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The Cauchy problem for a simplified shallow elastic fluids model, one 3 x 3 system of Temple’s type, is studied and a global weak
solution is obtained by using the compensated compactness theorem coupled with the total variation estimates on the first and third
Riemann invariants, where the second Riemann invariant is singular near the zero layer depth (p = 0). This work extends in some
sense the previous works, (Serre, 1987) and (Leveque and Temple, 1985), which provided the global existence of weak solutions for
2 x 2 strictly hyperbolic system and (Heibig, 1994) for n x n strictly hyperbolic system with smooth Riemann invariants.

1. Introduction

In [1], the authors proposed a new reduced model for
gravity-driven free-surface flows of shallow elastic fluids. It is
obtained by an asymptotic expansion of the upper-convected
Maxwell model for elastic fluids. The viscosity is assumed
small, but the relaxation time is kept finite. The simplified
system of (5.6) in [1] is as follows:

pe+ (pu), =0,

(pu), + (pu2 + ﬂ)x =0,

s s
— + Uu— +u = 0, (1)
<p52 )t <P s >x
s, +us, =0,
G +uc, =0.

Since the variable ¢ in the last equation is independent of the
first four equations in (1), we remove it and let v = 71/ s s =
const. > 0 to obtain the following conservation system:

pe+ (pu), =0,
(pu), + (pu2 + szv)x =0, (2)

(pv), + (puv +u)_=0.

By simple calculations, three eigenvalues of system (2) are

s
AM=u—-— 3
1 P 3)

with corresponding Riemann invariants

1
R, = s*v - su, R,=v+—, R, = s*v + su, (4)
P
and all characteristic fields are of the Temple type, namely, the
shock waves and rarefaction waves coincide.
In this paper, we will study the Cauchy problem of system

(2) with bounded initial data

(p(x%,0),u(x,0),v(x,0)) = (py (%), 1y (x), vy (x)),
po(x)=0

and prove the existence of global weak solutions by using the
vanishing viscosity method coupled with the compensated
compactness argument.

The hyperbolic systems of two conservation laws whose
shock and rarefaction curves coincide were first described
by Temple in [2], and later the global existence of weak
solutions for such systems, with any bounded variation initial
condition, were proven by Serre in [3] (also [4] for a special
system), where the key technique is that the total variation of



the Riemann invariants is decreasing in time. Serre’s idea was
extended by Heibig [5] to study any n x n strictly hyperbolic
system of Temple type, with smooth flux functions. For
system (2), both the flux functions and the second Riemann
invariant R, are singular near the zero layer depth p = 0.
So, the technique proposed in [3, 5] cannot be used to study
system (2) directly. Fortunately, we may accept the method
in [3] to obtain that the total variation, of the first and third
Riemann invariants, is decreasing in time, which implies the
H;! compactness of 4 and +% for the viscosity solutions
(uf,v%) given by the Cauchy problem. Then we may apply for
the div-curl lemma to the pairs of functions (¢, u) and (c, v%),
where ¢ is a constant, to give a very short proof of the existence
of global weak solutions for the Cauchy problem (2) and (5).

Theorem 1. Suppose (I)

¢ <uy(x) —svy(x) <, ¢ <uy(x) +svy(x) < ¢,

— + VY (x) > G5,
P (x) +¢€
(6)
where € is a small positive constant and ¢;, i = 1,2,...,5 are
suitable constants satisfying
!
c—— >0 7
> 2s @

(1) the total variations of uy(x) — sv,(x) and uy(x) + sv,(x) are
bounded, then the Cauchy problem (2) and (5) has a bounded
measurable solution (p,u, v), p = 0 satisfying system (2) in the
sense of distributions.

The existing result given in [5] is based on that for
any system of Temple type; there exists a strictly convex
entropy (Lemma 1, [5]). However, in our case, the existence
of a strictly convex entropy is not obvious since all pairs of
entropy-entropy flux of (2) are constructed in the following
theorem.

Theorem 2. All the entropies of (2) are in the form

r)(p,u,v):p<F(u+sv)+G(u—sv)+H<v+%)), (8)

where F, G, and H are arbitrary functions, with corresponding
entropy flux

q(pu,v) = (pu+s) <F(u+sv)+(pu—s)G(u—sv)

. ©)
+puH(v+ ;)) .

Furthermore when F, G, and H are all convex, the entropy is
convex.

We will prove Theorems 1 and 2 in Sections 2 and 3,
respectively.
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2. Proof of Theorem 1

We will prove Theorem 1 by several lemmas.
Consider the Cauchy problem for the related parabolic
system

Pt + (Pu)x = £pxx’
(pu), + (pu2 + szv)x =e(pu) . (10)

(), + v + ), = (),
with initial data
(p° (x,0),u (x,0),v" (x,0))

= (pg (), ug (x), v (%)) a1)

= (po (%) + & Uy (%), ¥ (x)) * G,

where G is a mollifier.

Lemma 3. If the initial data satisfy (6) and (7), then for any
fixed ¢ > 0, the viscosity solution (p°,u®,v*) of the Cauchy
problem (10) and (11) exists.

Proof of Lemma 3. We substitute the first equation into the
second and third equations in (10), respectively, to obtain

Ry (p5 V%) + LRy, (p% u5,0°)
_ s & ¢ 2¢ s e ¢
_8Rixx(P’u’V)+;PxRix(p’u’V)’ (12)

i=1,2,3.
Then by applying the maximum principle to (12), we have

o <R (p5u'v) <6, G <Ry (p5u5v%) < ¢,

(13)

Ry (p%u'v%) > cs,

due to the initial conditions given in (6), where R; are
Riemann invariants given in (4).

Using these estimates, we have the following bounded
estimates on (p®, u*, v%):

G — ¢ —cC ¢ tc
302Sv8§41, 176 _ e )

2s 2s 2

(14)

1 ¢ —c

— > 1 1590

pe 2s
due to the condition in (7). Since the boundedness of u°, we
have the positive, lower estimate

p°(x,t) > c(te) >0, (15)

by using Theorem 1.0.2 in [6] and the first equation in (10),
where c(t, €) could tend to zero as the time ¢ tends to infinity
or ¢ tends to zero.

The standard theory of semilinear parabolic systems,
namely, the local existence and the a priori bounded estimates
in (14) and (15), gives us the existence of global smooth
solution for the Cauchy problem (10) and (11). Lemma 3 is
proven. O
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Lemma 4. If the total variations of uy(x) — svy(x) and uy(x) +
svo(x) are bounded, then the viscosity solutions (p°,u,v%)

satisfy

J |, (e, 8) = sV, (x, )| dx < M,
_ozo (16)
[7 s o o e <,

where M is a positive constant, which is independent of €.

Proof of Lemma 4. Let ¢ = R,,. Choose i = 1 in (12).
Differentiating (12) with respect to x and then multiplying the
sequence of smooth functions h'((/), «) to the result, we have

¢+ (M19), = edyr + (2607 p8)
h(gra), + (A,h(9,a)), + (W ($a) ¢~ h($a)) A
= ch(p,a),, —eh” (§,0) ¢ + (2ep” ' peh (g a0)),
+(2ep7'p,), (W (@)~ h($.a)).
If we choose a convex h(¢, ), ' (¢,a) = 0 and h' (¢, ) —

sign¢, h(¢, o) — ¢l asa — 0, then weleta« — 01in (17)
and we have

¢l + (i 1D, < elgl. + (2ep7'pclg]),  (18)

in the sense of distributions. Integrating (18) in R x [0, t], we
have

17)

J [Rix| (x. 1) dx = J ] (x.1) dx
h > (19)
< J |¢| (x,0)dx <M
since TVR,,(x) is bounded. So, we proved the first estimate

in (16). Similarly we can prove the second estimate in (16).
Lemma 4 is proven. O

Lemma 5.
f(uE (x, t))x,

are compact in H,. (Rx R"),

gV (x,1)),
(20)

where f(u), g(v) are any smooth functions.

Proof of Lemma 5. Using (16) and (14), we know that
fW(x, 1), and g(+*(x,t)), are uniformly bounded both
in L! (R x R") and in W'I;i’oo(R x R") and so compact

loc
in ngi(R x R") due to Murats lemma [7]. Lemma5 is
proven. O

Lemma 6.

£ G £ & £ €\2 £
ol (pu), (), + (P () + ™) on

E & €

(pV), + (P u +u),

are compact in Hy_L (R x R*).

Proof of Lemma 6. Multiplying Ip'™" (I > 0) to the first
equation in (10) (for simplicity, we omit the superscript ),
we have

-2 2

pf + (plu)x +(-1) plux = epix —el(l-1)p "p.. (22)

Since u, is bounded in L} (R x R"), multiplying a suitable
nonnegative test function to (22), we have that

ep2p> is bounded in Lj_(RxR"). (23)

So the right-hand side of the first equation in (10) is compact
in Hy,} (R x R*), which implies the H_. (R x R*) compactness
of p; + (pu’),.
We substitute the first equation into the second in (10) to
obtain
2
U, + uu, + S—vx =¢&u,, + %pxux. (24)

Then we multiply (24) by ph’ (u), the first equation in (10) by
h(u), then add the result to obtain
(ph (W), + (puh (w)),_ + sSH () v,
= e(ph (w)),, - eh” (u) pu’.

Choosing a strictly convex function h(u) and multiplying a
suitable nonnegative test function to (25), we have that

(25)

spui is bounded in L; (RxR"). (26)

Similarly we can prove that

epv. is bounded in L;,_(RxR"). (27)
Using (23), (26), (27), and (20), we may prove the ngi(R X
R*) compactness of the last two terms in (21). Lemma 6 is

proven. O

Now we give the proof of Theoreml Let
(p,u, v, h(p,u®,v*)) be the
(P£> ua, ‘VE, h(ps’ MS, VE)).

Using the div-curl lemma [6, 8] to the following pairs of
functions, respectively:

weak star limits of

(cuf),  (p%pu%);
(C, us) i (psus’ pS(ue)Z + szva) :
(28)
(¢.v),  (p5pu);
(C, VS) , (psue’ Pe(uS)Z + SZVS) ,
where ¢ is a constant, we have
PEUE = pu, pE(ue)? = pfuf - uf = puz,
L - (29)
PEVE = pv, pEVEUE = pfuf - vE = puv.

Therefore we may prove that the limit (p,u, v) satisfies (2)
in the sense of distributions by letting & go to zero in (10).
Theorem 1 is proven.



3. Proof of Theorem 2

In this section, we will prove Theorem 2. It is easy to prove
that any pair of entropy-entropy flux (r(p, u, v), g(p, u, v)), of
system (2), must satisfy the following system:

qp = UMps
1
qQu = Pt T uny, + ;711/’ (30)
§2
q, = ; Hu + Uty
Then we have
Qou = Yp + UMy = Gup = Hp + PHpp
1 1
T un,, —- F”V + ;Tlv,y
2 &2
Qov = UNpy = Gyp = —;Wu + ;r]up + UMy 31)
Quv = PHpy T Uty + L o
P
2
= Q= ;rluu 1, Uy,
which is
P Mop + Pllyp = 1y
Pup = Hu> (32)
P g+ o = S T + P
Using the first and third equations in (32), we obtain
M = P lpp = 5 (33)
Resolving the second equation in (32), we have
M = pPhy (w,v), (34)
where h, is an arbitrary function of (u, v).
We rewrite the first equation in (32) as
(%)p = =PHpp- (35)
Then
T pny 4+ 1y w,v) o 1, = p (1= pn,) + phy (),
’ (36)

where h, is an arbitrary function of (u, v).
Differentiating (36) with respect to v and using the first
equation in (32), we have

M = P (1, = P1yp) + Phy, (s v) = p1y,, + phy, (7). (37)
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Differentiating (34) with respect to u and using (33) and (37),
we have

hy, (u,v) = s*hy,, (u,v) . (38)

Moreover, differentiating (34) with respect to v and differen-
tiating (36) with respect to u and using the second equation
in (32), we have

hy, (w,v) = hy, (u,v). (39)
We resolve (38) and (39) to obtain

hy(u,v)=fu+sv)+gu-sv),
40
hy (u,v) = sf (u+sv) —sg(u—sv), (40

where f, g are two arbitrary functions.
Integrating (34) with respect to u, we have

n(pu,v)=p(Fu+sv)+Gu—sv)+h(p,v), (41)

where F' = f,G' = g, and h is a suitable function of (p, v)
such that # given in (41) must satisfy (36). Thus h satisfies

h, (p.v) = ph(p.v) - p*h, (p.v) or (g>v+pz<’2)

P/p

(42)
and so h/p = H(v + 1/p) or h(p,v) = pH(v + 1/p). Thus (8)

is proven.
To prove (9), we remove all the terms on the right-hand
side of (12) to obtain

(u—sv)t+<u— i)(u—sv)x =0,
P

Geo) o)

—+v)] +ul —+v)] =0, (43)
P t P x
(u+sv)t+<u+/£)>(u+sv)x=0.

Multiplying the first equation in (43) by pG'(u — sv) and the
first equation in (2) by G(u — sv), then adding the result, we
have

(pG), + (pu~5)G), =0. (44)

Thus the entropy flux corresponding to the entropy pG(u—sv)
isq, = (pu — s)G(u — sv).

Similarly, we may prove that the entropy flux correspond-
ing to the entropy pF(u + sv) is g, = (pu + s)F(u + sv),
the flux corresponding to the entropy pH(v + 1/p) is ¢ =
puH(v + 1/p). Thus (9) is proven.

Lety = pF(u + sv), m = puand n = pv. By simple

calculations
2
1/m+sn " 1 _n
’7 - _< ) F ’ 11 - _F ’
Pop\p "
2
S " m+sn_
Nun = ;F > npm == P2 E (45)
m+ sn__ S
Hon = =S 2 E7, Hn = —F
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and for any vector (a, b, ¢)

2 2 2
Nop@d + Hymb™ + NC” + 20,,ab + 217,,a¢ + 21,,,,bc

(46)
= lp’

,<m+sn
P

2
a—b—sc) >0, as F'>0.
P

Thus 17 = pF(u + sv) is convex when F is convex. Similarly we
can prove both pG(u — sv) and pH(v + 1/p) are convex when
G, H are convex. Theorem 2 is proven.
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