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Abstract In this paper we prove existence of isentropic gas dynamic equations with a source term (1.2). To
this end we construct a sequence of regular hyperbolic systems (1.1) to approximate the inhomogeneous system
of isentropic gas dynamics (1.2). First, for each fixed approximation parameter § and very general condition on
P(p), we establish the existence of entropy solutions for the Cauchy problem (1.1) with bounded initial date
(1.4). Second, letting € = o(d), we obtain a complete proof of the ngcl compactness of weak entropy pairs of
system (1.2) in the form n(p,u) = pH(p,u) given in Chen-LeFloch (2003). Finally, for the conditions of P(p)
given in Chen-LeFloch (2003), applied to the results in Theorems 1 and 2, we obtain the global existence of
entropy solutions for the Cauchy problem (1.2) with bounded initial date (1.4).
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1 Introduction

In this paper, we construct a sequence of regular hyperbolic systems

pt + (=20u+ pu)y =0,

1.1
(o) + (pu — 8u + Py(p.8))s + alx)p + cpulu] = 0, 1)

to approximate the inhomogeneous system of isentropic gas dynamics in Eulerian coordinates

pt + (pu)z =0,
(pu)e + (pu® + P(p))z + a(x)p + cpulu| = 0,
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where p is the density of gas, u is the velocity, P = P(p) means the pressure. The function a(x)
corresponds physically to the slope of the topography and cplu| to a friction term and § > 0 in (1.1)

denotes a regular perturbation constant and the perturbation pressure

/ —P’ (1.3)

The global existence of L™ entropy solutions for inhomogeneous system (1.2) with the polytropic gas,
P(p) = dp?, where v > 1 and d is an arbitrary positive constant, and arbitrarily large L initial data
was established in [1].

In this paper, we study more general pressure P(p). First, for fixed § > 0, we establish the existence

of entropy solutions for the Cauchy problem (1.1) with bounded measurable initial data
(p(x,O),u(x,O)) = (pQ(I),Uo(w)), po(w) > 20. (1'4)

Theorem 1. Let |a(x)] < M, and let ¢ be a nonnegative constant. Let the initial data (po(x),uo(x))
be bounded measurable and po(z) > 26, P(p) € C%(0, ), P'(p) > 0,

2P'(p) + pP"(p) >0 as p>0 (1.5)
and

/:O 7V]Z(p)dp / e Plp dp < oo, Ve >0. (1.6)

Then the Cauchy problem (1.1), (1.4) has a global bounded entropy solution (p(x,t),u(x,t)) satisfying
26 < pla,t) < M(1),  Jula, 1)] < M(),

where M (t) > 0 is bounded for any finite time t.

Second, with the help of the perturbation parameter §,¢ = o(§), we obtain a simple proof of the H !

compactness in the following theorem.

Theorem 2. Let all conditions about P(p) in Theorem 1 be satisfied and the limit

(P'(p)? _

where e 2 0 is a constant. If the weak entropy-entropy flux pair (n(p,u), q(p,u)) of system (1.2) is in the
formn(p,u) = pH(p,u) and Hy(p,uw), Hyuu(p, w), Hyuu(p, u) are continuous on 0 < p < M(¢), |u| < M(t),

where M(t) is a positive bounded function given in (2.11), then

Uz (pé,e(.% t)a ué,e(.% t)) + 4z (pé’e(ma t)7 ué,e(.% t)) (1'8)
is compact in H,} (R x RT) as € = 0(%{?5)) and § tends to zero, with respect to the viscosity solutions

(p%¢(x,t),u®¢(x,t)) of the Cauchy problem (2.6) and (1.4).

Theorem 3. Let all conditions about P(p) in Theorems 1 and 2 be satisfied. Assume that there exist
an exponent v € (1,00), and a smooth function p(p), and some real 61 > 1 such that

P(p) = kp" (14 p*'p(p)), (1.9)

where 6 = 7771716 = %, p(p) and p3P" (p) are bounded as p tends to zero. Then there exist global
entropy solutions to the Cauchy problem (1.2) and (1.4).
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Note 1. In Theorem 1, we do not need the condition a’(x) > 0 given in [1].
Note 2. In Theorem 2, the weak entropy in the form n(p, u) = pH (p, u) was constructed in [1], however
the compactness in H ! space is not proved.

General discussion of this paper: We use the compensated compactness method in this paper.
When applying this theory to the equations of isentropic gas dynamics this involves three steps. In the
first step, we construct a family of approximate solutions of this system of equations. In this paper this
is done by adding viscosity to the gas dynamic equations. When proving existence of these viscosity
solutions, the main difficulty is to prove an a-priory lower bound of the solutions p¢ > c¢(t,e) > 0. In
this paper we use a perturbation by J in the flux of the conservation of mass equation to overcome
this difficulty. Secondly, we need to prove the ngcl compactness for the weak entropy-entropy flux pair.
For polytropic gas = p(p) = ¢p?, v > 1, this compactness is proven by Di Perna, Lions and others by
controlling the weak entropy-enropy flux pair by a convex weak entropy (2.18). For general pressure
p(p) this compactness has been open up to now. In this paper using the perturbation ¢ and choosing
€ going to zero faster than §, we give a simple proof of this compactness. In the third step, we use the
weak entropy-entropy flux pairs to prove that the Young measure is a Dirac measure. Here, for pressure

equations given in (1.9) we use the result in [1].

2 Proof of Theorem 1

In this section, we prove Theorem 1.

By simple calculations, two eigenvalues of system (1.1) are

m — 20 m — 20
>\1:;*pp VP (p), )\2:;+pp P'(p), (2.1)

with corresponding right eigenvectors

r=(Lu— P,(p))Ta re = (Liu+ vy Pl(p))T7 (2.2)

and Riemann invariants

z(u,v) =

S ’ PT/(S)ds, w(u,v) = % + /p P/(S)ds’ (2.3)

p 26 3 §

where m = pu. Moreover

o B s P2 op "
VA1 2 P'(p) 27 /—P’(p)(QP (p) +pP"(p)), (2.4)
and
_ Y e P2 op "
VAz -1 = vV (p) + SN (2P"(p) + pP"(p))- (2.5)

Considering the Cauchy problem for the related parabolic system

pt+ ((p = 20)u)z = €paa,
(2.6)

(pu)e + (pu® — 0u® + Pi(p, 0))a + a(x)p + cpulu| = €(ptt)za,

with the initial data (1.4), we multiply (2.6) by (w,, w.,) and (2,, zm) respectively to obtain
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c|ul

wi+Aew, + a(z) + 5 (w—2z)
2¢ €
= €Wy + — PrWg — (QP/ + PPH)P ) (2.7)
p 202\/P'(p) ’
and
clu
2zt + Mz —a(z) + L(z —w)
2
% ) , (2.8)
= €Zgg + ;szx B Pl(p) (2P + pP )
Then the assumptions on P(p) yield
clul 2¢
wy + AWy + a(x) + T(’LU — Z) < EWgyg + ;pxwm (29)
clu| 2¢
zt + Azg —a(z) + T(z —w) < €242 + ;pmzx. (2.10)
Making a transformation
w=X+Mt, =Y+ Mt (2.11)

where M is the bound of a(z), from (2.9) and (2.10) we have

Xi + A2 X, +C| |(X Y) Xzz;
(2.12)
clul
Yt+)\1Yx+T(Y*X)< You,
with
Xlt=0 = wlt=0 < My, Y=o = Z|t=0 < M;. (2.13)

Thus the maximum principle (See Lemma 2.4 in [14]) applied to (2.11), (2.12) gives the estimates
w(p®?,m°) < My + tM,z(p*°, mS%) < M; + tM. Moreover, using the first equation in (2.6), we
get pf"S > 2. Thus we obtain the estimates

26 < p0 () < M), Jud(a,t)] < M(b), (2.14)

for a suitable positive function M (¢), being independent of €, §, since f \/de oo and f . \/p—d
< oo for any constant ¢; > 0.

Thus for fixed § > 0, it follows from (2.1) that system (1.1) is strictly hyperbolic in the domain
{(z,t) : p > 28}, while it is nonstrictly hyperbolic in the domain {(z,t) : p = 2§}, since Ay = Az when
p = 20. However, from (2.4) and (2.5), both characteristic fields of system (1.1) are genuinely nonlinear
in the range p > 24.

For smooth solutions, the homogeneous part of system (1.1) is equivalent to the following system

pt + (=20u + pu)e =0,

L, [P=20P(1) N _
’U/t+(§’u +/26t72dtx—0,

and particularly, both systems have the same entropy-entropy flux pairs. Thus any entropy-entropy flux

(2.15)

pair (n(p,m), q(p, m)) of system (1.1) satisfies the additional system

—20)P’
qp = umn, + wnua qu=(p— 25)77;) + uny. (2.16)
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Eliminating the ¢ from (2.16), we have

Pl(p
Top = —p(2 ) (2.17)

Therefore, systems (1.1) and (1.2) have the same entropies.

It is easy to check that system (1.1) has a convex entropy

2 P(p—t)P'(t
.l +/ (p=t)P'@) (2.18)
2 26 t
with corresponding entropy flux
3 ) 3 P P/ t
q*=&—i+u(p—25)/ ®) . (2.19)
2 3 s 1
We multiply (2.6) by (n,7;,) to obtain the boundedness of
€(pzy Ma) - V27]*(p, m) - (px mx)T (2.20)
in L (R x RT). Then it follows that
P 1 [m S
€ (p) pi +e— |:_p:c - m:c:| = €ﬁpi + epui (2.21)
p plp p
is bounded in L{ (R x R™).
Since p > 24, we get the boundedness of
ep?, eu: in L. (RxR") (2.22)

for any fixed § > 0.
Thus for smooth entropy-entropy flux pairs (; (6, p, ), ¢;:(0, p,u)),i = 1,2, of system (1.1), the following

measure equations or the communicate relations are satisfied

(Vo.ty 1 (0)a2(8) — 12(8)a1 (6))
= (Vo) M (8)) (Vs 42(0)) = (a0, 12(8)) (Vs 0y, 01 9)), (2.23)

where I/E;x, £ is the family of positive probability measures with respect to the viscosity solutions (p9, u?)
of the Cauchy problem (2.6) and (1.4).
For applying to the framework given by DiPerna in [3] to prove that Young measures are Dirac ones,

we construct four families of entropy-entropy flux pairs of Lax’s type in the following special form:

0k = ek (al(P) + w> . ak =1} <A2 + 01(2’ k) 4 (k’;’ k)) ; (2.24)
e =e " (az(/’) + Mﬁ) o = </\2 + CQ(Z’ LI dQ(]fQ’ k)) ; (2.25)
n = eh? (a3(p) + W) . = (A1 + 63(2’ k) + dg(ka, k)) ; (2.26)
nhy =e (a4(p) + Mkk)) ,dby =k, (A1 + 64(2’ i d4(152’ k)) , (2.27)

where w, z are the Riemann invariants of system (1.1) given by (2.3). Notice that all the unknown
functions a;,b; (i = 1,2,3,4) are only of a single variable p. This special simple construction yields an

ordinary differential equation of second order with a singular coefficient 1/k before the term of the second
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order derivative. Then the following necessary estimates for functions a;(p), b;(p, k) are obtained by the

use of the singular perturbation theory of ordinary differential equations:
0<ai(p) <M, |bi(p,k)| <M, (2.28)

0<ecilp) <M, (or =M <ci(p) <0), |di(p, k)] <M, (2.29)
uniformly for 20 < p < My, where i = 1,2,3,4 and M is a positive constant independent of k.
In fact, substituting entropies ni = e¥“(a1(p) + b1(p, k)/k) into (2.17), we obtain that
11

b
ki2f(p)ay + f'(p)ar] + ai +2f(p)by + f'(p)br + f =0, (2.30)

where f(p) = ¥ PO et

' 2f(p)al + F(p)ar =0 (231)
and
al +2f(p)bs + f'(p)b1 + %1/ =0. (2.32)
Then
a1 =f(p) >0  p=26. (2.33)

The existence of by (p, k) and its uniform bound |b1(p, k)| < M on 26 < p < M; with respect to k can be
obtained by the following lemma (cf. [7]) (also see Lemma 10.2.1 in [14]):

Lemma 4. Let Y(x) € C?[0,h] be the solution of the equation
F(z,Y,Y") =0,

and functions f(z,y, z,A), F(z,y, z) be continuous on the regions 0 < x < h, [y—Y (z)| < l(z), |z—Y"(x)| <

m(x) for some positive functions l(x), m(z) and A\g > A > 0. In addition,
|f(l‘,y,2,>\) - F(:c,y,z)| < €,

|F(l‘,y2,2) *F(l‘,yl,Z” < M|y2 7y1|7

F(xayaZQ) - F(xayazl)
zZ9 — 21

> L

for some positive constants e, M and L.

If y(z) = y(x, \) is a solution of the following ordinary differential equation of second order:

N+ [y, Y, A) =0,

with y(0) = Y'(0) and y'(0) being arbitrary, then for sufficiently small A > 0,¢ > 0 and P = |¢/(0)—Y"(0)|,
y(x) exists for all 0 < x < h and satisfies

ly(z, \) — Y (2)| < [% +A <§ + %)} exp <%) ,

where N = maxoga<n [Y(2)]-

Furthermore, we can use Lemma 4 again to obtain the bound of b} with respect to k if we differentiate
Equation (2.32) with respect to p.

By the second equation in (2.16), an entropy flux g;, corresponding to 1} is provided by

(0—20)as —a1  (p= 20— by
k k2 ’

q = \anj + v ( (2.34)
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where
(pP" +2P")(p — 20) + 8P’
4pP" f(p)2
and (p — 26)b} — by both are bounded uniformly on p € [26, M;].

In a similar way, we can obtain another entropy-entropy flux pair of Lax type as follows:

= et (o + H20)

(p—26)a} — a1 = —

0, (2.35)

) / (2.36)
—(p—26 ba — (p—20)b
P =y 4o (202200 | b= (0= 20)0 )
k k
where as(p) = a1(p) and ba(p, k) satisfies
b//
ai =2f(p)by = f'(p)b + = = 0; (2.37)
bs(p, k
i = (aat) + 201,
) / (2.38)
—20)af — —26)b5 — b
@ = Mn? + e (p )as — as n (p )23 3 7
k k
where as(p) = a1(p) and bs(p, k) satisfies
b//
af — 27 (o)t — /()b + 2 = 0 (2.39)
balp, k
= (astp) + 202,
/ / (2.40)
as — (p—20)a by — (p—20)b
qlkAmlk+e’”< . (pk Ja , b (pk2 ) 4>,
where a4(p) = a1(p) and by(p, k) satisfies
b//
ay +2f(p)by + f'(p)ba + -+ = 0. (2.41)

k

Using the argument in Lemma 4 in Equation (2.41), we can get the existence of b4 and the uniform
bounded estimates of by, b, with respect to k. If making an independent transformation p; = p — M to
Equations (2.37) and (2.39), where M; is the upper bound of p, we also obtain the existence of by, bg and
the uniform bounded estimates of by, bs, b5 and b5 by Lemma 4 again.

Then the estimates in (2.28)-(2.29) are obtained, and hence Theorem 1 is proved when we use these
entropy-entropy flux pairs in (2.24)—(2.27) together with the theory of compensated compactness coupled

with DiPerna’s framework (cf. [3]).

3 Proofs of Theorem 2 and Theorem 3

In this section, we prove Theorems 2 and 3.
First of all, we recall the proof of Theorem 2 for the case of polytropic gas and the homogeneous

system, in which any weak entropy can be represented by the following explicit formula:

no(p,u) = p/o [7(1 - T)])‘g(u +p? — 2/)‘97')d7'7 (3.1)
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where 0 = ’YT_I, A= % and g is a smooth function. Multiplying (no,, go,) to the following parabolic

system
Pt +my = €Pzrx,
m? (3.2)
my+ | — +PV = €My,
P =
we have
Mot + dos = €Noze — €(p,ms) - V20(p,me) - (pg, mg)" (3.3)
where qq is the entropy flux corresponding to 79. Then using the strictly convex entropy
m?2 1
= v, 3.4
=5, T 1 (3.4)
we first obtain the boundedness of
e(ps,ms) - Vio(pS,me) - (p5, ms) " (3.5)
in L{ (Rx R™) since the hessian of 7y is controlled by the hessian of 7. with the help of the explicit formula

(3.1), and hence the compactness in VVlgcla(R x RT), for some a € (1,2), by the Sobolev embedding
theorems. Second, in the case of 1 < 7y < 2, since 1 is strictly convex and 7o,, fom are uniformly bounded,
we can prove that €no,,(p¢, m€) is compact in H,! (R x R*). Noticing that the left-hand side in (3.3) is
uniformly bounded in W~1°(R x R*) with respect to €, we get the proof of Theorem 2 by using Murat’s
theorem (cf. [18]) for the case of 1 <y < 2.

However, for the case of v > 2, the entropy 7. is not strictly convex and hence the compactness of
Moz (pS,me) in H (R x RT) is not obvious. To overcome this technical difficulty, the authors in [11]

loc

used the periodic viscosity solutions in the space variable = to obtain an auxiliary estimate (see (I1.53) in
[11]):
T L
/ dt/ dze?(pS)?> =0 ase— 0. (3.6)
0 0

In this section, with the help of the approximation parameter 0, the compactness of enoz.(p¢, m€) in
H (R x R*) can be easily obtained.
Now, we prove Theorem 2 for the inhomogeneous system with more general pressure P(p).

We rewrite system (2.6) by the following equivalent system

pe + ((p = 20)u)z = €paa,

1 P(t—20)P'(t
w4+ [ =u? + / Mdt +a(z) + culu| = eugy + 2 prtty.
2 26 t2 z P

(3.7)

Let (n(p,u), q(p,u)), (n(p,u),q1(p,u,d)) be the entropy-entropy flux pairs of systems (1.1), (1.2) respec-
tively since they have the same entropy equation (2.14), but different entropy fluxes.

Multiplying system (3.7) by (,,7.), we have
n(p®,m)e+q(p®, m)s + (a(x) + cu|u|)nu
€ € € € € € 26
=en(p®, m)zx — (q1(p, Mm%, 6) — q(p*,m))s + e TPt
- €(ﬂpppi + 21pupztie + nuuui) (3.8)

By entropy equation (2.14), we have
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(r,u)dr + g(u)

Hy(r,u)dr + g(u), (3.9)

e )
-5

since n(p,u) = pH(p,u), where g(u) is an arbitrary smooth function. Furthermore by integrating (3.9),

we get
Pl
n */ / Hyo (T w)drdt + g(u)p (3.10)
since 1(0,u) = 0. Then
? P'(r
Npu =/ T( Hyyu (T, u)d7 + g’ (u). (3.12)
0

Substituting (3.11), (3.12) into (3.8) and using entropy equation (2.14), we get the following equality

n(pS,m)e +q(p*,m)e = I1 + Iz + I3, (3.13)
where
I = en(p,m)ux — (q1(p,m, 6) — q(p,m))w, (3.14)
P/ €
Iy = —¢ ( p(f )Huu(PE,uf)Pi + p Hyyug, > — p*Hy(a(z) + cufluf|), (3.15)

rS pt P'(r
I3 = —2¢ (/ (r )Huuu (T, uf)dr — / / Hy( ue)det> Pzl (3.16)
0

For any ¢ € C(R x RT) with S = supp ¢,

n(p®, m®) g pdadt|

<€| (nppS + Hupul) ¢ |dedt

<M [< / /S ePlp(fE)(pi)Q Pfé);e)d:cdt)%
(// dfdt)é] (//S(rbm)Qdasdt>é — 0, (3.17)
P’(26))

since € = o(—5 r P,( 7 — 0ased— 0. Since q1(pS, m,0) — q(pc, m) tends to zero as ¢ tends to
zero, we get the compactness of I1 in H ;! (R x R*). Using (2.19) and (2.11), we know that I> is bounded
in L. (R x R*), and hence compact in W *®(R x R*), for some o € (1,2), by the Sobolev embedding

loc
theorems. Using the Vol’pert theorem and the limit given in (1.7), we have the following estimates

/P P(r) H oy (7, 0)dr /ﬂ P'(r) dr| < Mi+\/P'(p),
0 T 0 T

L P(r L P(r

<M

(3.18)

drdt‘ Mip\/P'(p)

Using these estimates together with (2.19), we get the boundedness of I3 in L (R x RT) and hence the
compactness in VVlgcla(R x RT), for some « € (1,2), by the Sobolev embedding theorems.

Hy (1,0 det‘
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Therefore the right-hand side of (3.13) is compact in VVlgl’a(R x RT) for some a € (1,2), but the

C

left-hand side is bounded in W~1°°(R x R*). This implies the compactness of 1(p¢, m¢); + q(p¢, m), in
H (R x R") and hence the proof of Theorem 2 by the Murat theorem (cf. [18]).

loc

Proof of Theorem 3. In [1], under the assumptions of Theorem 2 on the pressure function P(p) and
the compactness of n(p¢, m®); + q(p¢, m®), in ngi(R x R1), the authors have established a compactness
framework for the viscosity solutions (p¢, m¢). Based on this framework and the result given in Theorem

2, we can easily prove Theorem 3.
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