to be 
developed and implemented

● New positivity preserving schemes for fluid 
dynamics desirable for improved robustness

● Magnetic fields channel heat
transport through electrons along field lines

● The magnetothermal (MTI) and heat-flux 
driven buoyancy instability (HBI) induce 
cluster turbulence  

● Cosmological simulations combining 
magnetohydrodynamics and anisotropic 
thermal conduction largely unexplored

● Crucial impact on IGM and ISM is expected

Millennium XXL Simulation 
12288 cores, 303 billion resolution elements

MassiveBlack Simulation 
105 cores (Kraken), 66 billion resolution elements

our numerical method

SPP 2410 Hyperbolic Balance Laws in Fluid Mechanics:

Complexity, Scales, Randomness (CoScaRa)

Christian Klingenberg,

Dept. of Mathematics, University of Würzburg

cooperation partner in France: Wasilij Barsukow,

CNRS, University of Bordeaux, France
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A structure-preserving compact

high-order method for multi-

dimensional hyperbolic systems:

singular limits, implicit methods

energy conservation

Motivation

Active Flux holds the promise to be asymptotic-preserving

and involution-preserving without the need for a fix of the

scheme.

The aim of the proposed project is to develop asymptotic-

preserving, involution-preserving and energy-conserving

(where applicable) Active Flux schemes, and thus to achieve

new, highly accurate numerical methods for a broad class of

problems formulated, among other, as singular limits of hy-

perbolic systems in multiple dimensions. Novel (semi-)implicit

discretizations and limiting approaches for Active Flux will be

developed to ensure efficiency.

The Mathematical Problem

Our main interest is in a hyperbolic system of the form

ut +

d’
i=1

fi(u)xi
= 0.

For background on hyperbolic balance laws we refer to the

seminal book [?].

Suspendisse vel felis. Ut lorem lorem, interdum eu, tincidunt

sit amet, laoreet vitae, arcu. Aenean faucibus pede eu ante.

Praesent enim elit, rutrum at, molestie non, nonummy vel,

nisl. Ut lectus eros, malesuada sit amet, fermentum eu, so-

dales cursus, magna. Donec eu purus. Quisque vehicula,

urna sed ultricies auctor, pede lorem egestas dui, et convallis

elit erat sed nulla. Donec luctus. Curabitur et nunc. Aliquam

dolor odio, commodo pretium, ultricies non, pharetra in, velit.

Integer arcu est, nonummy in, fermentum faucibus, egestas

vel, odio.

Preliminary Work/Results

We have made some contributions to the topic of this project.

The work in this publication [?] is not related to the project but

leads to a bold-face citation of one applicant’s name.

Some illustration related to [?].

Key achievements

0 one

0 two

0 ...

Methodology/Project plan in the second funding period

Research Goals

Based on our preliminary work we want to extend our method

to ... and apply it to this and that.

WP1

First, we plan to ...

WP2

Second, we will ...

WP3

Finally, we will ...

The Project’s Research in the Context of SPP 2410

The project aims at understanding turbulent model hierachies

by analytical and numerical techniques from the field of con-

servation laws.

Existing and planned corporations within the SPP 2410

0 Project-Name1: Comparison of different solution con-

cepts

0 Project-Name2: Joint development of a-posteriori error

estimates using the relative entropy framework

Selected Publications

In total we generated X publications or pre-prints. Since sub-

mission of the proposal Y manuscripts have been submitted

and Z papers got accepted.

Inspired by Phil Roe’s Active Flux method we solve conservation laws in multi-dim. 
by a continuous Galerkin representation with stabilization via upwind point updates. 
We use a semi-discrete approach. 

in the first period of this priority program
We have proven for linear systems of conservation laws this method is
• stationary preserving
• achieves the low Mach limit
• is asymptomatic preserving

without modification of the scheme. 
We have applied this to many first order systems, linear and nonlinear 
in 2 and 3 space dimensions 

-  Wasilij Barsukow, Christian Klingenberg, Simon Krotsch:  
    On the equivalence of semi-discrete Active Flux and Discontinuous Galerkin methods and a comparison of their performance 
    arXiv:2603.18160, (2026) 

- Wasilij Barsukow, Praveen Chandrashekar; Christian Klingenberg; Lisa Lechner:  
    A generalized Active Flux method of arbitrarily high order in two dimensions,   
    Computers & Fluids, Vol. 307 (2026) 
  
- Wasilij Barsukow, Christian Klingenberg, Lisa Lechner, Jan Nordström, Sigrun Ortleb, Hendrik Ranocha:  
    Stability of the Active Flux Method in the Framework of Summation-by-Parts Operators, 
    BIT Numerical Mathematics, arXiv:2507.11068 (2026) 

- Junming Duan, Praveen Chandrashekar, Christian Klingenberg:  
   A positivity-preserving active flux scheme for the ideal magnetohydrodynamics with the Godunov-Powell source term,  
   arXiv 2506.04857 (2025) 

- Junming Duan, Wasilij Barsukow, Christian Klingenberg:  
   An asymptotic-preserving active flux scheme for the hyperbolic heat equation in the diffusive scaling,   
   arXiv:2508.05166 (2025) 

- Wasilij Barsukow:  
   An Active Flux method for the Euler equations based on the exact acoustic evolution operator,  
   arXiv 2506.03291 (2025) 

- Wasilij Barsukow, Janina Kern, Christian Klingenberg, Lisa Lechner:  
   Analysis of the multi-dimensional semi-discrete Active Flux method using the Fourier transform,  
   Communications on Applied Mathematics and Computation (2025) 

- Junming Duan, Wasilij Barsukow, Christian Klingenberg:  
   Active flux methods for hyperbolic conservation laws – flux vector splitting and bound-preservation,  
   SIAM Journal on Scientific Computing, vol. 47, no. 2, (2025) 

- Rémi Abgrall, Wasilij Barsukow, Christian Klingenberg:  
   The Active Flux method for the Euler equations on Cartesian grids,  
   Journal of Scientific Computing, vol. 102, no. 36 (2025)

some of our recent literature:

in the second period of this priority program we plan to extend this to high order PDEs

high-order PDEs
• KdV

• heat equation

• Godunov-Peshkov-Romenski (GPR) model 

• …

 rewrite as

first order hyp. systems w. stiff source term  ϵ > 0

involution preserving

asymptotic preserving

semi-implicit time integration

requires conservation laws
• Euler (low Mach)
• Magneto-hydrodynamics (div B = 0)

may 
lea

d t
o

requires

energy conserving scheme 
via summation by parts

Supersonic compressible Euler flow past a forward facing step: notice the beautiful rollup of the horizontal slip-line.  
This Active Flux simulation is from Duan, Barsukow, Klingenberg, SIAM Journal on Scientific Computing, vol. 47, no. 2 (2025)

the piecewise continuous representation over six cells with degrees of freedom being 
the point values (shared by neighboring cells) and cell averages

project 14 (Helzel/Lukacova), comparing our Active Flux approaches
project 6 (Engwer/Ranocha) & 21 (Ortleb), proving stability via summation by parts
project 18 (Kuzmin), invariant domain-preserving limiters applied to Active Flux
project 22 (Pirner), applying the Active Flux method to Pirner’s models
Projects 19 (Markfelder) & 32 (Wiedemann/Crippa): maximally turbulent measure-valued solutions

this project’s research in the context of SPP 2410:

result: a new highly accurate numerical method for a broad class of hyperbolic problems

project staff planned for the  funding period: Simon Krotsch2nd

high order limiting

involution constraints
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Different from e.g. the order of convergence that is defined asymptotically as the discretization length
vanishes, involution preservation is a statement about the method on grids with finite discretization
length already. Accurate solutions are thus obtained without the need to excessively refine the grid
[Bar19]. Achieving involution preservation often amounts to a change of a few terms in the method’s
definition, and comes at virtually no cost in computational time or memory. Such methods therefore
easily outperform highly resolved simulations with classical methods. Involution preservation is also of
theoretical relevance, since this requirement points towards truly multi-dimensional construction princi-
ples for numerical methods.

1.1.4 Asymptotic regimes and associated challenges

The (parabolic) heat equation ωtp = ω2
xp can be rewritten as a first-order system in two ways, either by

simply defining a new variable as

ωtp+ ωxu = 0 (3)

ωxp = →u (4)

or by endowing the new variable with its own time evolution and enforcing equivalence to the heat
equation only asymptotically as ε ↑ 0:

ωtp+ ωxu = 0 (5)

ε2ωtu+ ωxp = →u (6)

This formulation has the advantage of being a hyperbolic system. Upon redefining u ↓↑
u
ω , it takes the

more familiar form

ωtp+
1

ε
ωxu = 0 (7)

ωtu+
1

ε
ωxp = →

u

ε2
(8)

appearing under many names, such as the hyperbolic heat equation, the Cattaneo-Vernotte equation
([Cat58; Ver58]), the P1 model, the telegraph equation, or the damped wave equation. It is an example
of a stiff hyperbolic system of balance laws.

The technique of constructing a system of first-order hyperbolic PDEs from a higher order PDE shall
be referred to as hyperbolisation, following Ketcheson in [BKR25]. The hyperbolised solution approxi-
mates that of a given system of higher-order evolution PDEs in the limit ε ↑ 0. Beyond being easily
implementable in existing codes, potential advantages of hyperbolisation are the removal of numerical
stiffness of the high order PDE and the fact that boundary conditions can be easier imposed numeri-
cally for the hyperbolic system than for the high-order PDE. A prominent example of this approach is
the unified first-order hyperbolic Godunov-Peshkov-Romenski (GPR) model of continuum mechanics
([Rom98]).

Stiff limits appear also in other instances. A well-known example is the low Mach number limit of
compressible flow equations; another is presented by kinetic equations and their limit to macroscopic
PDEs.

For any numerical discretization that is supposed to efficiently use (7)–(8) instead of the original heat
equation one needs to guarantee that the spatial discretization length and the time step do not depend
on ε. A numerical scheme for a stiff hyperbolic system such as (7)–(8) which becomes a numerical
scheme for the limit PDE as ε ↑ 0 is called asymptotic preserving (AP). It is one that makes this

• hyperbolized KdV

• hyperbolic heat equation

• …
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this numerical approach is ideally suited to simulate turbulent flow
we plan to cooperate within SPP 2410 with

https://ifm.mathematik.uni-wuerzburg.de/~klingen/index.html
https://ifm.mathematik.uni-wuerzburg.de/~klingen/ewExternalFiles/BarsukowKlingenbergKrotsch2026.pdf
https://ifm.mathematik.uni-wuerzburg.de/~klingen/ewExternalFiles/BarsukowKlingenbergKrotsch2026.pdf
https://ifm.mathematik.uni-wuerzburg.de/~klingen/ewExternalFiles/BarsukowKlingenbergKrotsch2026.pdf
https://ifm.mathematik.uni-wuerzburg.de/~klingen/ewExternalFiles/BaumannEinkemmerKlingenbergKusch2025.pdf
https://ifm.mathematik.uni-wuerzburg.de/~klingen/ewExternalFiles/BaumannEinkemmerKlingenbergKusch2025.pdf
https://ifm.mathematik.uni-wuerzburg.de/~klingen/ewExternalFiles/BaumannEinkemmerKlingenbergKusch2025.pdf
https://www.sciencedirect.com/journal/journal-of-computational-and-applied-mathematics
https://www.sciencedirect.com/journal/journal-of-computational-and-applied-mathematics
https://www.sciencedirect.com/journal/journal-of-computational-and-applied-mathematics
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Upcoming scientific conferences 
Click on the links and check where you might want to participate. 

 

-    May 4 - 8, 2026: Sharing Higher order Advanced Research Known-
how on Finite Volume (SHARK-FV 2026) in Minho, Portugal, organized 
by Raphael Loubère and others 

-    May 25 - 29, 2026: 20th International Conference on Hyperbolic 
Problems (HYP2026): Theory, Numerics and Applications, in Stuttgart, 
Germany organized by Maja Lukacova und Christian Rhode 

-  June 1 - 5, 2026: Perspectives on Multiphase Fluid Dynamics, 
Continuum Mechanics and Hyperbolic Balance Laws (ProHyp2026), in 
Strasbourg, organized by Philippe Helluy and others 

-  June 7 - 13, 2026: Summer School “Methods & Models of Kinetic 
Theory”, in Pesaro (Italy), organized by Maria Groppi and others 

-   June 21 - 26, 2026: Solving ultimate challenges and network building: 
a coding and modelling week on and beyond hyperbolic equations 
(SunHyp 2026) in Chania, Crete, organized by Elena Gaburro 

-   July 19 - 24, 2026: 17th World Congress on Computational Mechanics 
& 10th European Congress on Computational Methods in Applied 
Sciences and Engineering, in Munich, Germany 

-  Sept. 7 - 11, 2026: 12th International Conference on Numerical 
Methods for Multi-Material Fluid Flow (MultiMat 2026) at Biarritz, France, 
organized by Raphael Loubère and others 

-    Feb. 22 – 26 , 2027: SIAM Conference on Computational Science and 
Engineering (SCE27), in Pittsburgh, Penn., USA.  

-  June 20 - 25, 2027: Numerical Methods for Hyperbolic Problems 
(NumHyp 2027), in Verona 2027 organized by Elena Gaburro 

-     5 - 9 July 2027: International Conference on Spectral and High-Order 
Methods (ICOSAHOM 2027), in Milan organized by Marco Verani, Paola  
Antonietti and others 

-  12 – 16 July 2027: 11th International Congress on Industrial and 
Applied Mathematics (ICIAM), in The Hague, The Netherland 

The Würzburg conference on hyperbolic 
problems in March 2026  

   
 One now can find four pages of pictures on the Conference 
Hyperbolic problems – a comprehensive approach that took place in 
Würzburg March 23 - 27. You can find them here.
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News about a new thesis student 

Sophie Lauer begins her 
PhD with us  

       Sophia Lauer began her 
PhD studies with us. She will 
try to find useful solution 
concepts for the multi-dim. 
compressible Euler equations.     

Sophie Lauer received a 
stipend for her PhD 

studies 

     Sophie Lauer has received a PhD 
stipend by the Protestant Academic 
Foundation Villigst. This way she will be 
financially independent until 2029 in 
order to work on her doctoral studies.  

News about a conferences 

NumHyp 27 has a webpage  
    Every two years the Numerical Methods 
for Hyperbolic Problems (NumHyp) 
conference takes place to exchange new 
ideas on numer ica l methods for 
hyperbolic partial differential equations. 
The next one will take place in Verona 
June 20 - 25, 2027, organized by Elena 
Gaburro. It now has a web page, NumHyp 
2027. The submission of abstracts for 
contributed talks will take 
place in fall of 2027.  

In Simon Markfelder’s book the technique 
is explained, with which one shows that 
weak entropy solutions to multi-dim. Euler 
often are not unique. Thus the question 
arises if a new notion of the solution could 
alleviate this problem. 

www.evstudienwerk.de 
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Many participants of the Würzburg conference on Hyperbolic Problems March 23 - 27, 2026. 
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