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Abstract

The physicists understanding of the world is based on fundamental
laws, from which all phenomena and even quantitative models can be
deduced. Attempts to translate this approach to biology led to a dead end.
It became clear that biology evolves differently, in more complex ways.
Biology may produce redundancy, the same signal may lead to different
outcomes. It turns out that the laws describing biological phenomena
themselves evolve in time.

One way out is guided by the fact that today one is able to collect the
vast amount of experimental data using modern measurement techniques.
All this data can be handled by today’s computers. It leads to a new
approach: to adapt the best physical model with free parameters, which
are then fit to the biological phenomenon at hand. This is a typical
question in the mathematics of inverse problem. In this article we describe
how the collaboration of mathematicians and biologists has the potential
to contribute to a better understanding of biological models, eventually
also suggesting experimental design and improving the predictive power
of biological models.

1 The Physicist Approach

Since Newton (17th century) physicists model natural phenomena using the
mathematics of differential equations. In physics, fundamental principles are
described by using the conciseness and the conceptual nature of the mathe-
matical language. It allows to model these phenomena and leads to a deeper
understanding.

Example 1. Newton’s laws exemplify this physicists point of view. Seemingly
unrelated phenomena, like the path of planets around the sun on the one hand
and an apple falling to the ground on the other hand were united by the physical
laws Newton set down. To write down his laws, Newton had to invent the
mathematical notion of a derivative. These laws hold in the realm that they
were intended for.
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Newton’s influence can be felt until today in physics in that there is an
underlying assumption that the fundamental principles (aka the laws of physics)
are unalterable, they have been here since the time of the microwave radiation
background and are here to stay. These principle may need to be refined (for
example general relativity generalizes classical mechanics), but this is just an
unearthing of more detailed fundamental principles. This possibly is the legacy
of Newton’s time, when it was implicitly understood that behind everything
there is a creator beyond our grasp.

The deep understanding physicists obtain from these fundamental principles
can then be translated to mathematical models that proof valuable in real world
applications as the following example from aerodynamics suggests:

Example 2. The flow around an aircraft is based in physical rules which are
reminiscent of Newton’s laws. They allow the engineers to design airplanes with
optimal properties. This allows to develop new airplanes in much shorter time-
scales than 100 years ago. This shows how eminently useful the physical view
point is.

An attempt to understand biological phenomena using this methodology has
only began in the second half of the 20th century. Before this time, biological
phenomena have traditionally been looked at phenomenologically or empirically.
The best example is medicine, where the focus is on finding recipes that lead to
an improved cure of a disease. This still is seen as the most time efficient way
towards treatment of diseases.

Towards the end of the 20th century there was a great hope that biology
would be the new physics. Finding fundamental principles of life has ever since
been the dream of biologists. If this were possible, it could lead to great progress,
as the following example from medicine illustrates.

Example 3. Nowadays, medical studies are often presented in a ’trial and
error’ setting. One example is the search for the optimal dosage of a drug from
dose-ranging studies [4, 17]. In such experiments, each test groups is given a
different dosage so to compare the effects. Not only are such studies extremely
expensive, they can also just test a certain (small) number of different dosages.

Assuming now that fundamental principles of how the drug interacts with
the cells of the human body were known, they could - as in physics - be utilized
to derive quantitative models. These models could predict the effect of the drug
on the human body.

Not only could simulations then partially replace studies with test subjects -
cutting down the costs of such studies dramatically, if only a verification of the
model results on test subjects is needed - but in a next step this could also lead
to personalized drug dosages and treatment approaches, if the model is adapted
to body parameters of the patient. This would be a step towards personalized
medicine.

After attempting to use the physics approach in biology, finally hopes have
been dashed. What happened? One has not been able to make inroads along
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this path. Even trying to understand the movement of a bacterium on a funda-
mental level seems not to be possible. Different species operate according to very
different principles. The fundamental obstacle which makes biological phenom-
ena elude “eternal” principles seems to be that biology is constantly evolving.
The Darwinian evolution of life takes natural phenomena along different paths
in time, depending on their environment. It is as though we are trying to find
underlying principles that evolve in time in a very complicated way. Evolution
for instance favors redundancy of systems in DNA [13], receptors [16] etc. in
order to avoid malfunction when one type fails. This completely takes us out of
the realm of the physicists way of thinking.

2 A New Way of Thinking

So how do we come out of this seeming dead end? What is coming to our aid
today are rapidly evolving biological experimental apparatuses that measure
biological phenomena. We have an ever increasing amount of experimental data,
data that we have not had access to before. With the help of computers this
information can be stored and handled with ease. This can now be leveraged
to model biological phenomena.

So given a biological phenomenon, today’s approach is to begin with the
best models that physics can offer. As explained above, physical models can
not describe biology well, because they stick to fixed laws of physics, whereas
the laws of biological phenomena evolve in time depending on the environment
they are in. In order to bridge this gap, one endows the physical law that
attempts to describe biology with additional parameters in a clever way. Given
a biological phenomenon at a certain time in a certain environment, one can then
try to find the parameters in the physical model that do a good job describing
the given biological phenomenon. Casually speaking, one takes a detour around
the fundamental principles and directly tries to find a good quantitative model.
This process is summarized in figure 1.

Figure 1: Modeling of biological systems: Take a physical model explaining the
underlying mechanism, equip it with free parameters which are fitted to the
phenomenon with available data.
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These models are somewhat inflexible as they lack the knowledge from fun-
damental principles. Only by considering the biological system at a different
time e.g. the system might have evolved and the model might not be a good
fit any more. It would be necessary to fit a new model to this new situation by
adapting the parameters again and possibly even choosing a different underlying
physical model. Model adaption seems to be an ongoing task in this approach.

So how are these parameters determined? Here we use the experimental data
mentioned above. Currently mathematical techniques are under development
that do two things. Firstly they determine, using theoretical mathematical
concepts, if it is at all possible to recover the parameters from the data, i.e. if
the data contains enough information on the parameters. Secondly they develop
numerical methods (this turns the theoretical result into practical methods that
can be used on a computer) which, in case the parameters can be determined,
then find these parameters from the large available data set. Here also machine
learning (artificial intelligence) techniques can be leveraged. Such mathematical
techniques also lead to findings that affect future experimental design.

In this article we shall illustrate the mathematical approach with the exam-
ple of chemotaxis. It refers to mechanisms through which cells can move in re-
sponse to an external (usually chemical) signals. New mathematical techniques
allow to model the response of bacteria to external signals from measurements
of biological experiments. The results can be used for predictions and model
verification.

3 A Kinetic Chemotaxis Model

In biology, the ability to move autonomously and to react to external stimuli
represent two of the characteristic features of life. When the movement is trig-
gered by a chemical signal, this phenomenon is described as chemotaxis. Various
forms of chemotaxis were developed in different species [20]. One of the earli-
est can be found in flagellated microorganisms such as E.coli bacteria, whose
movement constitutes a run-and-tumble process. By adapting the direction of
rotation of their flagella, these organisms change between two alternating types
of movement: running along a straight line or stopping in order to turn into
another direction (tumbling), see Fig. 2
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Figure 2: E. coli have flagella which allow them to move in all directions. Clock-
wise rotation of flagellar motors results in random re-orientation for the bac-
terium, but counter-clockwise rotation produces approximate straight-line mo-
tion. Thus one says they run and tumble.

The chemical signal enters into this process by changing the frequency of
tumbling [2, 11]. If the chemical has an attracting effect to the bacteria, a rise in
its concentration will result in a decline of the tumbling frequency - the bacteria
already run towards the source. By the same logic, bacteria running along a
decreasing chemical signal, will tumble more frequently in order to change into
a more favorable direction.

Phenomenologically, this behavior is well understood. First models date
back to the 1980s [18, 1, 14] and use a kinetic description of the evolution of
the population density of bacteria f(x, t, v) as a function of space x ∈ R3, time
t ∈ [0, T ] and velocity v ∈ V of the individual bacteria. Given a fixed and
a-priori known chemoattractant concentration c(x) the model reads:

∂tf + v · ∇f =

∫
V

K(x, v, v′)f(x, t, v′)−K(x, v′, v)f(x, t, v) dv′ (1)

f(x, t = 0, v) = φ(x, v),

where bacteria start at a given initial condition f0(x, v) at time t = 0. This
model is a one-to-one translation of the run-and-tumble movement to mathe-
matical language:

• The left hand side of (1) describes a movement along a straight line with
velocity v - the running - whereas the right hand side accounts for the
tumbling.

• Bacteria from another velocity v′ are subject to tumbling at x and change
to velocity v with probability K(x, v, v′). For f(x, t, v), this describes a
statistically gained of size

∫
V
K(x, v, v′)f(x, t, v′) dv′ for all other velocities

v′.
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• On the other hand, some bacteria from f(x, t, v) tumble into other veloc-
ities v′ with probability K(x, v′, v) and thus constitute the negative loss
term −

∫
V
K(x, v′, v)f(x, t, v) dv′ on the right hand side.

In the following, we call K the tumbling kernel and note that the x dependence
is explained by the effect of the chemoattractant concentration on the tumbling
frequency.

This means, we use a physical model describing the law of movement (1)
of alternating phases of running and tumbling. The model has a free parame-
ter K to be adapted to the current situation: the currently observed bacteria
colony, the current chemical signal, the current environment etc.. After fitting
the model, it allows quantitative studies of the phenomenon at hand including
predictions of future movement. Such predictions are of interest in other bio-
logical contexts e.g. in modeling the spread of a disease [9] or in applications
in bioreactors [19]. Notice that numerical simulations of such models can be
used to verify or reject an underlying physical model when compared to real
experiments.

On the other hand the design of experiments can be inspired by findings from
numerical simulations of these models: a computer simulation might e.g. suggest
an unexpected behavior for a specific experimental setup. If this is verified by
real world experiments, new insight into bacterial motion might be gained. For
an example from the field of astrophysics, where numerical experiments lead to
observation campaigns, see here [12]

4 Fitting the model

Fitting the model, so that it corresponds to finding K, is in fact not an easy
task. In biology, there are no fundamental principles on its relation to the
chemoattractant concentration or the environmental geometry. For some special
cases, empirical formulas for K exist, but they still include unknown parameters
[5, 15, 3, 1]. Because direct measurements are not possible, biologists usually
perform experiments and reconstruct the tumbling kernel from measurement
data on the bacteria density [6]. This constitutes an inverse problem.

One typical difficulty is that measurements of kinetic type f(x, t, v) are
barely feasible, as they are very expensive and require special equipment. In-
stead, it is more common to measure the macroscopic bacteria densities ρ(x, t) =∫
V
f(x, t, v) dv [8, 10]. The lack of v dependence in the measurement, however,

can be problematic when reconstructing K(x, v, v′).
This is where mathematics comes into play. The field of parameter identifi-

cation in partial differential equations by means of large data and multiple scales
(an evolution of the mathematical field of inverse problems) is rapidly evolving.
It gave birth to certain mathematical tools such as the singular decomposition
were specifically designed for kinetic inverse problems.

This tool helps us to show that the reconstruction is possible without a-
priori assuming a certain shape of K [7]. We will illustrate its application in
the following. For details, we refer to [7].

6



Idea: The idea is to decompose the density f(x, t, v) of all bacteria into parts
that have different regularity and make this regularity visible by inducing sin-
gular initial data φ to (1). In our setting this corresponds to (approximately)
letting all bacteria start at the same point in time running in the same direction.
The explicit reconstruction strategy then makes use of a specifically designed
series of experiments with prescribed experimental geometry to single out that
part of the bacteria density that we can use to reconstruct K.

Experimental Setup: We (approximately) prescribe the initial location xi of
all bacteria as well as their initial velocity vi at time t = 0 - this corresponds to
imposing a singular initial condition φ(x, v) ≈ δvi(v)δxi

(x). The measurements
are taken at time tm at location xm.

We can have a look on how this specific setup influences the different parts
of the solution.

Decomposition: We decompose f(x, t, v) = f0(x, t, v)+f1(x, t, v)+f≥2(x, t, v),
where the different parts have the following meanings:

• f0 denotes the part of bacteria that did not tumble up to time t. This
part sustains the singularity of the initial data φ: Not tumbling means
the bacteria will not change their direction but only run along a straight
line in initial direction vi, so all these bacteria can be found at the point
xi + vitm after time tm. During their path a certain fraction of bacteria
will tumble for a first time which constitutes a loss in f0. We denote the
percentage lost between two points x and y by L(x, y).

• f1 collects those bacteria that tumbled exactly once up to time t. It
already possesses some regularity: by tumbling, i.e. changing the direction
of travel, the bacteria leave their path on the straight line xi + vit in
different directions. The initial point of density is fanned out.

• f≥2 is the remainder, all bacteria that tumbled two or more times up to
time t. This part is the most regular, since more frequent tumbling will
smooth out the solution even more.

By picking a specific experimental geometry, we will be able to distinguish the
measurements originating from the different parts of the bacteria density:

4.1 Measurement of f0

Choosing xm = xi + vitm, we can show that we will only observe bacteria from
f0 that did not tumble before in the measurement. An intuitive explanation is
that the bacteria that did tumble in the meantime left the direct path from xi
to xm at some point and ran into another direction for some time. They lost
this time to run in the right direction towards xm, so within the measurement
time tm, they will not be able to reach xm any more. From the measurement
of f0, we can directly observe the percentage L(xi, xi + vitm) of bacteria lost
between xi and xi + vitm.
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4.2 Measurement of f1

Now take the measurement at location xm = xi + vis+ v′(tm− s) with s = λtm
for some prescribed λ ∈ (0, 1), v′ ∈ V \ {vi}. Because the measurement location
is not xi + vitm, we will not observe bacteria from f0 that simply ran straight
with velocity vi. What we will observe are bacteria from f1 and from f≥2 that
did tumble at least once.

Because the bacteria from f≥2 were subject to 2 or more tumblings, we
will not be able to distinguish the values of the single tumbling kernels from
their measurements. So we cannot use this part of the measurement to obtain
information on K.

This is different for f1, that tumbled exactly once. Some basic geometric
considerations even show that for all observed bacteria from f1 this single tumble
takes place at same time s and location x̂ = xi + vis that is prescribed by the
experimental geometry. The velocity always changes from vi to v′, see figure 3.

Given this insight, we can derive an exact formula for the part of the mea-
surement for which the bacteria tumbled exactly once up to time tm:

ρ1(xm, tm) =

∫
V

f1(xm, tm, v) dv = L(xi, xi+vis)K(xi+vis, v
′, vi)L(xi+vis, xm).

Now assuming we know L(xi, x̂) and L(x̂, xm) from previous experiments as in
subsection 4.1, we can readily read off the value of K at the tumbling point
(x̂, v′, vi) from this measurement.

The only problem is that our measurement not only observe the bacteria f1
that tumbled exactly once, but potentially also some that tumbled more fre-
quently. We thus cannot simply retrieve ρ1(xm, tm) from the full measurement
ρ(xm, tm). At this point we use an additional mathematical trick, we shrink the
experiment in a clever way(for details, see [7]). This is of great use as we can
show that in this setting we will not observe bacteria from f≥2 in the measure-
ment. That means we can reconstruct K(xi + vis, v

′, vi) from the measurement

ρ(xm, tm) = ρ1(xm, tm) = L(xi, xi + vis)K(xi + vis, v
′, vi)L(xi + vis, xm).

This is stunning, given that we did not restrict the tumbling to happen
exactly once or even follow single bacteria and count their tumblings as a mea-
surement. Solely by construction of our experimental setup, we were able
to single out that fraction of bacteria in the measurement that we needed
for the reconstruction. Even more, we know that although the measurement
ρ(xm, tm) =

∫
V
f(xm, tm, v) dv sums up bacteria possibly running in any direc-

tion, we will only observe those eventually running in direction v′. The setup
thus serves to win back the v dependence in the measurement.

In total, this show that a pointwise reconstruction of the tumbling kernel
K(x̂, v′, vi) using these kind of measured data is theoretically possible.
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Figure 3: The ellipse with focal points xi, xm and radius tm determines possible
points where one tumbling might happen in order to run from xi to xm in time
tm. As vi is given, the unique tumbling point is the intersection of the half line
starting at xi in direction vi with this ellipse.

Because we propose an explicit reconstruction formula, an application to ex-
perimental practice is imaginable. In particular, the specific geometrical settings
used in the proof might inspire real world experimental design. In that case,
suitable algorithms for the numerical reconstruction are required which opens
another field for collaboration between mathematicians and practitioners. The
numerical techniques contain machine learning tools.

These collaborations between mathematicians and experimentalists, together
with an increasing available computational power, have the potential to over-
come the lack of fundamental principles in biology. Thinking further ahead, the
quantitative approach might help finding fundamental principles (if they exist)
by adding a new dimension to the understanding of biological phenomena.

Coming back to the example 3 of drug dosage in of medicine, we observe
that this is also an inverse problem: the aim is to find the dosage causing a
prescribed effect - treating the disease without causing harm to healthy tissue.
These are just two examples that show how widespread inverse problems are in
applications.

Just imagine that a similar machinery as presented above could be applied
to the drug dosage. Mathematicians could work together with pharmacists.
Adapting a reasonable physical model to the problem, they might be able to
recover the optimal drug dosage numerically. Test subject studies would then
only serve for verifying the model output and could be conducted with smaller
test groups. This would result in a significant decline of study costs and could
also improve the ethical aspect of such studies: not only are fewer people exposed
to a new untested drug, but for those who are, the dosages should be more
effective according to the model.
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5 Conclusion

Finding models using the mathematical language in biology is difficult when
relying on principles of physics, because biology and its rules change under
evolutionary pressure. We suggest a way out by adapting the laws of physics
to this changing environment. This adaption is done by endowing the rules
with free parameters to be determined by experimental data from biology. The
combination of

• the availability of ever expanding experimental measuring techniques

• the ability of computers to handle this data easily

• new mathematical techniques that are an evolution of classical mathemat-
ical inverse problems

• using machine learning methods for efficient computations

allow one to find models for biological phenomena. These are models that are
adapted to the evolutionary character of the ever changing underlying rules that
describe biological phenomena.
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