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Zusammenfassung

Die vorliegende Arbeit befasst sich mit der Modellierung von Gasstromungen und deren nu-
merische approximative Losung. Konkret betrachtet werden die Eulergleichungen, welche Gase
makroskopisch durch die Beschreibung der Volumendichten der im Raum verteilten Erhaltungsgréfien
Masse, Impuls und Energie behandeln. Mathematisch erhélt man ein System partieller Differen-
tialgleichungen. Da Erhaltungsgrofien modelliert werden, bezeichnet man diese partiellen Differ-
entialgleichungen als Erhaltungsgleichungen (engl. conservation law). Bei den Eulergleichungen
handelt es sich um den Spezialfall der Navier-Stokes Gleichungen ohne Viskositit (innere Rei-
bung) und Wérmeleitung.

Von besonderem Interesse ist der Fall von Stromungen fiir welche das Gas sich relativ zur
Schallgeschwindigkeit langsam bewegt. Das Verhaltnis von Strémungs- zu Schallgeschwindigkeit
wird Mach-Zahl genannt. Wir untersuchen also den sogenannten ”Low Mach” Fall. Hierfiir
werden die Eulergleichungen zunéchst mit einer Referenz-Machzahl reskaliert.

Grundlage der numerischen Losung bietet ein Verfahren basierend auf einer raumlichen Finite

Elemente Diskretisierung der Gleichungen und einer expliziten Zeitevolution. Hierfiir wird das
Raumgebiet beispielsweise in viereckige Zellen aufgeteilt und die numerische Losung an den
Eckpunkten gespeichert.
Eine wesentliche Eigenschaft numerischer Methoden ist deren Stabilitat, welche notwendig fir
die Konvergenz ist. Zudem sind unphysikalische Oszillationen unerwiinscht. Das betrachtete
Verfahren erreicht Stabilitdt durch die sogenannte invariant-domain preservation Eigenschaft
durch die Einfithrung einer geeigneten numerischen Graph-Viskositit. Diese wird in unserem
Fall beispielsweise sicherstellen, dass die Massendichte nicht negativ werden kann, sofern die
Anfangsdaten des Problems dies erfiillen. Das zunéichst vorgestellte Verfahren ist definiert durch
eine explizite Aufdatierungsformel, was zu dem Problem einer sehr restriktiven CFL-Bedingung
fiihrt. Das bedeutet, dass die Zeitschritte fiir kleine Machzahlen ebenfalls sehr klein gewahlt
werden miissen. Die damit einhergehende Ineffizienz wird durch eine Adaption des Verfahrens
behoben.

Die Adaption verwendet das IMEX Konzept, bei welchem die zugrundeliegende Gleichung
in einen expliziten und einen impliziten Teil gesplittet werden. Der explizite Teil wird mit
dem urspriinglichen Verfahren gelost, fiir den impliziten Teil wird eine implizite Formulierung
derselben verwendet, welche dann durch eine Fixpunkt-Iteration approximativ gelost wird.

Fiir die Formulierung des expliziten Teils muss zudem noch ein sogenanntes Riemann-Problem
zur Bestimmung der numerischen Parameter gelost werden.

In einem eigenen Kapitel werden einige Eigenschaften der so definierten Methode untersucht.
Unter anderem wird auf die Konsistenz eingegangen, welche aussagt, dass das Verfahren zumin-
dest lokal eine gute Approximation an die tatsdchlichen Gleichungen darstellt.

Fiir die Implementierung der Methode wurde ein auf dem Finite Elemente Framework deal.Il
basierendes Programm erweitert und angepasst. Dieser C++ Code ist im Anhang zu finden.

Schlielich werden noch diverse numerische Tests durchgefiihrt, welche das Verhalten des



Verfahrens fiir bestimmte ausgewéhlte Probleme demonstrieren.
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Chapter 1

Introduction

1.1 Euler equations

The aim of this section is to derive a model for the flow of gasses. Another explanation is given in
[B]. A gas consists of many particles (molecules) whose interaction can be understood as elastic
collisions in a simplified way. We restrict ourselves to the case of sufficiently dense gasses, for
which certain macroscopic thermodynamic state variables and corresponding state equations are
reasonable to describe the gas locally.

These state variables are the mass-density p, the stream velocity v and the pressure p. Since
they represent a locally averaged state, they are functions depending on a time-variable ¢t € R
and space-variable z € R3.

To model the gas dynamics one considers the conserved quantities mass, momentum and en-
ergy. We model their spatial distribution as a volume density:

1. The mass density is again p
2. The momentum density is given by pu
3. The energy density is denoted by &

The energy is made up of two parts: The macroscopic kinetic energy with density §u2 (depending
on the frame of reference) and internal energy due to the temperature of the gas. The internal
energy is known to be %N kpT, where kp is the Boltzmann-constant, /N the particle number, T’
the gas temperature and f is the number of degrees of freedom of movement per particle (see [6]).
For example, f = 5 for nitrogen, oxygen at standard conditions. Using the ideal gas equation
pV = NkgT for a small volume V which we assume contains gas in a constant state, we find

INkpT _ ip
v 2
as the volume density.
This equation of state can also be written with the isentropic exponent ~v = % (v~ 1.4 for
air):
E = Eint + Ekin = 776 T+ qu (1.1)



1.1.1 The stress tensor

The interaction of gas particles will also be understood macroscopically with the help of contin-
uum mechanics. Here, for any surface S with a normal vector field v, a mechanical stress tensor
o models the force the gas on the side of S v is pointing away from ”feels” from the other side
of S. The function o defines for every point in space (and time) a linear map R® — R? and the
force is given by

F:/O'Vd2$ (1.2)
s

In gas dynamics, the stress tensor depends on the state variables. It consists of the pressure
term —pl, modeling the isotropic forces the gas particles exert due to their random microscopic
movement, and a viscous term modeling a kind of internal friction, which is considered by the
Navier-Stokes equations of which the Euler equations are a special case where the viscosity is
neglected (i.e. set to 0).
So we will simply use

o= —pl (1.3)

(Note that I refers to the identity matrix)
For a more in depth explanation of the stress tensor see [17].

Now the derivation of the actual Euler equations will be sketched. This amounts to finding
a balance law for mass, momentum and energy. To this end, let @ C R? be an open, bounded
domain with an outer-facing normal vector field v.

1.1.2 Mass conservation

The mass contained in {2 is of course fQ pd3z. Tt can only change in time by gas flowing in/out
of Q. For an infinitesimal area element d2z and time d¢, the volume u - vd2xdt of gas flows out
of Q. This corresponds to the mass outflow pu - vd?xdt. This gives:

d
—/pd?’x:—/ pu-vdiz (1.4)
dt Jo o9

For sufficiently smooth solutions and using the Gauf} integral theorem:

/ gpdgx + / div(pu) d*z = 0 (1.5)
o Ot Q
This has to hold for any €2, so one further gets the continuum equation:

0
g4 + div(pu) =0 (1.6)

1.1.3 Momentum conservation

Just like mass, momentum is also transported by the gas. However, the internal interaction as
modeled by the stress tensor must now be taken into account as well. It adds the force given in
, since force is the time derivative of momentum (for a given parcel of gas).

The transport contribution reads like in if we exchange the mass- with the momentum
density.

In total:

4 pudis = —/ (pu(u - v) — ov) d*z = —/ (puu® — o) d*x (1.7)
dt Jo o0 o0



Again using Gauf} integral theorem:

d
— | pudiz+ / div(puu®’ — o) d*z =0 (1.8)

Using [I.3] for smooth solutions we obtain:

0 .
a(pu) + div(puu® 4 pl) = 0 (1.9)
This gives one equation per momentum component:
8( ) + div( )+a 0 for i=1,2,3 (1.10)
—(pu; v (pu;u p=0 for i1 =1,2, .
ot r o,

To see why the transport and stress contributions simply add up, we can derive the equation
more stringently as in [5], pp. 4-11. Let ¢ : R x R x R > (z,t,5) — ¢(z,t,5) € R? denote the
trajectory of a particle moving with the fluid starting at position x at time t. l.e. at time s
the particle is at position ¢(x,t,s). That means ¢(z,t,t) = x and % (z,t,8) = u(o(z,t, s), s).
Define ¢y s : ¢ — ¢ () = ¢(z,t,s) and Q5 1= ¢y (Q) the volume Q after being advected with
the flow. With a given time ¢, the effect of the stress forces is then simply given by

4 (pu)(zx,s)d*x = / ovdir = —/ pvd’z (1.11)
ds Qi s 004 s 004, s
A change of variables gives
d 3 d 3
= | (pu)(z,s) &’z = — [ (pu)(¢rs(), s)| det(Dy,s(x))| d”x
dS Qs dS Q

The Jacobian should not become singular (the gas is not infinitely compressed) and we assume
it to be continuous in time so we can use det(D¢; s(x)) > 0 to obtain

L (pu)(Gus(a), )] det(D6y o (a))|
Q

= [(@lpu) + - Vo)) G 0).5) det(D (@) + [ (1) 61(0).5) 5 det(Do o (0) 'z
Q Q

A lengthy but straightforward computation reveals
d .
75 4et(Dors(2)) = (div(w))(d,s(2), 5) det(Dér,s ()

Using this fact and again using change of variables we get

a
dS Qi

= /Q(at(pu) +u - Va(pu) + pudiv(u))(ée s(x), s) det(Dey s (z)) d*z

(pu)(a, s) dx

- / (Dh(pu) + u- Vo lpu) + pudiv(u))(z, s) d*

= [ @l + div(pun ) (w.5)

10



Setting s = ¢ in the above equation and using the Gauf} integral theorem gives

d

& J,, (0

:/8t(pu)(x,s)d3:c+/ puulv(z, ) d>z
s=t Q 0N

Combining with (1.11)) again gives the integral form of momentum conservation:

4 (pu)(z,t) d>x + / (puu® + pv(z,t) d*x =0
dt Jo )

1.1.4 Energy conservation

Again, energy can be transported with the gas flow. Because the time derivative of energy is force
times velocity, the contribution due to the pressure interaction is now given by [, u - (ov) d*z.
One now gets:

4 Eddx = —/ (EuTv + puTv) dax (1.12)
dt Jo o9
With Gau$} ...: p
—/ Ed®x +/ div((€ + p)ul)d*z =0 (1.13)
And finally:
%5+dm((8+p)uT) =0 (1.14)

Allin all, (1.6, (1.9) and (1.14]) give 5 (scalar) equations for 5 (scalar) variables. The equation
of state (1.1)) explains the pressure terms in (1.9)) and (|1.14]) using only the conservative quantities
p, pu and &.

1.1.5 Boundary conditions

Since the Euler equations are time evolution partial differential equations, concrete problems
typically define initial conditions and impose certain boundary conditions. Besides Dirichlet
boundary conditions and periodic boundaries, free-slip conditions are often used to model (non-
moving) walls. Here it must hold that - v = 0 on the boundary with v the boundary normal
vector field.

1.2 Scaled Euler equations

As we are interested in problems where the stream velocity tends to be very small (compared to
the speed of sound, see section, it makes sense to rescale the Euler equations by a parameter
called the reference Mach number Mo > 0 (typically chosen <« 1), which is understood as the
ratio between a reference velocity ||uyet|| and a reference speed of sound cref: Myet = ||tret||/Cret-

To this end, define
u ~
= —— , t = Mgt
Mref ) ef

The equation of state can now be written

(<33

Mot
p + £ ,O’LAL2

=1+t (1.15)



The mass equation reads

O0:p + div(pt) = (Orp + div(pu)) =0 (1.16)
ref
The momentum equation reads
1
Oz (pt) + div(paa™ + SI) = —— (9¢(pu) + div(pun® + pl)) =0 (1.17)
Mref Mref
The energy equation becomes
0:E + div((€ +p)aT) = (0:€ + div((€ + p)u”)) =0 (1.18)

Mref

From now on, we shall simply write u and ¢ in place of & and ¢ respectively, and always refer to
those rescaled Euler equations unless stated otherwise.

The equations [I.16] [T.17] and [I.1§] can be put in the more compact form of a conservation
law by introducing a vector-valued function of conserved quantities

p
q:=| pu
£

and the flux function
pu”
flg):== | puu” + Mf;a
(E+p)u

(1.19)

The scaled Euler equations are then given by

O + div(f(q)) =0 (1.20)

1.2.1 Asymptotic limit

Since we are interested in low Mach number flow, a natural question is what happens in the limit
Mier N\ 0. To answer it, we will formally investigate this asymptotic limit. The analysis is similar
to the brief one in [I6] Suppose we have a family of sufficiently smooth solutions parameterized
by M,et in some interval [0, €] (for simplicity don’t include the parameter in the notation) and
expanded as

0 < p(z,t) = ZMrcfp()(xt ZMrCf'LL (z,t), 0 < p(x,t) = ZMmfp (z,t)
=0

Assume that all functions and derivatives are sufficiently uniformly bounded such that we can
pull derivatives into the sum etc... The momentum equation then reads

A (pu) + div(puu® + P 51)
Mref

0) (1)
p
I
2 * Mref

(
= 0,(pVu ) + O( ref)+dw( @O (y <°>)T+AZ

ref

I+ pP1 )+O( Myef) =0
(1.21)

12



From this we get

¢
Vop® = lim M? | =8, (pOu?) — div (p(o)u(o)(u(o))T + ]]\94—]1 + p(2)H> +O(Myef) | =0

M;es—0 N————
o)

ref

O(Myes ™)
Inserting V,p(®) = 0 again into (1.21)) gives
Vap =0
Which means we are finally left with
Jim 2o )+ div(pOu® @®)T + 1) + O(Mrer) = 0

A (pOu®) + div(p O u® (WONT) + Vo p? =0

as the limiting equation. For the equation of state we find

(0) €] (2 1
_ D p 2| P 0)11(,,(0)y]]2 3
= Mot —— +Mie —+ = Mie
€= et g Mt | g+ g Ol |+ O(Mer”)
N—— N——
=:£(0) =:£1) =:£(2)

to write the energy equation as
& + div((€ + p)u) = 0,ED + div((E® + p@)u®) + O(Myes) = 0
Since p® and £© = p(o)/(7 — 1) are constant in space, we obtain in the limit
HE@ + (£ 4 p0) div(u ) =0

= c'?t/ EO grg + (5(0) +p(0))/ wO oy dn e =0
Q O

(1.22)

(1.23)

with  being the n-dimensional spatial domain with outward facing normal vector field v. If the
domain is the torus (periodic, no boundary), or if we prescribe no-slip boundary conditions, the

boundary term vanishes and we get

@/g@w%:@ﬂm/1mz:0
Q Q

= 9,0 =0

That is, £©) and equivalently p(®) are not only constant in space, but also in time. Using this
fact again in (1.23) gives (£© + p(®) div(u(®) = 0. We required p > 0, so it follows that the

flow is incompressible in the limit M \ O:
div(u®) =0
Lastly let us look at the limiting mass equation. It is easily found to be

9:p0 + div(p@u) =0

13
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which is just the continuum equation for the limit functions p(® | u(9).
In summary for the low Mach limit p(® = limp; . 0p, u(® =limy; 0 u we find the system

Op 0 +u® . v, p® =0
3, (pu®) + div(pu® (uNT) + V,p® =0 (1.26)
div(u®) =0

System ([1.26) reads just like the incompressible Euler equations with the pressure p(?). See also
[8] for a more in-depth discussion of asymptotic limits.

1.3 Solution concepts

This section is concerned with general conservation laws of the form d.q 4+ div(f(g)) = 0 and
some basic ideas on how to interpret this equation more generally. Unfortunately, the classical
formulation of this partial differential equation often does not have a solution for all times even
for smooth initial data, but may still have physical relevance. E.g., for inviscid gas dynamics
this is the case with shock waves, where the pressure has a jump discontinuity. To give meaning
to the equations in such cases, other solution concepts have to be developed.

1.3.1 Integral form

Going back to the derivation of the Euler equations, we actually obtained an integral equation.
Using the Gauf} integral theorem, we can write any conservation law in n space dimensions in
this form:

/Qq(x,tl) d"x — /Q q(z,to) d"x + /aﬂ /tol flg(z, t)vdtd" 'z =0 (1.27)

for any open €2 C R™, for which an outward pointing boundary normal vector field v is defined.
The integral form gives meaning to integrable solutions that can be extended onto 02 and are
integrable on the boundary. The mentioned jump discontinuities don’t pose a problem anymore.

1.3.2 Weak form

Using a variational type approach, an equivalent formulation for so called weak solutions is found:
We consider only the one-dimensional case of a system of m equations and initial data

q(z,0) = go(x). For all smooth test functions ¢ : R x [0,00] — R™ with compact support it has
to hold for classical solutions that

| [ @ate.t)+ 0u(statw. ) - ooty dadt =0
Integrating partially, the boundary terms vanish except on {¢t = 0}:
[ [ @@t 00+ slate.t) 0.0 ) dsdt + [ ola)-ow0ida=0 (129
o Jr R

This formulation shifts all the derivatives to the test function and requires less regularity of the
solution. See [7], p. 612, where this definition was taken from, for more details.

Unfortunately, while the weak form allows more general solutions, it does not guarantee
uniqueness of them.

14



1.3.3 Vanishing viscosity

A different concept inspired by physics and gas dynamics is that of vanishing viscosity (see [13],
pp. 210-211). Here, a diffusion term scaled by a parameter ¢ is added to the conservation law
to work with smoother solutions:

Oq® + div(f(q°)) = €0pad” (1.29)

The solution of the original equation is then understood to be the limit (almost everywhere) of
Q¢ as € \( 0.

1.3.4 Stability under perturbations

Another concept of a necessary condition on a selection method for weak solutions is that the
function mapping the initial data to the selected solution at some later time should be continuous
(w.r.t. some topologies ...).

For example, an arbitrary small (positive) viscosity will smoothen an unphysical shock wave
which could then fan out into a so called rarefaction wave even when the viscosity is ”turned
off”, since the unphysical shock is not stable under perturbations.

1.3.5 Entropy functions

Yet another concept inspired by physics is that of entropy. The physical entropy is a non-
decreasing quantity whose volume density is a concave function of the conserved state variables.
In mathematics instead one typically chooses the entropy density 7 to be a convex function of
q that is advected according to an entropy flux ¥. For smooth solutions the entropy should be
conserved, since there are no diffusive effects (only adiabatic changes in physics), so here we
require

9i(n(q)) + 0:(¢(q)) =0 (1.30)
The fact that

9¢(n(q)) + 0:(¥(q)) = Dn(q)(—0:(f(q))) + D (q)0-q = (D¥(q) — Dn(q)Df(q))0zq =0

motivates the constraint Dy = DnDf.

Equation (|1.30)) does not hold (in a weak sense) for all (physically correct) weak solutions though.
Following [7], pp. 646-648, we remember the vanishing viscosity approach. We use (1.29) to
obtain

9 (n(q°)) + 02(V(q°)) = eDn(q7)D2aq” = £00a(n(q°)) — (D*n(q°)024°)02q" < €02a(n(q7))

Let ¢ be a non-negative test function. Then with the help of integration by parts

/ / “ (2, )00, 1) + (a7 (2, 1) Dy (1)) dacl
/ / o, 0 (1(¢)) (. 1) — (. )0, ((¢7) )z 1)) dxdlt
> / / 6(,8) (—£B0a (n(a)) (2, 1)) dardt

_ . / / VDpa (s ) devdt

15



We can take the limit ¢ — 0 (under certain conditions) to find the weak form of the entropy
inequality:

/R / (n(aa,£)0d(z, 1) + b(q(, £))Dab(z, 1)) dardt > 0 (1.31)

This weak inequality can now be used to single out physically relevant weak solutions of the
conservation law.

16



Chapter 2

An invariant-domain preserving
explicit scheme

This chapter explains the numerical method described in [12].

2.1 Finite element discretization
This section presents a method for numerically solving a conservation law
Og+divf(q) =0 (2.1)

based on a finite element discretization of space.

For a spatial domain €, let 7;, be the mesh with a mesh size parameter h, composed of cells
(in 2 dimensions we will use quadrilaterals) denoted €2 D K € T, whose combined corners, called
nodes, form a set {x'};c; with an index set I (typically I C Z). For any given i € I we will
denote by I; the subset of I for which the nodes {z7} jer, are adjacent to z* in the sense that they
share a cell. The finite element approximation space with Lagrangian elements is now spanned
by a set of shape functions {¢;}icr, i : @ — [0,1] which obey ¢;(z7) = §;j, i.e. ¢; takes the
value 1 on node ! and zero on all other nodes. We also require the partition of unity property:

D pi=1 (2.2)
i€l

In 2 space dimensions, such shape functions can be obtained by transforming the function [0, 1] >
(z,y) — (1 — x)(1 — y) onto other quadrilaterals (for bilinear Lagrangian elements). See figure
(2.1) for an example of a shape function on a cartesian grid defined as

(1-2)1—y) if (z,9)" €[0,1]
1+2)1+vy) if (z,y)T €[-1,0]2

plzy)=q A —z)1+y) if (z,9)" €[0,1] x [-1,0]
(1+2z)(1—y) if (z,y)T € [-1,0] x [0,1]
0 else
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Figure 2.1: Plot of a bilinear shape function at node (0,0)7 with the set Z? of grid-points

Time is discretized into timepoints {¢, }.
The numerical approximation to the solution of (2.1) at a time ¢, is now given as a linear
combination of shape functions

ah(x) =) Qloi(x) (2.3)

iel
where the Q7 denote the numerical solution at node z’ and time t,. Q" is understood as a
function I 37 +— Q7.

2.1.1 Galerkin approach
A Galerkin type discretization of the variational formulation of (2.1) requires

[ @uatasta) + divt (o, ta)))oi(a)dz =0
Q
For the time derivative we use the approximation

n+1(mz’) _ qﬁ(l‘l) Q;’L+1 _ Q?

[ aatetpiayae ~ [ BT )40 = S [ ga)aa

Tn

with the time step 7, 1=t 41 — ¢,
It is useful to also linearly approximate the flux in the divergence term

Flalo,ta)) = Y FQP)pi(x)

icl

18



With those approximations one obtains

QI —Qr ‘ .
0= /Q pila)dn 2= 3 /Q div( Q) () ps(x)da

Tn Jel
_ ) QZ’H_l — Q? n . .
- [ oyt > r@) | Vei@eiwyis

Using the definitions
mii= [ gila)do (2.4)
Q
Cij = /ngi(ac)Vgoj(x)dx (2.5)

the obtained formula can be written more compactly:

ntl_Qn
=S (@ =0 (2.

" jer

Because ¢;; = 0 if j ¢ I;, the we only have to sum a few values:

Q;H_l — Q;’ n _
m; 1+ > f(Q))ei; =0 (2.7)
TTL .
JEL;

As it turns out, this explicit update formula would in general produce an unstable scheme. The
solution is to add the right amount of artificial viscosity. This is done by introducing a graph
viscosity corresponding to diffusion along edges between nodes. The viscosity coefficients are
denoted d}; (diffusion between nodes z* and z/ at time ,).

They should be symmetric:
iy = dj;
nonnegative:
di; 20, i#]

and balanced:

> di=0 (2.8)

JEL;

The correct update formula takes the form

Qrtt —qQr
mi———t £ N Q)i = Y Qs (2.9)

-
" JEL; jel;

We now need to determine the graph viscosity from some stability concept. The choice is the
property of convex invariant-domain preservation.
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2.2 Invariant domain preservation

Definition 2.2.1 (Invariant domain) Denote the unit sphere in space by S.
For a left state q; , a right state ¢, and v € S, let qq, 4, be the solution to the Riemann problem

q x<0
v(x,0) = 2.10
qQZ7Q7‘7 (1‘ ) {qr > O ( )

of the projected conservation law

atq%qmu + az(f(qquqml/) v)=0

A convex set D is called invariant, if and only if

1 1/2
v ,TGDXDVVESVt€<O,>:_ Gyt ::/ (s,t)ds€ D
(@1, qr) SRV d(q,q ) e Qq1,90,0 (8, 1)
(2.11)

where Amaz(qi, g, V) denotes the mazimum wavespeed in the solution to Riemann problem ,
which we understand as the minimal continuous function satisfying

VE>0: Ve < —Amaz(q@, @, V)t 2 Qg g0 (2,8) = q
V> 0:Ve > Apaz(@, ¢, V)E: Qg g, 0 (2 1) = gr

An example of such an invariant domain is the set of states with positive density and positive
pressure for the Euler equations.

2.2.1 The scheme

For nodes with index 7 in the interior of the numerical domain it holds that
Cij = /Qgpi(:v)Vgoj(x)da: = —/ngj(x)v%(x)dm = —Cj; (2.12)

since here the function ¢;p; vanishes on the boundary. Also

> ey = [ w0V Y gile)e =0 (213)

JEI; JEIL;

since V). ¢; =0 due to (2.2).
Neglecting boundary conditions and using

dn = — Z dr; (2.14)
JELN{i}

20



due to balance, the update formula (2.9) can therefore be rewritten

QI = QF = TN F(@Q e + - Y Qs

' eI L jEr
Tn T . Cij Cij Tn Tn
S-S gl il TS gy + TS gran,
m; . lleijl| 2d%  m,; . m; 4
JeL\{i} J JjeL\{i} JjeI;
n Tn mn n n Cij HCZ]H Tn n gn n gn n jn
—or— 24" vy , In | oonar — omdn L
U 2 MU QI gyt |2 D, @
JeL\{i} J JjeL\{i}

S Y o ((f(Q?) - @y Wl ey Q}‘)/?) + agpay

my; jengi} lleis ] Qdij

247, il 27,
n_ “Tign ny oy 2%l on y ony o) ZTijTn on
A= > — <<f<Qj) H@N o 5, — (@ T @/2) = >
JeL\{i} J jel\{i}
Defining
o1 n n n n Cij Cij
Qifl = (Q + o )/2 - (f(Qg) - f(Q7)) HCJH ||2diH (2.15)
i ij
yields the formulation
2d%, 2d Ty ~
nt+l - Ty n T ontl
jeli\{i} jel\{i}

Q?j“ coincides with g(qi, g, v,t) in definition for left state ¢ = Q7', right state ¢, = Q7,

70

o o .
V= IICT:J'II and t = HQdL;”. Therefore, choosing
1] iJ

lleill 1
2d?] B 2)\max(ql7QTaV)

if ¢ # j ensures that Q%H lies in any invariant domain containing both Q7 and Q7. This
property motivates the choice

45 = Amax(QF, QF s 1ig)[[essl] 1 7 j (2.17)
with the definition n;; = —Hz” and 1'

i1
Of course, this alone does not make the scheme invariant domain preserving. Looking at (2.16]),
we note that Q?H is obtained as a convex combination of Q¥ and Q%H if

2d*T,
> My
mg
JeL\{i}
for all j (we use here the fact that the dj; are nonnegative for i # j).
This, along with }°.c 7.\ ;3 diy = —dj} yields

.
_2d?¢i <1
mi
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| el
2d;;

Qi QY

£

T —>

—1/2 1/2

Figure 2.2: Illustrated Riemann problem arising in the derivation of the invariant-domain pre-
serving scheme

Now, if Q7" and Q7 lie in the same convex invariant domain for all j, so will the updated value

Q?H. Since for a given time step size 7,, that condition has to hold for every i, one obtains a
constraint called the CFL-condition:

7, < inf (2.18)

m;
g *an

Conditions (2.17)) and (2.18]) combined make the method invariant-domain preserving.

2.3 Entropy inequality

In order to further justify the choice of the constraints on the graph viscosity coeflicients, let us
derive a discrete entropy inequality. For a given convex entropy density n with entropy-flux 1,
the entropy inequality reads

on(q) + div(y(q)) <0

Applying the convexity of n to (2.16]) yields

2d%1,,
< (1i- Y 2 pen+

jer\{iy " JELA{i}

2d}. 2di5n
n(Qpt)

0

Recalling that Q7" = 7(Q}, Q7. ek HQC;,{”) from definition [2.2.1
ij ij

1/2
Aty [ on on G el V) _ / el
nes™ ”<q< SO el 2y ) ) T\ T e \* oy )

The Jensen inequality then gives

1/2 y
w@ < [ nlagra,. m'ﬁ;ﬂ!'»ds

—1/2 j HLUH
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Now we can use the integral form of the entropy inequality:

QY < (@) +n(R7))/2 — (%(Q

From those inequalities we obtain

Qi - Q) <

Tn

my;

< Y dEm@)) - @) -

JELN{i}
= 1d5n(@)) — v(QF) - e
jeI
/dw (Zw (QF)pj(=
jer

which gives the discrete entropy inequality

n(Qi ) —m(@—i") . N
/| — +d (ZMQJ)%(

JeI

with the approximations

/ (@) —n(Q -
Q Tn

and P(q(z,tn)) = X V(QF)pj(x)

23

cij |leill

(@) —n(@7))
((QF) = ¥(Q7)) - ¢y

x)dx + Zd”n

jerl

)) z)de < Zd”n

jerl

e / B, ta) i) di
Q

7)

(2.19)



Chapter 3

IMEX approach to low Mach

3.1 Speed of sound

The CFL-condition (2.18) can be written

< inf m;

T < in

"= el 2Zjeli\{i} /\max(QzlaQ;‘Lvnij)
We observe that besides the mesh size, the wavespeeds restrict the maximum possible time step
size. As the mesh gets refined, neighboring values in the numerical solution approach each other
for continuous solutions. Here we can approximate the wavespeeds by linearizing the equations
about a state at a given position. In one space dimension, the conservation law 0,q+ 9, f(¢) =0
in smooth regions of the solution can be rewritten as dyq + Df(¢)9-q = 0 and linearized about
a constant state ¢ it reads:

—1
. m; .
e < inf . ( min Amax(Q?vQ?v”ij))
1]

i€l minjer iy |leijl| \sen\{i}

g+ Df(7)0zq9 =0
This partial differential equation is called hyperbolic if Df(g) can be diaganolized as Df(gq) =

VAV =L and has only real eigenvalues A\, = Ay (see [13], p.3). This is the case for the (scaled)
Euler equations. Defining v = V ~!g, the linearized conservation law then becomes

3tv + A@xv =0

Since A is diagonal, the system decouples into a set of scalar equations O;vg + A\pOyvr = 0,
whose solution is given by wvg(z,t) = vig(z — Agt). Therefore the maximum linear wavespeed
is the maximum absolute eigenvalue of D f(g). The 1D linear wavespeeds for the scaled Euler
equations

p pu’
o | pu | +div| puut + = | =0 (3.1)
£ (€ +p)ul

1
Myet

a given state in primitive variables (p, u,p), the speed of sound tends to co as Myer N\, 0. This
poses a problem for the explicit scheme, because it forces the time steps to become very small
and therefore the number of timesteps necessary to simulate up to some time 7" blows up.

A relevant indicator here is the (local) Mach number

are found to be Ay = u, A1 3 = u & ¢ with the speed of sound c = A /7%. We notice that for

Ma = [} (3.2)
c
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which kind of compares the CFL-restrictions from the 2-waves (A2) to the acoustic waves traveling
with the speed of sound relative to the gas.

3.2 Splittings

To solve this issue, one method is to formulate the scheme implicitly, which allows information to
travel arbitrarily fast in the numerical solution. Performing an implicit update however is more
expensive than an explicit one. Therefore we aim to keep implicit formulations simple. This is
achieved by splitting the equations into two parts. There are several ways in which one can do
this. An example is the scheme described in [I8]. We propose a method along the lines of [3],
where the flux is split into:

e An explicit part
dvq + div(f™(q)) =0 (3.3)

resulting only in slow waves

e An implicit part .
Ovq + div(f™ (q)) =0 (3.4)

to be solved implicitly.

Here we have split the flux f(q) = f(q) + f™(q). For given (z,t) € R™ x R, the exact solution
for a time-step T is

t+7
q(z,t+7) =qz,t) + / Oq(x, s) ds
t
t+71
—qwt)~ [ div(f(ata,9)ds
t
t+7 t+7 .
gty [ din( (o)) ds— [ din( " g(o.5) ds
t t
Let ¢°* and ¢'™ denote the solution to the explicit and the implicit part respectively with the

initial data ¢°*(x,t) = q(z,t) and ¢™(x,t) = ¢°*(x,t + 7). In [t,t + 7] those functions only differ
by an amount in O(7), so we can approximate

t+7 t+1
| it ds [ i) ds

and i 4 i o
| it ds s [ din( " ) ds

Therefore, g(x,t + 7) can be approximated as

t+7 t+7
aa,t+ 1)~ glat) - / div(f> (¢ (x, 5))) ds — / div(f™ (g™ (2, 8)) ds = g™ (2,1 + 7)

g (w,t+7)

In the numerical method we first solve the explicit part to obtain an approximation to ¢®*(z,t+7)
and then the implicit part with this explicit solution as initial data to finalize the update:
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Starting from data Q™ at time t,, the explicit method produces an intermediate state Q"‘H from
which the implicit scheme gives Q" 1.

Qn Explicit time-step 7, Qn+1 Implicit time-step 7, Qn+1

The time-step 7, is determined by the CFL-condition for the explicit scheme.
Which splittings may be used? To investigate this question, consider two different splittings
of the flux for the scaled Euler equations (1.19):

1. First splitting:

puT 0
fla) = puu” + pI + (1= M) | 321 (3.5)
(€ + Myer*p)u” pu”
fex(a) fim(q)
2. Second splitting:
pu® 0
flq) = puu® +| el (3.6)
MrTeprquuT vzlpu
f(a) i (q)

To analyze the splittings, again look at the one-dimensional linearized equations. It is useful to
also rewrite them in primitive variables.
For the first splitting, we obtain

P u p 0 0 0 0 . p
O uw |+](0 u AERL 0 LM 10, | w | =0
p 0 (]- + (’7 - 1)Mref2)p U 0 ('}/ — 1)(1 - Mref2)p 0 p
explicit implicit
(3.7)

The eigenvalues of the explicit part are Ay = u and A\ 3 = u + \/(1 + (v — l)MrefQ)%, so the

maximum absolute linear wavespeed is Apax = |u| + \/(1 +(y- 1)Mref2)%.

For the second splitting, we obtain

p u p 0 0 0 0 p
Ol u |+ [0 uw 0)J+|0 0 3= ]|0| v |=0 (3.8)
D 0 0 0 0 ~p u D
explicit implicit

The eigenvalues of the explicit part clearly are A\; 2 = u and A3 = 0, so the maximum absolute
linear wavespeed is Amax = |-

Both splittings have explicit parts whose maximum wavespeeds for a given state (p,u,p) are
of order O(1) as Myer N\, 0 and therefore allow reasonable time-step sizes for explicit methods
restricted by the CFL-condition. However, only one of those splittings actually works: Splitting
an equation introduces an error even if the explicit and implicit equations are solved exactly.
This error may blow up over time resulting in an unstable method.
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3.2.1 Stability analysis

The following analysis is performed like the one described in [I].
Let the one-dimensional equations be linearized about a state @ = (p, @, p
ables:

)T in primitive vari-

orw + A(w)0,w =0

In the following we will assume p > 0 and p > 0. We analyze the L? stability of the splitting
on the torus T, i.e. the interval [—m, 7] with a periodic boundary. It is well known that the
Fourier-system is an orthonormal basis of L?(T). Let wey be a solution of the linearized explicit
part

Opw™ + A% (W) w™ =0 (3.9)

and w'™ a solution of the implicit part
O™ 4 A™ ()0, w™ = 0 (3.10)

expanded as a Fourier series
(e, t) = 3 et
kEZ

and
Wi, ) = 3 af(pelts

keZ

with the time-dependent vector-valued Fourier coefficients w{*(t), wi™(t) respectively. Inserting
those representations into (3.9) respectively (3.10|) one obtains

O + kA (@)Y = 0 Vk € Z

and _ . _
Oy +1ikA™ (w)wt =0Vk € Z

which are decoupled systems of linear ODE’s whose time evolution operators for a time-step 7
are known to be given by the matrix exponentials

W (t + 7) = exp(—1kT A (W)) WX (L)

—.gex
=S¢

and
u?}vm(t +7) = exp(—ikTAim(w)) Wi (t)

—.Qim
=i

The splitting now takes some initial data

wo(z) = w(zx,0) = Zﬁ}k(O)eik”

kEZ

and applies first the explicit operator followed by the implicit one. The evolution operator of
the splitting for a particular Fourier mode, also called the amplification matriz is simply the
concatenation of the implicit with the explicit operators of that mode:

Sy = exp(—ikTA™ (w)) exp(—ikT A (w)) (3.11)
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This produces updated data
W™ (z,nT) = Z (Sy) by, (0) ™
kezZ

To investigate stability, write the L? norm of the imex solution using the Fourier expansion:

[0 (-, n)l15 = Y I(Sw) @ (0)]13 (3.12)

kEZ

Stability here means that for every initial data there exists an upper bound on the norm of the
solution at all times. This is a reasonable requirement since the exact solution simply consists
of a family of waves that do not blow up. A necessary condition for stability is that the spectral

radius o of the evolution operators is at most 1:
VkeN:o(Sk) <1

We only need to check for k € N (because o(S_) = 0(Sk) and o(Sp) = 1).
This condition is necessary since otherwise for some &k one could construct initial data of the

form wo(x) = w + € Re(e'*®v) for an eigenvector v of Sy to an eigenvalue with modulus greater
1:

According to (3.12)), w'™* will blow up for the complex initial data wo(z) = @ + ee'**v. Both
real and imaginary part of winmex are again solutions. At least one of them also has to blow up.
The initial data wo(z) = @ + eIm(e**v) = @ + e Re(e*@=7/(2k)y) is just a translation of the

real part. Due to translational invariance indeed both blow up.
(1.4,0.5,1)T, Myes = 0.2, v = 1.4 and numerically compute

For the first splitting set w
the spectral radii of the Si. Figure (3.1) shows that the necessary condition for linear stability

8 . e
/
f
/
6 / :
/ | [
@ 4 r / I / l""‘-‘ 1
o] /f | / \
I‘I“ I‘ I| II ‘I‘
."‘ \ | | |
2r I II | | | ]
| | |
I (- L \
D 1 1
0 1 2 3 4
kAt

Figure 3.1: Spectral radius of Sy plotted over k7 for w = (1.4,0.5,1)7, Myt = 0.2, v = 1.4
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is violated for the given example data. We should therefore expect for this splitting to result in
unstable schemes.

For the second splitting and given w = (p, 4, p)? computing the amplification matrix gives
1 0 0
Sp=e *T L0 e hTU/2(cos(kTa) + it sin(kTa)) 0 (3.13)
0 0 e*7%/2(cos(kTa) — 1L sin(kTa))
with a = (%)2 + 'yMijﬁ. Since |u| < 2a > 0, we get
| cos(kTa) + iy sin(kra)| <1 | cos(kTa) — is sin(kra)| <1
a a

Therefore, the spectral radius is 1 for all Sg. Furthermore, the amplification matrix is diagonal,
so the L2-norm of the IMEX solution is non-increasing:

™ ()3 = 3 [1(Sk)" @k ()13 < [|w™(-,0)][3
——

kEZ _
<[k (0)]13

Therefore, the splitting is linearly L2-stable.

3.3 IMEX adapted invariant-domain preserving method

The following section describes the main scheme, the adaptation of the already derived invariant-
domain preserving method to an IMEX method to be used in low Mach computations. The IMEX
scheme is built in analogy to that described in [3].

The explicit part is solved directly by solving for the explicit flux:

Qrtt —n
m; =t + S @Y =Y Qpdy, (3.14)
" JEL; JEL;

The graph viscosity coefficients are computed from , where the maximum absolute wavespeeds
refer to the explicit problem . The time-step size 7, is then chosen to satisfy . For the
implicit part, this equation (with implicit flux) is modified to be implicit and the graph viscosity
that was necessary for stability of the explicit scheme can be discarded:

Qr_Hrl _ Qn+1 ) .
mi% + Z flm(Q;-LJr )Cij =0 (315)
" JEL

We use the second splitting of the fluxes (3.6]).

To see why writing a scheme in this implicit form makes sense if we want to avoid the CFL-
condition, consider the one-dimensional advection equation

atq + aaa:q =0

with a > 0, discretized on a periodic grid with index set I = Z/(2N + 1)Z represented with the
numbers 0, ..., 2N and nodes

Vi€ {0,1,...,2N} : 2" = hi (3.16)
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That means we have z7! = 22V | 22N+l = 20 and Q" = Q% , Q5n .1 = Q- Using piecewise

linear shape-functions, the finite element coefficients are

1

m; = h Cij = 5(6:51'4»171,3' - 5zi’zj+1)
From the obvious wavespeed A\,.x = a the graph viscosity is obtained:

a
dij = 5(5zi+l’m]’ + 51'i’zj+1) — 0,(52' j

)

The fully explicit method for this equation then becomes

Q= Qi+ T (S(Qi + Q1) — Q) + Q1 — Q1))
= Qi+ Ta (@, - Q)

n n Tn a n n n a n n
QI =Q; +F(§( i+ Qi) —aQ; +§( i—l_Qi+1))

To analyze the stability, write the scheme in the Fourier basis. That is with Q] = ZszfN Qzei”ki/N
we obtain )
Qn-‘rl (1 4+ h ( —irk/N _ 1)) QZ

The amplification factor lies in the closed complex unit ball iff = < %, which is precisely the
CFL-condition the invariant-domain preservation concept yields.
The implicit method reads

Qrtt = Q”+ﬁ<Q"“ QM

which gives

QZH Qk h =2 (e—iﬂ-k/N -~ ei‘n-k/N) QZJrl
= Q”Jr1 {1 — ﬁg (e*i”k/N — ei”k/Nﬂ o QZ = {1 + i%asin(ﬂk/N)} o QZ

Since |1 +iZ2asin(rk/N)| > 1, the implicit method is (L?-)stable for arbitrary large timesteps.

Going back to the scheme for the rescaled Euler equations, denote by [p]?* the density com-
ponent of the numerical solution at (z*,¢,) and analogously for other variables. Denote by [f]}
the intermediate states etc. In order to solve the implicit part we first observe that

}n+1 _

Pl = [alp? (3.17)

since the first row in f™ (corresponding to the density variable) is zero.
Rewrite the implicit momentum equation as

[pu)y ! — (gt TN [L;ch-- -0
m; jel; A]\41ref2 !
n+l n+l Tn Cij n4+1
u U B
=l = [l - 25

¢ J€l;
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The implicit energy equation reads

n Tn v n n S1n
€7+ + o z; ﬁ[ﬂj“[u]jﬂ -y = [
Jerl;

Using the equation of state (1.15)) and inserting the momentum equation gives

n+1 n

+1
[p]i ref +112 4 ™ 0 +1_ "n Cik +1
puli ™17 + — i Pl | - cij
T 1 [ }n-‘rl m; 7y — ; ;L-i-l J m; = Mref2
=[]t
Use [p]i*! = [ﬁ]?“ and rewrite this equation to obtain
n+1

n+1 2 v [p]nJrl

DDV

el kel MG T Lpl;

[P}
Mref2

i (cij - cjk)

gy

A Mo T, [P]n+1
_ [én+l ref n+1)2 n 7
= [£] pulp 112 =) o

i n ni1 Cij
2[pli = L[plp

3.3.1 The Picard iteration

The implicit equations for momentum and energy can now be solved by a picard-iteration:

Set [pu]? ™0 = [pu]" ! and [p]7 0 = [ﬁ]?“. Then iterate
n+1,r+1 n+1,r n+1,r+1
-y o e
NEC 7 J 2
jel, ker, M T 1 o+ Mt (3.18)
n+1,r :
51 ref n+1,r Tn Y [p}j ~ 1n+1
=€ = ol TP = Y iy - [l
[] +1 jezjimiﬁyil [P]j+1 J J
n+1,r+1 ~ 1n+1 Tn n+1,74+1
' = el k 3.19
ul i = e 3 b (3.19)

The solution of the implicit equations is a fix point of the function mapping data [,Ou]nJrl " [P]nH "

to the next iteration [pu]? ™" [p]?TH . In each iteration one solves (5.2) for [p];} """ and
then computes [pu]”+1 "+ One iterates until reasonable accuracy is obtained at some iteration

7. In an algorithm we then set

]2 < [pu] T/ (3.20)

[Pl = ol T (3.21)
which together with (3.17)) defines the new state. Typically two iterations (7 = 2) are sufficient.

On the one-dimensional periodic grid ([3.16)) with piecewise linear shape functions the Picard
iteration gives the following system for the pressure if r > 0 :

+1,r +1,r +1,r .
+ 17 i, Pl [p| it v [PliS [p]i b e [Pl
A’ h? \ I I )) AMe®h2 T AP [l
Mret” ( T 1 1, ? WT 1
= -1 & — re u n+tl _ _ 'm ntlr n+ r n n+1 n+lr 0 n+1
(Py ) < Q[ﬁ]?+1 [p ]Z 2Mrcf2h([p]z+l H—l ]z+1 [ ]1—1
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With a;(p) := ﬁ[ﬁfﬁ define the mapping RZ/CN+DZ 5 5 s A(p) € RENFDXEN+1)

Aij = (]. +a;—1+ ai+1)5ij — ai,1§wi—z7w]‘ — ai+15$7‘,+27wj

where the indices 4, j run from 0, ..., 2N. If all p; are nonnegative, then A(p) is strictly diagonally
dominant and the inverse exists with ||A(p) !||sc < 1. Define the right hand side

-Z\4ref2 ~ 1n41 Tn
v (2 Ml
2[p]ﬁ1([ k 2Myei’h

b = (1) (& - i

YT (pa .
(Piv1 — Pil))2) - ([U]?ﬁlpiﬂ - [U]?—Jﬁlpifl)
The iteration then reads

AP (le ™ e Il DT = Bl ), s baw ([T

Assume that the density and pressure at time ¢, are nonnegative. Letting the time step (/CFL-
number) to zero, we get

lim [5]" = "

Tn—0
3 sin+1ly —
Ty A(p") =1
and
lim [p]" 8! = [p]"
Tn—0

For some € € (0, ||[p]"]|s0) define B = {p € RZ/CN+DZ|||5) — [p]"||oo < €}. We also have
sup |9, (A(p) "' b(p)) oo = sup [|A(p) " (9b(p) — OpA(p) A(p)~'b(p)) e
pEB pEB

< sup 10,b(p) — By A(p) A(p) ~b(p)][oc ™" 0
pe

One can conclude that for a sufficiently small CFL-number, the Picard iteration (for r > 0)
defines a contraction on B. Therefore, the Banach fix point theorem guarantees the convergence
to the unique solution with minimal distance to [p]™.

In practice we try to choose a large CFL number and will perform numerical tests.

3.3.2 The explicit Riemann problem

For the explicit part we need to determine the graph viscosity and thereby CFL-condition by
computing the maximum wave speed of the Riemann problem (2.10). Here, the corresponding
conservation law reads

p p(u'v)
ol pu | +0, qu(uTV) =0 (3.22)
3 et p||ul [ (u”v)

T

Defining v” := «”v and u* := v — u’v, we can apply a linear operator L,

P P P
pu | = L| pu | := pu - v
& & plu— (u-v)v)
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to the conservation law:

p p(u”v)
OL| pu | +0.L qu(uTz/) =0
¢ Mt ol 2T )
p pu”
=0 | pu” + Oy p(u”)? =0 (3.23)
put (put)u”

The (weak) solutions of the linearly transformed equation will agree with the original one in the
given variables. Next, extract the first two components of above equation:

) < pZV > +0, < p(p;‘,,y)z > =0 (3.24)

Equation (3.24)) is a closed system, therefore it determines p and u” in the solution of the Riemann
problem to (3.22). Let us now investigate the solution of the Riemann problem

(pr,u)T | if <0
(praui)T ,if 2>0

(p,u”) " (2,0) = {
to (3.24). We will assume nonnegative densities p; > 0, p, > 0.

Self similarity

Let ¢° be a solution to 9,¢° + 0, f(¢°) = €0..¢° for some conservation law and take a > 0.
Assume ¢° sufficiently smooth, then we find that ¢*°(z,t) := ¢**(ax, at) is again a solution:

g™ (x, t)+0. f(¢“F (2, 1)) = a(0:q"* (ax, at)+0, f(¢*° (ax, at))) = azsﬁmqae(az, at) = €0y q®° (z,1)

In the case of a Riemann problem, the rescaling does not change the initial data at ¢ = 0. If
we assume unique solutions and that the vanishing viscosity limit g, (z,t) — ¢(z,t) exists, we
therefore get

t) = lim ¢®° (2, t) = lim ¢°° t) = lim ¢° t) = t
q(z,t) lim ¢ (z,t) lim g (ax, at) qu(ax,a) q(ax, at)

Those solutions are called self similar. One can now represent the solution as a function of only
one real variable £ = z/t: g(x,t) =: ¢*(x/t). It is constructed as a sequence of waves connecting
the left state to the right state. For weak solutions those are rarefaction waves, which satisfy the
classical/strong form of the partial differential equation, and jump discontinuities.

Rarefactions

For rarefactions connecting a state at some & to a state at some & # £, differentiation rules
can be applied to the strong formulation

0= Dugl,0) + 0uf(4(a,1)) = = 3506q” (o/1) + 1 DI (/1)) Oeq /1)
= Df(q"(@/0)0eq”(@/1) = 0" (/1) (3.25)

We find that the rarefaction wave must move along a curve (parameterized by &) whose velocity
vector is an eigenvector of D f(¢*(£)) corresponding to the eigenvalue &.
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For (3.24) with the notation ¢* = (p, pu*)T, it is
NTN 0 1
Df((pv pu ) ) - (_(ul/)2 2uY

This matrix only has the eigenvalue u” with one-dimensional eigenspace span{(1,u”)”}. From
this we compute

u”Ogp = Oe(pu”) = u”Ogp + pOgu”
= poeu” =0
Except for the trivial case of rarefactions only consisting of a constant state, there has to be a

nonempty open subset B of the domain [{1, §2] of the rarefaction wave where p # 0 and Jgp # 0.
Here, O¢u” = 0 has to hold. Furthermore O¢q is not the zero vector and hence

Vée B: %:ﬁzu”(f) = const.

must be satisfied due to (3.25). This condition clearly cannot be met, so we conclude that the
solution we seek contains no rarefaction waves (apart from constant states that always satisfy
any conservation law ...)

Jump discontinuities

Another form of waves in weak solutions can be represented as jump discontinuities. Here one
has a differentiable function c : [t1, 2] — R into space such that the solution is smooth on both
sides of the graph C' of ¢ with continuous extension to it. The jump happens across C. Using
the integral form of the conservation law (|1.27) we can write for some t* € (t1,t2):

g [e)+s
lim —/ q(z,t) dx
c(t*)—4

= lim (f(q(c(t*) = 6,2%)) = f(q(c(t) +6,¢7))) (3.26)

6—0

t=t*

Defining the left state g := lims o g(c(t*) + 6,t*) and right state ¢, := lims~ 0 q(c(t*) + §,t%)
and the speed of the jump s := %c(t*) one can show that above expression yields the so called
Rankine-Hugoniot jump condition

s(qe —q) = flq) — f(g-) (3.27)

Refer to [], pp. 168-172, for a derivation from the weak form. Applying (3.27) to (3.24) gives

the equation
s P — P— _ P<—Ui2 — pouly )
pul — pul, p(u)* = ps(u?y)

from which follows
(Pl = psuly)? = s(pe = ) (petil = pouly) = (pe — p) (P (Ul)? = ps (uly)?)
= (pep) (W —u)? =0

If we need to connect states 0 < p;, 0 < p, # p;, uf > ul, we now can try a sequence of jumps.
The leftmost jump must satisfy p; # p—, since otherwise also u; = u”,, i.e. there would be
no jump. If p, # 0, uf = v”, must hold and the speed of the jump has to be s = u;. If
p— = 0, the speed must again be s = ;. Therefore the jump of the leftmost jump will be ;.
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Analogously, the rightmost jump would have to move at the speed s = u; < uj, i.e. the speed
of the left jump is greater than that of the right. This is a contradiction showing that we cannot
in general construct the Riemann solution by sequence of jumps. The reason is that the solution
can contain point measures arising from the fact that the density is transported by the flow
which moves into a discontinuity (of w”). In the full Euler equations the pressure terms cause
the formation of intermediate states that contain the mass. We can extend the set of possible
solutions by introducing Dirac measures.

Jump-point-measures

Denote the Dirac measure for an open set B at a point z* like a function:

[ 0(x — 2*)dx = xp(z*). The point-measure is a point of mass j(t) moving at speed s having
a momentum u(t)s. It is represented as ( 5 ((tt))s ) d(x — st). The solution shall be the sum of
a sequence of point-measures and an integrable function ¢! consisting of a sequence of jumps.
Combine both concepts to write the solution as a sequence of ” jump-point-measures” of magni-
tude (u(t), pu(t)s)T and left state (p, pu”)L, right state (p, pu”)%,.

We extend the integral formulation of the conservation law for a jump (3.26]) by the contribution
of the point measure

d C(t*)+5 (t)
lim & I M
51—1)1(1) dt [/c(t*)—é q (x’t) dz + < ‘LL(t S )

yielding a condition for a jump-point-measure at time ¢:

= lim (f(q(c(t*) = 6,t%)) — fa(c(t") +6,27)))

6—0
t=t*

(t)s

of which the Rankine-Hugoniot condition is a special case with ¢ = 0. Since the left and right
states as well as the wave speed are constant in time in our case (from self similarity), the time
derivative ji must also be constant.

Writing out the components of ¢ and f then produces the following system of equations:

( ( (P — p)s + fi > _ ( peul —pout, ) (3.28)

pul — poul, + fi)s pe (U )? = ps(u?,)?

e —ast (S0 ) = 1) fla)

It has to hold that

(Pl = psuly = @) (petl = psuly + ) = (pe(W)? = po (W?)*) (o = ps)  (3:29)
from which one obtains
[’ =peps (ul — u?,)? (3.30)

The density in the differential equations with viscosity won’t become negative, so let’s require
u > 0 allowing us to write

fr = pep(ul —ur,)? (3.31)
Distinguish two cases:
P =P =1 per >0
Here one finds /1 = po, (u¥_—u",) from the first row in (3:29). To have a jump/point-measure,
u?_ # u”, has to be true. The second row of then gives

2~ )pers = (u) ) — (u)?)pes
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from which the wave speed can be extracted as

§= (3.32)

Pe F Pt
In the case that the densities are not equal, the wave speed can be computed from the first

row in (3.29)) as

v v o,
s = p<_u<_p f_;u% = (3.33)
— —

The case uf < uy

In subdomains where g solves the conservation law in the strong sense, it can be written

Orp + u”0pp + pOzu” =0
u’ O + poyu” + (u”)?0up + 2pu” Oy’ =0

It follows
ou’ +uo,u” =0

which is the scalar Burgers equation. Let x : t — x(t) such that @(t) = u”(z(t),t). Then

%u”(x(t), t) = Ou” (x(t), )& (t) + O’ (x(t),t) = e’ (x(t), t) + u” (x(t),t)Opu” (x(t),t) =0
Le. u” is constant along the curve t + (2(t),t)7, called a characteristic curve. Because their
speed is equal to u”, those curves are straight lines in our case. We can use this fact to solve
the Riemann problem. If we apply a little diffusion to the initial data to smoothen it, we end up
with monotonically increasing v and a smooth solution exists for ¢ > 0. This solution is found
by uniquely tracing back the characteristics to the initial data. Going by the notion of stability
under perturbations, the solution to the Burgers equation we choose is

Wi E <y
(W) (&) = quy ,if &>y (3.34)

(s T

&, else

By the continuum equation, the mass is just transported with the flow u”, so the density is

Pl ) if E S ’U,;/
PO =3p it E>u (3.35)
0 , else

The solution in conservative variables consists of up to 2 jumps. Of course they satisfy the

conditions for jump-point-measures we developed (in this case it’s just the Rankine-Hugoniot
condition).
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\ v x

Figure 3.2: Characteristics for Burgers equation (rarefaction of u")

The case u] > uy

In this case the characteristics run into each other, so there will be a jump in u”. The mass
being transported along the characteristics creates a point-mass. We can construct the solution
with the help of (3.31)), (3.32) and (3.33)) as a jump-point-measure with

o= o (uf — ) (3.36)

uy +uy .
5= if pr=p
2 ) T
5= {W else (3.37)

It can easily be verified that s is a convex combination of u; and .

174 1%
Al ul u

R

Figure 3.3: Characteristics for Burgers equation (shock of u")
If this solution is smoothened, the information of u” and the mass still moves with the char-
acteristics into the (now smoothened) jump-point-measure, renewing it, so we can regard that

solution as reasonable.

The variable pu*

The equation for u* reads (see (3.23))
drput + 9. ((put)u”) =0
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which is a continuum equation for pu’ since pu’ and u” are independent variables. The mo-
mentum pu’ gets transported with the velocity u” just like the mass density.
In the case u; < u the solution is therefore found in analogy to the solution for p as

(puh)* (&) = { pruf  if €>ul (3.38)
0 , else

For the case uj > u;/, there is a single jump in u” with velocity given by (3.37) and the mass
moving into it. u will therefore also be constant left and right of the jump and the solution
is again constructed as a single jump-point-measure with momentum m*. The condition here
reads

((pub)y — (put)p)s +mt = (put)iuf — (put),u?
which yields
mt = (put )y — (put),u? + ((pub), — (put))s (3.39)

The variable £

The energy equation was
2

Mre
0, + 0, ( 2f p|u||2u”) -0

Where the solution is smooth, one can infer 9;p = 0, leading to the conclusion that we should
construct the solution such that p only varies at points where p or pu experience a jump-point-
measure, and possibly at {x = 0}. Construct now a solution without pressure point-measures,

that is: All energy point-measures have the intensity of the kinetic energy Mr;f2 us?. We find the
possible solutions by looking at the condition

2 2
Mrcf 2 Mrcf

(& —-&)s+ 5 st =

(oul [l Py’ = prlfu|Pu)

for jump-point-measures of the energy component. It is easy to see that in an interval

{& < &€ < &} of € = x/t where p and pu are constant, so will be £, except for possibly a jump at
& = 0. The density- and momentum components of the solution have already been determined
to consist only of certain jumps and point measures for which we know the speed s.

In the case u; < u” one finds that the pressure is constant in time.

In the case uj > u one obtains a jump along the known jump-point-measure with

]\41"ef2 . u 2u” —35) — U 2u1/ —s
Ps—pe = ——(y—1) (us+p”” =[P = 8) = pe|luc|P(ul — )

2 S

and another possible jump with speed 0.

Summary

Figures (3.4) and (3.5)) graphically visualize the complete solution we have constructed in different
settings.
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Maximum wave speed

The maximum wave speed for the explicit part of the splitting is easily obtained:

max(|uf |, [uy]) , if up <
ey .
Amax(q1, g v) = il it uf > w A= py (3.40)
pruy —pruy —/prpr(u) —uy) :
|Pretpre e | uf > ul A pr#
Invariant domains
It is easy to see that {(p, pu,&)T|p > 0} is an invariant domain.
Another invariant domain is {(p, pu,&)T|p > 0 A p > 0}.
£E=uy ot al E=uy
, P = pr p=p; )
E =1 P = U= Uy u=1u p= 0 E = U,
P=p\pr=n p=pr p=p p=p/ p=p,
U= Ur u =1
pP=p p="pr pP=pi p=pr
U =1 U= Uy
pP="n p=p,
x h.’l'
. 15 f S )
£ =y + £ =uy
p=0 p=10 E=ua/t
p=p P=pr uw =u-v
_ P=Pr
P=p
U= U,
w=1
; P=Dr
p=m
HH

Figure 3.4: Solution of the explicit Riemann problem in the case u; < uY
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nf' E =8
P=pr
U= Ur P=pm
— =1

p m+ Ap P = 0= p _ t A

pP=pm U = Uy P=pr—Aap
U= uy o
U = 1 P=pr P P = Py
p=m U = Uy
P=Dr
R T
It
Point measure at & = s with intensity asv+mt |t
Myet® 1 o2
=/t . —=L s
E=oft it = v/pipr(uf —uy) ’
w=u-v .
u‘! +“‘T‘ iF —
wt = — - I it p; = p;
piuy —pru,. — i , else

Ap only needs to be determined if s # 0 : Ap =

pL—pr

mt = (pub )i — (pu) il + ((put)e — (put)o)s

Mo .
TR

S

Figure 3.5: Solution of the explicit Riemann problem in the case u; > u¥
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3.3.3 The complete scheme in pseudo-code

The mesh-generation and the computation of the coefficients m; and c¢;; is performed offline.
Component /variable extraction functions for density, momentum (density), pressure etc. are as-
sumed to be given. The scheme is then defined by an update function evolving given numerical
data @ by one time step with an (explicit) CFL-number CFL and 7 Picard iterations:

function UPDATE(Q,CFL,F)
d + 0 € RIIXHI
> Compute the d;;
for alli €I do
for all j € I;\ {i} do
pr = p(Qi)
e e 9(Q)
w = u(Qi) - nij
uy < u(Q;) - nij
if uf <wuY then
Amax - max([u?], [u2)
else if p; # p, then
Amax = [(oew] = pruy — /pipr (i — uyl))/(pr = pr)|
else
Amax < |uf +u¥|/2
end if
dij <= Amax||cij |
di; < diy — dyj
end for
end for
7 « CFL - minzes(mi/(—2d;;)) > Compute the time step size
Q<+ Q
> Compute the intermediate state (explicit step)
for alli € I do
for all j € I; do
Qi + Qi+ - (Qjdij — fex(Qj)cij)
end for
end for
> Perform the implicit step
[pu] + onmentum(Q)
[p] < p(Q)
A« 0 e RIIXHI
b+ 0 e R
for r =1...7 do
> Compute the implicit system matrix A and right hand side b
for all: € I do
A = 1/(y = 1) ,
bi = E(Qi) = 5 llpuli]?
for all j € I; do
bi = bi — - %p[(g;)cij - momentum(Q);)
for all k € I; do
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2 e
) Lo _T vy _[pli cijcink
AZk A’k mym; y—1 p(Qj) Mef?

end for
end for
end for
> Perform Picard update
[p] + SOLVE(A,b)
for all7 € I do
[pu]; < momentum(Q;)
for all j € I; do

[oul; + [puli — = {850y
end for
end for
end for

> Finally update the solution
for alli € I do

Qi = (p(Q0): loulis Mier/2p( Qi) [l 2 + [pli/ (3

end for
return (Q, 1)
end function
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Chapter 4

Properties of the scheme

In this chapter some properties of our scheme are investigated for a periodic domain (the torus).

4.1 Conservation

The total mass, momentum and energy of the solution is given through

[ artrie =@ [ oitayde =3 Qm,

i€l i€l

The explicit step does not change the total conserved quantities:

/ G (z) de = ZmiQ?H
Q

icl

= Z miQ5 + Tn Z (QFdij — f(Q7)eij)

iel jeI
=Y miQr T [ D Y (@ —QNdi =Y QDY e
iel i€l jel\{i} JjeI iel
- [ arta)dos, M_ZGI@? - QN =) = [ @) da

i<j

Similarly for the implicit step

/Q G (@) do = 3 miQrt!

iel

=D | Qi = > @ e

iel jer
=Y - Q) Y = [ @ do
i€l JeI i€l Q
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In total we get (by induction):

VnGN:/qZ(m)dx:/qg(x)dx
Q Q

Le. the scheme conserves the quantities mass, momentum and energy just like the exact solution.
This property is important to produce correct shock speeds.

4.2 Consistency

We will formally proof the consistency of the scheme in m space dimensions, i.e. the spatial
domain is Q = T™. Let ¢ : Q x [0,T] — R™2 (x,t) — q(z,t) be a sufficiently smooth (strong)
solution of the scaled Euler equations. Due to {2 being compact, ¢ and its derivatives can be
assumed to be uniformly bounded where ever required. Consider a sequence of meshes parame-
terized by the mesh size parameter: {hy, ha,...} D h — T, such that
sup sup ||z7 — z'|| = O(h) (4.1)
iel jel;
Given the shape functions map into [0, 1] this implies

supm; = O(h™)

il
We also require
sup sup [[e;y|| = O™ (4.2)
el jel;
and
sup sup el =0(Mh™") (4.3)

iel jeI, My
For cartesian grids with m-linear Lagrangian shape functions it can be shown that
YvelS: Z I — 2 v| =0
jel; Z
This equality still holds after linear transformation of the elements. We will only require

1 j i
> —(a¥ =)oy 1]

jer, "

Yv € S :sup
iel

= O(h) (4.4)

For a mesh with finite elements that can exactly replicate linear functions it holds that

1
e{:m /(pz( )ekdx—— <pz VZxktp] dx—m Zxk/goz z)Vo;(z)dx

JeI
—_———
=x
1 ; 1 , .
_ V. J i
= — xc»'——g ! —x')kcij
m; 4 KO ( )k Cij
jel jel;
1
= — g cij(xd — 2T =1
tjer

where I denotes the identity matrix. We require only

ch — ) HHO(h) (4.5)

' jEl;

sup
i€l
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Explicit step

Set the initial numerical data QY = ¢(z*,0). For the maximum wave speed in the explicit part
it holds that

|)\max(ql»QT7V) - )\max(qlaqlvy)| S |u7l: - UH
and so for the graph viscosity:
43y = Amax(QY Q?mij)\lcz-jll
= AmaX( O nU)HCl]” + O(JAmax( ?a (;anij) — Amax( ?7ngnij)|||ciju)
= |[ul? Cm|+0( Mleisl| (4.6)

(Above equation is understood to hold uniformly for sequences of the i,j as h — 0)
Using this we write

— Z.y € LQ}dY; = — Z(Q? +0uq(x",0) (27 — a') +O(h?))d3;

i JEL;

O(h)

7Q02d0 _|_7Za£qx 0)( _xi)d?j_i_o(h)
Jeio v jer
= Lo 0 Y@ el el +0 Dom) @

JEL;

For the divergence estimate we obtain

*Zf”‘ (Q))e: fZ (f“‘ (@) +Zaxkf“ 7', 0))(z '—xi>k+o<h2>>

L jeLn vjer

- Zamkfex(q(mi 0 ZC” —QC k+0( ) _divfex(q(xi’o)) +O(h)
k=1

' jEI;

(4.8)

In total we get for the explicit update

A1
Qi— LY QU — Y Qe
mi Jj€EI; JjEI;
= O(h) — divf™(q(z",0)) (4.9)

Implicit step

Setting QF = q(z*,70), one can approximate the implicit step similar to the explicit step as

L***Zflm C”

' jEI;

= O(h) — divf™(q(z*, 10)) (4.10)
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which gives

Qf = Q; + o divf™ (¢(«',70)) + 0O (h)

= q(a",0) — 7o divf™(q(a*,0)) + Jo div(f™ (q(z,70)) — f™(q(2*,0))) +O(h)
O(h) O(h)

This gives . R
1Q° = Q' = O(h?)

Without giving a detailed explanation, assume for sufficiently small 7,, the mapping Q”‘H —
Q" is sufficiently close to identity in some neighborhood of our smooth initial data so that we
conclude

Q; = Qi +0(h?)

which gives

QI-Q! _ ou?)

O(h) — divf™(g(z", 7))

70 T0
W_O(h) div fim (q(x%,0))+O(70)
= O(h) — divf™ (q(x",0)) (4.11)

Combining the explicit and implicit step produces

Qi-Q) _Qi-0f Qi-Q) _

T0 T0 70

O(h) — divf(q(z*,0)) (4.12)

Finally we arrive at

Q! — q(a',79) _ Q! — QY — 109,q(2",0) + O(73)
70 70

= O(h) = dwq(a', 0) — divf(q(2',0)) = O(h)

=0

(4.13)

(again to be understood in supremum norm in ¢ € I). This is the consistency (the one step errors
are asymptotically smaller than the time step). Of course consistency is given for any time step
(not just from to = 0 to t; = 79) due to time invariance.

We observe that the scheme is at least first order accurate. It is in general only first order
accurate since we used a first order approximation of the time derivative in the derivation of the
method.

4.3 Positivity preservation of the density

A basic truth of gas dynamics is that the density of a gas is always positive unless the initial
configuration contained a vacuum state. Certainly the density of a gas cannot be negative. While
this is physically obvious, we have to show it for our numerical method:

We proceed assuming the scheme to be well defined. In the last chapter we saw that the set of
nonnegative densities D = {(p, pu,&)”|p > 0} is an invariant domain for the explicit equation.
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Let the data Q™ be given such that every Q} defines a positive density. In particular we have
VieI:QF € D. The explicit part of the IMEX method can be written in the form (2.16):

A 2d3 Ty, n 2d” iTn ~n
QGrt=1- > = lert Y o
jer\iy jerNy

An+1 7: . . . . .
where we recall that Q?j lies in any invariant domain that contains both Q7" and Q7. In our

case this means that it also defines a nonnegative density. The CFL-condition guaranteed that
2d;" i 2d7" ST

Yjerngit —m— € [0,1]. If we require CFL < 1, we even get } .\ —— < 1, meaning
that (2.16]) then defines a convex combination with a nontrivial component Q” In our case we
therefore get

. 257\ 2477,
PR =1 2 e bl > T >0 (4.14)
jerNay ) 3g Jen }H/—/\:’O-/

>0

Le. if we choose the CFL number strictly less than 1, the explicit step preserves data with strictly
positive densities.

The implicit step is even simpler: [p];”l = [ﬁ];”l. Hence, by induction, the scheme preserves
positive density in the initial data for all future times.

4.4 Exact preservation of constant density and pressure
data

One test case for numerical methods for the (scaled) Euler equations are contact discontinuities.
Those are jumps in the density with constant pressure and stream velocity. More generally we
can investigate the case of initial data with arbitrarily given density but constant pressure and
velocity u(-,0) = @, p(-,0) = p. The exact solution of this problem is simply an advection of the
density with the flow:

P p(l’ — ut, 0)
u | (z,t) = u
p p

We cannot expect the numerical scheme to exactly replicate the density advection, since it
contains a lot of numerical viscosity. Preserving a constant state in the whole domain however
seems more reasonable. For the explicit step we compute the velocity update using

Pt =1+ o D (el = [l - i) (4.15)
JEL;
[l = [pul? + = 37 (lpulf i = [pul} [ul] - i)
L jErn
= alplf + a3 ([pljdss — o)} [u - i) (4.16)
' jEL
which gives
~n+1 [pAuMH_l _ Ia[ﬁ]?—i_l —
= T e T e



For the pressure we compute

S1n n Tn n.n Mre 2 n-2—
e = el + 22 3 (e - M5t o

7 Jel,
Mref Mref ]\4ref2 =112 —
= (o3 || ||2+7+*Z (o)} |lal[d; — [l |lal[*a - e
1 m; - 2
Jjel;
_ 2
o p Mref —112 n Tn n m n—
v + THUH o]} + m Z ([l ds — [plja - ciy)
Jj€EI;
75 Mref n
=——+ [l [a; (4.18)
v—1
and obtain
~n4-1 S1n+1 Mr9f2 ~An411=(12 —
Bl =0 =D (T ——— B llall” ) =p (4.19)
To show that the implicit update also preserves velocity and pressure, look at the Picard
iteration: Tt is [p]7 "0 = [p|"* = f and [pu] ™" = [pu]?*!. Since the density is not changed

by the implicit step, define [u]? ™" = [pu]* " 70/[p]"+1 Assume for some r € Ny that [p]’"" = p
and [pu]! ™" = [p|"* 4. The Picard update (5.2) then gives

[p]nJrl ,r+1 p p]z+1,r+1
5 5 s o P
JEI kEI; i Plj ref
5 Myet® itz T Y P Sl
= [EfH — ==l el - —— gt Cis - ulply
2 miy =1 et 1)
:z‘a/(vfl)
D
S
v=1 miy- JEIL;
——
=0
= [pli " =p (4.20)
Equation (5.3) now gives
1,741 n Tn Cij n4+1,r+1
[pul; T = [pul it HZ Mjg[p]j
v jer et
~ T ﬁ ~ 1n+1
=l = 37— D = ol (4.21)
Mref m; jel;
——
=0
By induction if follows that
VreNo: P =5 A [pull T = [pur ! (1.22)
so that in the limit (or after a finite number of iterations) we also get
pli =5 (4.23)
[y = lpuli /(o) = [pul /[P = (4.24)
=[p]}
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Again by induction over n we conclude that the scheme preserves data with a constant velocity
and pressure (on a domain without boundary).
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Chapter 5

Implementation

This chapter aims to give an overview of the techniques involved in implementing the IMEX-
splitted numerical scheme. The implementation of the method is done in C++ based on the
code "step-69” that is using the deal.Il library.

5.1 deal.ll

deal IT E] (" Differential Equations Analysis Library no. 2”7, also refer to [2]) is an open source
C++ library for finite element computations. It emerged from the Numerical Methods group of
the University of Heidelberg in 1998. Some of the features it provides are

e Handling of ”triangulations” (composed of quadrilaterals in 2 dimensions)

¢ Basic manual mesh creation functionality

¢ Distribution of degrees of freedom (indices)

e Implementation of Lagrangian finite elements

e Provides quadrature points and weights for computing coefficients

¢ Use of template classes for writing code independent of the (spatial) dimension

e Parallelization for large scale problems (MPI)

e Linear solvers, sparse matrix classes, PETSc- and Trilinos wrapper

e Adaptive mesh refinement using error estimates (implements Kelly-error-estimator based
on Laplace equation)

e Parameter input functionality

e Output of .vtu/.pvtu-files for visualization programs

Ihttps://dealii.org/
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5.1.1 Creating a grid

Certain mesh geometries can be manually created in deal.Il from a set of functions defined in
the GridGenerator class. Some of them are

e subdivided_hyper_cube : A hyper cube subdivided into a number of cells in every dimension
e subdivides_hyper_rectangle

e subdivides_hyper_parallelepiped

e simplex : In 2-D a triangle composed of 4 quadrilaterals

e hyper_cube_with_cylindrical_hole : This mesh can be used to simulate the flow around a
cylinder

e subdivided_cylinder

e hyper_ball

e hyper_shell : The (set-theoretic) difference between two hyper-balls (with proper radii)
e and several more ...

All of these functions fill an object of the Triangulation class. To create more complicated meshes,
it is possible to merge different meshes with one of the merge_triangulations functions. Finally
the created mesh can be refined in a sequence of refinement steps by dividing given cells. The
following code produces the grid shown in figure [5.1

Triangulation<2> triangulation;
Triangulation<2> trial , tria2, tria3 , triad , triab, tria6;

GridGenerator:: hyper_cube_with_cylindrical_hole(trial , 0.5, 1.);
GridGenerator :: subdivided_hyper_rectangle (tria2 , {2, 1},
Point <2>(—1., 1.), Point<2>(1., 2.));
GridGenerator :: subdivided_hyper_rectangle (tria3 , {2, 1},
Point <2>(—1., —1.), Point<2>(1., —2.));

GridGenerator :: simplex (tria4d ,

{Point<2>(1., 1.), Point<2>(3., 1.), Point<2>(1., 2.)});
GridGenerator :: simplex (triab ,

{Point <2>(1., —2.), Point<2>(3., —1.), Point<2>(1., —1.)});
GridGenerator :: subdivided_hyper_rectangle (tria6 , {2, 2},
Point <2>(1., —1.), Point<2>(3., 1.));

GridGenerator :: merge_triangulations (

{&trial , &tria2, &tria3 , &triad , &triab, &tria6}, triangulation);
triangulation.set_manifold (0, PolarManifold <2>(Point <2>()));
triangulation.refine_global (1);
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Figure 5.1: Demonstration of a grid created with deal.Il

5.1.2 Degrees of freedom

In order to numerically solve a finite element problem, the unknowns must be assigned a range
of indices which is necessary to construct the coefficient matrices. In our case this amounts to
enumerating the nodes. The deal.Il library provides that functionality for given finite elements
with the DoFHandler class. Once the grid has been created, the kind of finite elements to be used
is specified. For Lagrangian elements, an object of the class FE_Q contains this information. The
DoFHandler is initialized with the information about the grid and then distributes the degrees
of freedom (indices). If the variable triangulation contains a 2 dimensional grid, the following
code gives bilinear elements:

FEQ<2> fe(1);

DoFHandler<2> dof_handler (triangulation );
dof_handler.distribute_dofs(fe);

Now that the dof_handler knows the grid, it can be used to iterate over the cells using an iterator
range

for(&cell : dof_handler.active_cell_iterators())

The variable cell then contains relevant information about the current cell. For example, the
indices on it can be extracted into a std::vector local_dof_indices by calling

cell >get_dof_indices (local_dof_indices );
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5.1.3 Computing FE coefficients

Computing the finite element coefficients (in our case the m; and ¢;;) requires determining an
integral. To this end, deal.Il provides quadrature points and weights for (exact) numerical
integration. First, the type of quadrature formula is chosen. For Gaussian quadrature with
2 - 2 = 4 quadrature points in 2 dimensions we use the object

QGauss<2> quadrature_formula (2);

The quadrature points and weights depend on the finite element. The weights are computed as
the product of certain base weights and the Jacobian determinant that comes from the mapping
of the base element to the concrete cell. It will be denoted JxW. The FEValues class that takes
care of this. It also needs to be told what information about the shape functions is required
(values, gradients, ...). Given the finite element object fe the code is

FEValues<2> fe_values (fe, quadrature_formula ,
update_values | update_gradients | update_-JxW_values);

The integrals for computing the coefficients are split into a sum over all (relevant) cells. On a
given cell (denoted by variable cell), the contribution is computed as a sum over the quadrature
points as is sketched in the following code:

fe_values.reinit (cell);
// iterate over quadrature points
for (const auto index : fe_values.quadrature_point_indices()){
for (const auto i : fe_values.dof_indices())
for (const auto j : fe_values.dof_indices ())
// value of shape function phi_i at given quadrature point
auto phi_i = fe_values.shape_value(i, index);

auto phi_j = fe_values.shape_value(j, index);

// gradient of shape function phi_i at quadrature point
auto grad_phi_.i = fe_values.shape_grad (i, index);

auto grad_phi_j = fe_values.shape_grad(j, index);

auto JxXW = fe_values .JxW(index); // quadrature weight

auto contribution =
function (phi-i, phi_j, grad_phi.i, grad_-phi_j, ...) % JxW;
// put contribution into matrix

}

where function is to be replaced by the function we want to integrate.

5.1.4 Sparsity

The matrices arising in FE-problems are often very large, but also very sparse, meaning that
most matrix entries are guaranteed to be zero. This fact is exploited by using appropriate matrix
classes. deal.Il provides a SparseMatrix class using compressed row storage. Here, we need to
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tell the matrix how the sparsity structure looks like. That is, which entries (given by indices)
must be stored because they may be nonzero. This structure is provided by a SparsityPattern
object that can be set up in different ways (we will do it manually later):

SparsityPattern sparsity_pattern;
fill sparsity_pattern

SparseMatrix<double> matrix;
matrix.reinit (sparsity_pattern);

deal.IT also provides a wrapper to the PETSc library, that implements linear solvers and sparse
matrix data structures.

5.2 step-69

The deal Il project comes with a list of tutorial programs enumerated as step-1, step-2, etc. The
”step-69” codeﬂ (from [I5]) implements Guermond’s invariant domain preserving (fully explicit)
scheme for the compressible Euler equations. By modifying this code, a program for the low
Mach method is obtained. The step-69 program consists of several classes. They are

e Discretization : Contains the triangulation (grid), the type of finite elements, the quadra-
ture formula and a few more

e OfflineData : Contains among others the boundary normal map (defines a discrete version
of a boundary normal vector field), the dof handler, the sparsity pattern, the lumped mass
matrix diag((m;);) and the coefficient matrix (¢;;)q;

e ProblemDescription : Contains among others the isentropic exponent v, the state func-
tions momentum, internal energy, pressure as well as the flux function and the com-
pute_lambda_max function of the Riemann problem

e InitalValues : Defines the initial state

e TimeStepping : Contains among others the CFL-number, the graph viscosity matrix (d;;);;
and the update function make_one_step

e SchlierenPostProcessor : A special class for computing a scalar schlieren function used to
visualize the flow field

e MainLoop : The main class that instantiates an object for the all of the above classes and
defines the run-function for performing the simulation

We can let all of those classes inherit from the ParameterAcceptor class, provided by deal.Il,
which is used to initialize certain variables (e.g. CFL-number) with values defined in a parameter
file. First, the ParameterAcceptor constructor is called with a string corresponding to the relevant
subsection in the parameter file. Then, to read in a parameter, the add_parameter method is
called and given a variable (reference) and a variable name to register the parameter. Finally,
upon running the program, the ParameterAcceptor::initialize function is called in the beginning
with the name of the parameter file so it can set the variables with the values defined in it.

%https://dealii.org/developer/doxygen/deal.II/step_69.html
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5.2.1 Sparsity pattern

In step-69 the sparsity pattern is created manually. The procedure is to first create a
DynamicSparsityPattern object. If there are n degrees of freedom relevant for the sparse matrix
we can use

DynamicSparsityPattern dsp(n,n);

One then iterates over the cells to find all index pairs corresponding to all places in the matrix
that may be nonzero. Such entries for a given row index dof of the matrix can be added by using
the method

dsp.add_entries(dof, dof_indices.begin(), dof_indices.end());

where dof_indices is a std::vector of column indices of the (to be added) entries in the given row.
Once all entries are added to the dynamic sparsity pattern, the object sparsity_pattern of class
SparsityPattern can be set up with the information in the dsp by calling

sparsity_pattern.copy_from (dsp);

5.2.2 Parallelization
MPI

For parallel computations on several machines, deal.Il allows the use of the Message Passing In-
terface (MPI) to exchange information. The step-69 program uses this feature. Not only the com-
puting resources can be distributed to many computing nodes, but also data structures to limit
memory requirements per node. Even the grid (triangulation) is distributed. To this end, deal.Il
provides modules that contain classes for distributed data structures that when constructed are
given a MPI_Comm (MPI communicator) object to deal with the information exchange. If we
create a distributed triangulation (object of the class parallel::distributed:: Triangulation<dim>),
we can then, from the dof-handler, get an index range as a vector of locally owned indices and
a vector of locally relevant indices. The locally owned indices are the ones directly assigned to
the current node, whereas the relevant ones may also include neighboring indices. Those index
ranges are important for initializing distributed vectors.

Thread parallelization

The explicit update basically consists of several computationally expensive for-loops for comput-
ing the graph viscosity and the actual update. The code can be made faster by invoking the
parallel::apply_to_subranges function for running the code on many threads in parallel (on each
node). It is given an index range and a function handle. The index range is split into sub-ranges
based on a parameter. The code

parallel ::apply_to_subranges(index_range.begin(), index_range.end(),
on_subranges, 4096);

splits the index_range vector with the grain-size 4096 and calls the function on_subranges with
start and end indices for each sub-range.

5.2.3 Output

The numerical solution is written into .vtu files and .pvtu files by using the DataOut<dim>class.
First, the underlying geometry is given:
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DataOut<dim> data_out ;
data_out—attach_dof_handler (dof_handler);

solution component vectors can be added by calling something like

data_out—>add_data_vector (component_vector , ”component._name” );
other components
data_out—>build_patches ();

Without going into details, the output-file is then written with the code:

data_out—>write_vtu_with_pvtu_record (
77  name + "—solution”, cycle, mpi_-communicator, 6);

The implementation in step-69 is a bit more involved. The output files can be visualized using
tools like for example Para Vieuf}

5.2.4 Boundary treatment

step-69 defines 3 types of boundary conditions:
e do_nothing
o free_slip
e dirichlet

As the name suggests, at do_nothing boundaries, the scheme is unchanged. The behavior of
the boundary is determined by the coefficients ¢;; and m; (at the boundary). Consider the
one-dimensional case of an equidistant grid with do_nothing boundaries. The scheme then be-
comes similar to one with a first order extrapolation boundary treatment, which can be used if
waves should simply run out of the domain when reaching the boundary (although zero order
extrapolation is mostly used, see [14]).

The free_slip boundary condition requires u - v = 0 with the boundary normal vector field
v. In step-69, the free_slip boundary is enforced explicitly after the update is first performed
without boundary treatment (do_nothing). To this end, for every index i with z* € 952, we set

[oul = (lpul ™ - vi)w

where
e
" foq wile)v(z)dal|
defines the discrete boundary normal vector field.

At a Dirichlet boundary, a solution value is prescribed. The strong enforcement of those
boundaries in step-69 simply sets the boundary to those given values after every time-step.

Figure demonstrates the output of the step-69 tutorial program (visualized with ParaView)
for a 2 dimensional flow around a cylinder. The initial state is p = 1.4, u = (3,0)7 , p = 1.
The CFL-number is 0.8. Shown is a schlieren image, which visualizes a discrete version of the

schlieren data .
IVpl| — mingeq [[Vp(2)]| )
maxgeq ||Vp(z)|| — mingeq |[Vo(z)||

schlieren = exp <10

Swww.paraview.org
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Figure 5.2: Flow over a cylinder computed with deal.IT/step-69 and around 37000 gridpoints

5.3 Extension to low Mach

We will now briefly how this code was adapted to the IMEX method. The steps are

e Incorporate M, parameter (into ProblemDescription and parameter file)

Modify flux function and maximum wavespeed to the explicit part

Set up the sparse system matrix, rhs and solution vector data structures for the implicit
problem

Add the implicit step to the end of the make_one_step method in the TimeStepping class

The output was changed from conservative to primitive variables

The first two points above are pretty straight forward. They require modifying the code in
several places but without changing the overall structure.

The sparse matrix class used for the implicit system matrix is PETScWrappers:: MPI::SparseMatrix,
and the right-hand-side and solution vectors are PETScWrappers::MPI::Vector objects. PETSc
is a linear algebra library in C, for which deal.Il provides a wrapper. The populate the matrix
while looping over all cells to find index pairs and values, the method

system_matrix.set (row, col_indices ,values);

is used, where row is the row index and col_indices is a std::vector of column indices and values
the std::vector of matrix entries corresponding to it. To then solve the implicit problem, the
iterative BiCGStab method is employed (see [I9] for an explanation of the method). To this end,
we use the code

SolverControl solver_control(system_solution.size (), 1l.e—8);
PETScWrappers : : PreconditionBlockJacobi preconditioner (system_matrix);
PETScWrappers:: SolverBicgstab solver(solver_control);

solver.solve (system_matrix , system._solution, system_rhs, preconditioner);

to set up a solver object with certain parameters (like the error tolerance 10~%) and solve the
system with a preconditioner.
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5.3.1 Boundary treatment

The boundary conditions have to be incorporated into the implicit step:

Dirichlet

For a dirichlet boundary condition ¢(z,t) = g(z,t)on D C 02, the update equation is replaced
on every dirichlet boundary node z* by

Q?Jrl = g(xiv tn + Tn)

The strong boundary enforcement after the explicit step already gives Q?‘H = g(2',t, + 7,) on
that boundary. In the implicit update we now simply keep those values constant by changing
the corresponding picard equations to

n+1l,r+1 n+1,r
Pl; = Pl
) ] o)
[pu T = pu]

for all 2% on a dirichlet boundary.

Free slip

At free slip boundaries, the momentum is projected onto the tangential space of the boundary.
This leads to the following equations for the picard iteration:

[p}n-‘rl 41 [p]n+1,?” ]Z+1,r+1
N Z Z m;y — 1 [ﬁ]n-i-l (i - (e = i - Vjcjk))ng
JjEIl; kel; mim; re
f T ~y [p]n+1,r (5'2)
— [ - e clllpuli TP =Y ey - [l
20p);" Ly —1 [pntt " J
Jjel; J
lpuli 1T =t — e 3 S (53)
i JEIL Mref
where
. v(z%), if 2° on free slip boundary
1
! 0, else
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Figure visualizes the output of the IMEX adapted code for the same problem as in figure

Figure 5.3: Output of the modified code for the original step-69 problem

99



Chapter 6

Numerical tests

6.1 Riemann problems

6.1.1 Shock tube problem

For the first test compare the IMEX splitted scheme to the original unsplit scheme. The unsplit
invariant domain preserving scheme in this case uses an upper bound for the maximum wavespeed
adapted from the formulas used in the step-69 program (see also [I1]):

_ p
a= /v~
p

~1 ~(v=1)/(27) 2/ (1)
(@, qr,v) = pr <(Cll +ar — Mref%(uﬁ — u}’))/(al% + ar))

/\2—rarefaction(QZa qr, V) =

1 * T - 1 * s Yrs - Pr
max 4 Myeg — ag, |1+ 2= <p (a1, 9r,v) Pz) Mgt + ap 14 2 <p (@1,9r,v) —p )
2y D + 2y Dr n

)\max(qlv qr, I/) =

min{)\2—rarefaction(qla qr, V), Mref ma’X(u77 'U/lr/) +5 max(al, ar)}

ref

Pseudocode for the unsplit scheme is given in
Consider now the one dimensional Riemann problem with initial data

2 ifz <0 2 ifz <0
= ’ =0 = ’ 6.1
po(z) {1 , ifx>0 uo() Po(®) {1 , ifx>0 (6.1)

for the Euler equations (Myef = 1). For the IMEX scheme in 1D, the code in was used.
The grid is uniform with Az = h = m; = 0.02. The plot in figure shows the solutions at
the final time T' = 0.5. The computations were carried out with the parameter CFL = 0.5 for
both methods. We observe that the unsplit scheme produces a slightly sharper shock wave (on
the right). For the rarefaction wave on the left there seem to be only marginal differences. The
contact discontinuity (in the middle) is significantly sharper in the IMEX approximation. This
is likely due to the fact that the graph viscosity and time step size in the IMEX scheme only
depends on the explicit part of the splitting, which deals only with the contact discontinuity.
The acoustic waves are treated by the implicit part. The presence of acoustic waves affects the
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Figure 6.1: Comparison of unsplit scheme and IMEX scheme applied to shock problem

# Time steps
Myer || unsplit | IMEX
0.1 207 17
0.01 1910 17

Table 6.1: 1D pressure disturbance: Comparison of simulation time steps

graph viscosity in the unsplit scheme. Because the graph viscosity is a scalar quantity, this also
affects the dissipation of the contact discontinuity.

6.1.2 Pressure disturbance

Consider the initial data

(6.2)

1+ Me? , ifz<0
po(x) =1 up(z) =1 po() ={ '

1 ,ifz>0

Set the final time of the test to 0.4M,.s and the grid parameter Az = 0.05M,ef. The IMEX
scheme is not well suited to resolve discontinuous or very sharp pressure waves in the case of
small M,er. The pressure component of the solution is smeared and spurious oscillations occur.
The number of time steps performed is documented in table [6.1] At Mo = 0.01, for every time
step of the IMEX scheme, each pressure wave moves by ca. 60 grid points.
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1.006 o 0.00006
a
0.00004

1.004 4

1.002 4 0.00002

1.000 o 0.00000

—— IMEX —— IMEX

-1.00 -0.75 —0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 025 0.50 0.75
x x

Figure 6.2: Pressure disturbance at M, = 0.1 (left) and M, = 0.01 (right)

# Time steps
Myer || unsplit | IMEX
1 219 101
0.1 1283 101
0.01 11308 101

Table 6.2: 1D contact discontinuity: Comparison of simulation time steps

6.2 Contact discontinuity

6.2.1 One dimensional

Consider the initial value problem with initial data

2 ,if-1<z<0
po(x) = up(z) =1 po(x) =1 (6.3)
1 , else

The solution to it are two contact discontinuities traveling with speed 1, regardless of the reference
Mach number M,¢s. Simulating this problem on the domain [—2, 2] with periodic boundaries for
different values of M,ef again with the unsplit and the IMEX code at CFL = 0.5 and
Az = 0.02 produces at time T' = 1 the output visualized in figure While the IMEX scheme
produces essentially the same solution, the unsplit invariant domain preserving method becomes
increasingly dissipative when the reference Mach number is decreased, since the wave speeds and
thus also the graph viscosity tend to co as Myes — 0.

The increasing speed of sound also reduces the time step size of the unsplit method, resulting in
a blow up of the number of iterations as the reference Mach number tends to 0. Asymptotically,
the number of iterations is inversely proportional to Met.
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Figure 6.3: Comparison of unsplit scheme and IMEX scheme applied to shock problem

6.2.2 Two dimensional

For the two dimensional test, the initial values were chosen as

po(x)

{

1.54
1.4

. if z € (1,2) x (0.25,0.75)

uo(z) = (1,0)"
, else

po(z) =1

(6.4)

on the domain [0,4] x [0,1] with Dirichlet boundary conditions p = 1.4 , u = (1,0)7 | p = 1.
Figure shows the visualized output of the IMEX adapted program at time T'= 1. The
grid is cartesian with Az = Ay = 1/128. The reference Mach number was set to M,ef = 0.01. The
CFL number is 0.5. The pressure and velocity in the numerical solution are indeed constant,

Figure 6.4: Constant velocity and pressure flow in 2D

— 1.5e+00

— 1.52

albeit with numerical errors due to finite computational accuracy and error tolerances of the
implicit solver. E.g. the variable us varies in the order 1071°.
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6.3 Kelvin-Helmholtz instability

A shear motion of two fluid layers against each other results in an instability called Kelvin-
Helmholtz instability. We can try to recreate this from the following initial data containing a
small perturbation:

(1.428,(—1,0)T,1) , if 23 < 0.5+ 0.005sin(18x;)

(1.4,(1,0)7,1) , else (6.5)

(po(z),uo(x), po(x)) = {

Here, the two layers are also distinguished by a 2% difference in density. The simulation domain
is [0,4] x [0,1]. Dirichlet boundaries matching the initial data are imposed. We compare the
original step-69 unsplit scheme with the IMEX scheme for different values of M. A cartesian
grid with Az = Ay = 1/128 was used. The CFL-number is 0.75. The following graphics tables
present the numerical results at time ¢ = 0.5 on the sub-domain [0.8,3.2] x [0.2,0.8].

Mref =1

IMEX

unsplit

— 1.0e+00
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Myer =0.1

IMEX
unsplit
Myer = 0.01

IMEX
= 1.405
— 14e+00
— 1.4e+00

unsplit
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Myer || unsplit | IMEX
1 23.3 s 116 s

0.1 55.9 s 144 s

0.01 432 s 244 s

Table 6.3: Kelvin-Helmholtz simulation: Wall time comparison

We observe that the unsplit scheme introduces a significant amount of dissipation comparable
to the case of the contact discontinuity. Since the necessary number of time-steps increases when
M,ef becomes small, we expect the unsplit scheme to then also take more computational time.
A comparison for one sample run each is given in table (CPU: AMD Ryzen 5 5625U). The
simulations were carried out to final time T = 1.
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The plot on the left shows the pressure in the
Kelvin-Helmholtz IMEX simulations on the slice
[0.8,3.2] x {0.5} for reference Mach numbers
down to 0.00L. Tt is piy) = (p — 1)/Myef.
While the density solution at My = 0.001 is
quite similar to the one at M, = 0.01, the pres-
sure contains stronger unphysical oscillations.
The unsplit scheme did not resolve any low Mach
pressure features just like for the density at the
given grid resolution.

6.4 Stationary vortex

A flow is called stationary if the state variables g are constant in time. A stationary vortex
centered at the origin is a flow that is rotation invariant, i.e with

(1) 2= o] erle) = o cola) = Torr(—aa)”
in two space dimensions we can write
p=p°(r) u=u(r)e. +ug(rley p=p°(r) (6.6)
with the functions
r— p°(r) r = u’(r) r— p°(r)

Due to mass conservation all such stationary flows with positive density obey u? = 0. For any
continuous p° > 0, ug with p°(u°)* € O(r) and some p® € (0,00) we then obtain a solution to
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Figure 6.5: Velocity and pressure of the vortex

the scaled Euler equations from

p°(r) = pO + Mo /O ' %po(s)(uo(s)f ds (6.7)

as can be readily verified by writing the scaled Euler equations in polar coordinates. Equation
allows us to construct analytical solutions that can be used as test cases. An example
similar to the so called Gresho vortex given in [9] is

p=1
{zr% , if <05
u=1<(2-2r)e, ,if 05<r<1
0 ,if r>1 (6.8)
P + M,s22r2 , if 7 <05
p= {p<0> + My (4(In(2r) +1) +2r2 —8r) , if 05<r<1
PO + Met® (4(In(2) 4 1) — 6) ,if r>1
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Figure 6.6: Little refined grid for vortex simulation (left) ; Numerical result for most refined grid
extracted from the slice [0, 1] x {0} (right)

To test the IMEX method with the vortex defined in , we choose the domain B;(0),
i.e. a ball with radius 1 centered at the origin. We impose free-slip boundary conditions at the
boundary 9B1(0). We can do so since u°(1) = 0. The grid is generated in deal.II from

GridGenerator :: hyper_ball _balanced (triangulation );

and subsequently refined. We simulate up to final time T' = 3 with Mo = 0.04 (although the
simulation also works for much smaller values of M) at CFL = 0.75. The test is performed on
several successively refined grids and the numerical L! error at ¢, = T

lar, —a(sta)ll = /Q I (ZQ?%—(%) - Q(x7tn)> |1 dz

il

Q“J/Qllz:(Q?*q(fl?’}tn))%(fl?)lll dr =" ||Q7 —q(a’,tn)|limi = €1 (6.9)

el i€l

is evaluated and summarized in table[6.4] Figure[6.6]shows the velocity and the pressure variation
p = (p—1)/ M,of® of the numerical solution at final time T plotted against the exact solution.
Each refinement step subdivides every cell into 4 sub-cells. A reasonable choice for the mesh size
parameter sequence is then given by (hg, ho/2, ho/4,...). Fitting the error data in table with
In(e1(h)) = aln(h) + b gives the experimental order of convergence a ~ 0.9. The value seems to
increase as the grid refined. We would expect it to approach 1.
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Figure 6.7: Vortex simulated on most refined grid at: ¢ =0 (left) , ¢ = 3 (right)

refinement steps || # grid cells €1 Total runtime (wall-time)
4 3072 0.3667 5.27 s
5 12288 0.2044 63.3 s
6 49152 0.1093 342 s
7 196608 0.05705 2250 s

Table 6.4: Error comparison for different grid refinements stages

6.5 2D-flow over a rectangular obstacle

For this test the domain is ([0,3] x [0,1]) \ ([1,1.25] x [0.25,0.75]). The free slip boundary
condition is imposed on 9([1,1.25] x [0.25,0.75]). On 9([0, 3] x [0,1]) we impose a Dirichlet
boundary condition matching the constant initial state

po(z) =14 ug(z) = (1,0) po(z) =1 (6.10)

The final time is T = 0.9, the CFL-number CFL = 0.75. The simulation is done on a cartesian
grid with Az = Ay = 1/128. For the reference Mach number, Mo = 0.01 was chosen. Figure
shows the flow with a color representation of the velocity magnitude ||u|| and by visualizing
streamlines, which are trajectories of the ordinary differential equation

d
%xstreamline(s) = u(:r'streamline(s)y t) (611)

at a given time ¢ (here t=T).

6.6 Flow past a cylinder

Here we take the example problem from step-69 with the domain [0,4] x [0,2] but change the
initial conditions to

po(x) = 1.4 up(z) = (0.9,0.036)” po(z) =1 (6.12)
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Figure 6.8: Flow over a rectangular obstacle

at Mot = 0.5. At the left boundary, Dirichlet conditions p = 1.4, u = (0.9,0), p = 1 are
imposed. The right boundary is a do_nothing boundary. The top and bottom are set as free slip
boundaries. The computational domain consists of 147456 cells. The simulation was carried out
to final time 7" = 10.5 with CFL = 0.98. The flow in the numerical solution contains a vortex
street in the wake of the cylinder. To visualize the vortices that move with the flow, we compute
the z-component of the vorticity (curl of the stream velocity):

Vz = (V X (U'T?O)T)S = 6z1u2 - amQ'Ud

Figure shows the vortices alternating between rotating clockwise (blue, negative v,) and
counter-clockwise (red, positive v,). Streamlines are also plotted. It should be noted that

Figure 6.9: Flow past a cylinder with vortex street

the numerical solution on the given (comparatively coarse) grid here still depends a lot on the
numerical viscosity.
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Chapter 7

Conclusion

To summarize this thesis: A first order invariant domain preserving continuous finite element
(in space) method was adapted to the low Mach case by splitting into explicit and implicit parts
(IMEX). Deriving the scheme included determining wave speeds of a particular Riemann problem.
The obtained scheme was shown under certain conditions to be conservative, consistent and
positivity preserving of the mass density. The behavior of contact discontinuities was considered
and also numerically tested. The method was compared to the unsplit scheme for the Euler
equations, on which it is based. It was found that the dissipation of the density component
is significantly reduced for small Mach numbers. For some problems like the Kelvin-Helmholtz
instability at low reference Mach numbers, the unsplit scheme did not produce any meaningful
data at the given resolution. This improvement comes at the cost of having to solve an implicit
problem and the fact that the acoustic waves are found to be less accurate and more oscillatory
in the IMEX solution.

Besides this, the method is only first order accurate, which causes it to have a rather large
numerical viscosity. A prospect for the future would be to extend the IMEX scheme to second
order. Such an extension could be based on an unsplit second order invariant domain preserving
method like the one given in [I0].

71



Appendix A

Appendix

A.1 Python code for a one-dimensional periodic grid

Listing A.1: 1D periodic IMEX

import numpy as np
from scipy.sparse.linalg import bicgstab

# indices for r: demsity, u: velocity, p: pressure
# m: momentum—density , e: energy—density
idr=0
idu=1
idp=2
idm=1
ide=2

# Simulation class for solving the 1 dimensional (scaled) Euler equations
class Simulation:
# initialize simulation with num—1 grid—cells of size dxr and standard wvalues
def __init__(self, num, dx, r=1., u=1., p=1., gamma=1.4, M=1.):
self .num = num
self .gamma = gamma
self.dx = dx
self.t =0
self M =M
self . M2 = Ms«M

prim = np.zeros ((num+1,3))

prim[:,idr] = r
prim[:,idu] = u
prim[:,idp] = p
self.cons = self.getConservative (prim)

# set mew constant value data

def setValues(self, r=1., u=1., p=1.):
prim = np.zeros ((self.num+1,3))
prim[:,idr] = r
prim [:,idu] = u

72



prim[:,idp] = p
self.cons = self.getConservative (prim)

# perform one time step
def iterate(self, CFL=0.5, picard_iterations=3, dt=None):
num = self.num
gamma = self .gamma
dx = self.dx
M2 = self.M2

cons = self.cons

cons [0 ,:] = cons[—2,:]

cons[—1,:] = cons|[1,:]

prim = self.getPrimitive (cons)

amax = np.max(np.sqrt (gammasprim [: ,idp]/prim[:,idr]))
u = np.abs(prim[:,idu])

lambdamax = np.maximum(ul: —1],u[1:])

indexu = prim[:—1,idu] > prim[1l:,idu]
indexr = np.abs(prim[:—1,idr] — prim[1l:,idr]) < 1l.e—11

index = np.logical_and (indexu, np.logical_not (indexr))
lambdamax [index] = np.abs((prim[: —1,idr]|*prim[:—1,idu] —
prim[1:,idr]*prim[1:,idu] — np.sqrt(prim[:—1,idr]*prim[1:,idr])=*

(prim[: —1,idu]—prim[1:,idu]))[index]/
(prim[: —1,idr]—prim[1:,idr])[index])
index = np.logical_and (indexu, indexr)
lambdamax [index] = 0.5%np.abs(prim[: —1,idu]+prim[1:,idu])[index]
d = 0.5xlambdamax.reshape((—1,1))
dii = d[:—1]+d[1:]
if dt is None:
dt = CFLxdx/max(np.max(dii), 0.5%xamax)
flux = self.getFluxEx (prim)
cons[l:—1] 4= (0.5%(flux[: —2,:]—flux [2:,:]) + cons[: —2,:]xd[: —1] +

cons [2:,:]*d[1:] — cons[l:—1,:]*dii)*dt/dx
prim = self.getPrimitive (cons)
matrix = np.zeros ((num—1,num—1))
b = np.zeros (num—1)

¢ = 0.5%dt/dx*gamma*prim [: ,idp]/prim [: , idr ]
for i in range(picard_iterations):

index = np.arange (num—1)

matrix [index ,index] = 1. + 0.5%dt/dx/M2x(c[:—2]4+c[2:])

matrix [index , (index+num—3)%(num—1)] = —0.5xdt/dx/M2xc[: —2]

matrix [index , (index+2)%(num—1)] = —0.5%xdt/dx/M2xc [2:]

b[index] = (gamma—1)*(cons[l:—1,ide] — 0.5%*M2xprim[1l:—1,idr]=*
prim[l: —1,idu]*%*2) 4+ cons[:—2,idm]*c[:—2] — cons[2:,idm]xc[2:]

prim[1: —1,idp] = bicgstab (matrix ,b)[0]

prim[0,idp] = prim[—2,idp]

prim[—1,idp] = prim|[1,idp]

prim[1l:—1,idu] = (cons[l:—1,idm] + 0.5xdt/dx=
(prim[: —2,idp]—prim [2:,idp])/M2)/prim[1l: —1,idr]

prim[0,idu] = prim[—2,idu]

prim[—1,idu] = prim[1,idu]

73



self.cons = self.getConservative (prim)
self .t 4= dt

# explicit flur function
def getFluxEx(self, prim):
flux = np.zeros ((len(prim),3))

flux [:
flux [:
flux [:

,idr] = prim[:,idr]*prim|:,idu]
,idm ] prim [:,idr |*prim[:,idu]**2
,ide] 0.5% self .M2«prim [: ,idr |*prim [: ,idu]**3

return flux

# primitive variables (r,u,p)
def getPrimitive(self, cons):

prim = np.zeros ((len(cons),3))
prim [:,idr] = cons|[:,idr]
prim [: ,idu] = cons[:,idm]/cons[:,idr]

prim [:

,idp] = (self.gamma—1)x \

(cons[:,ide] — 0.5%xself .M2xcons[:,idm]|*prim[:,idu])

return prim

# conservative variables (r,m,e)
def getConservative(self, prim):
cons=np. zeros ((len(prim),3))

#include
#include
#include
#include
#include
#include
#include

#include

#include
#include
#include

#include
#include
#include

cons [
cons [
cons |

(

,idr] = prim[:,idr]
,idm] = prim[:,idr]*prim[:,idu]
,ide] = prim[:,idp]/(self .gamma—1) + 0.5% self .M2sprim [:,idr]* \

prim [:,idu]*%2)

return cons

A.2 IMEX extension of step-69 code

<deal.
<deal.
<deal.
<deal.
<deal.
<deal.
<deal.

<deal.

<deal.
<deal.
<deal.

<deal.
<deal.
<deal.

Listing A.2: 2D IMEX
II/base/conditional_ostream .h>
II/base/parallel .h>
II/base/parameter_acceptor.h>
II/base/partitioner .h>
11 /base/quadrature . h>
II/base/timer .h>
11 /base/work_stream .h>

I1/distributed/tria.h>
I1/dofs/dof_handler .h>
IT1/dofs/dof_renumbering . h>
I1/dofs/dof_tools.h>

11 /fe/fe.h>

I1/fe/fe_q.h>
IT1/fe/fe_values .h>
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#include <deal.II/fe/mapping.h>
#include <deal.II/fe/mapping.q.h>

#include <deal.II/grid/grid_-generator.h>
#include <deal.IIl/grid/manifold_lib.h>

#include <deal.Il/lac/dynamic_sparsity_pattern.h>
#include <deal.II/lac/la_parallel_vector .h>
#include <deal.Il/lac/sparse_matrix.h>

#include <deal.Il/lac/sparse_matrix.templates.h>
#include <deal.II/lac/vector.h>

#include <deal.II/meshworker/scratch_data.h>

#include <deal.II/numerics/data_out.h>
#include <deal.II/numerics/vector_tools.h>

#include <deal.IIl/lac/petsc_vector .h>
#include <deal.II/lac/petsc_sparse_matrix.h>
#include <deal.II/lac/petsc_solver.h>
#include <deal.II/lac/petsc_precondition.h>

#include <boost/archive/binary_iarchive.hpp>
#include <boost/archive/binary_oarchive.hpp>

#include <deal.II/base/std_cxx20/iota_view .h>
#include <boost/range/iterator_range .hpp>

#include <cmath>
#include <fstream>
#include <future>

namespace Step69

{

using namespace dealii;

namespace Boundaries

{

constexpr types::boundary_-id do_nothing = 0;
constexpr types::boundary_id free_slip = 1;
constexpr types::boundary_id dirichlet = 2;

}

template <int dim>
class Discretization : public ParameterAcceptor

{
public:
Discretization (const MPI.Comm mpi_-communicator ,
TimerOutput & computing_timer ,
const std::string &subsection = ”Discretization”);
void setup ();
const MPI.Comm mpi_communicator;

parallel :: distributed :: Triangulation<dim> triangulation

const MappingQ<dim> mapping;

const FE_Q<dim> finite_element;
const QGauss<dim> quadrature;
const QGauss<dim — 1> face_quadrature;
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private:
TimerOutput &computing_timer;

double length;
double height;
double disk_position;
double disk_diameter;

unsigned int refinement;

s

template <int dim>
class OfflineData : public ParameterAcceptor

public:
using BoundaryNormalMap =
std :: map<types:: global_dof_index ,
std :: tuple<Tensor <1, dim>, types:: boundary_.id, Point<dim>>>;

OfflineData (const MPI.Comm mpi_communicator,
TimerOutput & computing_timer ,
const Discretization <dim> &discretization ,
const std::string & subsection = " OfflineData”);

void setup ();
void assemble ();

DoFHandler<dim> dof_handler;
std :: shared_ptr<const Utilities ::MPI:: Partitioner> partitioner;

unsigned int n_locally_owned;
unsigned int n_locally_relevant;

IndexSet locally_owned_system;

SparsityPattern sparsity_pattern;
DynamicSparsityPattern sparsity_pattern_system;

BoundaryNormalMap boundary_normal_map;

SparseMatrix<double> lumped_mass_matrix;
std :: array<SparseMatrix<double>, dim> cij_matrix;

std :: array<SparseMatrix<double>, dim> nij_matrix;
SparseMatrix <double> norm_matrix;

private:
const MPI.Comm mpi_-communicator;

TimerOutput & computing_timer;

SmartPointer<const Discretization <dim>> discretization;

IE

template <int dim>

class ProblemDescription : public ParameterAcceptor
public:
static constexpr unsigned int problem_dimension = 2 4+ dim;
using state_type = Tensor<1, problem_dimension >;
using flux_type = Tensor<l1l, problem_dimension, Tensor<1l, dim>>;
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s

ProblemDescription (const std::string &subsection="ProblemDescription” );
const static std::array<std::string, problem_dimension> component_names;

static constexpr double gamma = 7. / 5.;
static double Mref;
static double M2;

static DEAL_II_ALWAYS_INLINE inline Tensor<1, dim>
momentum (const state_type &U);

static DEAL_II_ALWAYS_INLINE inline double
internal_energy (const state_type &U);

static DEAL_II_.ALWAYS_INLINE inline double pressure (const state_type &U);

static DEAL_II_.ALWAYS_INLINE inline double
speed_of_sound (const state_type &U);

static DEAL_II_.ALWAYS_INLINE inline flux_type flux (const state_type &U);

static DEAL_II_ALWAYS_INLINE inline double

compute_lambda_max (const state_type & U.i,
const state_type & U,
const Tensor<1l, dim> &n_ij);

template <int dim>
class InitialValues : public ParameterAcceptor

{

public:

using state_type = typename ProblemDescription<dim>::state_type;

InitialValues (const std::string &subsection = ”InitialValues”);

std :: function<state_type (const Point<dim> &point, double t)> initial_state;

private:

s

// We declare a private callback function that will be wired up to the
// ParameterAcceptor::parse_parameters_call_back signal.
void parse_parameters_callback ();

Tensor <1, dim> initial_direction;
Tensor <1, 3> initial_-1d_state;

template <int dim>
class TimeStepping : public ParameterAcceptor

public:

static constexpr unsigned int problem_dimension =
ProblemDescription<dim >::problem_dimension ;

using state_type = typename ProblemDescription<dim>::state_type;
using flux_type = typename ProblemDescription<dim>::flux_type;

using vector_type =

std :: array<LinearAlgebra :: distributed :: Vector<double>, problem_dimension >;

TimeStepping (const MPILComm mpi_communicator ,
TimerOutput & computing_timer ,
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const OfflineData<dim> & offline_data ,
const InitialValues<dim> & initial_values ,
const std::string & subsection = ”TimeStepping” );

void prepare ();

double make_one_step (vector_type &U, double t, unsigned int picard_iterations=2,
double implicit_-tolerance=1.e—8);

private:
const MPIL.Comm mpi_-communicator;
TimerOutput & computing_timer;

SmartPointer<const OfflineData<dim>> offline_data;
SmartPointer<const InitialValues<dim>> initial_values;
SmartPointer<const OfflineData<dim>> problem_description;

SparseMatrix<double> dij_matrix;

PETScWrappers :: MPIL:: SparseMatrix system_matrix;
PETScWrappers::MPIL:: Vector system_solution;
PETScWrappers::MPI:: Vector system_rhs;

vector_type temporary_-vector;
std :: array<LinearAlgebra :: distributed :: Vector<double>, dim> momentum;

double cfl_update;

I

template <int dim>
class SchlierenPostprocessor : public ParameterAcceptor

{
public:
static constexpr unsigned int problem_dimension =
ProblemDescription<dim >::problem_dimension;

using state_type = typename ProblemDescription<dim>::state_type;

using vector_type =
std::array<LinearAlgebra :: distributed :: Vector<double>, problem_dimension >;

SchlierenPostprocessor (

const MPI_.Comm mpi-communicator ,

TimerOutput & computing_timer ,

const OfflineData<dim> &offline_data ,

const std::string & subsection = ” SchlierenPostprocessor”);

void prepare ();

void compute_schlieren(const vector_type &U);

LinearAlgebra :: distributed :: Vector<double> schlieren;
private:

const MPIL.Comm mpi_communicator;

TimerOutput & computing_timer;

SmartPointer<const OfflineData<dim>> offline_data;

Vector<double> r;

unsigned int schlieren_index;
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s

double schlieren_beta;

template <int dim>
class MainLoop : public ParameterAcceptor

{

public:

using vector_type = typename TimeStepping<dim >::vector_type;
MainLoop (const MPIL.Comm mpi_communnicator);

void run ();

private:

}s

vector_type interpolate_initial_-values(const double t = 0);

void output(const vector_type &U,
const std::string &name,
double t,
unsigned int cycle,
bool checkpoint = false);

const MPI Comm mpi_communicator;
std :: ostringstream timer_output;
TimerOutput computing_timer;
ConditionalOStream pcout;

std :: string base_name;

double t_final;

double output_granularity ;

bool asynchronous_writeback;

bool resume;

Discretization <dim> discretization ;
OfflineData<dim> offline_data;
ProblemDescription <dim> problem_description;
InitialValues <dim> initial_values;
TimeStepping<dim> time_stepping;

SchlierenPostprocessor <dim> schlieren_postprocessor;
vector_type output_vector;

std :: future<void> background_thread_state;

template <int dim>
Discretization <dim>:: Discretization (const MPILComm mpi-communicator ,

TimerOutput & computing_timer ,
const std::string &subsection)
ParameterAcceptor (subsection)

, mpi_communicator (mpi-communicator)

, triangulation (mpi_communicator)

, mapping (1)

, finite_element (1)

, quadrature (3)

, face_quadrature (3)

, computing_timer (computing_timer)

// Parameters specifying grid geometry for flow around cylinder (if used)
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length = 4.;
add_parameter (”length” , length, ”Length_of_computational_domain”);

height = 2.;
add_parameter (" height” , height , ”"Height_of_computational _domain” );

disk_position = 0.6;

add_parameter (” object .position”,
disk_position ,
?x_position_of_immersed_disk_center_point”);

disk_diameter = 0.5;

add_parameter (” object .diameter” ,
disk_diameter ,
?Diameter.of_immersed._disk”);

refinement = 5;

add_parameter ("refinement” ,
refinement ,
?Number._of_refinement._steps_.of_the_geometry”);

}

template <int dim>
void Discretization <dim>::setup ()

{

TimerOutput :: Scope scope(computing_timer, ”discretization._—_setup”);

// Set up cartesian grid
triangulation.clear ();
GridGenerator :: subdivided_hyper_rectangle (
triangulation, {16,4}, Point <2>(0.,1.), Point <2>(4.,0.));

for (const auto &cell : triangulation.active_cell_iterators ()){
for (const auto f : cell—>face_indices ()){
const auto face = cell —>face(f);

if (face—>at_boundary ()) face—>set_boundary_id (Boundaries:: dirichlet);

}
}
triangulation.refine_global (refinement);

}

template <int dim>

OfflineData<dim >:: OfflineData (const MPI Comm mpi_communicator ,
TimerOutput & computing_timer ,
const Discretization <dim> &discretization ,
const std::string & subsection)

ParameterAcceptor (subsection)
, dof_handler (discretization.triangulation)
, mpi_communicator (mpi-communicator)
, computing_timer (computing_timer)
, discretization(&discretization)

{3

template <int dim>
void OfflineData<dim>::setup ()

IndexSet locally_owned;
IndexSet locally_relevant;

{

TimerOutput :: Scope scope(computing_timer ,
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7offline_data_—_distribute_dofs”);

dof_handler.distribute_dofs(discretization —>finite_element );

locally _owned = dof_handler.locally_owned_dofs ();
n_locally_owned = locally_owned.n_elements ();

DoFTools:: extract_locally_relevant_dofs(dof_handler, locally_relevant);
n_locally_relevant = locally_relevant.n_elements ();

partitioner =
std :: make_shared<Utilities : :MPI:: Partitioner >(locally_owned ,
locally_relevant ,
mpi_communicator);

TimerOutput :: Scope scope (
computing_timer ,
?offline_data._.—_create_sparsity_pattern_and_set_up_matrices”);

DynamicSparsityPattern dsp(n_locally_relevant , n_locally_relevant);
sparsity_pattern_system.reinit (n_locally_relevant , n_locally_relevant);
SparsityPattern sparsity_system

const auto dofs_per_cell = discretization—>finite_element.n_dofs_per_cell ();
std :: vector<types:: global_dof_index> dof_indices (dofs_per_cell);
std :: vector<types:: global_dof_index> dof_indices_system (dofs_per_cell);

for (const auto &cell : dof_handler.active_cell_iterators())

{
if (cell—>is_artificial ())
continue;

cell —>get_dof_indices (dof_indices );
cell >get_dof_indices (dof_indices_system );

std :: transform (dof_indices . begin (),
dof_indices.end (),
dof_indices.begin (),
[&](types:: global_dof_index index) {
return partitioner —>global_to_local (index);

})7

for (const auto dof : dof_indices)
dsp.add_entries (dof, dof_indices.begin(), dof_indices.end());
for (const auto dof : dof_indices_system)

sparsity_pattern_system.add_entries (dof,
dof_indices_system .begin (), dof_.indices_system.end());

}

sparsity_pattern.copy-_from (dsp);
sparsity_system .copy_from (sparsity_pattern_system );

locally_owned_system = locally_owned;

for (const auto i : locally_owned){
dof_indices_system . clear ();
const auto dof = partitioner —>local_to_global (i);
for (auto jt=sparsity_system.begin(dof);jt != sparsity_system.end(dof);++jt){
const auto col = jt—>column ();
for (auto jt2=sparsity_system.begin(col);jt2 != sparsity_system.end(col);++jt2)
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dof_indices_system . push_back (jt2—>column ());
}
sparsity_pattern_system.add_entries (dof,
dof_indices_system .begin (), dof_-indices_system.end());
}
SparsityTools:: distribute_sparsity_pattern (sparsity_pattern_system , locally_owned ,
mpi_communicator, locally_relevant);

lumped_mass_matrix.reinit (sparsity_pattern);
norm_matrix.reinit (sparsity_pattern);

for (auto &matrix : cij-matrix)
matrix.reinit (sparsity_pattern);
for (auto &matrix : nij-matrix)

matrix.reinit (sparsity_pattern);

namespace

{

template <int dim>
struct CopyData

{

bool is_artificial;

std :: vector<types:: global_dof_index > local_dof_indices;
typename OfflineData<dim >::BoundaryNormalMap local_boundary_normal_map;
FullMatrix<double> cell _lumped_-mass_matrix;
std :: array<FullMatrix<double>, dim> cell_cij_matrix;

}s

template <typename IteratorType>
DEAL_II_ALWAYS_INLINE inline SparseMatrix<double>::value_type
get_entry (const SparseMatrix<double> &matrix, const IteratorType &it)

const SparseMatrix<double>::const_iterator matrix_iterator (
&matrix, it—>global_index ());
return matrix_iterator —>value ();

}

template <typename IteratorType>
DEAL_II_ ALWAYS_INLINE inline void
set_entry (SparseMatrix<double> & matrix ,
const IteratorType & it ,
SparseMatrix<double>::value_type value)
{
SparseMatrix<double >::iterator matrix_iterator(&matrix,
it—>global_index ());
matrix_iterator —>value () = value;

}

template <std::size_t k, typename IteratorType>

DEAL_II_ALWAYS_INLINE inline Tensor<1, k>

gather_get_entry (const std::array<SparseMatrix<double>, k> &c_ij ,
const IteratorType it)

{

Tensor <1, k> result;

for (unsigned int j = 0; j < k; ++j)
result [j] = get_entry(c_-ij[j], it);

return result;

}

template <std::size_t k>
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}

DEAL_II_ ALWAYS_INLINE inline Tensor<1, k>

gather (const std::array<SparseMatrix<double>, k> &n_ij ,
const unsigned int i,
const unsigned int i)

{

Tensor <1, k> result;

for (unsigned int 1 = 0; 1 < k; 4++1)
result [1] = n_ij[1](i, j);

return result;

}

template <std::size_t k>

DEAL_II_ALWAYS_INLINE inline Tensor<1, k>

gather (const std::array<LinearAlgebra:: distributed :: Vector<double>, k> &U,
const unsigned int

{

Tensor <1, k> result;

for (unsigned int j =

0; j < k; ++j)

result [j] = U[j].local_element (i);

return result;

}

template <std::size_t k, int k2>
DEAL_II_ALWAYS_INLINE inline void
scatter (std:: array<LinearAlgebra:: distributed :: Vector<double>, k> &U,
k2> & tensor ,
const unsigned int i)

const Tensor<l1,

{

static_assert (k = k2

)

”"The.dimensions.of_the_input_arguments._must_agree” );
for (unsigned int j = 0; j < k; 4++j)

U[j].local_element (

// mamespace

template <int dim>
void OfflineData<dim >::assemble ()

{

i) = tensor[]];

lumped_mass_matrix = 0.;

norm._matrix = 0.;

for (auto &matrix : cij-matrix)
matrix = 0.;

for (auto &matrix : nij-matrix)
matrix = 0.;

unsigned int dofs_per_cell =
discretization —>finite_element.n_dofs_per_cell ();

unsigned int n_q_points

// What follows is the
// WorkStream

= discretization —>quadrature.size ();

initialization of the scratch data required by

MeshWorker :: ScratchData<dim> scratch_data(
discretization —>mapping,
discretization —>finite_element ,
discretization —>quadrature,
update_values | update_gradients | update_quadrature_points |

update_JxW _values ,

discretization —>face_quadrature ,

update_normal_vectors

| update_values | update_JxW_values);
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TimerOutput :: Scope scope (
computing_timer ,
?offline_data._—_assemble_lumped._mass_matrix ,_and_c_-ij”);

const auto local_assemble_system = //
[&](const typename DoFHandler<dim >::cell_iterator &cell,

MeshWorker : : ScratchData<dim> & scratch ,
CopyData<dim> & copy) {
copy.is_artificial = cell—>is_artificial ();
if (copy.is-artificial)
return;

copy .local_boundary_normal_map. clear ();

copy.cell_lumped_mass_matrix.reinit (dofs_per_cell ,

for (auto &matrix : copy.cell_cij_matrix)
matrix.reinit (dofs_per_cell , dofs_per_cell);

const auto &fe_values = scratch.reinit(cell);

copy.local_dof_indices .resize(dofs_per_cell);
cell —>get_dof_indices (copy.local_dof_indices );

std :

:transform (copy.local_dof_indices.begin (),
copy.local_dof_indices .end(),
copy.local_dof_indices.begin (),
[&](types:: global_dof_index index) {

dofs_per_cell);

return partitioner —>global_to_local (index);

1);

// We compute the local contributions for the lumped mass matriz
// entries $m_i§ and and vectors $c_{ij}$ in the usual fashion:
(unsigned int q_point = 0; q.point < n_q_points; ++q_point)

for

}

for

{

const auto JxW = fe_values.JxW(q._point);

for (unsigned int j = 0; j < dofs_per_cell; ++j)
{
const auto value .JxW =
fe_values.shape_value(j, g-point) *x JxW;
const auto grad_JxW = fe_values.shape_grad(j,

q-point) * JxW;

copy.cell_ lumped_mass_matrix(j, j) += value JxW;

for (unsigned int i = 0; i < dofs_per_cell; ++i)

const auto value = fe_values.shape_value (i

for (unsigned int d = 0; d < dim; ++d)

; g-point);

copy.cell_cij_matrix [d](i, j) += value * grad JxW[d];

} /x5 x/
/% q */

(const auto f : cell —>face_indices ())
const auto face = cell >face(f);
const auto id = face—>boundary_id ();

if (!face—>at_boundary())
continue;

const auto &fe_face_values = scratch.reinit (cell,
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const unsigned int n_face_q_points =
fe_face_values.get_quadrature (). size ();

for (unsigned int j = 0; j < dofs_per_cell; ++j)
{
if (!discretization—>finite_element.has_support_on_face(j, f))
continue;
Tensor <1, dim> normal;
if (id = Boundaries:: free_slip)
{
for (unsigned int q = 0; q < n_face_q_points; ++q)
normal += fe_face_values.normal_vector(q) *
fe_face_values.shape_value(j, q);

}

const auto index = copy.local_dof_indices[]];

Point<dim> position;
for (const auto v : cell —>vertex_indices())
if (cell >vertex_dof_index (v, 0) =
partitioner—>local_to_global (index))
{

position = cell >vertex(v);
break;

}

const auto old_id =
std :: get <1>(copy.local_-boundary_normal_map [index]);
copy .local_boundary_normal_map [index] =
std :: make_tuple (normal, std::max(old_-id, id), position);

s

// Last, we provide a copy-local_-to_global function as required for
// the WorkStream

const auto copy-local_to_global = [&](const CopyData<dim> &copy) {
if (copy.is_artificial)
return;
for (const auto &it : copy.local_boundary_normal_map)

{

std :: get <0>(boundary_normal_map [it . first]) +=
std :: get <0>(it .second );
std :: get <1>(boundary_normal_map [it. first]) =
std ::max(std :: get <1>(boundary_normal_map [it.first]),
std :: get<1>(it.second));
std :: get <2>(boundary_normal_map [it . first]) = std::get<2>(it.second);

}

lumped_mass_matrix .add (copy.local_dof_indices ,
copy.cell lumped_mass_matrix);

for (int k = 0; k < dim; ++k)

{

cijomatrix [k].add(copy.local_dof_indices , copy.cell_cij_matrix[k]);
nij.matrix [k].add(copy.local_dof_indices , copy.cell_cij-matrix[k]);

}
IE

WorkStream :: run (dof_handler. begin_active (),
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dof_handler.end (),
local_assemble_system ,
copy-local_to_global ,
scratch_data ,
CopyData<dim > ());

TimerOutput :: Scope scope(computing_timer ,
"offline_data._.—_compute_|c_ij|,-and.n_ij”);

const std_cxx20::ranges::iota_view<unsigned int, unsigned int> indices(
0, n_locally_relevant);

const auto on_subranges = //
[&](const auto il, const auto i2) {
for (const auto row_index
std_cxx20:: ranges :: iota_view <unsigned int, unsigned int>(xil,
x12))

// First column—loop: we compute and store the entries of the
// matriz norm_matriz and write normalized entries into the
// matriz nij-matriz:
std :: for_each (
sparsity_pattern.begin(row_index),
sparsity_pattern.end(row_index),
[&](const dealii:: SparsityPatternlterators:: Accessor &jt) {
const auto c_ij = gather_get_entry (cij_matrix , &jt);
const double norm = c_ij.norm();

set_entry (norm_matrix, &jt, norm);
for (unsigned int j = 0; j < dim; ++j)
set_entry (nij-matrix[j], &jt, c-ij[j] / norm);
3

s

parallel :: apply_-to_subranges(indices.begin (),
indices.end (),
on_subranges ,
4096);

for (auto &it : boundary_normal_map)

auto &normal = std:: get<0>(it.second);
normal /= (normal.norm() + std::numeric_limits<double>::epsilon ());

}
}

template <int dim>
double ProblemDescription<dim>::Mref = 1.;

template <int dim>
double ProblemDescription<dim>::M2 = 1.;

template <int dim>
ProblemDescription<dim >:: ProblemDescription (const std::string &subsection)
ParameterAcceptor (subsection){
add_parameter (” Mref” , Mref, ” Reference_Mach_.number” );

}
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template <int dim>
DEAL_II_ALWAYS_INLINE inline Tensor<1, dim>
ProblemDescription<dim >::momentum(const state_type &U)
{

Tensor <1, dim> result;

std :: copy-n(&UJ[1], dim, &result [0]);

return result ;

}

template <int dim>
DEAL_II_ALWAYS_INLINE inline double
ProblemDescription<dim >::internal_energy (const state_type &U)

{

const double &rho = U[0];

const auto m = momentum(U);

const double &E = U[dim + 1];

return E — 0.5+«M2sm. norm_square ()/rho;
}

template <int dim>
DEAL_II_ALWAYS_INLINE inline double
ProblemDescription<dim >:: pressure (const state_type &U)

{

return (gamma — 1.) x internal_energy (U);

}

template <int dim>
DEAL_II_ALWAYS_INLINE inline double
ProblemDescription<dim >::speed_of_sound (const state_type &U)

const double &rho = U[0];

const double p = pressure(U);

return std::sqrt(gamma x p / rho);

}

template <int dim>
DEAL_II_ALWAYS_INLINE inline typename ProblemDescription<dim>::flux_type
ProblemDescription<dim >:: flux (const state_type &U)

{
const double &rho = U[0];

const auto m = momentum(U);
flux_type result;

result [0] = m;
for (unsigned int i = 0; i < dim; ++i)

result[1 + i] =m * m[i] / rho;
result [dim + 1] = 0.5 * M2 % m.norm._square() / rho * (m/rho);
return result ;
}
namespace

template <int dim>

DEAL_II_ ALWAYS_INLINE inline std::array<double, 2> riemann_data_from_state (
const typename ProblemDescription<dim>::state_type U,
const Tensor<1, dim> & n_ij)

{
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Tensor <1, 3> projected_U;
projected_U[0] = U[0];

const auto m = ProblemDescription<dim >::momentum (U);

projected_-U[1] = n_ij * m;

const auto perpendicular-m = m — projected_-U[1] % n_ij;

projected_U [2] = U[1l + dim] — 0.5 % perpendicular.m.norm_square() / U[0];

return {{projected_U[0], projected_-U|[1l] / projected_-U[0]}};

}

DEAL_II ALWAYS_INLINE inline double positive_part(const double number)

{

return std::max(number, 0.);

}

DEAL_II ALWAYS_INLINE inline double negative_part(const double number)

{

return —std :: min(number, 0.);

} // namespace

template <int dim>

DEAL_II_ALWAYS_INLINE inline double

ProblemDescription<dim >::compute_lambda_max (const state_type & Ui,
const state_type & U,
const Tensor<1, dim> &n_ij)

const auto riemann._data.i = riemann_data_from_state(U.i, n_ij);
const auto riemann_data_j = riemann_data_from_state(U_j, n_ij);

if(riemann_data_i[1] <= riemann_data_j[1])
return std::max(std::max(std::abs(riemann_data_i[1]),
std :: abs(riemann_data_j[1])), 1.e—10);

double diff = riemann_data_-i[0] — riemann_data_j[0];
if (std::abs(diff) > 1.e—12){
auto mdot = std::sqrt(riemann_data_i[0]*riemann_data_j[0])x
(riemann_data_i[1] — riemann_data_j[1]);
return std::max(std::abs((riemann_-data_i[0]xriemann_data_i[l] —
riemann_data_j [0]*riemann_data_j[1] — mdot) / diff), 1.e—10);

}

return std::max(std::abs((riemann_data_i[1] 4+ riemann_data_j[1])/2.), 1.e—10);

}

template <>
const std::array<std::string, 3> ProblemDescription <1>::component_names{

{”I‘hO”, wuw’ 77p77}};

template <>

const std::array<std::string, 4> ProblemDescription <2>::component_names{
{wrhow , 7u.l”, "u.2”, 7p? }}’

template <>

const std::array<std::string, 5> ProblemDescription <3>::component_names{
{” rho77 , ,’u71’7 R ” u72” , ” u737’ R 77p” }};

template <int dim>

InitialValues<dim>::InitialValues (const std::string &subsection)

ParameterAcceptor (subsection)
{

/*x We wire up the slot InitialValues<dim>::parse_parameters_callback to
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the ParameterAcceptor::parse_parameters_call_-back signal: %/
ParameterAcceptor :: parse_parameters_call_back.connect (
std :: bind(&InitialValues<dim>::parse_parameters_callback , this));

initial_direction [0] = 1.;
add_parameter (” initial._direction”,
initial_direction ,
"Initial_direction_of_the_uniform._flow._field”);

initial_1d_state [0] = ProblemDescription<dim>::gamma;
initial_-1d_state [1] 3.
initial_ld_state [2] = 1.;
add_parameter (”initial _ld_state”,
initial_ld_state ,

"Initial_.ld_state_(rho,_u,_.p)-of_the_uniform_flow._field”);

}

template <int dim>
void InitialValues<dim>::parse_parameters_callback ()

AssertThrow (initial_direction .norm() != 0
ExcMessage (

»Initial.direction.is._set.to_the_zero_vector.”));
initial_direction /= initial_direction .norm();

R}

// Initial state for contact discontinuity simulation
initial_state = [this](const Point<dim> & point, double /xtx/) {

const double rho = initial_ld_state [0];
const double u = initial_-1d_state [1];
const double p = initial_1d_state [2];
static constexpr double gamma = ProblemDescription<dim >::gamma;

static double M2 = ProblemDescription<dim >::M2;
state_type state;
state [0] = rho;
for (unsigned int i = 0; i < dim; ++i)
state[l + i] = rhoxuxinitial_direction [i];

state [dim + 1] = p/(gamma — 1.) 4+ 0.5 * M2xrhoxuxu;

if (point[0]>1 && point[0]<2 && point[1]>0.25 && point[1] <0.75){

state [0] = 1.1xrho;
for (unsigned int i = 0; i < dim; ++i)
state[l + i] = l.lxrhoxuxinitial_direction[i];

state [dim + 1] = p/(gamma — 1.) 4+ 0.5%xM2x1.1xrho%uxu;
}

return state;
b
}

template <int dim>
TimeStepping<dim >:: TimeStepping (

const MPI_.Comm mpi_-communicator ,

TimerOutput & computing_timer ,

const OfflineData<dim> & offline_data ,

const InitialValues<dim> & initial_values ,

const std::string & subsection /+= ”"TimeStepping”+/)

ParameterAcceptor (subsection)
, mpi_communicator (mpi_communicator)
, computing_timer (computing_timer)
, offline_data(&offline_data)
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, initial_values(&initial_values)
{
cfl_update = 0.80;
add_parameter (” cfl_update” ,
cfl_update ,
”?Relative .CFL_constant _used_for _update” );

}

template <int dim>
void TimeStepping<dim >::prepare ()
{
TimerOutput :: Scope scope(computing_timer
”time_stepping._—_prepare_scratch._space” );

for (auto &it : temporary_vector)
it.reinit (offline_data—>partitioner);

for (auto &it : momentum)
it.reinit (offline_.data—>partitioner);

dij_matrix.reinit (offline_data—>sparsity_pattern);

system_matrix.reinit (offline_data—>locally_owned_system ,
offline_data —>locally_owned_system ,
offline_data—>sparsity_pattern_system , mpi_communicator);
system_solution.reinit (offline_data—>locally_owned_system , mpi_communicator);
system_rhs.reinit (offline_data—>locally_owned_system , mpi_communicator);

}

template <int dim>

double TimeStepping<dim >::make_one_step (vector_type &U, double t,
unsigned int picard_iterations , double implicit_tolerance)

{

const auto &n_locally_owned = offline_data—>n_locally_owned;
const auto &n_locally_relevant = offline_data—>n_locally_relevant;

const std_cxx20::ranges::iota_view<unsigned int, unsigned int>
indices_owned (0, n_locally_owned);

const std_cxx20::ranges::iota_view<unsigned int, unsigned int>
indices_relevant (0, n_locally_relevant );

const auto &sparsity = offline_data—>sparsity_pattern;
const auto &sparsity_system = offline_data—>sparsity_pattern_system;

const auto &lumped_mass_matrix = offline_data—>lumped_mass_matrix;
const auto &norm_matrix offline_data—>norm_matrix;

const auto &nij_matrix offline_data—>nij_matrix;

const auto &cij_matrix offline_data—>cij_matrix;

const auto &boundary_normal_-map = offline_data—>boundary_normal_map;

{
TimerOutput :: Scope scope(computing_timer ,
”time_stepping _—.1l_compute_d_ij”);

const auto on_subranges = //
[&](const auto il, const auto i2) {
for (const auto i
std-cxx20:: ranges :: iota_view <unsigned int, unsigned int>(xil,
*x12))
{

const auto U_i = gather (U, i);
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for (auto jt = sparsity.begin(i); jt != sparsity.end(i); ++jt)
{
const auto j = jt—>column ();
if (j>=1)
continue;

const auto U_j = gather (U, j);

const auto n_ij = gather_get_entry (nij_matrix, jt);
const double norm = get_entry (norm_matrix, jt);

const auto lambda_-max =
ProblemDescription<dim >::compute_lambda_max (U_i, U_j, n_ij);

double d = norm * lambda_max;
if (boundary_normal_map.count(i) != 0 &&
boundary_normal_map.count(j) != 0)
{
const auto n_ji = gather(nij_matrix, j, i);

const auto lambda_max.2 =
ProblemDescription<dim >::compute_lambda_max (U_j ,
U.,
n_ji);
const double norm_2 = norm_matrix(j, i);

d = std ::max(d, norm_2 % lambda_max_2);

}

set_entry (dij-matrix , jt, d);
dij_matrix(j, i) = d;

}s

parallel :: apply_to_subranges(indices_relevant .begin (),
indices_relevant .end (),
on_subranges ,
4096);

}

std :: atomic<double> tau-max{std :: numeric_limits<double>::infinity ()};

{
TimerOutput :: Scope scope(computing_timer ,
”time_stepping . _-—_2_compute_d_ii ,_and_tau_max”);

const auto on_subranges = //
[&](const auto il, const auto i2) {
double tau_max_on_subrange = std::numeric_limits<double>::infinity ();

for (const auto i
std_cxx20 :: ranges ::iota_view <unsigned int, unsigned int>(xil ,

*12))
double d_sum = 0.;
for (auto jt = sparsity.begin(i); jt != sparsity.end(i); ++jt)
{ const auto j = jt—>column ();
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if (5 — i)

continue;
d_sum —= get_entry (dij-matrix , jt);
}
dij_matrix.diag_element (i) = d_sum;
const double mass = lumped_-mass_matrix . diag_element (1i);
const double tau = cfl_update % mass / (—2. % d_sum);
tau_-max_on_subrange = std::min(tau-max_on_subrange, tau);
}
double current_tau_max = tau-max.load ();

while (current_tau_max > tau_max_on_subrange &&
!tau_-max .compare_exchange_weak (current_tau-max,
tau_max_on_subrange))

s

parallel :: apply_to_subranges(indices_relevant .begin (),
indices_relevant .end (),
on_subranges ,
4096);

tau_max.store( Utilities :: MPI:: min(tau_max.load (), mpi_communicator));

AssertThrow (
!'std ::isnan (tau.max.load ()) && !std ::isinf (tau_max.load()) &&
tau-max.load () > 0.,
ExcMessage (
”?I’m_sorry ,.Dave._.I’'m_afraid _-I_can’t_do_that._—_We_crashed.”));

TimerOutput :: Scope scope(computing_timer ,
”time_stepping -—_3_perform_explicit_update”);

const auto on_subranges = //
[&](const auto il, const auto i2) {
for (const auto i : boost::make_iterator_range(il, i2))

{

Assert (i < n-locally_owned, ExcInternalError());
const auto U_i = gather (U, i);

const auto f_.i = ProblemDescription<dim>:: flux (U_i);

const double m_i = lumped_-mass_matrix.diag_element (i);

auto U_i_new = U._i;

for (auto jt = sparsity.begin(i); jt != sparsity.end(i); ++jt)
{ const auto j = jt—>column ();

const auto U_j = gather (U, j);
const auto f_j = ProblemDescription<dim>::flux (U_j);

const auto c_ij = gather_get_entry(cij_matrix, jt);
const auto d_ij = get_entry (dij-matrix, jt);

for (unsigned int k = 0; k < problem_dimension; ++k)
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U_i_new [k] +=
tau_max / m_i %
(C(oj (<] — £i[k]) » eoij + doij » (USi[k] — U-i[k])):

}

scatter (temporary_vector, U_inew, i);

}
s

parallel :: apply_-to_subranges (indices_owned . begin (),
indices_owned .end (),
on_subranges ,
1096);

}

// Step 4: Fiz up boundary states.

{
TimerOutput :: Scope scope(computing_timer ,
”time_stepping.—.4.fix .boundary._states”);

for (auto it : boundary_normal_map)

{

const auto i = it.first;

if (i >= n_locally_owned)
continue;

const auto &normal = std::get<0>(it.second);
const auto &id std :: get <1>(it .second);
const auto &position = std::get<2>(it.second);

auto U_.i = gather(temporary_vector, i);

// On free slip boundaries we remove the normal component of the
// momentum:
if (id = Boundaries:: free_slip)

{
auto m = ProblemDescription<dim >::momentum(U_i);
m —= (m * normal) * normal;
for (unsigned int k = 0; k < dim; ++k)
U.ilk + 1] = m[k];

}

// On Dirichlet boundaries we enforce initial conditions
// stromgly:
else if (id = Boundaries:: dirichlet)

{
}

scatter (temporary_vector, U_.i, i);

U.i = initial_-values—>initial_state (position, t + tau_-max);

}
// Implicit step
TimerOutput :: Scope scope(computing_timer, ”time_stepping.—_implicit._update”);

constexpr double gamma = ProblemDescription<dim >::gamma;
const double &M2 = ProblemDescription<dim >::M2;
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const auto on_subranges0 =
[&](const auto i1, const auto i2){
for (const auto i : boost::make_iterator_range(il, i2)){
const auto U_.i = gather(temporary_vector, 1i);
for (int k=0;k<dim ;k++) momentum[k].local_element (i) = U_i[k+1];
system_solution [offline_data—>partitioner —>local_to_global(i)] =
ProblemDescription<dim>:: pressure (U_i);
}
}s
parallel :: apply_-to_subranges (indices_.owned .begin (), indices_.owned.end(),
on_subranges0, 4096);
system_solution.compress(VectorOperation:: insert );

const auto on_subranges =
[&](const auto il, const auto i2){
std :: vector<types:: global_dof_index> col_indices;
std :: vector<double> values;
std :: unordered_map<types :: global_dof_index , unsigned int> mapping;

double rhs;
for (const auto i : boost::make_iterator_range(il, i12)){
const auto row = offline_data—>partitioner —>local_to_global(i);
const auto U.i = gather(temporary_vector, 1i);
const auto p_i = system_solution [row];
const auto ui = gather (momentum,i)/U_i[0];
const double factor = tau_max / lumped_-mass_matrix.diag_element (i);
auto it = boundary_normal_-map. find (i);
if (it != boundary_normal map.end() &&
std :: get <1>(it —>second) == Boundaries:: dirichlet){
system_matrix.set (row,row,1.);
system_rhs [row]| = p_i;
else{

col_indices.clear ();
values. clear ();
unsigned int c=0;
for (auto ct = sparsity_system.begin(row); ct != sparsity_system.end(row); ++ct){
const auto col = ct—>column ();
col_indices .push_back(col);
values.push_back (0.);
mapping[col] = c;
c++;
}

rhs = U_i[dim+1] — 0.5%*M2xU_i[0]* ui.norm_square ();

values [mapping [row]] = 1./(gamma — 1.);
for (auto jt = sparsity.begin(i); jt != sparsity.end(i); ++jt){
const auto j = jt—>column ();
const auto col = offline_.data—>partitioner—>local_to_global(j);
const auto c_ij = gather_get_entry (cij_matrix, jt);
const auto U_j = gather(temporary_vector, j);
const auto p_j = system_solution[col];
const double factor_j = tau_max / lumped_mass_matrix.diag_element(j);
rhs — factor*gamma/(gamma—1.)xp_j/U_j[0]=

(c-ij*ProblemDescription <dim >::momentum(U_j));

it = boundary_normal_map.find(j);
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for (auto kt = sparsity.begin(j); kt != sparsity.end(j); ++kt){
const auto k = kt—>column ();
auto c_jk = gather_get_entry (cij-matrix, kt);

if (it != boundary_normal_map.end () &&
std :: get <I>(it—>second) == Boundaries:: free_slip ){
const auto &normal = std:: get <0>(it—>second);
c_-jk —= (c-jk*normal)snormal;

}

values [mapping [ offline_data—>partitioner —>local_to_global (k)]] —=
factor+*factor_j*gamma/(gamma—1.)x(c_ij*xc_jk)*p_j/U_j[0]/M2;
}
}

system_rhs [row] = rhs;
system_matrix.set (row, col_indices ,values);

}
}
};

for (unsigned int iter=0;iter < picard_iterations;iter++){
for (auto &it : temporary_vector) it.update_ghost_values ();
for (auto &it : momentum) it.update_ghost_values ();
parallel :: apply_-to_subranges (indices_owned . begin (), indices_owned.end(),

on_subranges, 4096);

system_rhs.compress(VectorOperation :: insert);
system_matrix.compress(VectorOperation:: insert );
SolverControl solver_control(system_solution.size (), implicit_-tolerance);
PETScWrappers:: PreconditionBlockJacobi preconditioner (system_matrix);
PETScWrappers:: SolverBicgstab solver(solver_control);
solver.solve (system_matrix, system_solution, system_rhs, preconditioner);

const auto on_subrangesl =
[&](const auto il, const auto i2){
for (const auto i : boost:: make_iterator_range(il, i2)){
auto it = boundary_normal_-map. find (i);
if (it != boundary_normal_map.end () &&
std :: get <1>(it —>second) == Boundaries:: dirichlet)
continue;

double factor = tau_max/lumped_mass_matrix.diag_element (i);
const auto U_.i = gather(temporary_vector ,i);
auto m = ProblemDescription<dim >::momentum(U_i);
for (auto jt=sparsity.begin(i);jt != sparsity.end(i);++jt){
const auto j = jt-—>column ();
auto c_ij = gather_get_entry(cij_matrix, jt);
if (it != boundary_normal_-map.end() &&
std :: get <1>(it —>second) = Boundaries:: free_slip){
const auto &normal = std:: get <0>(it —>second);
c-ij —= (c-ij*normal)snormal;

const auto p.j =
system_solution [offline_data—>partitioner —>local_to_global(j)];
m —= factor /M2xp_j*xc_ij;
}
for (unsigned int k=0;k < dim;k++) momentum[k].local_element (i) = m[k];

}
};

parallel :: apply_-to_subranges (indices_owned . begin (), indices_owned.end(),
on_subrangesl , 4096);

}

const auto on_subranges2 =
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[&](const auto il, const auto i2){
for (const auto i : boost:: make_iterator_range(il, i2)){
const auto rho.i = gather(temporary_vector ,i)[0];
const auto p.-i =
system_solution [offline_data—>partitioner —>local_to_global (i)];

const auto m = gather (momentum,i);
for (unsigned int k=0;k < dim;k++)

temporary_vector [k+1].local_element (i) m[k];
temporary_vector [dim+1].local_element (i) = p.i/(gamma—1.) +

0.5%M2#«m. norm_square()/rho_i;

}
}s
parallel :: apply_-to_subranges(indices_.owned .begin (), indices_owned.end(),
on_subranges2, 4096);
for (auto &it : temporary_vector) it.update_ghost_values();

}
// We now update the ghost layer over all MPI ranks

for (auto &it : temporary_vector)
it .update_ghost_values ();

U.swap(temporary_vector);

return tau_max;

}

template <int dim>
SchlierenPostprocessor <dim>:: SchlierenPostprocessor (

const MPI Comm mpi_communicator ,

TimerOutput & computing_timer ,

const OfflineData<dim> &offline_data ,

const std::string & subsection /= ”SchlierenPostprocessor”x/)

ParameterAcceptor (subsection)
, mpi_communicator (mpi_communicator)
, computing_timer (computing_timer)
, offline_data(&offline_data)

schlieren_beta = 10.;
add_parameter (”schlieren_beta” ,
schlieren_beta ,
”Beta_factor _used_in_Schlieren—type_postprocessor”);

schlieren_index = 0;
add_parameter (”schlieren_index”
schlieren_index ,

?Use_the_corresponding._component._of_the_state_vector_for_the.”
”?schlieren._plot”);

}

template <int dim>
void SchlierenPostprocessor<dim>::prepare ()
{
TimerOutput :: Scope scope(computing_timer ,
”?schlieren_postprocessor _—_prepare_scratch._space”);

r.reinit (offline_data—>n_locally_relevant);
schlieren.reinit (offline_.data—>partitioner );

}

template <int dim>
void SchlierenPostprocessor<dim>::compute_schlieren (const vector_type &U)
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TimerOutput :: Scope scope (

computing_timer, ”"schlieren_postprocessor._.—_compute_schlieren_plot”);
const auto &sparsity = offline_data—>sparsity_pattern;
const auto &lumped_-mass_matrix = offline_data—>lumped_-mass_matrix;
const auto &cij_matrix = offline_data—>cij_matrix;
const auto &boundary_normal_map = offline_data—>boundary_normal_map;
const auto &n_locally_owned = offline_data—>n_locally_owned;

const auto indices =
std_cxx20::ranges::iota_view<unsigned int, unsigned int >(0,
n_locally _owned );

std :: atomic<double> r_i_max {0.};
std :: atomic<double> r_i_min{std :: numeric_limits<double>::infinity ()};

{

const auto on_subranges = //
[&](const auto il, const auto i2) {
double r_i_max_on_subrange = 0.;
double r_i_min_on_subrange = std::numeric_limits<double>::infinity ();
for (const auto i : boost:: make_iterator_range(il, i2))

{

Assert (i < n_locally_owned , ExcInternalError ());

Tensor <1, dim> r_i;

for (auto jt = sparsity.begin(i); jt != sparsity.end(i); ++jt)
{
const auto j = jt—>column ();
it (i = j)
continue;

const auto U_js = U[schlieren_index].local_element (j);
const auto c_ij = gather_get_entry (cij-matrix, jt);
roi += c_ij * U_js;

}

const auto bnm_it = boundary_normal_map. find (i);
if (bnm.-it != boundary_normal_map.end())
{
const auto &normal = std :: get <0>(bnm_it—>second );
const auto &id std :: get <1>(bnm_it—>second );

if (id = Boundaries:: free_slip)
r.i —= 1. % (r_-i = normal) % normal;
else
roi = 0.
}
const double m_i = lumped_mass_matrix . diag_element (i);
r[i] = r_i.norm() / m_i;
r.i_max_on_subrange = std::max(r-i_max_on_subrange, r[i]);
r.i_min_on_subrange = std::min(r_i_min_on_subrange, r[i]);

}

double current_r_i_max = r_i_max.load ();
while (current_r_i_max < r_i_max_on_subrange &&
Ir_i_max.compare_exchange_weak (current_r_i_max,
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r.i_max_on_subrange))

)

double current_r_i_min = r_i_min.load ();
while (current_r_i_min > r_i_min_on_subrange &&
!'r_i_min.compare_exchange_-weak (current_r_i_min ,
r_i_min_on_subrange))

s

parallel :: apply_-to_subranges (indices.begin (),
indices.end (),
on_subranges ,
4096);
}
roi-max.store(Utilities ::MPI::max(r_i-max.load (), mpi-communicator));
) )i

)
r.i_min.store(Utilities ::MPI:: min(r_i_min.load (), mpi_communicator));

{

const auto on_subranges = //
[&](const auto il, const auto i2) {
for (const auto i : boost:: make_iterator_range(il, i2))

Assert (i < n_locally_owned, ExcInternalError());

schlieren.local_element (i) =
1. — std::exp(—schlieren_beta % (r[i] — r_i_min) /
(roi-max — r-i_min));

I

parallel :: apply_-to_subranges(indices.begin (),
indices.end (),
on_subranges ,
4096);
}

schlieren .update_ghost_values ();

}

template <int dim>
MainLoop<dim >:: MainLoop (const MPI.Comm mpi_-communicator)
ParameterAcceptor (?A.—_MainLoop” )
, mpi_communicator (mpi-communicator)
, computing_timer (mpi_communicator
timer_output ,
TimerOutput :: never ,
TimerOutput :: cpu_and_wall_times)
, pcout(std::cout, Utilities ::MPI:: this_mpi_-process(mpi_-communicator)

, discretization (mpi_.communicator, computing_timer, "B.—_Discretization”)

, offline_data (mpi-communicator,
computing_timer ,
discretization ,
"C.—_OfflineData”)
, problem_description ()
, initial_values (”"D.—_InitialValues”)
, time_stepping (mpi_-communicator,
computing_timer ,
offline_data ,
initial_values ,
"E.—.TimeStepping”)
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, schlieren_postprocessor (mpi_communicator ,
computing_timer ,
offline_data ,
"F_—_SchlierenPostprocessor”)

base_-name = " test”;
add_parameter (” basename” ;, base_name, ”Base.name._for._all_output.files”);

t_final = 4.;
add_parameter (” final _time”, t_final , ”"Final_time”);

output_granularity = 0.02;

add_parameter (”output_granularity”,
output_granularity ,
"time_interval_for_output”);

asynchronous_writeback = true;

add_parameter (” asynchronous._writeback” ,
asynchronous_writeback ,
”Write_out_solution._in._a_background_thread_performing.I0");

resume = false;
add_parameter ("resume” , resume, ”Resume.an.interrupted._computation.”);
namespace

{

}

void print_head (ConditionalOStream &pcout,
const std::string & header,

const std::string & secondary = 77)
{
const auto header_size = header.size ();
const auto padded_header = std::string ((34 — header_size) / 2, ’_7) +
header +

std::string ((35 — header_size) / 2, ’.7);

const auto secondary._size = secondary.size ();

const auto padded_secondary =
std::string ((34 — secondary._size) / 2, ’.’) + secondary +
std ::string ((35 — secondary_size) / 2, ’_.7)

)

/* clang—format off x/
pcout << std ::endl;

pcout << std ::endl;
pcout << std :: endl;
peout << 7o HHHRHEHERHE << padded_header << VHHHEHRRHE << std ::endl;
peout << 7o FHHHEHAHAEE << padded_secondary << VHHHRHARAARE << std ::endl;
pecout << 7 ooo HHHRHEHERREA std :: endl;
pcout << "_._._ std ::endl;

pcout << std::
/* clang—format on */

// mamespace

template <int dim>
void MainLoop<dim >::run ()

{

pcout << ”Reading.parameters_and_allocating._objects....” << std:: flush;

ParameterAcceptor:: initialize (”step —69.prm” );
problem _description.M2 = problem_description.Mref * problem_description.Mref;
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pcout << ”done” << std::endl;

{

print_head (pcout, ”create_triangulation”);
discretization .setup ();

pcout << ”"Number_of_active_.cells:oooooon
<< discretization .triangulation.n_global_active_cells ()
<< std::endl;

print_head (pcout, ”"compute_offline_data”);
offline_data.setup ();
offline_data .assemble ();

pcout << ”Number._of_degrees_of._freedom:.”
<< offline_data.dof_handler.n_dofs() << std::endl;

print_head (pcout, ”set_up_time.step”);
time_stepping.prepare ();
schlieren_postprocessor.prepare ();

for (auto &it : output_vector) it.reinit(offline_data.partitioner);
}
double t = 0.;
unsigned int output_cycle = 0;
print_head (pcout, ”"interpolate_initial._values”);
vector_type U = interpolate_initial_values ();

if (resume)

{

print_head (pcout, ”"restore_interrupted._computation”);

const unsigned int i =
discretization.triangulation.locally_owned_subdomain ();

const std::string name = base_name 4 ”"—checkpoint—" +
Utilities::int_to_string (i, 4) + ”.archive”;

std :: ifstream file (name, std::ios::binary);

boost :: archive :: binary_iarchive ia(file);
ia >> t >> output_cycle;

for (auto &itl : U)
for (auto &it2 : itl)
ia >> it2;
itl.update_ghost_values ();

}
}

output (U, base_name, t, output_cycle++);
print_head (pcout, ”enter_main_loop”);

for (unsigned int cycle = 0; t < t_final; 4++cycle)

{

std:: ostringstream head;
std :: ostringstream secondary;

head << ”"Cycle..” << Utilities::int_to_string(cycle, 6) << "..(" //
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<< std::fixed << std::setprecision(l) << t / t_final = 100 //
<< 77%)77;
secondary << ”at._time_t._.=_" << std::setprecision (8) << std::fixed << t;

print_head (pcout, head.str (), secondary.str ());
t += time_stepping.make_one_step (U, t, 2, std::min(1l.e—8,0.1xproblem_description.M2));
if (t > output_cycle % output_granularity)

output (U, base.name, t, output_cycle, true);
++output_cycle;
}
}

if (background_thread_state.valid())
background_thread_state.wait ();

computing_timer.print_summary ();
pcout << timer_output.str () << std::endl;

}

template <int dim>
typename MainLoop<dim >::vector_type
MainLoop<dim >::interpolate_initial_values (const double t)
{
pcout << ”MainLoop<dim >::interpolate_initial_values (t_=." << t << 7)”
<< std ::endl;
TimerOutput :: Scope scope(computing_timer ,
"main_loop._—.setup.scratch._space”);

vector_type U;

for (auto &it : U)
it.reinit (offline_data.partitioner);

constexpr auto problem_dimension =
ProblemDescription<dim >::problem_dimension;

for (unsigned int i = 0; i < problem_dimension; ++i)
VectorTools:: interpolate (offline_data.dof_handler ,
ScalarFunctionFromFunctionObject<dim, double>(
[&](const Point<dim> &x) {
return initial_values.initial_state(x, t)[i];

})7
Ulil]);

for (auto &it : U)
it .update_ghost_values ();

return U;

}

template <int dim>
void MainLoop<dim >::output (const typename MainLoop<dim>::vector_type &U,

const std::string & name,
const double t,
const unsigned int cycle

const bool checkpoint)

{
pcout << ”MainLoop<dim >::output(t.=." << t
<< ”,.checkpoint.=.” << checkpoint << ”7)” << std::endl;
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if (background_thread_state.valid())
{
TimerOutput :: Scope timer (computing_-timer, ”main_loop.—_stalled _output”);
background_thread_state.wait ();
}

constexpr auto problem_dimension =
ProblemDescription<dim >::problem_dimension;

// Strore solution in primitive variables in output_vector
for (unsigned int i=0; i < offline_data.n_locally_owned; ++i){

const auto U_i = gather (U, i);

output_vector [0].local_element (i) = U_i[0];

for (unsigned int k=1;k <= dim;k++)

output_vector [k].local_element (i) = U_i[k]/U.i[0];

output-vector [dim+1].local_element (i) = ProblemDescription<dim>::pressure (U_i);
}
for (unsigned int i 0; i < problem_dimension; ++i)

output_-vector[i].update_ghost_values ();

schlieren_postprocessor.compute_schlieren (output_vector);
auto data_out = std:: make_shared<DataOut<dim>>();

data_out—>attach_dof_handler (offline_data.dof_handler);

const auto &component_names = ProblemDescription<dim >::component_names;
for (unsigned int i = 0; i < problem_dimension; ++i)
data_out—>add_data_vector (output_vector[i], component_names[i]);

data_out—>add_data_vector(schlieren_postprocessor.schlieren ,
”schlieren_plot”);

data_out—>build_patches(discretization . mapping,
discretization . finite_element .degree — 1);

const auto output_-worker = [this, name, t, cycle, checkpoint, data-out]() {
if (checkpoint)

const unsigned int i =
discretization.triangulation.locally_owned_subdomain ();

std :: string filename =
name + "—checkpoint—" + Utilities ::int_to_string (i, 4) 4+ ”.archive”;

std :: ofstream file (filename, std::ios::binary | std::ios::trunc);

boost :: archive :: binary_oarchive oa(file);
oa << t << cycle;

for (const auto &itl : output_vector)
for (const auto &it2 : itl)
oa << it2;

}

DataOutBase:: VtkFlags flags(t,

cycle,

true,

DataOutBase :: VtkFlags :: best_speed );
data_out—>set_flags (flags);
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data_out—>write_vtu_with_pvtu_record (
”Qutput/” , name + ”"—solution”, cycle, mpi-communicator, 6);
5

if (asynchronous_writeback)

{

background_thread_state = std::async(std::launch::async, output_-worker);

else

{
}

output_worker ();

}
} // namespace Step69

int main(int argc, char xargv([])
{
try

{

constexpr int dim = 2;

using namespace dealii;
using namespace Step69;

Utilities ::MPI:: MPI_InitFinalize mpi-initialization (argec, argv);

MPI_Comm mpi-communicator (MPLCOMM WORLD) ;
MainLoop<dim> main_loop (mpi_-communicator);

main_loop.run ();

}

catch (std::exception &exc)

std::cerr << std::endl
<< std ::endl
<< 7 ”
<< std ::endl;
std:: cerr << ”Exception_on_processing:.” << std::endl
<< exc.what() << std::endl
<< 7 Aborting!” << std ::endl
<< ” ”
<< std ::endl;

return 1;

}
catch (...)

{

std :: cerr << std::endl
<< std ::endl
<< ” ”»”
<< std ::endl;

std :: cerr << ”Unknown_exception!” << std::endl
<< ”Aborting!” << std ::endl
<< ”» ”»
<< std ::endl;

return 1;

};
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A.3 Pseudocode for unsplit scheme

function UPDATE(Q,CFL,7)
d + 0 € RUIXHI
for alli € I do
for all j € I, \ {i} do
pr < p(Qs)
pr < p(Q;)
up < u(Q;) - mij
uy < u(Q;) - nyj
i p(Qi)
pr + p(Qj)
ap < \/pi/pi
ar < \/7pr/pr

— =1
p* <~ pr((al +ar — ’YTercf(u;: - U;’))/(al(pl/Pr) 2

A= —min(Mresu] — ag \/1 + 72—:1 max(p* — p;,0)/pi,0)

Ay + max(Merul — aT\/l + “/thl max(p* — py,0)/pr,0)

Adexp  Miermax(uy, u?) + 5max(a, ar)
Amax < min(max(A_, A+ ), Aexp)/ Mrer
dij A )‘maxHCij”
dii < dy; — dyj
end for
end for
T < CFL- miniel(mi/(—Zdii))
Q<+ Q
for alli € I do
for all j € I; do
Qi + Qi + - (Qjdi; — f(Qj)ciy)
end for
end for
return (Q,7)
end function
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