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In this paper, we apply the maximum principle with the viscosity-flux approxi-
mation to obtain the a-priori L∞ estimates on the Riemann invariants of (1.1), 
Δ(νξ,ε, uξ,ε) ≤ ω(x − kt) and Υ(νξ,ε, uξ,ε) ≤ ω(x − kt) for the solutions (νξ,ε, uξ,ε)
of the Cauchy problem (1.6) and (1.7), where ω(x − kt) is a nonnegative bounded 
function, and to prove the global existence of the L∞ entropy solutions for the 
Cauchy problem of inhomogeneous system of isentropic gas dynamics (1.1) with 
arbitrary bounded initial data (1.2).

© 2023 Elsevier Inc. All rights reserved.

1. Introduction

In this paper we studied the Cauchy problem of the following system of isentropic gas dynamics with a 
moving source term

⎧⎪⎨
⎪⎩

νt + (νu)x = α(x− kt)νu

(νu)t + (νu2 + σ(ν))x = α(x− kt)νu2 − ζ(x, t)νu|u|,
(1.1)

where u is the velocity of gas, ν the density, σ(ν) the pressure, the positive constant k denotes a moving 
speed [8], and ζ(x, t) ≥ 0 is a friction function of the space variable x and the time variable t. In physics, 
the pressure σ taking the special form σ(ν) = 1

γ ν
γ , is for the polytropic gas, where the adiabatic exponent 

γ > 1.
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When ζ is a constant, k = 0 and α(x) = −a′(x)
a(x) , where the function a(x) denotes a slowly variable cross 

section area at x in the nozzle, the global entropy solutions for the Cauchy problem (1.1) with bounded 
initial data

(ν(x, 0), u(x, 0)) = (ν0(x), u0(x)), ν0(x) ≥ 0 (1.2)

were first studied in [1,14] when the adiabatic exponent 1 < γ ≤ 5
3 , and by the author in [11] for any 

adiabatic exponent γ > 1, if the initial data satisfy the strong restriction condition Υ(ν0(x), u0(x)) ≤ 0, 
where Υ is a Riemann invariant given in (1.8). The initial-boundary value problem of compressible Euler 
equations including friction and heating that model the transonic Fanno-Rayleigh flows through symmetric 
variable area nozzles is studied in [2].

It is well-known that the unique difficulty to deal with the inhomogeneous system (1.1) is to obtain the 
a-priori L∞ estimates of the approximation solutions of (1.1), for instance, the a-priori L∞ estimates of the 
classical viscosity solutions for the Cauchy problem of the following parabolic system

⎧⎪⎨
⎪⎩

νt + (νu)x = α(x− kt)νu + ενxx

(νu)t + (νu2 + σ(ν))x = α(x− kt)νu2 − ζ(x, t)νu|u| + ε(νu)xx,
(1.3)

with the initial data (1.2).
When α(x −kt) = 0, (1.1) is the river flow equations, a shallow-water model describing the vertical depth 

ν and mean velocity u, where ζ(x, t)νu|u| corresponds physically to a friction term and ζ is the friction 
coefficient. This kind of inhomogeneous systems is simple since the source terms have, in some senses, the 
symmetric behavior (see [4] for the details).

When ζ(x, t) = 0 and k = 0, i.e., the nozzle flow without friction, system (1.1) was well studied in 
(cf. [1,9,10,12,15–17], and the references cited therein). Roughly speaking, the technique introduced in 
these papers, is to control the super-linear source terms α(x)νu and α(x)νu2 by the flux functions νu and 
νu2 +σ(ν) in (1.1) and to deduce a upper bound of Δ or Υ by a bounded nonnegative function ψ(x), which 
depends on the function α(x).

When α(x) �≡ 0 and ζ(x, t) �≡ 0, both the above techniques do not work because the flux functions can 
not be used to control the super-linear friction source terms ζνu|u|, and the functions α(x)νu destroy the 
symmetry of the Riemann invariants (Δ, Υ) (see [5] for the numerical analysis).

However, we may copy the following steps given in [12] to overcome the above difficulty.
First, to avoid the singularity of the flux function νu2 near the vacuum ν = 0, we still use the technique 

of the ξ-flux-approximation given in [13] and introduce the sequence of systems
⎧⎪⎨
⎪⎩

νt + (−2ξu + νu)x = α(x− kt)(ν − 2ξ)u

(νu)t + (νu2 − ξu2 + σ1(ν, ξ))x = α(x− kt)(ν − 2ξ)u2 − ζ(x, t)νu|u|
(1.4)

to approximate system (1.1), where ξ > 0 denotes a regular perturbation constant and the perturbation 
pressure

σ1(ν, ξ) =
ν∫

2ξ

t− 2ξ
t

σ′(t)dt. (1.5)

Second, we add the classical viscosity terms to the right-hand side of (1.4) and obtain the following standard 
parabolic system
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⎧⎪⎨
⎪⎩

νt + ((ν − 2ξ)u)x = α(x− kt)(ν − 2ξ)u + ενxx

(νu)t + (νu2 − ξu2 + σ1(ν, ξ))x = α(x− kt)(ν − 2ξ)u2 − ζ(x, t)νu|u| + ε(νu)xx
(1.6)

with initial data

(νξ,ε(x, 0), uξ,ε(x, 0)) = (ν0(x) + 2ξ, u0(x)), (1.7)

where (ν0(x), u0(x)) are given in (1.2). Now multiplying (1.6) by (∂Δ
∂ν , 

∂Δ
∂m ) and (∂Υ

∂ν , 
∂Υ
∂m ) respectively, where

Υ(ν, u) =
ν∫

c

√
σ′(s)
s

ds− u, Δ(ν, u) =
ν∫

c

√
σ′(s)
s

ds + u (1.8)

are the Riemann invariants of (1.1), c is a constant and m = νu denotes the momentum, we obtain

Δt + Λξ
2Δx

= εΔxx + 2ε
ν νxΔx − ε

2ν2
√

σ′(ν) (2σ
′ + νσ′′)ν2

x

+α(x− kt)(ν − 2ξ)u
√

σ′(ν)
ν − ζ(x, t)u|u|

(1.9)

and

Υt + Λξ
1Υx

= εΥxx + 2ε
ν νxΥx − ε

2ν2
√

σ′(ν) (2σ
′ + νσ′′)ν2

x

+α(x− kt)(ν − 2ξ)u
√

σ′(ν)
ν + ζ(x, t)u|u|,

(1.10)

where

Λξ
1 = m

ν
− ν − 2ξ

ν

√
σ′(ν), Λξ

2 = m

ν
+ ν − 2ξ

ν

√
σ′(ν) (1.11)

are two eigenvalues of the approximation system (1.4).
It is obvious that the terms α(x − kt)(ν − 2ξ)u

√
σ′(ν)
ν in (1.9) and (1.10) are not symmetric with respect 

to the Riemann invariants Δ, Υ. However, with the strong restriction Υ(ν0(x), u0(x)) ≤ 0 on the initial 
data, we obtained the uniformly upper bounds of Υ and Δ in [14,11], by using the maximum principle. 
Unfortunately, without the condition Υ(ν0(x), u0(x)) ≤ 0, we will meet some new technical difficulties when 
we study the Cauchy problem (1.1) and (1.2).

2. Main results

In this paper, we will unite the techniques given in [4] and in [14,11] to obtain the estimates Υ ≤ ω(x −kt)
and Δ ≤ ω(x − kt), for a suitable uniformly bounded function ω(x − kt), and to prove the global existence 
of the entropy solutions for the Cauchy problem (1.1) and (1.2).

The main results of this paper are in the following Theorems 1-3.

Theorem 1. Let σ(ν) = 1 νγ , γ > 1, ζ(x, t) ≥ 0 and α(x − kt) ≤ 0.
γ
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(I). Let 1 < γ ≤ 3, k > 0. Then there exists a function ψ(x) ∈ B2
d(−∞, ∞) satisfying ψ(x) ≤ M < k and 

the inequality (2.5) given below such that

Υ(νξ,ε(x, t), uξ,ε(x, t)) = (νξ,ε(x, t))θ

θ
− uξ,ε(x, t) ≤ ψ(x− kt) (2.1)

and

Δ(νξ,ε(x, t), uξ,ε(x, t)) = (νξ,ε(x, t))θ

θ
+ uξ,ε(x, t) ≤ ψ(x− kt) (2.2)

if the initial data Υ(νξ,ε(x, 0), uξ,ε(x, 0)) ≤ ψ(x) and Δ(νξ,ε(x, 0), uξ,ε(x, 0)) ≤ ψ(x) ∈ B2
d, where ψx =

∂ψ(x−kt)
∂x and θ = γ−1

2 .
(II). Let γ > 3, k < 0. Then there exists a function χ(x) ∈ C2

d(−∞, ∞) satisfying χ(x) ≤ M < − 2
γ+1k

and the inequality (2.6) given below such that Υ(νξ,ε(x, t), uξ,ε(x, t)) ≤ χ(x − kt), Δ(νξ,ε(x, t), uξ,ε(x, t)) ≤
χ(x − kt), which are similar with the estimates (2.1) and (2.2).

Theorem 2. Let σ(ν) = 1
γ ν

γ , γ > 1, ζ(x, t) ≥ 0 and α(x −kt) = α−(x −kt) +α+(x −kt), where α−(x −kt) ≤
0, α+(x − kt) ≥ 0.

(III). Let 1 < γ ≤ 3, k > 0. Then there exists a function ψ(x) ∈ B2
d(−∞, ∞) satisfying ψ(x) ≤ M < k, 

the inequalities (2.12) and (2.13) given below, such that the same estimates like (2.1) and (2.2) are true.
(IV). Let γ > 3, k < 0. Then there exists a function χ(x) ∈ C2

d(−∞, ∞) satisfying χ(x) ≤
M < − 2

γ+1k, the inequalities (2.14) and (2.15) given below, such that Υ(νξ,ε(x, t), uξ,ε(x, t)) ≤ χ(x −
kt), Δ(νξ,ε(x, t), uξ,ε(x, t)) ≤ χ(x − kt) are true.

Theorem 3. If the conditions about the functions α(x − kt), ζ(x, t) and the initial data in Theorem 1 or 
Theorem 2 are satisfied, then there exists a subsequence of (νξ,ε(x, t), uξ,ε(x, t)), which converges pointwisely 
to a pair of bounded functions (ν(x, t), u(x, t)) as ξ, ε tend to zero, and the limit is a weak entropy solution 
of the Cauchy problem (1.1)-(1.2).

Definition 1. We call a pair of bounded functions (ν(x, t), u(x, t)) is a weak entropy solution of the Cauchy 
problem (1.1)-(1.2) if

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∫∞
0

∫∞
−∞ νφt + (νu)φx + α(x− kt)νuφdxdt +

∫∞
−∞ ν0(x)φ(x, 0)dx = 0,

∫∞
0

∫∞
−∞ νuφt + (νu2 + σ(ν))φx + (α(x− kt)νu2 − ζ(x, t)νu|u|)φdxdt

+
∫∞
−∞ ν0(x)u0(x)φ(x, 0)dx = 0

(2.3)

holds for all test function φ ∈ C1
0(R×R+) and

∫∞
0

∫∞
−∞ η(ν,m)φt + q(ν,m)φx + α(x− kt)νuη(ν,m)ν

+(α(x− kt)νu2 − ζ(x, t)νu|u|)η(ν,m)mφdxdt ≥ 0
(2.4)

holds for any non-negative test function φ ∈ C∞
0 (R × R+ − {t = 0}), where m = νu and (η, q) is a pair of 

convex entropy-entropy flux of system (1.1).

Remark 1. The definitions of B2
d(R) and C2

d(R) are given in [11]. For a given ψ(x) ∈ B2
d(R), if we let 

χ(x) = ψ(−x), then χ(x) ∈ C2
d(R).
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Before we prove Theorems 1-3 in the next sections, we first construct some necessary special functions 
in B2

d(R) and C2
d(R).

Example 1. For a given α(x), we can find many functions ψ(x) in the set B2
d(R), which satisfy

θ2α2(x− kt)ψ2(x− kt) + (1 − θ)2ψ2
x − 2θ(1 + θ)α(x− kt)ψ(x− kt)ψx

+4ε1θα(x− kt)ψ(x− kt)ψx ≤ 0
(2.5)

or χ(x) in C2
d(R) satisfy

θ2α2(x− kt)χ2(x− kt) + (1 − θ)2χ2
x + 2θ(1 + θ)α(x− kt)χ(x− kt)χx

−4ε1θα(x− kt)χ(x− kt)χx ≤ 0,
(2.6)

for a small ε1 > 0.
For instance, we choose a(x) = x2, α(x) = −a′(x)

a(x) = − 2
x as the author studied in [15] for the spherically, 

symmetric solutions in x > 1. We now extend it to the whole space x ∈ (−∞, ∞) in the following way:

α(x) =

⎧⎪⎪⎨
⎪⎪⎩

− 2
x , for x > ε0,

−2x
ε20
, for 0 ≤ x ≤ ε0,

0, for x < 0,

(2.7)

where ε0 > 0 is a constant. Then we can easily check that the following function

ψ(x) =

⎧⎪⎪⎨
⎪⎪⎩

qxβ , for x > ε0,

q1e
βx2

2ε20 , for 0 ≤ x ≤ ε0,

q1, for x < 0,

(2.8)

satisfies

ψ′(x) = −β

2α(x)ψ(x) if qεβ0 = q1e
β
2 , (2.9)

where q, q1 are two positive constants and β is a negative constant. Then clearly −Mψ(x) ≤ ψ′(x) ≤ 0.
Moreover,

ψ′′(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

qβ(β − 1)xβ−2, for x > ε0,

q1
β
ε20
e

βx2

2ε20 + q1(βxε20 )2e
βx2

2ε20 , for 0 ≤ x ≤ ε0,

0, for x < 0,

(2.10)

and ψ′′(x) = ψ1(x) + ψ2(x), where ψ1(x), ψ2(x) satisfy the conditions in the definition of B2
d(R), thus 

ψ(x) ∈ B2
d(R).

Let −β
2 = θ

1−θ . Then we can easily check that ψ(x − kt) satisfies (2.5), where ψ(x) is given by (2.9).
In fact, let ψx = ∂ψ(x−kt)

∂x = θ
1−θα(x − kt)ψ(x − kt). Then ψx ≤ 0 and (2.5) is equivalent to

θ2α2(x− kt)ψ2(x− kt) + (1 − θ)2ψ2
x − 2θ(1 + θ)α(x− kt)ψ(x− kt)ψx

+ 4ε1θα(x− kt)ψ(x− kt)ψx
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= 2θ(1 − θ)α(x− kt)ψ(x− kt)ψx − 2θ(1 + θ)α(x− kt)ψ(x− kt)ψx

+ 4ε1θα(x− kt)ψ(x− kt)ψx

= (−4θ + 4ε1)θα(x− kt)ψ(x− kt)ψx ≤ 0. (2.11)

Example 2. We may choose suitable functions α−(x − kt) and α+(x − kt) to obtain the functions ψ(x − kt)
satisfying

θ2α2
−(x− kt)ψ2(x− kt) + (1 − θ)2ψ2

x − 2θ(1 + θ)α−(x− kt)ψ(x− kt)ψx

+4ε1θα−(x− kt)ψ(x− kt)ψx ≤ 0
(2.12)

and

4(−k + (1 + ε1)ψ(x− kt))ψx(x− kt) − α+(x− kt)ψ2(x− kt) ≥ 0 (2.13)

or χ(x − kt) satisfying

θ2α2
−(x− kt)χ2(x− kt) + (1 − θ)2χ2

x + 2θ(1 + θ)α−(x− kt)χ(x− kt)χx

−4ε1θα−(x− kt)χ(x− kt)χx ≤ 0
(2.14)

and

4(−k + (1 + ε1)χ(x− kt))χx(x− kt) − α+(x− kt)χ2(x− kt) ≥ 0 (2.15)

for a small ε1 > 0.
For instance, if we let α−(x), ψ(x) satisfy (2.9) or

ψx(x− kt) = −β

2α−(x− kt)ψ(x− kt), (2.16)

then (2.12) is true. Clearly (2.13) is also true if

4(−k + (1 + ε1)M)ψx(x− kt) −Mα+(x− kt)ψ(x− kt) ≥ 0 (2.17)

or

ψx(x− kt) ≥ −l0α+(x− kt)ψ(x− kt) (2.18)

for a suitable positive constant l0. If we choose α−(x − kt) and α+(x − kt) such that

−β

2α−(x− kt) ≥ −l0α+(x− kt), (2.19)

then ψ(x − kt) satisfies (2.13).

The proofs of Theorems 1-3 are given in the following several sections.
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3. Proof of Theorem 1

By using the transformation Υ = ψ(x, t) + π, for a suitable function ψ(x, t) in (1.10), we have

πt + ψt + (u− ν−2ξ
ν

√
σ′(ν))(πx + ψx)

= επxx + εψxx + 2ε
ν νxπx + 2ε

ν νxψx − ε
2ν2

√
σ′(ν) (2σ

′ + νσ′′)ν2
x

−α(x− kt)ν−2ξ
ν

√
σ′(ν)(ψ(x, t) + π −

∫ ν

c

√
σ′(ν)
ν dν) + ζ(x, t)u|u|,

(3.1)

which is

πt + ψt + (u− ν − 2ξ
ν

√
σ′(ν))πx − ψx(ψ(x, t) + π −

ν∫
c

√
σ′(ν)
ν

dν) − ψx
ν − 2ξ

ν

√
σ′(ν)

= επxx − ε

2ν2
√

σ′(ν)
(2σ′ + νσ′′)[ν2

x − 4ν
√

σ′(ν)
2σ′ + νσ′′ νxψx + (

2ν
√

σ′(ν)
2σ′ + νσ′′ψx)2] (3.2)

+ εψxx + 2ε
ν
νxπx +

2ε
√
σ′(ν)

2σ′ + νσ′′ψ
2
x − α(x− kt)ν − 2ξ

ν

√
σ′(ν)ψ(x, t)

− α(x− kt)ν − 2ξ
ν

√
σ′(ν)π + α(x− kt)ν − 2ξ

ν

√
σ′(ν)

ν∫
c

√
σ′(ν)
ν

dν + ζ(x, t)u|u|

or

πt + ψt + a(x, t)πx + b(x, t)π + [−2ε
√

σ′(ν)
2σ′+νσ′′ ψ

2
x − εψxx − ε1ψ(x, t)ψx]

+
∫ ν

c

√
σ′(ν)
ν dνψx − (1 − ε1)ψ(x, t)ψx − ζ(x, t)u|u|

+[α(x− kt)ψ(x, t) − ψx](ν − 2ξ)
√
σ′(ν)
ν

−α(x− kt)(ν − 2ξ)
√
σ′(ν)
ν

∫ ν

c

√
σ′(ν)
ν dν ≤ επxx,

(3.3)

for a suitable small constant ε1 > 0, where a(x, t) = u − ν−2ξ
ν

√
σ′(ν) − 2ε

ν νx and b(x, t) = −ψx + α(x −
kt)(ν − 2ξ)

√
σ′(ν)
ν .

Similarly, if we make the transformation Δ = ψ(x, t) + s in (1.9), we obtain

st + ψt + (u + ν−2ξ
ν

√
σ′(ν))(sx + ψx)

= εsxx + εψxx + 2ε
ν νxsx + 2ε

ν νxψx − ε
2ν2

√
σ′(ν) (2σ

′ + νσ′′)ν2
x

+α(x− kt)ν−2ξ
ν

√
σ′(ν)u− ζ(x, t)u|u|,

(3.4)

which is
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st + ψt + (u + ν−2ξ
ν

√
σ′(ν))sx + ψx(ψ(x, t) + s−

∫ ν

c

√
σ′(ν)
ν dν) + ψx

ν−2ξ
ν

√
σ′(ν)

= εsxx − ε
2ν2

√
σ′(ν) (2σ

′ + νσ′′)[ν2
x + 4ν

√
σ′(ν)

2σ′+νσ′′ νxψx + (2ν
√

σ′(ν)
2σ′+νσ′′ ψx)2]

+εψxx + 2ε
ν νxsx + 2ε

√
σ′(ν)

2σ′+νσ′′ ψ
2
x + α(x− kt)ν−2ξ

ν

√
σ′(ν)u− ζ(x, t)u|u|

(3.5)

or

st + ψt + c(x, t)sx + d(x, t)s + [−2ε
√

σ′(ν)
2σ′+νσ′′ ψ

2
x − εψxx − ε1ψ(x, t)ψx]

+ψx(ν−2ξ
ν

√
σ′(ν) −

∫ ν

c

√
σ′(ν)
ν dν) + (1 + ε1)ψ(x, t)ψx

−α(x− kt)ν−2ξ
ν

√
σ′(ν)u + ζ(x, t)u|u| ≤ εsxx,

(3.6)

where c(x, t) = u + ν−2ξ
ν

√
σ′(ν) − 2ε

ν νx and d(x, t) = ψx.
By using the maximum principle to the first equation in system (1.6), we may obtain the a-priori estimate 

ν ≥ 2ξ. Then letting ε = o(ξ) and ε = o(ε1), we have the following estimates on the three terms of the 
left-hand side of (3.3) and (3.6)

− 2ε
√
σ′(ν)

2σ′ + νσ′′ψ
2
x − εψxx − ε1ψ(x, t)ψx > 0. (3.7)

Now we rewrite (3.3) and (3.6) as follows:

πt + ψt + a(x, t)πx + b(x, t)π

+
∫ ν

c

√
σ′(ν)
ν dνψx − (1 − ε1)ψ(x, t)ψx + 1

2ζ(x, t)(π − s)|u|

+[α(x− kt)ψ(x, t) − ψx](ν − 2ξ)
√
σ′(ν)
ν

−α(x− kt)(ν − 2ξ)
√
σ′(ν)
ν

∫ ν

c

√
σ′(ν)
ν dν ≤ επxx,

(3.8)

and

st + ψt + c(x, t)sx + d(x, t)s

+ψx(ν−2ξ
ν

√
σ′(ν) −

∫ ν

c

√
σ′(ν)
ν dν) + (1 + ε1)ψ(x, t)ψx

+1
2 (ζ(x, t)|u| − α(x− kt)ν−2ξ

ν

√
σ′(ν))(s− π) ≤ εsxx.

(3.9)

If we may choose a suitable bounded function ψ(x, t) such that the following inequalities hold

ψt +
∫ ν

c

√
σ′(ν)
ν dνψx − (1 − ε1)ψ(x, t)ψx

+[α(x− kt)ψ(x, t) − ψx](ν − 2ξ)
√

σ′(ν)
ν

−α(x− kt)(ν − 2ξ)
√

σ′(ν)
ν

∫ ν

c

√
σ′(ν)
ν dν ≥ 0

(3.10)

and
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ψt + ψx(ν−2ξ
ν

√
σ′(ν) −

∫ ν

c

√
σ′(ν)
ν dν) + (1 + ε1)ψ(x, t)ψx ≥ 0, (3.11)

then we have from (3.8) and (3.9) that

πt + a(x, t)πx + b(x, t)π + 1
2ζ(x, t)|u|(π − s) ≤ επxx (3.12)

and

st + c(x, t)sx + d(x, t)s + 1
2(ζ(x, t)|u| − α(x− kt)ν−2ξ

ν

√
σ′(ν))(s− π) ≤ εsxx. (3.13)

Before we check the possibility of (3.10) and (3.11), we apply the inequalities (3.12) and (3.13) to prove 
the following Lemma 4 about the a priori estimates of π and s:

Lemma 4. If at the time t = 0, π(x, 0) ≤ 0 and s(x, 0) ≤ 0, then the maximum principle is true to the 
functions π(x, t) and s(x, t), namely, π(x, t) ≤ 0, s(x, t) ≤ 0 for all t > 0.

Proof of Lemma 4. Make a transformation

π = eβt(π̄ + N(x2 + qLet)
L2 ), s = eβt(s̄ + N(x2 + qLet)

L2 ), (3.14)

where L, q, β are suitable positive constants and N is the upper bound of π, s on R × [0, T ] (N can be 
obtained by the local existence). The functions π̄, ̄s, as are easily seen, satisfy the equations

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

π̄t + a(x, t)π̄x − επ̄xx + (β + b(x, t) + 1
2ζ(x, t)|u|)π̄ − 1

2ζ(x, t)|u|s̄

≤ −(qLet + 2xa(x, t) − 2ε) N
L2 − (β + b(x, t))N(x2 + qLet)

L2 ,

s̄t + c(x, t)s̄x − εs̄xx + (β + d(x, t) + 1
2ζ(x, t)|u| − α(x− kt)ν − 2ξ

ν

√
P ′(ν))s̄

−(1
2ζ(x, t)|u| − α(x− kt)ν − 2ξ

ν

√
P ′(ν))π̄

≤ −(qLet + 2xc(x, t) − 2ε) N
L2 − (β + d(x, t))N(x2 + qLet)

L2 ,

(3.15)

resulting from (3.12) and (3.13). Moreover

π̄(x, 0) = π(x, 0) − N(x2 + qL)
L2 < 0, s̄(x, 0) = s(x, 0) − N(x2 + qL)

L2 < 0, (3.16)

π̄(+L, t) < 0, π̄(−L, t) < 0, s̄(+L, t) < 0, s̄(−L, t) < 0. (3.17)

From (3.15), (3.16) and (3.17), we have

π̄(x, t) < 0, s̄(x, t) < 0, on (−L,L) × (0, T ). (3.18)

If (3.18) is violated at a point (x, t) ∈ (−L, L) ×(0, T ), let t̄ be the least upper bound of values of t at which 
π̄ < 0 (or s̄ < 0); then by the continuity we see that π̄ = 0, ̄s ≤ 0 at some points (x̄, ̄t) ∈ (−L, L) × (0, T ). 
So
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π̄t ≥ 0, π̄x = 0, −επ̄xx ≥ 0, at (x̄, t̄). (3.19)

If we choose sufficiently large constants q, β (which may depend on the bound of the local existence) such 
that

qL + 2xa(x, t) − 2ε > 0, β + b(x, t) > 0 on (−L,L) × (0, T ). (3.20)

(3.19) and (3.20) give a conclusion contradicting the first inequality in (3.15). So (3.18) is proved. There-
fore, for any point (x0, t0) ∈ (−L, L) × (0, T ),

π(x0, t0) < (N(x2
0 + qLet0)
L2 )eβt0 , s(x0, t0) < (N(x2

0 + qLet0)
L2 )eβt0 , (3.21)

which gives the desired estimates π ≤ 0, s ≤ 0 if we let L go to infinity. So Lemma 4 is proved.

From v ≤ 0, s ≤ 0, we may immediately obtain the estimates Δ ≤ ψ(x, t) and Υ ≤ ψ(x, t) given in Part 
(I) of Theorem 1, if we may choose ψ(x, t) such that (3.10) and (3.11) are true.

Lemma 5. Let σ(ν) = 1
γ ν

γ , 1 < γ ≤ 3, c = 0. For a given function ψ(x) ∈ B2
d(R), if ψ(x) ≤ M < k and 

satisfies the inequality (2.5) in Theorem 1, then (3.10) and (3.11) are true if we choose ψ(x, t) = ψ(x −kt).

Proof of Lemma 5. We first prove (3.11). Let ψ(x, t) = ψ(x − kt), then ψt = −kψx. When σ(ν) = 1
γ ν

γ , 1 <
γ ≤ 3 and c = 0, we have

ν − 2ξ
ν

√
σ′(ν) −

ν∫
c

√
σ′(ν)
ν

dν = (ν − 2ξ)ν
γ−3

2 −
ν∫

2ξ

s
γ−3

2 ds−
2ξ∫

0

s
γ−3

2 ds ≤ 0, (3.22)

and

ψt + (1 + ε1)ψ(x, t)ψx = (−k + (1 + ε1)ψ(x− kt))ψx ≥ 0. (3.23)

Thus (3.11) is proved.
To prove (3.10), we let the left side of (3.10) be L, then

L = [
∫ ν

0

√
σ′(ν)
ν dν − 2ξ

ν

∫ ν

0

√
σ′(ν)
ν dν]ψx

+(2ξ
ν ψx

∫ ν

0

√
σ′(ν)
ν dν − kψx) − (1 − ε1)ψ(x− kt)ψx

+[α(x− kt)ψ(x− kt) − ψx](ν − 2ξ)
√
σ′(ν)
ν

−α(x− kt)(ν − 2ξ)
√

σ′(ν)
ν

∫ ν

0

√
σ′(ν)
ν dν

= − 1
θα(x− kt)(ν − 2ξ)2ν2θ−2 + (α(x− kt)ψ(x− kt) − ψx + ψx

θ )(ν − 2ξ)νθ−1

+(2ξ
ν ψx

∫ ν

0

√
σ′(ν)
ν dν − kψx) − (1 − ε1)ψ(x− kt)ψx − 2ξ

θ α(x− kt)(ν − 2ξ)ν2θ−2.

(3.24)

Since

−2ξ
α(x)(ν − 2ξ)ν2θ−2 ≥ 0 (3.25)
θ
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and

(2ξ
ν
ψx

ν∫

0

√
σ′(ν)
ν

dν − kψx) = (2ξ
θ
ν

γ−3
2 − k)ψx ≥ ( (2ξ)θ

θ
− k)ψx ≥ 0, (3.26)

we have

L ≥ − 1
θα(x− kt)(ν − 2ξ)2ν2θ−2 − (1 − ε1)ψ(x− kt)ψx

+(α(x− kt)ψ(x− kt) − ψx + ψx

θ )(ν − 2ξ)νθ−1

= − 1
θα(x− kt)[(ν − 2ξ)2ν2θ−2 + θψx−ψx−θα(x−kt)ψ(x−kt)

α(x−kt) (ν − 2ξ)νθ−1

+( θψx−ψx−θα(x−kt)ψ(x−kt)
2α(x−kt) )2] − (1 − ε1)ψ(x− kt)ψx

+ (θψx−ψx−θα(x−kt)ψ(x−kt))2
4θα(x−kt) .

(3.27)

Since α(x − kt) ≤ 0 and ψ(x − kt) > 0, then L ≥ 0 if we let ψx ≤ 0 satisfy

−(1 − ε1)ψ(x− kt)ψx + (θψx − ψx − θα(x− kt)ψ(x− kt))2

4θα(x− kt) ≥ 0, (3.28)

which is equivalent to

(θψx − ψx − θα(x− kt)ψ(x− kt))2

≤ 4θα(x− kt)ψ(x− kt)ψx − 4θε1α(x− kt)ψ(x− kt)ψx

(3.29)

or

(θ − 1)2ψ2
x − 2θ(θ + 1)α(x− kt)ψ(x− kt)ψx

+4θε1α(x− kt)ψ(x− kt)ψx + θ2(α(x− kt)ψ(x− kt))2 ≤ 0.
(3.30)

(3.30) is true for a suitably small ε1 > 0 since the inequality (2.5) given in Theorem 1. Part (I) of Theorem 1
is proved.

To prove Part (II), we let Υ = χ(x, t) + π, Δ = χ(x, t) + s for a suitable function χ(x, t) in (1.10) and 
(1.9), we may repeat the process in the proof of (3.3) and (3.6) to obtain

πt + χt + a(x, t)πx + b(x, t)π + [−2ε
√

σ′(ν)
2σ′+νσ′′ χ

2
x − εχxx + ε1χ(x, t)χx]

+
∫ ν

c

√
σ′(ν)
ν dνχx − (1 + ε1)χ(x, t)χx − ζ(x, t)u|u|

+[α(x− kt)χ(x, t) − χx](ν − 2ξ)
√

σ′(ν)
ν

−α(x− kt)(ν − 2ξ)
√

σ′(ν)
ν

∫ ν

c

√
σ′(ν)
ν dν ≤ επxx,

(3.31)

and
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st + χt + c(x, t)sx + d(x, t)s + [−2ε
√

σ′(ν)
2σ′+νσ′′ χ

2
x − εχxx + ε1χ(x, t)χx]

+χx(ν−2ξ
ν

√
σ′(ν) −

∫ ν

c

√
σ′(ν)
ν dν) + (1 − ε1)χ(x, t)χx

−α(x− kt)ν−2ξ
ν

√
σ′(ν)u + ζ(x, t)u|u| ≤ εsxx,

(3.32)

where ε1 > 0 is a suitable small constant.
With the help of Lemma 4, we only need to choose a suitable function χ(x, t) ∈ C2

d(R) and a constant c
so that the following inequalities (which are similar with (3.10) and (3.11))

χt +
∫ ν

c

√
σ′(ν)
ν dνχx − (1 + ε1)χ(x, t)χx

+[α(x− kt)χ(x, t) − χx](ν − 2ξ)
√
σ′(ν)
ν

−α(x− kt)(ν − 2ξ)
√

σ′(ν)
ν

∫ ν

c

√
σ′(ν)
ν dν ≥ 0

(3.33)

and

χt + χx(ν−2ξ
ν

√
σ′(ν) −

∫ ν

c

√
σ′(ν)
ν dν) + (1 − ε1)χ(x, t)χx ≥ 0 (3.34)

are correct.
The proof of the inequality (3.34) is simple because when γ > 3 and k < 0 satisfies the condition in (II) 

of Theorem 1, we may choose χ(x, t) = χ(x − kt), c = 0 so that

χt + χx(ν−2ξ
ν

√
σ′(ν) −

∫ ν

c

√
σ′(ν)
ν dν) + (1 − ε1)χ(x, t)χx

= (−k + (1 − ε1)χ(x− kt) + (ν − 2ξ)ν γ−3
2 −

∫ ν

2ξ s
γ−3

2 ds−
∫ 2ξ
0 s

γ−3
2 ds)χx

≥ (−k + (1 − ε1)χ(x− kt) − 1
θ (2ξ)θ)χx ≥ 0.

(3.35)

To prove (3.33), we let the left side of (3.33) be L1, then

L1 = [
∫ ν

0

√
σ′(ν)
ν dν − 2ξ

ν

∫ ν

0

√
σ′(ν)
ν dν]χx

+2ξ
ν χx

∫ ν

0

√
σ′(ν)
ν dν − kχx − (1 + ε1)χ(x− kt)χx

+[α(x− kt)χ(x− kt) − χx](ν − 2ξ)
√
σ′(ν)
ν − α(x− kt)(ν − 2ξ)

√
σ′(ν)
ν

∫ ν

0

√
σ′(ν)
ν dν

= − 1
θα(x− kt)(ν − 2ξ)2ν2θ−2 + (α(x− kt)χ(x− kt) − χx + χx

θ )(ν − 2ξ)νθ−1

+2ξ
ν χx

∫ ν

0

√
σ′(ν)
ν dν − kχx − (1 + ε1)χ(x− kt)χx − 2ξ

θ α(x− kt)(ν − 2ξ)ν2θ−2.

(3.36)

Since

2ξ
ν
χx

ν∫

0

√
σ′(ν)
ν

dν ≥ 0, −2ξ
θ
α(x)(ν − 2ξ)ν2θ−2 ≥ 0, (3.37)

we have
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L1 ≥ − 1
θα(x− kt)(ν − 2ξ)2ν2θ−2 + (α(x− kt)χ(x− kt) − χx + χx

θ )(ν − 2ξ)νθ−1

−kχx − (1 + ε1)χ(x− kt)χx

= − 1
θα(x− kt)[(ν − 2ξ)2ν2θ−2 + θχx−χx−θα(x−kt)χ(x−kt)

α(x−kt) (ν − 2ξ)νθ−1

+( θχx−χx−θαψ
2α )2] − kχx − (1 + ε1)χχx + (θχx−χx−θαψ)2

4θα .

(3.38)

Since α(x − kt) ≤ 0 and χ(x − kt) > 0, then L1 ≥ 0 if we let χx ≥ 0 satisfy

−kχx − (1 + ε1)χχx + (θχx − χx − θαχ)2

4θα ≥ 0, (3.39)

which is equivalent to

(θ − 1)2χ2
x + θ2(αχ)2 − 2θ(θ − 1)αχχx − (4θk + 4θ(1 + ε1)χ)αχx ≤ 0 (3.40)

or

(θ − 1)2χ2
x + θ2(αχ)2 + 2θ(θ + 1)αχχx − 4θε1αχχx

−4θαχ(k + (1 + θ)χ) ≤ 0.
(3.41)

Since k + (1 + θ)χ ≤ k + γ+1
2 M < 0 and the inequality (2.6) in (II) of Theorem 1, (3.41) is correct and so

Part (II) of Theorem 1 is proved.

4. Proof of Theorem 2

When α(x − kt) = α−(x − kt) +α+(x − kt), where α−(x − kt) ≤ 0, α+(x − kt) ≥ 0, we may rewrite (3.3)
as

πt + ψt + a(x, t)πx + b(x, t)π + [−2ε
√

σ′(ν)
2σ′+νσ′′ ψ

2
x − εψxx − ε1ψ(x, t)ψx]

+
∫ ν

c

√
σ′(ν)
ν dνψx − (1 − ε1)ψ(x, t)ψx − (ζ(x, t)|u| + α+(x− kt)(ν − 2ξ)

√
σ′(ν)
ν )u

+[α−(x− kt)ψ(x, t) − ψx](ν − 2ξ)
√

σ′(ν)
ν

−α−(x− kt)(ν − 2ξ)
√

σ′(ν)
ν

∫ ν

c

√
σ′(ν)
ν dν ≤ επxx.

(4.1)

In a similar way to obtain (3.6), we may obtain the following inequality

st + ψt + c1(x, t)sx + d1(x, t)s + [−2ε
√

σ′(ν)
2σ′+νσ′′ ψ

2
x − εψxx − ε1ψ(x, t)ψx]

+ψx(ν−2ξ
ν

√
σ′(ν) −

∫ ν

c

√
σ′(ν)
ν dν) + (1 + ε1)ψ(x, t)ψx

−α+(x− kt)(ν − 2ξ)
√
σ′(ν)
ν ψ(x, t) + α+(x− kt)(ν − 2ξ)

√
σ′(ν)
ν

∫ ν

c

√
σ′(ν)
ν dν

+(−α (x− kt)ν−2ξ√σ′(ν) + ζ(x, t)|u|)u ≤ εs ,

(4.2)
− ν xx
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where c1(x, t) = c(x, t) = u + ν−2ξ
ν

√
σ′(ν) − 2ε

ν νx and d1(x, t) = ψx − α+(x − kt)(ν − 2ξ)
√

σ′(ν)
ν .

Therefore, if we may choose a suitable bounded function ψ(x, t) such that the following inequalities hold

ψt +
∫ ν

c

√
σ′(ν)
ν dνψx − (1 − ε1)ψ(x, t)ψx

+[α−(x− kt)ψ(x, t) − ψx](ν − 2ξ)
√

σ′(ν)
ν

−α−(x− kt)(ν − 2ξ)
√
σ′(ν)
ν

∫ ν

c

√
σ′(ν)
ν dν ≥ 0

(4.3)

and

ψt + ψx(ν−2ξ
ν

√
σ′(ν) −

∫ ν

c

√
σ′(ν)
ν dν) + (1 + ε1)ψ(x, t)ψx

−α+(x− kt)(ν − 2ξ)
√

σ′(ν)
ν ψ(x, t)

+α+(x− kt)(ν − 2ξ)
√

σ′(ν)
ν

∫ ν

c

√
σ′(ν)
ν dν ≥ 0,

(4.4)

then we have from (4.1) and (4.2) that

πt + a(x, t)πx + b(x, t)π

+1
2 (ζ(x, t)|u| + α+(x− kt)(ν − 2ξ)

√
σ′(ν)
ν )(π − s) ≤ επxx

(4.5)

and

st + c1(x, t)sx + d1(x, t)s

+1
2 (ζ(x, t)|u| − α−(x− kt)ν−2ξ

ν

√
σ′(ν))(s− π) ≤ εsxx.

(4.6)

If we let ψ(x, t) = ψ(x − kt), using the inequality (2.12), we may prove (4.3) in a similar way like the proof 
of (3.10).

Under the conditions in (III) of Theorem 2, (4.4) is true because

ψx(
ν − 2ξ

ν

√
σ′(ν) −

ν∫
c

√
σ′(ν)
ν

dν) ≥ 0 (4.7)

and

ψt + (1 + ε1)ψ(x, t)ψx

− α+(x− kt)(ν − 2ξ)
√
σ′(ν)
ν

ψ(x, t)

+ α+(x− kt)(ν − 2ξ)
√
σ′(ν)
ν

ν∫
c

√
σ′(ν)
ν

dν ≥ (−k + (1 + ε1)ψ(x− kt))ψx

− α+(x− kt)ψ(x− kt)f(ν) + α+(x− kt)f2(ν)

= (−k + (1 + ε1)ψ(x− kt))ψx − 1
α+(x− kt)ψ2(x− kt)
4
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7 + α+(f(ν) − 1
2ψ(x− kt))2

≥ (−k + (1 + ε1)ψ(x− kt))ψx − 1
4α+(x− kt)ψ2(x− kt) ≥ 0 (4.8)

due to the condition (2.13), where f(ν) = (ν−2ξ)
√

σ′(ν)
ν . Thus Part (III) of Theorem 2 is proved. Similarly 

we may prove Part (IV) of Theorem 2 and complete the proof of Theorem 2.

5. Proof of Theorem 3

From the upper estimates on the Riemann invariants given in Theorems 1-2, we can easily obtain the 
following estimates on (νξ,ε, uξ,ε),

2ξ ≤ νξ,ε(x, t) ≤ N(x, t), |uξ,ε(x, t)| ≤ N(x, t), (5.1)

where N(x, t) is a positive, bounded function, which depending on the bound of the initial data, but 
independent of ε, ξ.

Following the standard theory of semilinear parabolic systems, we can apply the contraction mapping 
principle to an integral representation of a solution to obtain the local existence result of the Cauchy problem 
(1.6)-(1.7). With the L∞ estimate (5.1) of the local solution, we can extend the local time step by step to 
an arbitrary time T , since the step time depends only on the L∞ norm.

As proved in [13], we know that the original system (1.1) and the approximated system (1.4) have the 
same entropy equation or the same entropies, and for any weak entropy-entropy flux pair (η(ν, u), q(ν, u))
of system (1.1)

ηt(νξ,ε(x, t), uξ,ε(x, t)) + qx(νξ,ε(x, t), uξ,ε(x, t)) (5.2)

are compact in H−1
loc (R × R+), then the compactness framework given in [3,6] for 1 < γ < 3 and in [7] for 

γ ≥ 3 to ensure that there exists a subsequence of (νξ,ε(x, t), uξ,ε(x, t)), which converges pointwisely to a 
pair of bounded functions (ν(x, t), u(x, t)) as ξ, ε tend to zero, and the limit (ν(x, t), u(x, t)) satisfies (2.3). 
Moreover, we multiply (1.6) by (ην , ηm) to obtain

ηt(νξ,ε(x, t), uξ,ε(x, t)) + qx(νξ,ε(x, t), uξ,ε(x, t)) + ξq1x(νξ,ε(x, t), uξ,ε(x, t))

= εη(νξ,ε,mξ,ε)xx − ε(νξ,εx ,mξ,ε
x ) · ∇2η(νξ,ε,mξ,ε) · (νξ,εx ,mξ,ε

x )T

+α(x− kt)uξ,εmξ,εην(νξ,ε,mξ,ε)

+(α(x− kt)uξ,εmξ,ε − ζ(x, t)mξ,ε|uξ,ε|)ηm(νξ,ε,mξ,ε)

≤ εη(νξ,ε,mξ,ε)xx + α(x− kt)uξ,εmξ,εην(νξ,ε,mξ,ε)

+(α(x− kt)uξ,εmξ,ε − ζ(x, t)mξ,ε|uξ,ε|)ηm(νξ,ε,mξ,ε)

(5.3)

for any weak convex entropy-entropy flux pair (η(ν, u), q(ν, u)) of system (1.1), where q+ ξq1 is the entropy 
flux of system (1.4) corresponding to the entropy η. Thus the entropy inequality (2.4) is proved if we multiply 
a test function to (5.3) and let ε, ξ go to zero. Thus we obtain the proof of Theorem 3.
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