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Abstract

In this paper we consider the isentropic compressible Euler equations in two
space dimensions together with particular initial data. This data consists of two
constant states, where one state lies in the lower and the other state in the upper half
plane. The aim is to investigate whether there exists a unique entropy solution or if
the convex integration method produces infinitely many entropy solutions. For some
initial states this question has been answered by Feireisl and Kreml (J Hyperbolic
Differ Equ 12(3):489-499, 2015), and also Chen and Chen (J Hyperbolic Differ
Equ 4(1):105-122, 2007), where there exists a unique entropy solution. For other
initial states Chiodaroli and Kreml (Arch Ration Mech Anal 214(3):1019-1049,
2014) and Chiodaroli et al. (Commun Pure Appl Math 68(7):1157-1190, 2015),
showed that there are infinitely many entropy solutions. For still other initial states
the question on uniqueness remained open and this will be the content of this paper.
This paper can be seen as a completion of the aforementioned papers by showing
that the solution is non-unique in all cases (except if the solution is smooth).

1. Introduction

1.1. Basic Notions

We consider the 2-dimensional isentropic compressible Euler equations

dp +divy(pv) =0,

1.1
i (pv) +divy(pv®v)+ V, [p(p)] =0, (1

where the density p = p(f,x) € RT and the velocity v = v(t, x) € R? are
functions of the time ¢ € [0, 0o) and the position x = (x1, x2) € R2.

Additionally we consider the polytropic pressure law p(p) = K p¥ with a
constant K € R and the adiabatic coefficient y = 1. In particular p”(p) = 0 for
all p > 0, i.e. p is a convex function.
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We are interested in solutions to the Cauchy problem consisting of the Euler
system (1.1) and the initial data

p(0, x) = po(x),

v(0, x) = vo(x). (1.2

First we will clarify what we understand by the notion “solution”.

Definition 1.1. (weak solution) A weak solution to the Cauchy problem (1.1), (1.2)
is a pair of functions (p, v) € L*([0, 00) x R2, R* x R2) such that for all test
functions (¥, ¢) € C°([0, 00) x RZ, R x R2) the following identities hold:

/ / (pazw+pv-Vx1/f)dxdt+/ po(x) ¥ (0, x)dx = 0,
0 R2 R2
/ /z(pv~8t¢+pv®v:Dx¢+p(p)divx¢)dxdt
0 R
+/ po(x) vo(x) - (0, x)dx = 0.
R2

Let ¢ denote the internal energy which is given by p(p) = 02 €' (p). In the case

of polytropic pressure law one gets e(p) = Kyp_yl_] if y > 1 and e(p) = K log(p)

Definition 1.2. (admissible weak solution or entropy solution) A weak solution is
admissible if for every non-negative test function ¢ € C2°([0, 0o) x R?, Ra' ) the
following inequality is fulfilled:

o0 lv)2 Jv]?
/ f ((pe(p)+p—> 0 + (ps(p)er—+p(p))v-Vx<p>dxdt
o Jr2 2 2

2
o) )(p(O,x)dx > 0.

+ / (po(x) e(po(x)) + po(x)
RZ

1.2. Initial Data Considered in This Paper

We consider initial data of the following type:

p— ifxy <0

p(0, x) = po(x) 1= {p+ ifx >0

1.3
v ifxy <0 (13)

v(0, x) = vo(x) := . s
©,x) 0(x) { vy ifx; >0

where p+ € RT and vy € R are constants. We denote the components of the ve-
locities as v_ = (v_1,v_2)7, resp. vy = (vy 1, v42)”. Furthermore, we suppose
that v_ | = v 1, which means that the component of the velocity which is parallel
to the discontinuity is equal on both sides of the discontinuity. In other words the
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Fig. 1. Initial data considered in this paper

problem under consideration is a one-dimensional Riemann problem extended to
two dimensions.

The initial data is illustrated in Fig. 1.

Solving the one-dimensional Riemann problem that corresponds to problem
(1.1), (1.3) and extending the solution to two space dimensions yields an admissible
weak solution to the two-dimensional problem (1.1), (1.3). We will denote this
solution as standard solution.

Proposition 1.3. (see [4, Lemma 2.4]) Let p+ € RT and vy € R? be given con-
stants, where v_1 = vy 1. Then:

L If

p— r p+ r

U+2_v_2>/ \/p( p(
then the standard solution to the problem (1.1), (1.3) consists of a 1-rarefaction
and a 3-rarefaction. The intermediate state (py, Yy 1, Yy 2) IS a vacuum state,
ie. PM = 0.

2. If

< V42 — V-2

/P+ —\/m dr
,

'/-/L W /p+ \/W

then the standard solution to the problem (1.1), (1.3) consists of a 1-rarefaction
and a 3-rarefaction. The intermediate state (ppr, Va1, Uy 2) is given by

pm < min{p—, p+},

P- \/P(V P+ p'(r)
Uy — V3 = dr,
oM oM r
UMl =V =41,

!
-
szzv_2+f p()dr.
oM r
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3 If

r

/ﬂ+ VP

—dr‘ =Vi0—V_2,

then the standard solution to the problem (1.1), (1.3) consists of one rarefaction.
More precisely this rarefaction is a 1-rarefaction if p— > py and a 3-rarefaction

if p— < p+.
4. If p— > p4 and
~ \/ (0= r) (P00 =p00) /p, NG
P— P+ P r

then the standard solution to the problem (1.1), (1.3) consists of a 1-rarefaction
and a 3-shock. The intermediate state (ppr, Vi1, Vm2) is given by

+

P+ < PM < P—;

p— [
v+2—v_2=/ ) dr
o

r

M

s

B \/(PM —04) (Plom) — p(p4))

oM P+
UMl =V = V40,
-/ /r
vM2=v_2+/ p()dr.
oM r

5. If p— < py and

_— ) — P+ /
~ \/ (o= r) (P00 =p00) / NG
p— P+ r
then the standard solution to the problem (1.1), (1.3) consists of a 1-shock and
a 3-rarefaction. The intermediate state (py, Yy 1, Uy 2) is given by

P— < pM < P+,

PP \/(PM —p=) (p(om) — p(p-))
r

oM P—

Vyp — V-2 =

’

oM

UMl =V = V4,

\/(PM — p-) (p(om) — p(p-))
VM2 = V2 —
oM P

6. 1If

9

\/(p —p4) (=) — p(p3))
Vy2 — V-2 = —

o— P+
then the standard solution to the problem (1.1), (1.3) consists of one shock. More
precisely this shock is a 1-shock if p— < p4 and a 3-shock if p— > p4.
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7. If

’

Vi2 — V-3 < —\/(p‘ — p1) (P(o-) — p(p1))
p— P+

then the standard solution to the problem (1.1), (1.3) consists of a 1-shock and
a 3-shock. The intermediate state (ppr, Va1 1, Uy 2) IS given by

pp > max{o—, p+},

B \/(PM — p+) (Plom) — p(p4))
Vp2— Vo= —
oM O+

- \/(PM —p-) (plom) — p(p-))

’

oM P—

UMl =V-1= V41,

B \/(PM —p-) (plom) — p(p-))
UM2 =v_n —
pM p-

In each case the standard solution is admissible.

Proof. We don’t want to present the whole proof here, but we are going to say few
words about it. We have to solve the one-dimensional Riemann problem
9 p + 0xy (P v2) =0,
0 (pv1) + Oy, (P vy v2) =0, (1.4)
3 (pv2) + By (0 V3 + P(0) =0,

- ifxp <0
p(0, x2) = {,0+ ifxy >0
i 0 (1.5)
s ifxn <
v(0, x2) = {v+ ifx,>0"

where the unknowns p = p(¢, x2) € Rt and v = v(z, x2) € R? are now functions
of the time ¢ € [0, co) and the position x, € R. Additionally we want the following
admissibility condition to be true:

v)? v)?
Or (p e(p)+p 7) + sz((p ép) +p—-+ p(p)>vz> =0. (1.6

It is well-known that there exists a weak solution to (1.4), (1.5), (1.6) which
consists of shocks, rarefactions and contact discontinuities. By well-known methods
(see textbooks, e.g. the ones by DAFERMOS [6, Chapters 7-9] or LEVEQUE [10,
Chapters 13, 14]) one can compute this solution and one ends up with the seven
cases in Proposition 1.3. Parts of Proposition 1.3 together with a proof can be found
in [4, Lemma 2.4], too. O
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Table 1. Results on uniqueness of the standard solution to problem (1.1), (1.3)

Standard solution Case in Solution Reference
consists of Proposition 1.3 unique?
Two rarefactions with vacuum 1 Yes 2]
Two rarefactions, no vacuum 2 Yes [2,9]
One rarefaction 3 Yes [2,9]
1-Rarefaction, 3-shock 4 No Theorem 5.4,
one example in [3]
1-Shock, 3-rarefaction 5 No Theorem 5.4,
one example in [3]
One shock 6 No Theorem 6.2
Two shocks 7 No [4]

The aim is to check if the standard solution is unique or if there are other
admissible weak solutions. This question on uniqueness concerning admissible
weak solutions to problem (1.1), (1.3) has been discussed in previous papers. The
results are summarized in the following theorem:

Theorem 1.4. Let p+ € RT and v+ € R? pe given constants, where v_1 = v 1.
Table 1 summarizes the results on uniqueness of admissible weak solutions. In the
cases where the solution is not unique, there are even infinitely many admissible
weak solutions.

For an exact proof we refer to the given references. What we want to do here is
to describe the basic ideas of the papers cited in the table above.

If the standard solution is continuous, i.e. it consists only of rarefactions, it is
unique. To prove this uniqueness CHEN and CHEN [2], and independently FEIREISL
and KReEML [9] use a relative entropy inequality.

If the standard solution consists of two shocks, CHIODAROLI and KREML [4]
showed that there are infinitely many other admissible weak solutions. In other
words the standard solution is non-unique in this case. To prove this they apply the
method of convex integration, which was developed by DE LELLIS and SZEKELYHIDI
[7,8] and leads to infinitely many admissible weak solutions, called wild solutions.

Similar techniques are used by CHIODAROLI et al. [3] to show that for one
particular example of initial states, to which the standard solution consists of one
shock and one rarefaction, there are infinitely many other admissible weak solutions.

The cases where the initial data is such that the standard solution consists of
just one shock or one shock and one rarefaction (apart from the particular example
in [3]) remain open and will be covered in this paper. To show non-uniqueness we
will use the same strategy as in [4] and [3], where the crucial point is to work with
an auxiliary state.

Remark 1.5. We want to add some words on the pressure laws used in the above
references.

— CHEN and CHEN [2] write that their results hold for the same pressure law as we
consider but with y > 1. However it is possible to use y = 1 since they only
consider non-strict inequalities.
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Fig. 2. Fan partition

— FEIREISL’s and KREML’s [9] results hold for any convex, strictly increasing C'-
pressure function. Hence for our pressure law, too.

— CHioDAROLI and KrREML [4] use our pressure law with K = 1. However their
results are true for any K > 0.

Remark 1.6. The case v_1 # vy is not considered in this paper. First results on
the question on uniqueness of admissible weak solutions in this case can be found
in [1].

2. A Sufficient Condition for Non-uniqueness

This section is a summary of results by CHIODAROLI et al. [3,4], which are used
to show non-uniqueness. We will use their results in this paper, too. We choose to
cite [4], but the same definitions can be found in [3], too.

2.1. Definitions

Definition 2.1. (fan partition, see [4, Definition 4]) Let ;9 < w1 real numbers. A
fan partition of (0, co) x R2 consists of three open sets P_, Py, P; of the form

P_={(t,x):t>0and x3 < uot},
Pr={(t,x):t>0and uot < xo < uyt},
Py ={(,x):t>0and x; > ut},

see Fig. 2.

We need to introduce the following notation. The set of real 2 x 2 matrices
which are symmetric will be denoted as S>*2, whose subset of symmetric traceless
matrices is called ngz' In addition to that we write Id for the 2 x 2 identity matrix
and 1p for the indicater function on P.
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Definition 2.2. (admissible fan subsolution, see [4, Definitions 5 and 6]) An admis-
sible fan subsolution to the Euler system (1.1) with initial condition (1.3) is a triple
(P, v,7) : (0,00) x R? - (Rt x R? x ngz) of piecewise constant functions,
which satisfies the following properties:

1. There exists a fan partition of (0, 0o) x R2 and constants preRT, v € R2 and
u € ngz, such that

N Jvi ?
(. v, 1) = 'E{Z:H <pi, vi, v @ v — ——1d ) 1p + (o1, vi, ) 1,
ey,

where p4, v+ are constants given by the initial condition (1.3).
2. There is a constant C; € R* such that!

C
v @V — uj <711d.

3. For all test functions (¢, ¢) € C2°([0, 00) X R2, R xR2) the following identities
hold:

| [ @a+ o5 vanacdrs [ meowo.xdx =0,
0o Jr2 R?

/ f [55-3z¢+ﬁ<(i®ﬁ)lpUP++M11P1> : Dyop

0 R2

+ (P(ﬁ) + %,01 Ci 1P1> diVx¢]dx dr + /RZ po(x) vo(x) - (0, x) dx = 0.

4. For every non-negative test function ¢ € C2°([0, co) x R?, Rg’ ) the inequality

/OO/ —g(‘)+l‘(|v|21 o1 ) 9
)| (Pe@ 45 pup, +Cilp ) ) dp

1
+ (58(5) + p(p) + Eﬁ (le 1p_up, +C 1P1>> v- szﬁ]dx ds

luo(x)?
2

+ /R2 £0(x) <8(/00(X)) + ) ©0,x)dx =0

is fulfilled.

1 Here we have an inequality of matrices, which is meant in the sense of definiteness. That
means, that A < B for A, B € S2%2,if B — A is positive definite.
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2.2. The Condition

It turns out that the existence of an admissible fan subsolution implies existence
of infinitely many admissible weak solutions.

Theorem 2.3. (see [4, Proposition 3.1]) Let (p+, v+) be such that there exists an
admissible fan subsolution (p, v, u) to the Cauchy problem (1.1), (1.3). Then there
are infinitely many admissible weak solutions (p, v) to (1.1), (1.3) with the following
properties:

—pP=0

—v(t,x) =v(t, x) for almost all (t,x) € P_ U Py,

— |v(t, x)|? = C| for almost all (¢, x) € Pj.

For the proof we refer to [4].

3. The Algebraic Equations

Because of Theorem 2.3 it suffices to show existence of an admissible fan
subsolution in order to prove existence of infinitely many admissible weak solutions.
In order to construct an admissible fan subsolution we translate Definition 2.2 into
a system of algebraic equations and inequalities for a set of unknown values. The
following propositions can be found both in [4] and [3]:

Proposition 3.1. (see [4, Proposition4.1]) Let p_, p+ € RY, v_,vy € R2 be given
(see initial condition (1.3)). The constants jig, t1 € R, p; € RT,

v u u
v = 11 c R2’ up = 111 112 c S§X2
V12 Uri2 —ui11

and Cy € R™ define an admissible fan subsolution to the Cauchy problem (1.1),
(1.3) if and only if they fulfill the following algebraic equations and inequalities:

— Order of the speeds:
Ho < [1; (3.1

— Rankine Hugoniot conditions on the left interface:

Ko (p— — p1) = p—v—2 — pP1 V12 (3.2)
mo (P—v—1 = pP1VI1) =P-V_1V_2 — PrUI12 (3.3)
Cy

1o (p—v_2 — prvi2) = p_v:, 4 pruri + p(p-) — p(p1) — pi >

(3.4
— Rankine Hugoniot conditions on the right interface:

1 (p1 — p4) = p1VI2 — P4 V42 (3.5)
M1 (PLVIT — Py V1) = PLULI2 — Py Vp1 V42 (3.6)

Cy
w1 (P1V12 — P+ V42) = —pPrUIll — P+ Uiz + p(p1) — p(o+) + o1 5

3.7)
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— Subsolution condition:
vl 403, < Cy (3.8)

C C
<71 — i +u111><71 — v}, —u111> — (2 —vi1v12)* > 0; (3.9)

— Admissibility condition on the left interface:

lo_? Ci
o | p—e(p-) + p- > —ma(m)—m?
lu_|?
< (o= e(o=) + p(p=)) v_2 — (p1&(p1) + P(PD)) vi2 + p—v_2 5
C
—prviz (3.10)

— Admissibility condition on the right interface:

C g |?
M1 018(p1)+p17—p+8(p+)—p+ >

C
< (pre(or) + pon) viz — (o4 (o) + p(p3)) vi2 + p1 12 71

2
[v4 ]

2

= P+ V42 (G.1D

Remark 3.2. The above Proposition 3.1 holds even if v_| # v 1.

The equations and inequalities in Proposition 3.1 can be simplified further if
v_1 = v4 1, which is the content of the following proposition:

Proposition 3.3. (see [4, Lemma4.4]) Let p_, py € RY, v_, vy € R withv_| =
v4 1 be given (see initial condition (1.3)). There exists an admissible fan subsolution
to the Cauchy problem (1.1), (1.3) if and only if there exist constants [Lo, 41 € R,
o1 € RY, vi2 e Rand 81, 8> € R such that the following algebraic equations and
inequalities hold:

— Order of the speeds:
1o < [A1; (3.12)
— Rankine Hugoniot conditions on the left interface
o (- — p1) = p—v—_2 — p1 V12 (3.13)
1o (p—v—2 = p1v12) = p— v 5 = p1 (V]2 +81) + plp-) — p(p1); (3.14)

— Rankine Hugoniot conditions on the right interface

w1 (P1 — p+) = P1V12 — P4+ V42 (3.15)
11 (p1v12 — pi vi2) = p1 (v, +81) — py v2, + plp1) — plos); (3.16)
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— Subsolution condition

5 >0 (3.17)
8 > 0; (3.18)

— Admissibility condition on the left interface

(12 —v-2) <p(P—) + p(p1) —2p— p1 w)

p— — pi
p—p1 (V12 —v_2)
< 81p1 (vi2+v-_2) — (81 4 82) ; (3.19)
p— = p1
— Admissibility condition on the right interface
e(p1) —e(pg)
(V42 —vi2) (p(m) +plpy) —2p1 pp —————
P1 — P+
p1 p+ (V42 — V12)
< =81 p1 (Vg2 +012) + B1 +8) ———— . (3.20)
p1— P+
4. Lemmas
Later on we will also need the following lemmas:
Lemma 4.1. (see [4, Lemma 2.1]) For all p— # p4, p+ > 0 it holds that
e(p4+) —e(p-)
p(p-) + plps) — 2 p- pr ———=2 > 0. (@.1)

P+ — pP—

Proof. The lemma is proved by CHIODAROLI and KREML [4, Lemma 2.1]. They
show the result for the pressure law p(p) = pY, where y = 1. In other words
K = 1. However (4.1) is also true for the more general pressure law p(p) = K p?,
where K >0andy =2 1. O

Lemma 4.2. For all p— < p4 the following inequality is fulfilled:

SRTICINS \/ (o — p) (p(p=) — p(p))
B

P— P+

4.2)
p—

Proof. First we consider the case y > 1. In this case the integral can be computed
to

o+ [ 2
[ AL v (\/P/(,O+) —~ \/P/(,O—))~

r
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Hence the equation (4.2) turns into

2 (VP o) = V() < \/(p‘ — ) (p(o-) — plpy)
y—1 - .

P— P+

Because p”(p) > Oforall p > Oand y > 1, p’ is increasing. Hence both sides
of the above inequality are positive and therefore it is equivalent to

_ 4
(y — 1)?

Remember that p(p) = K p¥ and p’(p) = K y p¥~!. Divide the inequality

)2 _-—prs) (=) = plpy))

(\/P (p+) — /P (=) P

above by K and pf_l, and define z := Z—j:

(3/4_—)/1)2(0/1 —QZVT_1+1) < %(2_1)(ZV_1).
Let
4 v
f@= =D E == o (-2 ),

then it is sufficient to prove that f(z) > 0 forall z > 1. Itis easy to recalculate that
4y

(y —1)?

f@Q=yZ ' +e@-Dyy - Ty

f@=c"-D+@e-Dy ™ - (v =+ 1T +1),

4)/ _ ]/—1 v=3
S A B S 1 2)
(y_1)2(”(” )z r+1)——z
=3 - 1 2
e [ (- ) 2
y—1 y—1
>0 =:8(2)

Finally

-1 y=3 +1 y=1
g = Y 2" (z— y_) +2772

2 y —1
1 =3
= v+ ZL(Z—I) > 0,
2
which implies with g(1) = 0 that g(z) > 0 for z > 1. Hence f”(z) > 0 and with
f'(1) = f(1) = 0 we obtain the wanted property f(z) > 0 forall z > 1.
It remains to consider the case y = 1. Here we have to show that

L (p+> [+ [p-
ogl — ) <. /—— .| —.
- p- P+

This inequality can be proved by similar methods, which we leave to the
reader. O
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Lemma 4.3. For all p— < py < p4 the following inequality is fulfilled:

\/(PM —p-) (plom) — p(p-)) - \/(m — =) (p(py) — p(p))

P PM P— P+

4.3)

Proof. 1t suffices to show that

(om — p=) (PCom) — p(p-)) _ (2 = p=) (P(p2) — p(p-))
oM P P2 p—

k]

which is equivalent to

11 1 1
(— - —) (pCom) = p(p-)) < (— - —) (P(p2) = p(p-)).
p— P

o—  PM

Since p_— < py < pz and p is strictly increasing, we obtain

1 1 1 1
0 < plom) —plp-) < p(p2) —p(p-) and 0< ——— < —— —,
P—  PM p— P2

and therefore the desired inequality (4.3). O

5. The Standard Solution Consists of a Shock and a Rarefaction

Now we are ready to begin with the main part of this paper.

Remark 5.1. Because of the rotational invariance of the Euler system, it is enough
to consider the case where the standard solution consists of a 1-shock and a 3-
rarefaction. If it is the other way round, we just rotate the coordinate system 180
degrees to obtain a new initial data

(o— new> V—new) = (04, —V4)

5.1
(P4 new» V4 new) = (p—, —v_). G.1

Note that the sign of the velocities changes during this transformation. In view of
Proposition 1.3 it is easy to check that the standard solution to the problem with
rotated initial data (5.1) consists of a 1-shock and a 3-rarefaction.

Let the initial values p+ € RT and vy € R2 be such that the standard solution
consists of a 1-shock and a 3-rarefaction. By Proposition 1.3 this means, that

p— < p+ and

/(p— — 01) (p(p-) — p(py)) /P+ P'(r) (52)
— <UVi2—v_p < dr.
P— P+ P r
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5.1. Existence of Admissible Fan Subsolutions

It was shown by CHIODAROLI et al. [3] that for one explicit example there
exists an admissible fan subsolution and hence infinitely many admissibel weak
solutions. Unfortunately there exist other examples where there are no admissible
fan subsolutions, in other words, where we can not simply introduce a wedge with
wild solutions. However we won’t prove this here, since we want to show the
existence of infinitely many admissible weak solutions for all examples of initial
states that fulfill (5.2). To achieve this, we need to slightly modify the approach in
[3].

First of all we want to find a criterion which tells us whether an admissible
fan subsolution to given initial states, that fulfill (5.2), exists or not. In order to
do this we will rearrange the equations and inequalities in Proposition 3.3. The
latter proposition says that we have to find six real numbers that fulfill a set of four
equations and five inequalities. As in [4] the idea is now to choose two parameters
and try to express the other four values as functions of these parameters, since there
are four equations available. Because 8, doesn’t appear in equations (3.13)—(3.16),
itis a good choice to take §, as one parameter. We set p; to be the other parameter.
We will be able to express (o, (1, v12 and §; as functions of pj.

Theorem 5.2. There exists an admissible fan subsolution to the Cauchy problem
(1.1), (1.3) if and only if there exist constants p1, 8, € R that fulfill

P (5.3)
81(p1) >0, 5
Wia(p1) = v-2) (p(p_) +p(o)) =2 p_p1 W/f%ﬁ“’)

< 81(600) 21 (a0 + v = Bi(on) + o) CLLERID D 55
(V2 = via(o1) (p(m) +p(os) —2p1 Pt %)

p1 p+ (V42 — Vi, (p1))
p1 — Pt ’

< =87 (p1) p1 (V42 + Vi1 (p1) + (87 (p1) + 82)
(5.6)

where we define the functions

v, (1) = (—p— v_2 (p+—p1)—p+ vy2 (01 —p-)

p1(p——p+)

+ \/[(p— —p+) (P(o=) = p(p+)) — p+ p— (V2 — vy 2)2] (p1 = p-) (p+ — m))
(5.7)
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and
pp) = _plp) = plp) | ,02_ (o1 — ,o_)2 (p+ s o
Pl p1 (p— — p4)
2
+\/[(p_ = p1) (P(p-) = P(p1)) = Py p— (V-2 — U+2)2] o '01) )
P11 — p—
(5.8)

Note that these functions are well-defined for p— < p1 < p4 and for initial
states (p+, vy) fulfilling (5.2), which will be shown in the proof.

Remark 5.3. In this theorem we have an “if and only if” statement. This is the
reason why we denote the functions defined in (5.7) and (5.8) as v7,, 6] and not
simply v1 2, §1. If an admissible fan subsolution is given, then it is a priori not clear
that the vy, §; given by the admissible fan subsolution are equal to the v},, §]
defined in (5.7) and (5.8).

Proof. Suppose there is an admissible fan subsolution. By Proposition 3.3 there
exist constants pg, 1 € R, p1 € RT, v12 € R and 81, 8, € R such that (3.12)—
(3.20) hold. From (3.18) we have 8, € R™.

Adding (3.13) and (3.15) and solving the result for w leads to

_ p—v_2— py V2 — Ko (p— — p1)

I8 (5.9)
p1 — Pt
Next we add (3.14) and (3.16) and use (3.13) and (3.15) to obtain
2 2 _ 2 2
up (p— = p1) + i (p1 — p4) = p—vZy — py i, + plp-) — plp4).
If we use (5.9) to eliminate 1] and solve for o we get
P—V_2 — P4 V42
o= —"—"—
p—— P+
1 _
+ /[(p— — o) (pp—-) — po1)) = ot p— (v—2 — vy 2)2} or o
p— — P+ p1— P—
(5.10)
Using this result and (5.9) one has
uy = PmUm2 T P e
p— — P+
1 — p_
F \/[(p — 1) (plp=) — pp1)) — pt p— (—2 — vy 2)2] e
p— — P+ P+ — P1
(5.11)

where the signs in the last two equations have to be opposite.
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Lemma 4.2 and equation (5.2) yield that

(p— — p1) (P(p=) — p(pp))
p— Py

2
> (V-2 — v42)".

This is equivalent to

(p— — p+) (P(p=) = p(p4)) — p4 p— (v_2 — v42)* > 0.

Hence (5.10) and (5.11) yield that p. — p; and p; — p_ have the same sign.
Because p— < p4+, we have p— < p; < p4,i.e. (5.3). Now we want to choose the
correct signs in the equations for pg and p1, i.e. in (5.10) and (5.11). Assume we
had a “—" in (5.10) and therefore a “+4” in (5.11). Then

P—V_2 — Py V42

no > > M1,
P— — P+

since p— — p4+ < 0. This is a contradiction to (3.12). Hence the proper sign in
(5.10) is “+” and in (5.11) it is “—", i.e.,

_ PV — P V42

m
p— — Py
1 _
pa— /[(p— —p4) (P(p=) — p(p4)) — p4 p— (v_2 — v+z)2] %,
(5.12)
= PoV=2 P2
p— — Py
1 o
R /[(p— — o) (Po=) = p(p1)) — p4 p— (V2 — v+2)2] ﬁ.
(5.13)

Next we compute v;; using (5.12) and (3.13) and get

1

Vi =—"7——"_<
o1 (o= — p4)

<—p— v_2 (p+ — p1) — p+ V42 (p1 — p-)

+ \/[(p— — 1) (P(p=) = p(p+)) —p+ p— (V_2—vy 2)2] (p1—p-) (p+—m)).
With (3.14) we finally find

5 = _ plp1) — plp-) n pz— (p1 — p—)2 <p+ (W2 = vy2)
P1 P17 (o= — p+)

2
+ [0 = 20 (p(0-) = p(p1)) = Py - (v-2 = v42)?] u) .
p1— p—

Hence we have §; = 67(p1) and vi2 = v],(p1). From (3.17) we obtain (5.4)
and the admissibility conditions (3.19) and (3.20) yield (5.5) and (5.6).
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It remains to prove the converse. Let p1, 8, € R such that (5.3)—=(5.6) hold.
Define vi2 = v],(p1), 81 = 87(p1) and po, p; through (5.12), resp. (5.13). By
easy computations one can check that pj, §7 together with o, 1, v12, 61 fulfill
the conditions (3.12)—(3.20) and therefore define an admissible fan subsolution
according to Proposition 3.3. O

As already mentioned it turns out that there does not always exist an admissible
fan subsolution. Nevertheless we can prove existence of infinitely many solutions.
The idea is to work with an auxiliary state.

5.2. An Auxiliary State

Theorem 5.4. Assume that (5.2) holds. Then there exist infinitely many admissible
weak solutions to (1.1), (1.3).

For convenience we will from now on use the notation P := Rt x R2 for the
phase space and U := (p, v) € P for a state.

Definition 5.5. Consider the 3-dimensional phase space P = R* x R?. We denote
a 2-dimensional ball with center Uy = (py, Vi) € P and radius » > 0 as

B, (Un) :={(p,v) € P |vi =Tu1, I(0, v) — Bu, D)l < 7).

To prove the theorem we will need the following lemma. We will forget about
the given initial states U_ = (p—, v_), U+ = (p+, v4+) for a moment.

Lemma 5.6. Let U_ = (p_, U_)Ne P be any given state and Uwv = (Bm.Tm) €P
a state that can be connected to U_ by a I-shock. Then there exists a radius r > 0
with the following property:

Ifl7+ = (04, V1) € P is a state that fulfills

— Py > PM, _

— Uy € B,(Uy) and _ _

— the standard solution to the problem (1.1), (1.3) with U_ and U as initial states
consists of a 1-shock and a 3-rarefaction,

then there exists an admissible fan subsolution to the problem 1.1, 1.3 with U_ and
U as initial states. In addition to that the density pi that appears in the admissible
fan subsolution fulfills p1 < py.

During the workshop “Ideal Fluids and Transport” at IMPAN in Warsaw (Febru-
ary 13-15, 2017) the authors learned about a result achieved by E. Chiodaroli and
O. Kreml which is similar to our Lemma 5.6, see also [5].

Proof. To prove this we are going to use Theorem 5.2. Hence it suffices to show that
there exists a radius » > 0 such that for every state Uy € B, (Uy) with . > py,
we find p;, 8, € R such that inequalities (5.3)—(5.6) are fulfilled.
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In view of the functions v}, and &7 (see (5.7), (5.8)), we define the following
functions 87, v{, : RT x P — Ras

1

v, (p1, (74_) ==
12 o1 (P— — Py)

(— P—V_2 (Bt — p1) — P+ V42 (p1 — P-)

+ \/ (5= = 70 (0(F) = ) = P 5 (B2 = 5420 ] (o1 = 52) (B = m))

and
83(p1, Uy) 1= _plo) = PP + ,02_ Spl _f_)z <5+ (V-2 —7Vy2)
P1 o1 (p— — p+)
~ 2
- \/ (G- = 50 (p(5) = p(FD) = By - (-2 = F422) "*—fl) .
p1— p—

In addition we define functions A, B : Rt x RT x P — R as
A(p1, 2. Uy)
=87 (p1, Up) p1 (vi,(p1, Us) +9-2)
) 5— P1 (Ufz(l)lv U—‘r) - ?)'—2)
P — p1

— (8701, Up) + 82

— (v95(01. Uy) —7-) (p(ﬁ) + p(p1) —2p- pi a—
B(p1, 85, Uy)
= —87(p1, Uy) p1 (V2 + v75(p1, Uy))
p1 Py (V2 = vis (o1, Up))
p1 — Py

e(p-) — 5(p1)>

+ (87 (o1, Uy) + 82)

M CERUHENG) (p(m) + p(Py) —2p1 P M).
P1 — P+

Since U_ and Uy can be connected by a 1-shock we obtain according to
Proposition 1.3 that p_ < pjs and

L \/ v — 52 (p(Bw) — p(F)
V_2 —Upm2 =

— . (5.14)
Pm P
Next we show that there exists p1 € (0_, pa) such that
8%(p1, Uy = Upy) > 0, (5.15)
A(p1,8 =0,U; = Upy) > 0, (5.16)
B(p1,8,=0,U, = Uy) > 0. (5.17)

First we prove that (5.15) is true for all p; € (p—, par). Using (5.14) we obtain

_pe) = p() | pu pPu) — p(P-)

57(p1, Uy = Un) = -
p1 P oM — P

(o1 — p-).
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Each p; € (p_, pym) can be written as a convex combination of p_ and py. In
other words there exists 6 € (0, 1) such that

p1=0p-+(1—0)pum.
Since p is a convex function of p we have
p(p1) = p(0 p-+ (1= 60) pu) <6 p(5-) + (1 —6) p(Bu)
and hence

( o) +p(p) + 21 PO = PP) —5_>)
pL - PM—P-

83(p1, Uy = Up)

Z—z (1=0) (p(om) — p(p-)) (Pm — p-) > 0.
l

Therefore (5.15) is true for all p; € (p_, pyr).
For convenience we define

. /(pM 70) (p(Bw) — p(o))
' Pwm p- '

To show the existence of p; € (p_, py) that satisfies (5.16) and (5.17) we
consider two cases: Let first
’17—2 > % R.
2(pm — p-)
An easy computation leads to

lim A(p1, 8 =0,Uy = Uy) =0,
pP1—>p—

and also

d ~ ~
lim <—A(,01, 5 =0,U; = UM))
ap1

pP1—>p—
:(_ PM_ piow 2)( p(_)+PM p(pm) — p(p- ))
oM — P p— oM — P
In the case under consideration it holds that
M pigy e PM g PM
oM — p- PM — P— PM — P—

In addition to that the fact that p_ < pys and the convexity of p lead to

5 )+pM p(Bm) — p(B-) _ o )+P(PM) p(p)>0
- Pom — - - oM — p-

Hence

a ~ ~
lim_ (—A(,ol, 8 =0,0, = UM)> >0
p1—=p- \ 9p1
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By obvious continuity of the function A there exists p; € (p_, py) where
p1 ~ p_ such that (5.16) holds.
Another computation shows that

B(Pl = 5—782 = 07 ﬁ—I— = ﬁM)
e(pym) — e(p-)
=R (p(p) +plom) —2pmp- ———— | >0,
oM — p-
according to Lemma 4.1. Hence by continuity of B we can choose p; € (p—, pm)

such that (5.17) is fulfilled in addition to (5.16).
Suppose now the second case

S R—
2 (oM — p-)

V-2

[IA

Similar computations yield
Alp1 = pm, 82 =0,01 = Un)

~ R (p(p_) + plom) — 2 pu p— w) > 0,

oM — p—

and furthermore

lim B(p1,8 =0,U. = Uy) =0,

P1—>PM

together with

P1—>PM

d ~ ~
lim (—B(m, 8 =0,U; = UM))
dp1

2Pm — p- ~ ~ o— pom) — p(p-)
:<_ﬁR+2U—2 P/(PM)_,,—# .
PM — P— oM PM — P—
In the considered case we have
20M — P - 20M — P 0
PM — P— PM — P— PM — P—

Additionally the convexity of p and p_ < py lead to

PPy — £ PO Zp0) ey PO Z PED) s
v Pm— P Pv — P

Hence
. ad ~ ~
lim <_B(Pla82=0, U+=UM)) <0
p1—om \ 0P1

and therefore by continuity of A and B there exists p; € (0_, pay) such that (5.16)
and (5.17) hold, where p; =~ py.
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By continuity we can find §; > 0 in addition to p; found above, such that

87 (p1. U, =Uy) >0,
A(p1, 82, Uy =Upy) > 0,
B(p1,02, Uy = Upy) > 0.

Again by continuity there exists a radius » > 0 such that

87 (p1, Uy) >0, (5.18)
A(p1,82,U4) > 0, (5.19)
B(p1, 82, Uy) > 0 (5.20)

hold for all l7+ € Br(lNJM). In other words for all l~]+ € Br(ﬁM) we can find
p1,82 € R such that p_ < p; < Py and (5.18)—(5.20) are true. By assumption
we have py < py and hence (5.3) is true. Additionally (5.4) holds because of
(5.18) and finally (5.19), resp. (5.20) imply (5.5), resp. (5.6). O

Next we prove Theorem 5.4.

Proof. Let Uy be the intermediate state of the standard solution. In other words
Uy lies on the 1-shock curve of the state U_. So we can apply Lemma 5.6 to obtain
aradius r > 0. We fix a state U, € P such that

— oM < P2 < P+,

” Wdr

V22 = UM?2 —i—/
oM r

and
— U e B,(Uy).

Note that such a state U, exists.
Then consider the two new problems

U_=U_

ﬁJr = U27
called problem ~, and

U_ = U>

U, =U,,

which we call problem A.

Let us first consider problem ~. It is easy to check that the standard solution
of problem ~ consists of a 1-shock and a 3-rarefaction using Proposition 1.3: We
have p_ < py and py < po2 and hence p_ < p>. In addition to that it holds that
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” Wdr

r

U22_U72=UM2_U—2+/.

om
_ _\/(PM — =) (plom) — p(p-)) . /Pz o,
oM P— oM r
- /Pz p'(r) i < /Pz \/mdr
PM r o r
and
V2) —VU_p = _\/(PM — ,07) (P(/OM) - p(p,)) N /pz () W
oM P— 7
> —\/(pM —r) (plow) = pp-)) _\/(Pz = p-) (P(p2) = p(p))
oM P— 02 P— )

where the last inequality comes from Lemma 4.3.

Hence we showed that the standard solution to problem ~ consists of a 1-shock
and a 3-rarefaction wave.

Because U; € B-(Uy) and p2 > ppu, according to Lemma 5.6 there exists
an admissible fan subsolution to problem ~ and hence infinitely many admissible
weak solutions. In addition to that the same lemma yields p; < pp.

Now consider problem A. We are going to prove that the standard solution to
problem A consists only of a 3-rarefaction using Proposition 1.3. By definition of
U> we have p» < p4 and additionally

dr.

PZWd_/p+W
P

v+2—v22=v+2—sz—/
r r

PM 2

This shows that the standard solution of problem A consists of a just a 3-rarefaction
wave.

To conclude we put together the wild solutions to problem ~ and the standard
solution to problem A. To do this it remains to show that ;11 < wp where w1 is the
speed of the right interface of the wild solutions of problem ~ and py = A3(U3)
is the left border of the rarefaction wave of the standard solution to problem A.
Here A3(U) = v2 + /p’(p) denotes the 3rd eigenvalue of the Euler system, see
[4, equation (2.3)].

Since we have an admissible fan subsolution, we can apply Proposition 3.3.
Hence we get from (3.16)

"1 2 p(p1) — p(p2)
§1="—(p1vi2—ppvaa) + =3, - =T 2 (5.21)
P1 L1 L1

and from (3.15)

1
vi2 = E(IM (p1 — p2) + p2v22).
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R
ANy wild pa:v2

PmyVm

P-,V_ Pss Vs

p-.v. PiVs

X2

Fig. 3. Structure of the standard solution (black) and of the admissible weak solutions
produced in the proof of Theorem 5.4 (red) (color figure online)

We use the latter to eliminate v, in (5.21) and obtain, after some calculation,

p1L— P p(p1) — p(p2)
Si = —5—p2(n1 — o) —

,01 P1
Since §; > 0, see (3.17), it follows that

p1L— P2 2 plp1) — p(p2)
— 2 (1 —v22)" - >

1% P£1

0.

Because p; < py and py < p2, we have p; — po < 0. Therefore the inequality
above is equivalent to

p1 plp1) = p(p2)
P2 p1— P2

(1 —122)? <

Hence

p1 plp1) — p(p2) p(p1) — p(p2)
,U~1<022+\/——<022+ —§022+ P’(,Oz)
02 p1— P2 L1 — P2

where the last inequality follows from the convexity of p. Since

H2 = A3(Uz) = va2 ++/p'(p2)

we found the desired inequality p; < wo. 0O

The proof of Theorem 5.4 yields admissible weak solutions of the form illus-
trated in Fig. 3.
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6. The Standard Solution Consists of Just One Shock

What remains is the proof of existence of infinitely many admissible weak
solutions in the case where the standard solution consists of just one shock.

Remark 6.1. As in the case of one shock and one rarefaction, it is enough to
consider the case where the standard solution consists of a 1-shock because of the
rotational invariance of the Euler system. If we have to deal with a 3-shock, we just
rotate the coordinate system 180 degrees to obtain a new initial data

U_pew = (o4, —v4) 6.1)
Ui new = (0—, —v-). ’

Again, note that the sign of the velocities changes during this transformation. Propo-
sition 1.3 yields then that the standard solution to the problem with rotated initial
data (6.1) consists of a 1-shock.

Let the initial values p+ € Rt and vy € R? be such that the standard solution
consists of a 1-shock. By Proposition 1.3 this means, that

p— < p+ and

B \/(p— —p4) (p(p=) — p(py)) (6.2)
Vy2 — V2 = — PN .

Theorem 6.2. Assume that (6.2) holds. Then there exist infinitely many admissible
weak solutions to (1.1), (1.3).

Proof. We apply Lemma 5.6 to U.=U_and Uy = U+ to obtain a radius r > 0.
We fix a state U, € P such that

- P+ < P2,

(02-p+) (p(2)~p(p1))
02 P+ ’

— V22 =V42
— U € B-(Uy) and

— — P+ /
\/ (p2 = p+) (P(02) — P(p)) - [ AGY 63)
02 P4 r

Note that such a state U, exists, because if we set pp := p4 + € ande > 0

sufficiently small, then all the properties are fulfilled.
Then consider the two new problems

~

U_-=U_

Uy = Us,
called problem ~, and

U_=U,

Uy =Uy,
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which we call problem A.

Let us first consider problem ~. It is easy to check that the standard solution
of problem ~ consists of a 1-shock and a 3-rarefaction using Proposition 1.3: We
have p_ < p4 and p4 < p2 and hence p_ < p>. In addition to this it holds that

V22— Vo2 =UVy2—v_2+ \/(02 —01) (P(p2) — p(py))

P2 P+
_ _\/(p+ —p-) (p(py) — p(po)) N \/(Pz —p+) (P(p2) — p(py))
p— Pt P2 P+
_ \/(Pz — 1) (P(p2) — p(py))
P2 P+
< " —Wdr < /pz —Wdr,
o r 3 r

where we used (6.3), and

B \/(p+ —p-) (p(o1) — p(p-)) \/(,02 —p+) (P(02) — p(o1)
V22 — V-2 =— +
p— Pt P20+

_ _\/(p+ —0-) (pos) — plo-)) _ _\/(/02 —p-) (p(p2) — p(p-))

P— P+ P2 p—

’

where Lemma 4.3 was applied.

Hence we showed that the standard solution to problem ~ consists of a 1-shock
and a 3-rarefaction wave.

Because U € B,(U;) and pp > p4, according to Lemma 5.6 there exists
an admissible fan subsolution to problem ~ and hence infinitely many admissible
weak solutions. Additionally the same lemma yields p; < p4.

Now consider problem A. We are going to prove that the standard solution to
problem A consists only of a 3-shock using Proposition 1.3. By definition of Us
we have p2 > p4 and additionally

\/(Pz = p4) (P(p2) — p(py))
Vyo — V22 = —
P2 P+

This shows that the standard solution of problem A consists of a just a 3-shock.
To conclude we put together the wild solutions to problem ~ and the standard
solution to problem A. To do this it remains to show that u; < > where p|
is the speed of the right interface of the wild solutions of problem ~ and p, =
mzpzz_f’;:v“ is the speed of the shock of the standard solution to problem A.
Since we have an admissible fan subsolution, we can apply Proposition 3.3. As
in the proof of Theorem 5.4 we get from (3.16)

2 P —plp2) 5

123 o2
81 = —(p1vi2 — p2v22) + — V3, vy, (6.4)
L1 P1 P1
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and from (3.15)

1
V2 = E(Ml (p1 — p2) + p2v22).

‘We use the latter to eliminate v;, in (6.4) and obtain after some calculation

p1 — P2 p(p1) — p(p2)
81 = ——5— p2 (1 — v22)* = —————

P1 P1

Since 81 > 0, see (3.17), it follows that

1L — P2 2 plpy) — p(p2)
s— 2 (U1 —v22)" = >

1 P1

0.

Because p1 < p4+ < p2, we have p; — p2 < 0, and hence the inequality above is
equivalent to

p1 p(p1) — p(p2)
P2 pL= P2

(11 —v22)? <

In addition to this we get, because of p1 < p4 < p2,

P1 P+
Ly
P2 02

and using the convexity of p,

p(p2) — p(p1) < p(p2) — p(p+)_

P2 — p1 - P2 — P+
Therefore
o1 pp1) — p(p2)
np <+ |— —
02 £1 — P2

< vpp o+ P+ P(p2) — ppy)
02 02— P+

_ ) P \/(pz — p1) (p(p2) — p(p))

P2 — P+ P2 — P+ P2 P+
v22 (02 — P+) P+
= + (V22 —v42)
P2 — P+ 02— Pt
P2V22 — P4 V42
= — = U2,
P2 — P+

which is the desired inequality ;1 < up. O

The proof of Theorem 6.2 yields admissible weak solutions of the form illus-
trated in Fig. 4.
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P2,V

ANy wild

P-,V_ Pss Vs
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X2

Fig. 4. Structure of the standard solution (black) and of the admissible weak solutions
produced in the proof of Theorem 6.2 (red) (color figure online)
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