Global L*° Solutions to System of
Isentropic Gas Dynamics in General
Nozzle

Weifeng Jiang!, C. Klingenberg? and Yun-guang Lu?® *
L Science of College, Jiliang University, Hangzhou, China
2 Deptartment of Mathematics, Wuerzburg University, Germany

3K.K.Chen Inst. for Advanced Studies, Hangzhou Normal University, China

Abstract

In this paper, we study the global L entropy solutions for the Cauchy
problem of the isentropic gas dynamics system in a general nozzle with
bounded initial date. First we apply for the flux-approximation technique
coupled with the classical viscosity method to obtain the L°° estimates of
the viscosity solutions. Second, we prove the pointwise convergence of the
approximation solutions by using the compactness framework and extend
the work given in [CHY] for any adiabatic exponent v > 1.
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1 Introduction

We consider the following system of isentropic gas dynamics in a general nozzle

0 + (QU):C = _I;)((;)) ov

(1.1)

(ov); + (0v* + P(0))s = —l;((;) ov?
with bounded initial data

(e(x,0),v(z,0)) = (2o(), vo(x)),  o(x) =0, (1.2)
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where ¢ is the density of gas, v the velocity, P = P(p) the pressure, b(x) is
a slowly variable cross section area at x in the nozzle. For the polytropic gas,
P takes the special form P(p) = %QV, where v > 1 is the adiabatic exponent.
The nozzle is widely used in some types of steam turbines, rocket engine nozzles,
supersonic jet engines and jet streams in astrophysics.

It is well-known that after we have a method to obtain the global existence

of solutions for the Cauchy problem of the following homogeneous system

Ot + (Qv)r =0
(1.3)
(0v)e + (0v* + P(0))2 =0

with the bounded initial data (1.2), the unique difficulty to study the inhomo-
geneous system (1.1) is to obtain the a-priori L*> estimate of the approximation

solutions of (1.1), for instance, the a-priori L estimate of the classical viscosity

solutions for the Cauchy problem of the parabolic system

l;((j)) 0V + €0y

o+ (ov), = —

l;((j)) 00? + £(0V) 2z

(0v)¢ + (0v® + P(0))2 = —

with the initial data (1.2).

However, to study the Cauchy problem (1.4) and (1.2), a basic technical diffi-
culty is to obtain the positive, lower estimate of ¢ since system (1.4) is singular
when p = 0. To overcome this difficulty, we constructed a sequence of the regular

hyperbolic systems in [Lul]

o+ (=20 + ov)e = B(x)(0 — 2k)v

(1.5)
(ov): + (0v* — Kkv? + Pi(0, K)). = B(x)(0 — 2K)v?
to approximate system (1.1), where B(z) = —%, k > 0 denotes a regular per-
turbation constant and the perturbation pressure
et —2
Pi(o, k) = / t " Pt dt. (1.6)
2K

As proved in [Lu2], both systems (1.1) and (1.5) have the same Riemann in-

variants and the entropy equation. With the help of these special behaviors of



system (1.5), for any weak entropy-entropy flux pair (n(g, m),q(o, m)) of system

(1.1) and for a general pressure function P(p), we can easily prove that
n(0™", m="); + q(o°", m="),  are compact in H, (R x R"),

with respect to the viscosity solutions (0", m®"), and do not need to introduce
the viscous periodic solutions with respect to the spatial variable x to derive the
auxiliary estimate (see (1.53) in [LPS)),

//I<1 £2(0,.)}dzxdt < Ck?

for the special pressure P(p) = %QV and v > 2.

By simple calculations, two eigenvalues of system (1.1) are
M=v—4/P(0), d=v+P(0) (1.7)

with corresponding Riemann invariants

/lg "il(s)ds—v, w(o,v) = /lg 'Psl(s)ds—i-v, (1.8)

z(0,v) =

where [ is a constant. Two eigenvalues of system (1.5) are

m — 2K m — 2K
N= - S Plo), =T
0 0 0 0

P'(0) (1.9)

with corresponding two same Riemann invariants (1.8) (both systems (1.1) and
(1.5) have the same Riemann invariants as well as the entropy equations [Lu2]).
Then, we added the viscosity terms to the right-hand side of (1.5) and con-
sidered the Cauchy problem of the parabolic system
ot + (—2kv + ov), = B(2)(0 — 2K)v + €04z

(1.10)
(ov)i + (0v® — Kv? + Pi(0, K)o = B(@)(0 — 26)0° + £(00) 1a

with initial data
(0™°(x,0),v™(x,0)) = (go(x) + 2K, vo(x)), (1.11)

where (go(x),vo(x)) are given in (1.2).
To use the first equation in (1.10), we deduce directly the positive lower bound

0" > 2k > 0 by the theory of invariant regions [CCS].
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Finally, for the nozzle flow with the monotone cross section, which is corre-
sponding to b'(x) > 0, and for the general pressure function P(p), we made the
transformation z = @w + D(z), where D(z) is a bounded function to be care-
fully chosen to control the nonlinear function B(z) so that we might obtain the

following inequality on the variable v
wi + bz, t)w, +d(x, t)w < ey, (1.12)

which gave us the estimate o < 0 and so the upper estimate z(o**, v®*) < D(z)
when the maximum principle was applied to (1.12) (cf. [Lul] for the details).
Later, instead of the viscosity method, the author introduced a modified Go-
dunov scheme to construct the approximate solutions of (1.1), and obtained the
global existence of weak solutions of the Cauchy problem (1.1)-(1.2) for the Laval
nozzle, which is corresponding to b'(z) - x > 0, in [Ts1] and the general nozzle in
[Ts2] for the usual gases 1 < v < 3 under the smallness assumption on [b(z)| 1.
In [CHY], the authors introduced the following approximate system, which is

quitely different from the viscosity method introduced in [Lul],

V' (z)
b(;) OV + €0z

ot + (Qv)x = -

(1.13)
(Q'U)t + (QU2 + P(Q))a: = _l;,((j)) QU2 + 5(9”)3:&: - 25d(x)9x7

to study the general nozzle for more general gases 1 <y < 3.

When v > 3, the technique introduced in [CHY] to obtain the a-priori L
estimates of viscosity solutions does not work because the necessary conditions
b2 < 0 and by; < 0, to guarantee the maximum principle (cf. Lemma 3.1 in
[CHY]), are not true.

In [Lu3], the following system of isentropic gas dynamics in the Laval nozzle
with the friction (cf. [S])

Ot + (QU):B = - b(2) ov

(0v)i + (0v* + P(0))r = — 53 0v* — a(w) ov]o]

was studied for the polytropic gas P(p) = % 0" and 7 is limited in (3,00) for a

technical difficulty; and the initial-boundary value problem of the compressible



Euler equations with friction and heating

(b(z)o): + (b(z)ov). = 0,

(b(x)gv): + (b{x)ov® + b(x)P), = ()P — o /b()oulo],

(b(x)E); + (b(x)v(E + P)), = fb(z)q(x) — ay/o(x)ov?|v],

was studied in [CHHQ)] , under suitable conditions among the initial data, b(z)
and «a(x), by using a new version of a generalized Glimm scheme, where g, v, E/
are, respectively, the density, velocity, total energy and pressure of the gas, « is
the coefficient of friction, g(x) is a given function representing the heating effect
from the force outside the nozzle.

It is worthwhile to point out that, for a general inhomogeneous system of
hyperbolic conservation laws, the Riemann problem was resolved by Isaacson
and Temple in [IT]. More results on inhomogeneous hyperbolic systems can be
found in [CG, EGM, GL, GMP] and the references cited therein.

In this paper, we apply our method introduced in [Lul] to give a simple proof
of the global existence of the entropy solutions for general nozzle and for any
adiabatic exponent v > 1.

Mainly, we have the following theorems.

Theorem 1 Let P(p) = %QV,W > 3. If there exist a positive constant M and a

nonnegative function 5(x) such that

oMIBG)| < Be), [ Bls)ds < ]‘24 (1.14)
then we have
205 (w0, £), 07 (2, 1)) = (Qn’a(;“"’t)) — o™ () < M — ; B(s)ds  (1.15)

and

(¢ (x, 1))’

w(e"(a,0), 0" (w.0)) =

+ 0™ (x,t) < M—l—/f B(s)ds  (1.16)
iof the initial data
A0 (,0),0"(2,0) < M — [ f(s)ds (1.17)
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and
w(0™ (x,0), v (x,0)) < M + /; B(s)ds, (1.18)

where 0 = 151 and ("¢ (x,t),v™<(z,t)) are the solutions of the Cauchy problem

(1.10) and (1.11).

Theorem 2 Let P(p) = %g'y, 1 <~ < 3. If there exist a positive constant M and

a nonnegative function B(x) such that

(v =D +3)

G- (1.19)

o0 - 1)M
MIB@) < 8a). [ plepds < OZDM
then we have the same estimates given in (1.15) and (1.16), if the initial data
satisfy (1.17) and (1.18).

Theorem 3 For such functions B(x) and the initial data satisfying the condi-
tions in Theorems 1-2, there exists a subsequence of (9"™°(x,t),v™(x,t)), which
converges pointwisely to a pair of bounded functions (o(z,t),v(x,t)) as k, e tend to

zero, and the limit is a weak entropy solution of the Cauchy problem (1.1)-(1.2).

Definition 1 A pair of bounded functions (o(x,t),u(x,t)) is called a weak en-
tropy solution of the Cauchy problem (1.1)-(1.2) if

Jo© 2o 091 + (0v) 9 — IZ((;:)) (ov)pdxdt + [0 0o(x)p(x,0)dx = 0,

S5 175 evon + (0v? + P(0)) e — 5 ov*dddt (1.20)

+ /%, 00(z)vo(x)p(x,0)dx =0

holds for all test function ¢ € Cj(R x R") and

J52 125 n(e,m) e + g0, m)é, — §Ein (o, m) ou
(1.21)

holds for any non-negative test function ¢ € C°(Rx RT—{t = 0}), where m = v
and (n,q) is a pair of convex entropy-entropy flux of system (1.1).



2  Proof of Theorems 1-3.

In this section, we shall prove Theorems 1-3.
Proof of Theorem 1. We multiply (1.10) by (z,, zm) and (w,, wy,), respec-

tively, where (z,w) are given in (1.8), to obtain

2+ Nz,
_ 2e _ 3 / "\ 2
= €Zae + Joot — e (2P + o),
m P’
+B(z)(0 — 26)v(5 + g(g)) - %B(m)(g — 2K)u? (2.1)

= 2e _ e / 1y 2
—€me+ QQ:DZ:I) 292\/}),_(9)(2P +QP )Qa:

P'(0)
0

+B(z)(o — 2K)v

and
wy + Asw,

= 2 _ e / i 2
= EWgy + Qwax 2g2\/P’_(g)<2P +QP )Qw

+B(2)(0 — 26)0(— 1% + Y1) 1 1B(a)(0 — 26)0? (2.2)

o

_ 2 2
= EWyy + f@xwx — ﬁ\/]j/_(g)(2p/ + oP")g?

+B(z)(0 — 2r)v>—;
Letting z = D(z) + w in (2.1), where D(x) = M — [*__ B(s)ds, we have

B

P'(p

@+ (0 — 22, [P(0))(w, + D'(x)) — Blx)(o — 20)0 Y0

(2.3)
_ " 2e 2e / _ S / "\ 2
= Wy, +eD"(x) + = 0.y + 2 0.D (x) NP (2P" + oP")o:



or

=+ (v — 22, [P0))m, — D'(2)(D() + = — [ Y2 p)

e

~D'(2)225,/P'(0) — B(x)(0 — 2x)v Y2

e

= @y — (2P + oP")[ 2 — YD o Dr() 4 (2O ()]

2 Pl( ) 37 2P"4oP" O

2e/ P’
+eD" (@) + Zo,w, + @ D ()?

(2.4)

or

P'(o)
2P'+QP”

wi + bz, t)w, + d(z, t)w + [— D'(x)? —eD"(z) — &1 D(x) D' ()] < €@y

3

¢ Y29 4010 () + (1 — ) D() D/ (&) + D' () (0 — 20) L2

+B(x)(0 — 26)0 12,

(2.5)
where 1 > 0 is a suitable small constant, b(x,t) = v — ";92” P'(o) — %Qm and
d(z,t) = —D'(z).

Similarly, letting w = C'(z) + @y in (2.2), where C(x) = M + [*__ 5(s)ds, we
have

D+ (0 + 22\ [P () (1, + C'(2)) — Blx)(0 — 2)0 Y22 oo

2.6

= EWizz + 80”(1’) + %Qmwlz + %chﬂ(l’) - (2P, + QP”>Q§

€
2024/ P'(0)

or

@+ (v + 25 [P ()1, + C'(2) (Cla) + 1 — f£ YD)

+C'(2) 422\ [P'(0) = Blx)(o — 2r)0 Y12

- e (2P 4 0P e~ T 0,0 () 4+ (VDD ()]

T 2P/ +oP" Oz 2P/ +oP"

(2.7)

oo



or

D1+ by (2, ) w1g + dy (2, ) w1 + [~ G 0N (2)2 — 2C"(2) + 61,0(2)C" ()] < £ 1an

2P’+QP"

VPO 4o (@) — (1 - £1)C(@)C' () — C'(ar) (0 — 26) VLI

e

P'(0)
g )

+B(x)(e — 2r)v

(2.8)
where €1 > 0 is a suitable small constant, by(x,t) = v + Q;;”\/P’(Q) - %‘EQI and
di(z,t) = C'(z).

Using the first equation in (1.10), we have the a priori estimate ¢ > 2xk. We
can choose f(z) to be smooth enough, € = o(x) and suitable relation between &
and e; such that the following terms on the left-hand side of (2.5) and (2.8)

2e P,<9) / 2 " /
_mp (z)? —eD"(x) — &1 D(x) D' () > 0 (2.9)
and

2e V P/(Q) 17 oN\2 " /
_WC’ (x)* —eC"(x) + 1C(z)C"(x) > 0. (2.10)

When P(p) = %QV, ~v > 3, we choose | = 2k, then by using the following inequality

1 \/ P o/ P'(s P’
ds < (0 —2k) (© v >3, (2.11)

—(0— 2k for
L ) . .

we have the following estimate on the terms of (2.5)

L= Y29 4000 (@) + (1 - ) D(2) D' (x)

LD (@) (0 — 26) YD 4 B(a) (o — 20y (2.12)

e

< (1-€)D(z)D'(z) + B(x) (o — 26)p Y12,

o

Now we may analyze the function L point by point. First, at the points (z,1),



where B(z) > 0,

L<(1—e¢y)D(x)D'(x)+ B(x)(o— 2Kk)v

= (1—21)D(2)D'(z) + B(x)(0 — 28) Y2 (1 — 2)

— B@)(0 - 20) Y2 () — ) + (1 — £)D(2) D' (x)

+B(z)(0 — 2k) Yo (C(x) — D())

20

= —B()(0 - 28) Y2 D (w — @) — (1 — &1)B(x)(M — [*.. B(s)ds)

20

+B(@)(o - 20) YD 2 3(s)ds

4

< —B(2)(0 — 28) Y. 2 (@ — @1) — (1 — &) B(x)(M — [, B(s)ds)

10B(x) 7, B(s)ds J2, YO ds .

= —B(2)(0 - 20) Y5, 2 (w — @1) — (1 — 2)B(x)(M — [*., B(s)ds)

+10B(x) [7 B(s)ds(w + 2)

= —B(2)(0— 20) Y5, 2 (w — @1) — (1 — 2)B(x)(M — [*., B(s)ds)

+10B(x) [* B(s)ds(w + @ + C(x) + D(x))

= (30B(x) [, B(s)ds + B(x) (o — 26) Yo D)o,

+(0B(x) 7 B(s)ds — B(x)(0 — 26) LYo

~((1— e0)B(@) (M — [*, B(s)ds) — OMB(x) [*., B(s)ds).
(B — [ Bls)ds) — OMB(x) % Bls)ds o1

> 5 B(x) — OMB(@)|B(x)|r(my > 0

due to the conditions |B(z)|r1r) < % and M|B(z)| < B(z) in Theorem 1.
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Therefore we obtain the following inequality from (2.5),(2.9),(2.13) and (2.14)
w4+ b(x, t)w, + L (2, t)w + lo(z, t) ) < ey, (2.15)

where [1(x,t),l3(z,t) < 0 are suitable functions.

Second, at the points (z,t), where B(x) < 0, we have

P'(0)
0

L <(1—e¢y)D(x)D'(x)+ B(z)(o— 2r)v

— (1 - )D(x)D/(x) + Bla)(o — 26) Y2 (j2 VIO g

e

S|
_l’_
S

< (1—e))D(x)D'(x) — B(x)(o — 2r) Y22

e

(z))

< (1—e)D()D'(z) — B)(0 — 20) Y225 — 9B(2) D () 2, Y2 g

o S

= (1 - e)D(2)D'(z) — B(x)(o — 20) Y2 Do — 19B(2) D(2)(w + 2)

o

= (1— ) D(@)D(z) — B(x)(o — 26) YD — 19B(2) D () (w + w1 + 2M)

e

— —(B(@)(0 - 20) YD 4 10B(2)D(x))=

—30B(w)D(x)wr — (1 - 1)B(x) + OM B(x))D(x)

2

< —(B(z)(o— 2/{)@ + 30B(z)D(z))w

—10B(z)D(x)w,
(2.16)
where —10B(z)D(x) > 0. Thus we also obtain an inequality
wy + b(x, ), + I3(x, t)w + ly(x, t)oy < ey, (2.17)

where I3(z,t),l4(x,t) < 0 are suitable functions.
Now we choose | = 2k and consider the following terms on the right-hand side
of (2.8)

Ly = 2, Y29 o0 () — (1 - £)C(a)C(x)

e

(2.18)
—C'(x)(0 - 2) Y2 4 () (g - 20)p YD,

e o

11



First, at the points (x,t), where B(z) <0,

Ly < B(a)(o - 200 Y10 = Ba)(o — 26) Y (w — 2)
— B(@)(0— 2) Y2 () — = + C(x) - D(x) (2.19)
< B@)(0— 20) Y0 (7, - ),

where the coefficient before w, —B(z)(0—2k) Y5 r (Q > 0. So we have an inequality
from (2.8),(2.10) and (2.19) that

To1t + bl (Q?, t)wlx + 15(.’17, t)w + l6<3§‘, t)wl S EW1lge, (220)

where [5(x,

t) < 0,lg(x,t) are suitable functions. Second, at the points (z,1),
where B(z) > 0,

Ly < —(1 - e1)C0(2)C'(2) + B(x) (o — 2x)p Y

Pl
D (w — fg, V)

P'(

=

— (1 2)C(@)C(2) + Blx)(¢ - 2x)

=

< —(1-e)C(x)C"(x) + B(x)(o — 26) Y1

(01 + C()
< —(1 - 2)0(@)C' (@) + Blx) (0 — 20) Y05, 4+ 6B(x)C(a) J, YD
= (1 - 2)0@)B(x) + Bla)(o - 200V O, 1 10B(@)Cle) (w + 2)

= —(1 = 21)C(2)8(z) + B(z) (0 — 20) Y 0z

+20B(z)C(z)(w + @y + C(z) + D(z))

= (B()(o— 20) Y212 4+ 10B()C(a)) ey

+%QB(x)C(x)w — (1 —e1)B(x) — OM B(x))C(x)

< (B(x)(0 - 20) Y9 L 19B(2)C(a) ) + 10B(2)C()w

e

(2.21)
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due to §M|B(z)| < B(z), where the coefficient £0B(z)C/(x) > 0. So, we also have

an inequality
@it + b1 (2, t) w1, + lr(z, t)w + s(x, t) o < ewrigs, (2.22)

where [;7(x,t) < 0,ls(x,t) are suitable functions.
Summing up the analysis above, we have the following two inequalities on @

and oy

@+ b(z, ), + d(x, t)w + c(x, t)w; < ey,
(2.23)

wy + b (2, t)wi + di(z, )y + (2, t)w < ey,
where the coefficient functions ¢(x,t) < 0,¢;(z,t) <0, so the maximum principle
([Lub]) on nonlinear coupled parabolic equations gives us the estimates w(x,t) <
0,1 (z,t) < 0 and the upper bounds of z and w. This completes the Proof of
Theorem 1.
Proof of Theorem 2. To prove Theorem 2, when P(p) = %Q’Y, 1<y<3,
we let [ = 0 and rewrite (2.5) and (2.8) as follows:

w + bz, )w, + d(z, t)w

B0 D @) — D () — 21 D() D' () + 26 Y@ DY ()

"~ 2P/4oP"

< e — 2 YD 10D (2) + (1 — 21)D(2) D' (x) (2.24)

4

+D'(2),/P'(0) + B(z)(0 — 2r)o Y12

e

= e, + 120D (@) + (1 - £) D) D' (2) + B(x) (¢ — 26)p ¥ o

o
and

w1 + b1 (2, t)wie + di (2, 1)
VIO (@) — eC" (@) + 1C()C (x) — 262 ()]

H=2prop7

< e + J§ Y 2doC! (z) — (1 — &) C(2)C'(x) (2.25)

~C'(x)/P'(0) + B(x)(0 — 2r)p Y2

= eWiae — 2770°C"(2) = (1 = €1)C(2)C"(2) + B(w)(e — 2x)v P,

13



Since

P/ ot =1
) _ 20T < (26)°T, (2.26)
0

we may choose f(z) to be sufficiently smooth, ¢ = o(k) and suitable relation
between ¢ and e, such that the following terms on the left-hand side of (2.24)
and (2.25)

28\/%D’(av)2 —eD"(z) —e1D(z)D'(z) + 2“\/%17@) 20, (227)

2P’ 4 oP" ¢
_LPI(Q)C/(@Q —eC"(x) 4+ &1C(2)C"(x) — 2"@&0(@ > 0. (2.28)
2P + oP” ! 0 T '

Furthermore, we consider the terms on the right-hand side of (2.24) and (2.25)

K =2230D'(2) + (1 — £1) D(x) D' () + B(x) (0 — 2r)0 Y (2.29)

e

2

and

Ky = =1230'C'(x) = (1 = e)C@)C'(a) + Bla)(o - 260 Y0 (230)

e

First, at the points (x,t), where B(z) > 0, we have that

B

P'(o
0

K =230"D'(2) + (1 — £1)D(x)D'(x) + B(x)(0 — 2k)v

= 12w+ 2)D'(2) + (1 — e1) D(2) D' (z) + B(x) %25 (w — )¢’

= 3w+ @y +2M)B(z) — (1 —&1)B(x) (M — [* B(s)ds)

+B(2) 525 (), — @ + 2 1% B(s)ds)o’

= (FF7B8(2) — B(x) 55w + (*7B(x) + B(z) 45" )

20

+IEMB(x) — (1= e)B(x)(M — [ B(s)ds) + B(x) =25 [7 B(s)dse’,
(2.31)

B(z) <2 [ B(s)dso” = B(x)&28 [2,, B(s)dsS(w + 2)
(2.32)
= B(z) 2= [* B(s)ds§ (w1 + @ + 2M)
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and

TMB(x) — (1= e1)B(x)(M — [2 B(s)ds) + B(x) 4" [2o B(s)dsOM

< (7 +e))MB(x) + (1 = e1)B(x) 2o B(s)ds + [2 B(s)dsB(x)

= B) (55 + €)M + (2= 1)B(x) [ B(s)ds) < 0
(2.33)

because |[0M B(zx)| < %B(m) < B(z) and 2 [%_ B(s)ds < LM as given in
Theorem 2.
Thus we have from (2.31), (2.32) and (2.33) that

K < (7 B(x) = B(x) 52w + ((78(x) + B(x) 5 )=

(2.34)
—i—B(x)% 17 B(s)dst (w1 + @) = Li(z,t)@ + lo(z, t) o,

where ly(z,t) > 0.
Second, at the points (z,t), where B(x) < 0, we have that

K = %QQD,(ZL‘) + (1 —&1)D(2)D'(z) + B(x)(0 — 2K)v P;’(g)
= P (w+ 2)D/(x) + (1 - 1) D(@) D'(2) + B(z) 28 w52 p

w

T (@ + @1 +2M)B(x) — (1 —e1)B(z)(M — [ 5(s)ds)

= ‘

I B() 2 (@ — w + 2 [, B(5)ds)(w + w1 + 2M)

e

—~

S24(w) + 5 B(2) S22 7, B(s)ds — w — 2M))w

w

+(5FB(@) + 15 Ba) £ (2 [2 Bs)ds + 2M))mn + %5 B(w) £ ot

+3IMB(x) — (1 —e1)B(x) (M — [*, B(s)ds) + 7T_IM'B(x)% I B(s)ds,

2

(2.35)
where the coefficient before
S0 B(2) + 5EB(2) 2 (2 [T, B(s)ds + 2M)
> 7 B(x) — 5 B(x)| £ (5 M + 2M) (2.36)

= 32 B(z) — ZE2OMB(z) > 0
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because [0M B(z)| < 2222 5(z);

7+3
-1 -2
T @) "2 <0 (2.37)
8 Y
and 5 )
SEMB(x) — (1 —e1)B(z)(M — [2 B(s)ds)
(2.38)
P M By [ Bs)ds <0
because the proof of (2.33). Thus we have from (2.35)-(2.38) that
K <lI3(z,t)w + ly(z, t)wy, (2.39)

where l3(z,t),l4(x,t) > 0 are two suitable functions.

Summing up the analysis above, for any B(x), we have the following inequality
wi + b(x, t)w, + d(z, t)v + c(z, t) ) < Wy, (2.40)

where the coefficient function ¢(z,t) < 0.
Similarly, we consider Kj given in (2.30). First, at the points (x,t), where
B(z) <0, we have that

Ky = ~ 220! (@) — (1 — £)C(@)C"(x) + B(x)(o — 26)p Y 00

4

=213 (w+2)C"(z) — (1 — &)C(2)C'(z) + B(z) ggz’{ (w — 2)¢’

= @ + @+ 2M)B(z) - (1= 1) (@) (M + [ B(s)ds)

+B(x) 25" (w1 — w + 2 [2, B(s)ds)

20

= (*78(x) = B(2)45;")w + (37 B(x) + B(x)*5," w1

20 20

+5MB(x) = (1= 20)B(x)(M + [2c B(s)ds) + Blw) 2= |7 B(s)dse”,

(2.41)
where
B(az)g;gz“ I B(s)dse? <0, (2.42)
FMB(x) — (1 —e1)B(x)(M + [2 B(s)ds)
(2.43)

< (52 +e)MB(@) — (1 - 21)B(x) [* Bls)ds < 0
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and

3—r 0— 2K
— B > 0. 2.44
L8(a) - B@) 5 2 0 (2.44)
Thus we have from (2.41)-(2.44) that
K1 S l5<l’, t)w + 16(1'7 t)wl, (245)

where [5(x,t) > 0,ls(x,t) are two suitable functions.
Second, at the points (z,t), where B(z) > 0, we have that

Ky = —120'C'(z) — (1 - £)C(2)C"(x) + B(x) (0 — 25)p Y22

e

= 15w+ 2)(x) — (1= £)8(x) (M + [ Bls)ds) + Bla) 2222053

e

= 3w 4wy 4+ 2M)B(x) — (1 — &1)Bx) (M + [*, B(s)ds)

2 B(0) 2 (- w + 2 [2 B(s)ds) (@ + w1 + 2M)

4

= (37 B(x) + T B(x) &2 (w + 2 [7, B(s)ds + 2M))w,

(3T B() + 5 B(2) 475 (2 [2, B(s)ds — 2M)w — T B(x) & @

e

+IMB(x) — (1 = e1)B(x)(M + [° B(s)ds) + 5= MB(x) 42 [ B(s)ds,
(2.46)

where

1 —9
—’YTB(QT)Q ; "ot <0

SEMB(x) = (1 —e1)B(x)(M + [7, B(s)ds) + 5+ M B(x) <2 |7 B(s)ds

: (2.47)

< (G e)MB(x) + [2, B(s)dsp(x) <0

(2.48)
and the coeflicient before w
STB(w) + 5 B(w) 4 (2 [2, B(s)ds — 2M)
> B (x) — 5 B(x)| 4 (5 M + 2M) (2.49)
= 325(x) — TE20MB(z) > 0
because the proof of (2.36). Thus we have from (2.46)-(2.49) that
Kl S l7(l‘, t)w + lg(fﬁ, t)wla (250)
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where l7(z,t) > 0,ls(z,t) are two suitable functions.

Summing up the analysis above, for any B(x), we have the following inequality
@it + by (x, )1, + di(x, t)wy + 1 (2, ) < ey, (2.51)

where the coefficient function ¢ (x,t) < 0.

Therefore, we may apply the maximum principle to the coupled inequalities
(2.40) and (2.51) to obtain the estimates w(x,t) < 0, (z,t) < 0 and so the
upper bounds of z and w (see [Lu3] for the details). This completes the Proof of
Theorem 2.

Proof of Theorem 3. Since the original system (1.1) and the approximated
system (1.5) have the same entropy equation or the same entropies ([Lu2]), also
for any weak entropy-entropy flux pair (n(o,v),q(e,v)) of system (1.1), it was
proved in [Lu2| that

(0% (2, 1), 0™ (2,1)) + ¢u (™ (2, 1), 0™ (2, 1)) (2.52)

are compact in H;,!(Rx RT), then there exists a subsequence of (0™ (x,t), v (z, 1)),
which converges pointwisely to a pair of bounded functions (o(z,t),v(x,t)) as K, €
tend to zero by using the compactness framework given in [LPS] for 1 < v < 3
and in [LPT] for v > 3. It is easy to prove that the limit (o(x,t),v(z,t)) satisfies
(1.20). Moreover, for any weak convex entropy-entropy flux pair (n(g,v), q(o,v))
of system (1.1), we multiply (1.10) by (,,7m) to obtain that

m(e™ (@, 1), v (2, 1)) + g2 (0™ (@, 1), v (2, 1)) + Ko (0™ (2, 1), v™* (2, 1))
= 577(95757 mn’s)x:c - 5(@;757 m?E) ) VZ??(Q“, mn’e) ) (95’6’ mZ’E)T
+B<x)<gff,a _ 25)7”5787]9(@&&, mn,a) + B(x)(gn,a _ 2/?) (U/H,5>2nm(gn,a7 mn,e)

S 677(9&57 mn,s)xx + B(CL')(QK’E _ QK)mi{,sq,h)(Qﬁ,E’ mﬁ,s)

+B(x) (0% — 26)(0"°) N (05, m™®),
(2.53)

where ¢ + kq; is the entropy flux of system (1.5) corresponding to the entropy
n. Thus the entropy inequality (1.21) is proved if we multiply a test function to
(2.53) and let €, k go to zero. Theorem 3 is proved.
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