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1. Introduction

In this paper we studied the Cauchy problem of the following system of isentropic gas dynamics with a
moving source term

v+ (vu)y = alx — kt)vu

(1.1)

(vu)y + (vu? + o (v)e = alz — kt)vu? — ((z, t)vulul,

where u is the velocity of gas, v the density, o(v) the pressure, the positive constant k denotes a moving

speed [8], and ((z,t) > 0 is a friction function of the space variable z and the time variable ¢t. In physics,
the pressure o taking the special form o(v) = %W, is for the polytropic gas, where the adiabatic exponent

v > 1.
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When ( is a constant, kK = 0 and «a(z) = —%, where the function a(z) denotes a slowly variable cross
section area at z in the nozzle, the global entropy solutions for the Cauchy problem (1.1) with bounded

initial data

(u(a@O),u(a@O)) = (Vo(x)vuo(x))a VO(‘T) >0 (1'2)

2, and by the author in [11] for any

adiabatic exponent v > 1, if the initial data satisfy the strong restriction condition Y (vg(z),uo(x)) < 0,

were first studied in [1,14] when the adiabatic exponent 1 < v <

where T is a Riemann invariant given in (1.8). The initial-boundary value problem of compressible Euler
equations including friction and heating that model the transonic Fanno-Rayleigh flows through symmetric
variable area nozzles is studied in [2].

It is well-known that the unique difficulty to deal with the inhomogeneous system (1.1) is to obtain the
a-priori L™ estimates of the approximation solutions of (1.1), for instance, the a-priori L* estimates of the
classical viscosity solutions for the Cauchy problem of the following parabolic system

vi + (vu), = oz — kt)vu + evg,
(1.3)
(vu)s + (vu? + o (v))e = alz — kt)vu? — ((x, t)vulu| + e(vu) 4z,

with the initial data (1.2).

When a(x—kt) =0, (1.1) is the river flow equations, a shallow-water model describing the vertical depth
v and mean velocity u, where ((z,¢)vu|u| corresponds physically to a friction term and ¢ is the friction
coefficient. This kind of inhomogeneous systems is simple since the source terms have, in some senses, the
symmetric behavior (see [4] for the details).

When ((z,t) = 0 and &k = 0, i.e., the nozzle flow without friction, system (1.1) was well studied in
(cf. [1,9,10,12,15-17], and the references cited therein). Roughly speaking, the technique introduced in
these papers, is to control the super-linear source terms a(z)vu and o(z)ru? by the flux functions vu and
vu?+o(v) in (1.1) and to deduce a upper bound of A or Y by a bounded nonnegative function v (x), which
depends on the function a(x).

When «a(z) £ 0 and {(z,t) Z 0, both the above techniques do not work because the flux functions can
not be used to control the super-linear friction source terms (rvuju|, and the functions a(z)vu destroy the
symmetry of the Riemann invariants (A, Y) (see [5] for the numerical analysis).

However, we may copy the following steps given in [12] to overcome the above difficulty.

2

First, to avoid the singularity of the flux function vu® near the vacuum v = 0, we still use the technique

of the ¢-flux-approximation given in [13] and introduce the sequence of systems

ve + (—28u+ vu), = a(z — kt)(v — 2§)u
(1.4)
(vu); + (vu? — &u? + o1 (v, €))e = alz — kt)(v — 26)u? — ((z, t)vulu|

to approximate system (1.1), where £ > 0 denotes a regular perturbation constant and the perturbation
pressure

v

o1 (v, €) = / #a’(t)dt. (1.5)
2¢

Second, we add the classical viscosity terms to the right-hand side of (1.4) and obtain the following standard
parabolic system
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v+ (v —28)u), = alz — kt)(v — 28)u + evy,
(vu)e + (vu? = &u? + 01(v,€))e = alz — kt) (v — 2)u® — (2, rulu| + e(Vi)ea
with initial data

(5= (@,0),u(2,0)) = (vo(z) + 26, uo(2)), (1.7)

%—ﬁ, g—ﬁ) and (?9_3> g—;) respectively, where

Y(v,u) :/4':/(8)d5—u, Ay, u) —/—”(Z(S)ds—l—u (1.8)

where (vo(z), up(x)) are given in (1.2). Now multiplying (1.6) by (

are the Riemann invariants of (1.1), ¢ is a constant and m = vu denotes the momentum, we obtain
A+ ASA,
2
=elpe + TV Ar — ﬁm@a’ +vo' 2 (1.9)

+a(z = kt)(v — 26)udT — (@, tyulul

and
T, + AST,
=eYouw + 20, T, — gy (207 + vo'' )2 (1.10)
+alz — kt) (v — 26)uYZE) 1 ¢, tyulul,
where
N N S N0 (1.11)

are two eigenvalues of the approximation system (1.4).

It is obvious that the terms a(x — kt)(v — 2&)u Ul:(”) in (1.9) and (1.10) are not symmetric with respect

to the Riemann invariants A, Y. However, with the strong restriction Y (vg(z),uo(z)) < 0 on the initial

data, we obtained the uniformly upper bounds of T and A in [14,11], by using the maximum principle.
Unfortunately, without the condition Y (vo(x), ug(x)) < 0, we will meet some new technical difficulties when
we study the Cauchy problem (1.1) and (1.2).

2. Main results

In this paper, we will unite the techniques given in [4] and in [14,11] to obtain the estimates T < w(x— kt)
and A < w(z — kt), for a suitable uniformly bounded function w(z — kt), and to prove the global existence
of the entropy solutions for the Cauchy problem (1.1) and (1.2).

The main results of this paper are in the following Theorems 1-3.

Theorem 1. Let o(v) = %lﬂ,v > 1, {(x,t) >0 and a(x — kt) <0.
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(I). Let 1 <~y <3,k > 0. Then there exists a function ¥ (x) € B%(—o0,00) satisfying (x) < M < k and
the inequality (2.5) given below such that

(o< (@, 1)’

T(yg’s(x,t),ug’s(a:,t)) = 7

—ub(x,t) < Y(x — kt) (2.1)

and

(v*< (@, 1)’

AW (@, 8),u (a,1)) =

+ube(z,t) < p(x — kt) (2.2)

if the initial data Y (v5°(z,0),us(x,0)) < ¥(x) and A(VSE(x,0),us%(z,0)) < ¥(z) € B2, where 1, =
-1

7811’(;;“) and § = 1=,

v+
and the inequality (2.6) given below such that Y (v%%(x,t),u%(z,t)) < x(z — kt), AWS(z, 1), us5(z, 1)) <

x(x — kt), which are similar with the estimates (2.1) and (2.2).

Theorem 2. Let o(v) = %Iﬂ,fy > 1, {(x,t) > 0 and a(z—kt) = a_(z—kt)+ai(x—kt), where a_(x—kt) <
0,y (x — kt) > 0.
(III). Let 1 < v < 3,k > 0. Then there exists a function (x) € B3(—o0,00) satisfying Y(z) < M < k,
the inequalities (2.12) and (2.13) given below, such that the same estimates like (2.1) and (2.2) are true.
(IV). Let v > 3,k < 0. Then there exists a function x(x) € C3(—o0,00) satisfying x(z) <
M < —%k, the inequalities (2.1/) and (2.15) given below, such that Y(v%<(z,t),u*(z,t)) < x(z —
kt), A(v&e(z,t), us5(z,t)) < x(z — kt) are true.

Theorem 3. If the conditions about the functions a(x — kt),((x,t) and the initial data in Theorem 1 or
Theorem 2 are satisfied, then there exists a subsequence of (V5% (x,t), us%(x,t)), which converges pointwisely
to a pair of bounded functions (v(x,t),u(x,t)) as &, e tend to zero, and the limit is a weak entropy solution
of the Cauchy problem (1.1)-(1.2).

Definition 1. We call a pair of bounded functions (v(x,t),u(z,t)) is a weak entropy solution of the Cauchy
problem (1.1)-(1.2) if

I 2 vy + (vw) b + alx — ktyvugdadt + [ vo(x)é(x, 0)da = 0,
I 5 vuge + (vu? + o (V) + (a(x — kt)vu? — ((z, t)vulul)¢dadt (2.3)
+ 22 vo(x)uo(x)d(x, 0)dz = 0

holds for all test function ¢ € CL(R x R*) and

Joo oo (v m)ée + a(v,m)ds + ala — kt)run(v,m),
(2.4)
+(a(z — kt)vu? — ((z, t)vulu|)n(v, m),¢dzdt > 0

holds for any non-negative test function ¢ € C§°(R x R™ — {t = 0}), where m = vu and (), q) is a pair of
convex entropy-entropy flux of system (1.1).

Remark 1. The definitions of B%(R) and C3(R) are given in [11]. For a given ¢ (x) € B3(R), if we let
x(@) = 9(—x), then x(z) € C3(R).
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Before we prove Theorems 1-3 in the next sections, we first construct some necessary special functions
in B2(R) and C3(R).

Example 1. For a given a(z), we can find many functions ¢(z) in the set B2(R), which satisfy

020 (x — kt)p?(z — kt) + (1 — 0)%92 — 20(1 + 0)a(x — kt)(x — kt)i,

(2.5)
+4e10a(x — kt)(z — k), <0
or x(x) in C3(R) satisfy
020 (z — kt)x2(z — kt) + (1 — 0)2x2 + 20(1 + 0)a(z — kt)x(z — kt)Xa
(2.6)
—de10a(x — kt)x(z — kt)x. <0,
for a small 1 > 0.
For instance, we choose a(z) = 2%, a(r) = —‘;((;)) = —2 as the author studied in [15] for the spherically,
symmetric solutions in x > 1. We now extend it to the whole space = € (—00,00) in the following way:
—%, for x> g,
alz) = —i—g, for 0<ux <egy, (2.7)
0, for =z <0,
where g9 > 0 is a constant. Then we can easily check that the following function
qz®, for x> e,
Ba2
V(@)= qe*d,  for 0<x<e, (2.8)
q, for =<0,
satisfies
. 8
(x) = —ga(a:)w(m) if gefl = qrez, (2.9)

where ¢, ¢ are two positive constants and S is a negative constant. Then clearly —M(x) < ¢'(z) <0.
Moreover,

@B(B—1)zP=2,  for x> e,

Ba? Bz2
V' (x) = qle%e;oz + ql(%)QeZg, for 0<z<ep, (2.10)

0, for x<0,

and ¢ (x) = ¥1(z) + ¥2(z), where 91(x),2(z) satisfy the conditions in the definition of B3(R), thus

(@) € Bi(R).
Let fg = %. Then we can easily check that ¢(x — kt) satisfies (2.5), where v (z) is given by (2.9).

In fact, let ¢, = w = %a(z — kt)y(x — kt). Then 1, < 0 and (2.5) is equivalent to

020 (x — k) (x — kt) + (1 — 0)*92 — 20(1 + 0)a(z — kt)(z — kt),
+4eba(x — kt)y(x — kt),
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=20(1 — O)a(z — kt)yp(x — kt), — 20(1 + O)a(z — k) (2 — k)b,
+4e1ba(x — kt)y(x — kt),
= (—40 + 4e1)0a(z — kt)p(x — kt)ip, <O0. (2.11)

Example 2. We may choose suitable functions a_ (x — kt) and o (z — kt) to obtain the functions ¢ (x — kt)

satisfying
0202 (z — kt)y?(z — kt) + (1 — 0)292 — 20(1 + 0)a_(z — kt)(z — kt)i), (2.12)
+de10a_(z — kt)p(z — kt), <0
and
4=k 4+ (14 e)(z — kt)) e (x — kt) — ay(x — kt)?(xz — kt) >0 (2.13)
or x(x — kt) satisfying
0202 (x — kt)x*(z — kt) + (1 — 0)*x2 + 20(1 + 0)a—_(x — kt)x(z — kt)xs (2.14)
—de10a_(z — kt)x(x — kt)xs <0
and
4=k 4+ (1 4e1)x(@ — kt))xa(z — kt) — ay (z — kt)x*(x — kt) >0 (2.15)
for a small €1 > 0.
For instance, if we let a_(x), ¥ (x) satisfy (2.9) or
Yy(x — kt) = —ga_(ac — kt)(z — kt), (2.16)
then (2.12) is true. Clearly (2.13) is also true if
4=k+ (1 +e) M) (z — kt) — Moy (z — kt)p(z — kt) > 0 (2.17)
or
Yz (x — kt) > —lpas (x — kt)y(x — kt) (2.18)
for a suitable positive constant ly. If we choose a_(x — kt) and ay (x — kt) such that
—ga,(az —kt) > —lpay (z — kt), (2.19)

then ¢ (z — kt) satisfies (2.13).

The proofs of Theorems 1-3 are given in the following several sections.
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3. Proof of Theorem 1

By using the transformation T = ¢(x,t) + m, for a suitable function ¢ (x,t) in (1.10), we have

7rt+wt _V2£\/ 7Tw+ww

= €T + EWpa + ZVpTy + Erpth, — Vz—\/m(QO' +vo 2 (3.1)

& — kt) S W) () — [F YD dv) 4, tulul,

which is
— [ Vo' (v -2
T+ P + E\/ at)'i‘ﬂ'_/%dV)_l/JmVTng/(V)
€ 41/\/0( ) 21/\/0( )
_ . — 29" " 2 VgD . 2
2 2e\/0' (V) , v—2§
+5/¢)xm+71/1’ﬂ_ +m¢ —a(r — )T\/U (V)Y(z,t)
_2 _9 [ /o
— a(x — kt) v ” éh\/or’(u)ﬂ + ax — kt)VTgx/U’(l/) / ydy + ((z, t)ulul
or
7+ Wt + a(@, )y + bz, )1 + [~ 22 G2 ey — 19, E)e)
+ J7 T Ay — (1= e1)i(, O — C(a, tulul
(3.3)
Hae = k(e 1) = ] (v — 26) Y7
—a(x — kt)(v — 2{)—“’;('/) I —VO—;(V)dl/ < eMya,
for a suitable small constant e; > 0, where a(z,t) - = 25 2y, and b(z,t) = —tb, + a(z —
kt) (v — 26) Y2
Similarly, if we make the transformation A = ¢(z,t) + s in (1.9), we obtain
St + U+ = 25\/ ) (82 + ¥a)
_ 2¢e 2¢e 2
= &Sy + Ewrz + < VeSS + jl/zwac - W(QU +vo’ ) (34)

T — kt)”%%\/a’(u)u = ((z, t)ulul,

which is
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s¢+ P+ (u+ 20T (0))sy + o (W, t) + 5 — [V VI dv) 4, 122X o' ()

quv\/o' (v 2v\/o’ (v
= e50 — gy (207 + o A 4 S vetbs + (b))

+ethes + Evys, + 2ey/o 1/12+a — kt) =2 o (v)u — ((x, tyulul

20'4+vo!!

or

st + W + oz, ), + d(w, t)s + [~ XD g2 ey, — 1@, )]

(VW) — [ ) + (L ey, e
—a(r — kt)”%%\/a’(u)u + ((z, t)ulu| < esys,

where ¢(z,t) = u + %= 25\/ - _Vx and d(z,t) = 1.

By using the maximum pr1nc1ple to the first equation in system (1.6), we may obtain the a-priori estimate

v > 2¢. Then letting € = o(€) and € = o(e1), we have the following estimates on the three terms of the

left-hand side of (3.3) and (3.6)

280’ (v)

20" + vo'

)2 — etgn — E1(x, )1y > 0.
Now we rewrite (3.3) and (3.6) as follows:
T + Uy 4 a(z, t)my + bz, )7
+ YTy, — (1 1)l e + 3C(a ) (r — )]l
Hae — k(e t) — ) (v — 26) Y2
ol — kt)(v — 26) Y2 [ VT gy < e,

and

st + e + c(x,t)s, + d(z,t)s

(52T 0) — [T ) + (14 1) (D
+3(C(, t)ul — alz — kt) 225 /0' (1)) (5 — ) < 540

If we may choose a suitable bounded function ¢(z,t) such that the following inequalities hold

b+ [7 YD g, — (1= e )b(@, )bs

+a(z — kt)p(x,t) — (v — 25)@
—a(z — kt)(v — 25)@ J2 @du z0

and

(3.7)

(3.9)

(3.10)
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lz}t + U)x(y_uzg \/m - fcy #dl/) + (1 + 51)7//($at)7/’x Z 07 (311)

then we have from (3.8) and (3.9) that

T+ a(x, t)my + b(x, t)m 4+ (2, O)|u| (T — 8) < eman (3.12)
and
st 4 c(x,t)s, + d(2, t)s + 2 (C(z, ) |u| — a(z — kt) ”:25 Vo' () (s —m) < esgy. (3.13)

Before we check the possibility of (3.10) and (3.11), we apply the inequalities (3.12) and (3.13) to prove
the following Lemma 4 about the a priori estimates of 7 and s:

Lemma 4. If at the time t = 0, 7(z,0) < 0 and s(x,0) < 0, then the mazimum principle is true to the
functions w(x,t) and s(z,t), namely, w(z,t) < 0,s(z,t) <0 for allt > 0.

Proof of Lemma 4. Make a transformation

N (22 + qLe?)
12

N (22 + qLe?)

)a s = eﬂt('§+ .2 )a

m=elt(7+ (3.14)

where L,q, S are suitable positive constants and N is the upper bound of m,s on R x [0,T] (N can be
obtained by the local existence). The functions 7, 5, as are easily seen, satisfy the equations

Tt al, 17 — eTea + (84 (e, 1) + 5, Dlul)T — 2C(a, s

< —(qLe' + 2za(z,t) — 25)£ —(B+ b(%t))w

L2 L2 ’
) oy (3.15)
St 4 c(,t)5y — €55 + (B + d(z,t) + 5((m,t)|u| —a(z — kt) > VP'(v))s
1 v—2 _
(3¢l — afe — k)" 2 P
N N(2? + qLet)
< —(qLe' + 2zc(x,t) — 2€)ﬁ — (B + d(a@t))T,
resulting from (3.12) and (3.13). Moreover
~ N(z* +qL _ N(x? + qL
m(x,0) = w(z,0) — % <0, 5(z,0)=s(z,0)— % <0, (3.16)
7(+L,t) <0, w(—L,t)<0, s(+L,t)<0, s(—L,t)<0. (3.17)
From (3.15), (3.16) and (3.17), we have
m(x,t) <0, s§(x,t)<0, on (—=L,L)x(0,7). (3.18)

If (3.18) is violated at a point (z,t) € (—L, L)x(0,T), let t be the least upper bound of values of t at which

7 < 0 (or § < 0); then by the continuity we see that 7 = 0,5 < 0 at some points (z,t) € (—L, L) x (0,T).
So
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T >0, To=0, —efge>0, at (Z,0). (3.19)

If we choose sufficiently large constants ¢, 3 (which may depend on the bound of the local existence) such
that

qL + 2za(z,t) — 2 >0, B+b(z,t)>0 on (—L,L)x(0,7). (3.20)

(3.19) and (3.20) give a conclusion contradicting the first inequality in (3.15). So (3.18) is proved. There-
fore, for any point (zg,t9) € (—L, L) x (0,T),

N (a3 + qLef)
L2

N (a3 + qLep)

3 Yelto, (3.21)

7T(1'07t0) < ( )eﬁto, S({L‘(),t()) < (

which gives the desired estimates 7 < 0,s < 0 if we let L go to infinity. So Lemma 4 is proved.

From v < 0,s < 0, we may immediately obtain the estimates A < ¢ (z,¢) and T < ¢ (x,t) given in Part
(I) of Theorem 1, if we may choose ¥ (z,t) such that (3.10) and (3.11) are true.

Lemma 5. Let o(v) = %V"Y, 1 <~ <3,¢c=0. For a given function ¢(z) € B5(R), if ¥(z) < M < k and
satisfies the inequality (2.5) in Theorem 1, then (3.10) and (3.11) are true if we choose ¥(x,t) = (x — kt).

Proof of Lemma 5. We first prove (3.11). Let ¢(x,t) = ¢(z — kt), then ¢y = —ki),. When o(v) = %V'Y, 1<
v < 3 and ¢ = 0, we have

v v 2&
-2 \/ (v =3 y—3 ~—3
VTgx/a’(u) - / %du =Ww-2)rz — /sTds - /sTds <0, (3.22)
c 2¢ 0
and
Y+ (L +e)(z, )y = (—k + (1 +e1)Y(x — kt)), > 0. (3.23)

Thus (3.11) is proved.
To prove (3.10), we let the left side of (3.10) be L, then

L=[f oW 2 (v VW) gy,

0

=

+(2_u£w$ fou #dl/ — k) — (1 —e)(x — kt)h,

Hale — ke (x — kt) — ] (v — 26) LT

174

(3.24)
—a(x — kt) (v — 26) Yy VT gy,
= —La(w —kt) (v — 26)2272 + (alx — kt)y(x — kt) — b, + 22) (v — 260
H(E vy [y Y2 dy — kpy) = (1= 1) — bt — Halo — kt) (v — 26002,
Since
_2 (@) (v — 26022 > 0 (3.25)

0
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and
Ey, / VIO 4y ) = 05—y > (B by 20 (3.26)
d
we have
L>—Ya(z —kt)(v — 202022 — (1 — )z — kt),
+(a(w = k) — kt) = b, + %) (v = 26!
= —jolz — ki)[(y — 26)2*0 2 4 Pt THE IR () — 9)0 ! (3.27)

(P ) (L el — Kt

(0%h —by —Oa(z—kt)h (z—kt))?
+ 40a(xz—kt) :

Since a(x — kt) <0 and (x — kt) > 0, then L > 0 if we let ¢, < 0 satisfy

(91/}56 - 7/}:0 - 9a(x — kt)d}(x — kt))Q

—(1 —e))Y(x — kt)h, + W0z — k) >0, (3.28)
which is equivalent to
(9'(/)3: - ’(/)a: - Ha(x - k‘t)’(/)(l‘ - kt))2
(3.29)
< AdOa(x — kt)p(x — kt), — 40e1a(x — kt)p(ax — kt),
or
(0 —1)%2 — 2000 + 1)a(z — kt)(z — kt),
(3.30)

+40e1a(z — kt)(z — kt)h, + 0% (a(z — kt)y(z — kt))? < 0.

(3.30) is true for a suitably small £; > 0 since the inequality (2.5) given in Theorem 1. Part (I) of Theorem 1
is proved.

To prove Part (II), we let T = x(x,t) + 7, A = x(z,t) + s for a suitable function x(z,t) in (1.10) and
(1.9), we may repeat the process in the proof of (3.3) and (3.6) to obtain

T+ Xt + a(z, )y + bla, ) + [~ 22 G2 ey + erx(@, t)Xal

+ [T D gy — (14 1) x (@, E)Xa — 2, tulul
(3.31)

k

(e — kt)x(x,t) — xa (v — 26) Y

—a(x — kt)(v — 28)~ G;(V) [ U;(V) dv < eTyy,

and
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st 4+ Xt + e, )5, + d(z,8)s + [~ 2YE N2 — exgr +e1x(@, )Xa)

X (VW) — [ Y5 ) + (1= e (@, O (3:52)

—a(z — kt)”%%\/a’(u)u + ((z, t)ulu| < esyy,

where 1 > 0 is a suitable small constant.

With the help of Lemma 4, we only need to choose a suitable function x(z,t) € C3(R) and a constant ¢
so that the following inequalities (which are similar with (3.10) and (3.11))

e + 22y, — (14 en)x(@, e

Ha(a — kt)x(z,t) — x| (v — 26) Y2 (3.33)

—a(r — kt)(v — 2£)~ U;(”) [ a;(y) dv >0

and

Xt + Xw(V;2£ Vo' (v) — [7 X U;(V) dv) + (1 —e1)x(z,t)xz >0 (3.34)

are correct.

The proof of the inequality (3.34) is simple because when v > 3 and k < 0 satisfies the condition in (II)
of Theorem 1, we may choose x(x,t) = x(x — kt),c = 0 so that

Xt + Xa(E2 /o' W) = [V YD) 4 (1 en)x (@, t)xe

= (—k+ (1 —en)x(@—kt)+ (v —20v"F — [ s” ds — [ 572 ds)x, (3.35)

> (—k+ (1 —e)x(z — kt) — 5(26)")xz > 0.
To prove (3.33), we let the left side of (3.33) be L1, then

L, = [fo U,(V dv — % fo d’/]

v

+£Xa: foy @dy — kX — (1 + 51)X(x - kt)Xﬂc

v

oz — kt)x(@ — kt) — xa](v — 26) Y2 — oz — kt) (v — 26) Y2 [V VT W) g, (3.36)

= —ja(z — kt)(v — 26)?v* 72 + (a(z — kt)x(z — kt) — xo + %) (v — 2007

+2—£Xm fOV —Va;(l/)du —kxe — (L +er)x(z —kt)xe — %a(x —kt)(v — 25)1/29*2.

Since
2% [ o 2
% / %du >0, —ga(x)(y ) (3.37)

v
0

we have
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Ly > —%a(m — kt)(v — 220272 1 (a(z — kt)x(z — kt) — Xz + ) (v — 2¢)p9~1

_sz - (1 + 51))(({17 - kt)X:L’

_ —%a(m —kt)[(v — 25)21/29—2 + ze—xm—z?;(f;gt)x(ﬂc—kt) (v— 2€)V9—1

p— —bf 2
(P — oy — (14 1) + et

2c

Since a(x — kt) < 0 and x(z — kt) > 0, then Ly > 0 if we let x, > 0 satisfy

_ _ 2
(aXa: Xz GO‘X) >0,
40« -

—kxe — (L+e1)xXa +
which is equivalent to
(0 —1)2x2 + 0% (ax)? — 20(0 — 1)axxe — (40k +40(1 + 1) x)ax. <0
or
(0 —1)%x2 + 0% (ax)? + 20(0 + 1)axxe — 401X X

—40arx(k+ (1+0)x) <0.

13

(3.38)

(3.39)

(3.40)

(3.41)

Since k+ (1 +0)x <k + ’VT'HM < 0 and the inequality (2.6) in (IT) of Theorem 1, (3.41) is correct and so

Part (II) of Theorem 1 is proved.

4. Proof of Theorem 2

When o(z — kt) = a_(x — kt) + ay (v — kt), where a_(x — kt) <0, a4 (x — kt) > 0, we may rewrite (3.3)

as

T+ W + ax, )y + bla, ) + [~ 22T W2 o — e, )]

20’ +vo!

Aty — (1= 20 s — (1) |u] + g (2 — k) = 26) YT

v

o (@ = k)i, £) — (v — 26) ¥
—a_(x — kt)(v — 2¢) —VU;(V) I —Vgl:('/)dy < My
In a similar way to obtain (3.6), we may obtain the following inequality

St + U+ 1 (2, )80 + di (2, 1)s + [~ 2LTW y2 oy e1ih(z, )]

20’ +vo!

e (ST W) = [T ) + (Lt )i, D)
—as(a = k) = 20 Y5 (e, t) + o (@ - k) (v - 20 Y5 [V T dy

+(—a_(x— kt)”;lfg\/a’(u) + ((z,t)|u))u < €844,

(4.2)
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where ¢;(z,t) = ¢(x,t) = u + V%%\/O'(V) — 2y, and di(z,t) = VY, — oy (x — kt)(v — 25)—”7/(”).

v v

Therefore, if we may choose a suitable bounded function ¢ (z,t) such that the following inequalities hold
bo+ [ V2D du, — (1- 20, v,
o (@ = k(e t) = bl (v — 26) Y22 (4.3)
—a_(z —kt)(v — 25)@ [ @du >0

and

Vot b (52T W) — [T ) + (1 + e, b
—ay (@ — k) (v — 26) Y2z, 1) (4.4)
oy (o — k) (v — 26) Y2 [V V2 gy >,

then we have from (4.1) and (4.2) that

m + a(z, t)my + b(z, )
(4.5)

:

+1 (¢, t)ul + ap(z — kt) (v — 26) YT ) (1 — 5) < empy

v

and

st + ci(x,t)s, + di(x,t)s
(4.6)

+1(¢(z, t)|u] — a—(z — kt) ”;25 Vo' (v)(s —m) < esp.

If we let ¢(z,t) = p(x — kt), using the inequality (2.12), we may prove (4.3) in a similar way like the proof
of (3.10).
Under the conditions in (I77) of Theorem 2, (4.4) is true because

B - [ Y24 >0 (17)

and

Pr+ (L+e)d(z, 1)

o'(v)

v

— (o — k) (v — 2€) (1)

+ ay(z—kt)(v —

2T [T 4y > (et (1 )it — k)

—ay(z —kt)Y(z — kt) f(v) + a (x — kt) f(v)

= (=k+ (1 +e1)(x — kt))p, — ia+(m — kt)*(x — kt)
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T+ (f() - 5ole — kD)

> (—k+ (L+e)y(z — kt))h, — ia+(a¢ — kt)p*(x — kt) >0 (4.8)

due to the condition (2.13), where f(v) = (v —2¢ )—VJ;(V) Thus Part (IIT) of Theorem 2 is proved. Similarly
we may prove Part (IV) of Theorem 2 and complete the proof of Theorem 2.

5. Proof of Theorem 3

From the upper estimates on the Riemann invariants given in Theorems 1-2, we can easily obtain the
following estimates on (v5¢, us*®),

26 < v5e(x,t) < N(xz,t), |[ubf(x,t)| < N(x,t), (5.1)

where N(z,t) is a positive, bounded function, which depending on the bound of the initial data, but
independent of ¢, &.

Following the standard theory of semilinear parabolic systems, we can apply the contraction mapping
principle to an integral representation of a solution to obtain the local existence result of the Cauchy problem
(1.6)-(1.7). With the L* estimate (5.1) of the local solution, we can extend the local time step by step to
an arbitrary time T, since the step time depends only on the L°° norm.

As proved in [13], we know that the original system (1.1) and the approximated system (1.4) have the
same entropy equation or the same entropies, and for any weak entropy-entropy flux pair (n(v, ), ¢(v,w))
of system (1.1)

(V5 (2, £), 0 (2, ) + qu (V5 (2, ), uE = (1, 1)) (5.2)
are compact in H;,!(R x R*), then the compactness framework given in [3,6] for 1 < v < 3 and in [7] for
7 > 3 to ensure that there exists a subsequence of (v&(z,t),us¢(z,t)), which converges pointwisely to a

pair of bounded functions (v(z,t),u(z,t)) as £, & tend to zero, and the limit (v(z,t),u(x,t)) satisfies (2.3).
Moreover, we multiply (1.6) by (9,,7,) to obtain

B (0 ), (2, 1)) 00 (0 (0, ), (2, 1))+ a5 (2,0, w6 (2,)
= (5, ) — (U, mE7) - V(T ) - (05, )T
+a(z — kt)usEms ey, (V55, mse)
ol — B mES = C(a, ymE sy (457, mS-)
< en(VHe,mE )y + aw — kt)usEm&en, (152, ms*)
+(a(x — kt)usem&e — ((x, t)mE=|use )0y, (152, mE*)
for any weak convex entropy-entropy flux pair (n(v, u), q(v,u)) of system (1.1), where ¢+ £¢; is the entropy

flux of system (1.4) corresponding to the entropy 1. Thus the entropy inequality (2.4) is proved if we multiply
a test function to (5.3) and let €, & go to zero. Thus we obtain the proof of Theorem 3.
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