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Abstract

In 1994, Peter Shor proposed an algorithm for finding the prime factors of an integer that
paved the way for an emerging paradigm: quantum computing algorithms could offer
substantial speedups compared to their classical counterparts. Within this framework,
one research direction focuses on the numerical simulation of partial differential equations
(PDEs), aiming to mitigate the so-called "curse of dimensionality". A major bottleneck
for classical algorithms that triggers an exponential growth in computational effort as the
spatial dimension increases.

The primary tool driving quantum algorithms is Hamiltonian simulation which, how-
ever, can only be directly applied to dynamical systems governed by Hermitian operators
(such as the Schrödinger equation). This restriction severely limits its applicability to the
vast class of PDEs of physical and engineering interest, which are frequently described
by non-Hermitian operators (e.g., diffusion, advection, or more generally, dissipative
systems).

To overcome this limitation, this thesis introduces Schrödingerization, a framework that
converts a generic linear PDE into a Schrödinger-type equation via the so-called "warped
transformation". By introducing an auxiliary variable, this technique maps the problem
into a higher dimension and symmetrizes the evolution operator, making it suitable for
Hamiltonian simulation. To ensure the work remains self-contained and accessible, the
first part introduces the fundamental conceptual tools of quantum computing: qubits,
quantum gates, circuits, and measurements.

Although the theoretical foundation of Schrödingerization had already been estab-
lished, an explicit implementation of these algorithms at the quantum circuit level was
still lacking. The central contribution of this thesis lies precisely in the detailed construc-
tion of such circuits, following the approach proposed by Hu, Jin, Liu, and Zhang (2024).
Starting from the discretization of the operator, the circuits for both the heat equation and
the discretized advection equation are explicitly derived, including the encoding of the
auxiliary dimension required for the operator transformation.

Furthermore, a rigorous computational complexity analysis is conducted to quantify
the number of qubits and elementary operations required. Finally, the practical validity of
the proposed circuits is verified through numerical simulations (via Qiskit, utilizing the
Statevector, Sampler, and Estimator primitives), demonstrating the accurate reproduction
of the expected dynamics for both equations.

The results successfully validate the practical feasibility of Schrödingerization as a
general bridge between classical PDEs and quantum Hamiltonian simulation, laying the
groundwork for future extensions to non-linear equations and higher-order discretization
schemes.
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Abstrakt

Im Jahr 1994 schlug Peter Shor einen Algorithmus zur Bestimmung der Primfaktoren ei-
ner ganzen Zahl vor, der den Weg für ein neues Paradigma ebnete: Quantenalgorithmen
könnten im Vergleich zu ihren klassischen Gegenstücken erhebliche Beschleunigungen
bieten. In diesem Rahmen konzentriert sich eine Forschungsrichtung auf die numeri-
sche Simulation partieller Differentialgleichungen (PDEs) mit dem Ziel, den sogenannten
„Fluch der Dimensionalität“ abzumildern – ein zentrales Hindernis für klassische Algo-
rithmen, das mit zunehmender räumlicher Dimension zu einem exponentiellen Anstieg
des Rechenaufwands führt.

Das wichtigste Werkzeug hinter Quantenalgorithmen ist die Hamiltonsche Simulation,
die jedoch nur direkt auf dynamische Systeme angewendet werden kann, die durch her-
mitesche Operatoren beschrieben werden (wie etwa die Schrödinger-Gleichung). Diese
Einschränkung begrenzt ihre Anwendbarkeit erheblich auf die große Klasse physika-
lisch und ingenieurwissenschaftlich relevanter PDEs, die häufig durch nicht-hermitesche
Operatoren beschrieben werden (z. B. Diffusion, Advektion oder allgemeiner dissipative
Systeme).

Um diese Einschränkung zu überwinden, führt diese Arbeit die Schrödingerisierung
ein, einen Rahmen, der eine allgemeine lineare PDE mittels der sogenannten „verzerrten
Transformation“ (warped transformation) in eine Gleichung vom Schrödinger-Typ über-
führt. Durch die Einführung einer Hilfsvariablen bildet diese Technik das Problem auf
eine höhere Dimension ab und symmetrisiert den Evolutionsoperator, wodurch dieser
für die Hamiltonsche Simulation geeignet wird. Damit die Arbeit in sich geschlossen und
zugänglich bleibt, führt der erste Teil die grundlegenden konzeptionellen Werkzeuge des
Quantencomputings ein: Qubits, Quantengatter, Schaltkreise und Messungen.

Obwohl die theoretische Grundlage der Schrödingerisierung bereits etabliert war, fehlte
bislang eine explizite Umsetzung dieser Algorithmen auf der Ebene von Quantenschalt-
kreisen. Der zentrale Beitrag dieser Arbeit liegt eben in der detaillierten Konstruktion
solcher Schaltkreise, in Anlehnung an den von Hu, Jin, Liu und Zhang (2024) vorgeschla-
genen Ansatz. Ausgehend von der Diskretisierung des Operators werden die Schaltkreise
sowohl für die Wärmeleitungsgleichung als auch für die diskretisierte Advektionsglei-
chung explizit hergeleitet, einschließlich der Kodierung der für die Operatortransforma-
tion erforderlichen Hilfsdimension.

Darüber hinaus wird eine rigorose Analyse der Rechenkomplexität durchgeführt, um
die benötigte Anzahl an Qubits und elementaren Operationen zu quantifizieren. Ab-
schließend wird die praktische Gültigkeit der vorgeschlagenen Schaltkreise durch nume-
rische Simulationen (mittels Qiskit, unter Verwendung der Primitiven Statevector, Samp-
ler und Estimator) überprüft, wobei die genaue Reproduktion der erwarteten Dynamik
für beide Gleichungen nachgewiesen wird.

Die Ergebnisse bestätigen erfolgreich die praktische Durchführbarkeit der Schrödin-
gerisierung als allgemeine Brücke zwischen klassischen PDEs und der quantenmechani-
schen Hamiltonschen Simulation und legen damit den Grundstein für zukünftige Erwei-
terungen auf nichtlineare Gleichungen und Diskretisierungsschemata höherer Ordnung.
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Sommario

Nel 1994 l’algoritmo di Shor per la ricerca dei fattori primi di un intero apriva concreta-
mente la strada ad un’idea che stava sviluppandosi in quegli anni, ovvero che algoritmi
di computazione quantistica potessero offrire notevoli incrementi nelle velocità com-
putazionali se paragonati agli algoritmi classici. In questo contesto tra le varie direzioni
in cui è avanzata la ricerca, una è quella relativa alla simulazione numericha di equazioni
alle derivate parziali (PDE), al fine di sopperire alla cosiddetta "maledizione della dimen-
sionalità", dovuta al crescere della dimensione spaziale del problema, di cui gli algoritmi
classici soffrono.
Il principale strumento a disposizione degli algoritmi quantistici è la simulazione Hamil-
toniana, la quale, tuttavia, può essere applicata direttamento solo a sistemi dinamici
governati da operatori Hermitiani (il caso dell’equazione di Schrödinger). Questa re-
strizione ne limita fortemente l’applicabilità alla vasta classe di PDE di interesse fisico e
ingegneristico, spesso descritte da operatori non Hermitiani (equazioni di diffusione, di
avvezione, o più in generale sistemi dissipativi). Per superare questo limite, il seguente
lavoro di tesi introduce la Schrödingerizzazione (Schrödingerisation), costruzione che
permette di convertire una generica PDE lineare in un’equazione di tipo Schrödinger
attraverso la cosiddetta "warped transformation": l’aggiunta di una variabile ausiliaria
innalza la dimensionalità del problema e simmetrizza l’operatore di evoluzione, renden-
dolo idoneo alla simulazione Hamiltoniana.
Con lo scopo di rendere più fruibile il lavoro vengono introdotti, in una prima parte,
gli strumenti concettuali della computazione quantistica necessari alla trattazione: qubit,
gate quantistici, circuiti e misurazioni.
Sebbene il formalismo della Schrödingerizzazione fosse già stato sviluppato a livello
teorico, mancava ancora un’implementazione esplicita, a livello di circuito quantistico,
degli algoritmi. Il contributo centrale della tesi consiste appunto nella costruzione det-
tagliata di tali circuiti, seguendo l’approccio proposto da Hu, Jin, Liu e Zhang (2024):
a partire dalla discretizzazione dell’operatore, si ricavano esplicitamente i circuiti per
l’equazione del calore e per l’equazione di avvezione discretizzata, comprensivi della
codifica della dimensione ausiliaria introdotta al fine di poter trasformare l’operatore.
Viene inoltre condotta un’analisi di complessità computazionale che quantifica il numero
di qubit e di operazioni elementari richieste. Infine, la validità pratica dei circuiti proposti
viene verificata attraverso esperimenti numerici su simulatore (tramite Qiskit, utilizzando
le primitive Statevector, Sampler ed Estimator), che assicurano la corretta riproduzione
della dinamica attesa per entrambe le equazioni considerate.
I risultati ottenuti confermano dunque la fattibilità pratica della Schrödingerizzazione
come ponte generale tra PDE classiche e simulazione Hamiltoniana quantistica, aprendo
la strada a future estensioni a equazioni non lineari e a schemi di discretizzazione di
ordine superiore.
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1 Introduction

The idea of harnessing quantum mechanics to simulate physical systems dates back to

Richard Feynman’s seminal observation in the 1980s that classical computers appear to

incur an exponential cost in simulating quantum dynamics.So it is a truth universally

acknowledged, that everything written about quantum simulation must begin with the

quote

“[. . . ] nature isn’t classical, dammit, and if you want to make a simulation of nature, you’d better

make it quantum mechanical [. . . ]” [8]

This insight was later formalized by Seth Lloyd, who provided the first explicit quan-

tum algorithm for simulating local Hamiltonians [18], establishing quantum simulation

as one of the most natural and promising applications of quantum computing. In the

decades that followed, tremendous progress was made in refining Hamiltonian simu-

lation techniques. Early algorithms by Aharonov and Ta-Shma extended the scope to

sparse Hamiltonians [1], while subsequent works by Berry and collaborators achieved

near-optimal query complexity with respect to the evolution time, sparsity, and precision

[2]. These developments cemented Hamiltonian simulation as a cornerstone of quan-

tum algorithm design, with complexity scaling that offers exponential improvements

over classical methods in certain regimes. Despite these advances, the vast majority of

quantum simulation algorithms are designed for systems governed by the Schrödinger

equation, that is, unitary dynamics generated by a Hermitian Hamiltonian. However,

most problems in science and engineering are modelled by partial differential equations

(PDEs) that do not possess an underlying Schrödinger structure. For example the heat

equation, advection–diffusion equations, and more general dissipative or hyperbolic sys-

tems fall into this category.

In classical computation, such equations are typically discretized using finite-difference,

finite-element, hybrid or spectral methods, reducing the PDE to a system of ordinary

differential equations (ODEs) which are then integrated in time. While these classical

techniques are mature and highly optimized, they suffer from the so-called curse of di-

mensionality: the number of grid points grows exponentially with the spatial dimension

d, and handling these large-scale simulations becomes prohibitively expensive even on

modern high-performance computing clusters. The quest for quantum speedups in solv-

ing classical PDEs has motivated two principal algorithmic strategies. The first approach

discretizes the PDE in both space and time to obtain a large linear system, which is

1



then solved using quantum linear systems algorithms such as the HHL algorithm [9]

and its improvements [5] as presented in several different articles [7, 19, 24]. These

methods can offer polynomial or even super-polynomial speedups over classical direct

solvers, however, the output of HHL-based methods is a quantum state |x⟩ proportional

to the solution, necessitating very resource-intensive quantum tomography to determine

the complete solution x. Moreover, HHL-based methods require extensive quantum re-

sources, such as qubits and gates, making practical application challenging in the era of

NISQ (Noisy Intermediate-Scale Quantum) computers.

The second approach, more directly aligned with the spirit of Hamiltonian simulation,

seeks to encode the time evolution of the PDE into a quantum state |u(t)⟩ and evolve it

via a sequence of quantum gates. This strategy is conceptually elegant but encounters a

fundamental obstacle: the semi-discrete operators of dissipative or non-self-adjoint PDEs,

such as the Laplacian matrix for the heat equation or the upwind-differenced advection

operator, are not Hermitian, and therefore do not generate unitary dynamics amenable to

standard Hamiltonian simulation. To circumvent this limitation, the quantum computing

team at Institute of Natural Sciences, Shanghai Jiao Tong University in 2022 introduced a

framework called Schrödingerization [12, 13]. The key insight is to transform a general lin-

ear PDE into a Schrödinger type equation in one higher dimension by means of a warped

phase transformation. Concretely, for a PDE

∂u

∂t
= Au

with non-Hermitian A , one introduces an auxiliary variable p and defines

v(t, x, p) = e−p u(t, x) for p ≥ 0.

Extending this to p < 0 and applying a Fourier transform in the p variable yields a wave

function v̂(t, x, p) that evolves under a Hermitian HamiltonianH , thus restoring unitarity

and enabling the use of Hamiltonian simulation algorithms. This technique is remarkably

general: it applies to arbitrary linear ODEs and PDEs, including parabolic and hyperbolic

problems, and has been extended to iterative linear algebra solvers and reacting flows .

While Schrödingerization provides a theoretical bridge from general linear PDEs to quan-

tum simulation, the explicit design of quantum circuits implementing this transformation

remained largely open prior to the work [14]. In particular, earlier studies established the

mathematical foundations and asymptotic complexity bounds, but did not furnish gate-

level constructions that could be executed on a quantum computer. A notable exception

is the recent work by Sato et al. [21], which proposed scalable quantum circuits for wave

and Schrödinger type equations using the Bell basis; however, their approach relies on

the central difference scheme and is tailored to equations that are already Hermitian or

skew-Hermitian, making it unsuitable for genuinely non-unitary dynamics such as the

heat equation or the upwind discretization of the advection equation.

The article that forms the centerpiece of this thesis addresses precisely this gap. The

authors present a complete, explicit quantum circuit implementation of the Schrödinger-
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ization method for general linear PDEs, with detailed constructions for two paradigmatic

examples: the heat equation with Dirichlet boundary conditions and the advection equa-

tion with periodic boundary conditions discretized by the upwind scheme. For the

heat equation, the circuit implements the time evolution operator Uheat = exp(iHheatτ)

via a first-order Lie–Trotter–Suzuki decomposition, decomposing the shift operators into

sequences of CNOT, Hadamard, phase, and multi-controlled rotation gates. Crucially,

the upwind scheme, chosen for its stability and absence of spurious oscillations across

discontinuities, introduces a dissipative structure that cannot be simulated directly, mak-

ing the Schrödingerization step essential. Finally, the validity of the proposed circuits

is confirmed numerically using the Qiskit simulator, with statevector and shot-based

measurements showing close agreement with classical reference solutions obtained from

matrix exponentials and from direct Schrödingerization implementations.

1.1 Structure of the Thesis

The remainder of the thesis is organized as follows.

Chapter 2 — Background. We introduce the quantum computational prerequisites.

In particular we discuss the gate-based model of quantum computation, Hamiltonian

simulation via product formulas, the quantum Fourier transform.

We suggest to readers wishing to gain a more comprehensive understanding of the subject

read the manual written by Nielsen and Chuang [20], as it is considered a cornerstone of

the field.

Chapter 3 — Schrödingerisation. We develop the general theory of the warped phase

transformation in full mathematical rigor, establishing the Schrödinger equation in the

extended space, the spectral convergence of the p-discretisation, and the abstract quantum

pipeline (state preparation → QFT → Hamiltonian simulation → inverse QFT → post-

selection).

Chapter 4 — Heat equation. We specialize the framework to the d-dimensional heat equa-

tion with Dirichlet boundary conditions, deriving the HamiltonianHheat and constructing

the full circuit hierarchy Wj → V0 → Ṽ0 → Vheat with complete gate sequences. The Trot-

ter error analysis is carried out in detail, culminating in the one-step and accumulated

error bounds.

Chapter 5 — Advection equation. We treat the discretised advection equation, explain-

ing the necessity of Schrödingerisation, deriving the Hermitian decomposition of the

upwind operator, and constructing the circuit hierarchy Wj → V1, V2 → Ṽ1, Ṽ2 → Vadv.

Concluding the chapter, just like the previous one, factorizing the Trotter error.

Chapter 6 — Complexity analysis. We derive an oracle free gate complexity bound

for both algorithms, establishing Theorems 1 2, and compare the quantum costs with the

classical finite-difference baselines trying to identify the dimensional regimes of quantum

advantage.

3
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Chapter 7 — Pedagogical Example. Before discussing the numerical results, this chapter

attempts to explain measurement in the context of quantum computing. In this specific

case, the difference is addressed between directly reading the amplitudes and using two

built-in Qiskit functions designed to simulate a real measurement on quantum hardware.

The aim is to suggest a correct interpretation of the plotting results in the following

chapter.

Chapter 8 — Numerical experiments. We validate the theoretical predictions through

Qiskit simulations of both equations, comparing the quantum circuit output against three

reference solutions at increasing levels of approximation.

Chapter 9 — Conclusions. We summarise the main contributions, discuss the limitations

of the present work, and outline directions for future research.

Appendix. A. We explicitly constructed the algorithm for the Quantum Fourier Transform;

a cornerstone of various quantum pipelines, including the one addressed in this work.

4
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Prerequisites



2 Quantum Computing Background

2.1 Elements of Quantum Computing

This section introduces the quantum-mechanical formalism and the gate-based model,

also known as digital, of quantum computation that underpin the circuit constructions

presented in Chapters 4 and 5. We assume familiarity with linear algebra over C, but no

prior exposure to quantum mechanics is required. Standard references for the material

covered here are Nielsen and Chuang [20] and Lin [16].

2.1.a Qubits and Quantum States

Definition 1. The fundamental unit of quantum information is the qubit, whose state space is

the two-dimensional complex Hilbert space C2.

A pure qubit state is a unit vector

|ψ⟩ = α |0⟩+ β |1⟩ , α, β ∈ C, |α|2 + |β|2 = 1, (2.1)

where {|0⟩ , |1⟩} is the standard (computational) basis of C2.

We use Dirac notation throughout: |ψ⟩ denotes a column vector ket while we denote by

⟨ψ| = |ψ⟩† its conjugate transpose (bra), and ⟨ϕ|ψ|ϕ|ψ⟩ is the inner product.

Definition 2. An n-qubit system has state space Hn = (C2)⊗n ∼= C
2n , with computational basis{

|j⟩
}2n−1

j=0
, where j is interpreted as its n-bit binary representation. (i.e. 5 = 101).

A general pure state is

|ψ⟩ =
2n−1∑

j=0

cj |j⟩ , cj ∈ C,
2n−1∑

j=0

|cj |2 = 1.

Definition 3. Given a real vector u = (u0, . . . , uN−1) ∈ R
N with N = 2n, its amplitude-

encoded quantum state is defined as

|u⟩ =
1

∥u∥

N−1∑

j=0

uj |j⟩ . (2.2)
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This encoding stores N real numbers in n = log2N qubits. The exponential compres-

sion relative to classical memory is one source of quantum advantage for different types

of problems including those addressed in this work.

Remark: 1. It is really important to notice that the amplitude encoding (2.2) encodes only the

direction of u; the norm ∥u∥must be tracked separately. Efficient state-preparation circuits are an

active research topic and for this reason they will not be discussed in this work.

As always in mathematics the states |0⟩ and |1⟩ represent just one of many possible

choices of basis for a qubit. Other commonly used basis are:

• Hadamard Basis:

|+⟩ = 1√
2
|0⟩+ 1√

2
|1⟩

|−⟩ = 1√
2
|0⟩ − 1√

2
|1⟩

• Phase/ Circular Polarization Basis:

|L⟩ = |+i⟩ = 1√
2
(|0⟩+ i|1⟩)

|R⟩ = |−i⟩ = 1√
2
(|0⟩ − i|1⟩)

More generally, given any basis states |a⟩ and |b⟩ for a qubit, it is possible to express an

arbitrary state as a linear combination α |a⟩+β |b⟩ of those states. Furthermore, provided

the states are orthonormal, it is possible to perform a measurement with respect to the

|a⟩, |b⟩ basis, giving the result a with probability |α|2 and b with probability |β|2. The

orthonormality constraint is necessary in order that |α|2 + |β|2 = 1 as we expect for

probabilities.

In an analogous way,In an analogous way, it is possible in principle to measure a quantum

system of many qubits with respect to an arbitrary orthonormal basis. However, it is

relevant to notice that, just because it is possible in principle does not mean that such a

measurement can be done easily.

2.1.b Bloch Sphere Representation

One picture useful in thinking about qubits is the following geometric representation. The

probability condition in equation (2.1) allows us to define the Bloch Sphere representation

of a qubit as

|ψ⟩ = eiγ
[
cos

(
θ

2

)
|0⟩+ eiϕ sin

(
θ

2

)
|1⟩
]

(2.3)

Where:

• θ ∈ [0, π] is the polar angle;

• ϕ ∈ [0, 2π) is the azimuthal angle;
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• γ is a global phase, often omitted since it cannot be represented on the Bloch sphere

directly.

Given the angles to retrieve the cartesian coordinates:

x = sin θ cosϕ, y = sin θ sinϕ, z = cos θ.

Rearranging the Bloch sphere formula, we obtain that θ and ϕ can be expressed as:

θ = 2arccos(α1), ϕ = −i ln
(

α2

sin
(
θ
2

)
)
.

As an example if we consider the quantum bases their θ and ϕ values are:

• Computational Basis: |0⟩ → θ = 0, ϕ = 0, |1⟩ → θ = π, ϕ = 0

x

y

z

|0⟩

x

y

z

|1⟩

• Hadamard Basis: |+⟩ → θ = π
2 , ϕ = 0, |−⟩ → θ = π

2 , ϕ = π

x

y

z

|+⟩

x

y

z

|−⟩

• Phase Basis: |L⟩ = |+i⟩ → θ = π
2 , ϕ = π

2 , |R⟩ = |−i⟩ → θ = π
2 , ϕ = −π

2

8



2.2. Quantum Gates and Circuits

x

y

z

|L⟩

x

y

z

|R⟩

2.1.c Quantum Measurement

When a qubit is measured the quantum state collapses to an eigenstate.The measurement

probability depends on squared amplitude, i.e. if we consider

P (0) = |α|2, P (1) = |β|2

Post-measurement state:

|ψnew⟩ =
|b⟩⟨b|ψ⟩√
P (b)

As an example consider the state |ψ⟩ = 1√
3
|0⟩+

√
2
3 |1⟩:

• Probability of measuring |0⟩: P (0) = 1
3

• Probability of measuring |1⟩: P (1) = 2
3

2.2 Quantum Gates and Circuits

There are many physical implementations of qubits, e.g., superconducting qubits, trapped

ions, natural atoms, etc. These implementations are a topic for another course. In the

following, we assume that we have access to qubits, but it is not of our interest how they

are made.

2.2.a Quantum Circuits

Analogous to the way a classical computer is built from an electrical circuit containing

wires and logic gates, a quantum computer is built from a quantum circuit containing

wires and elementary quantum gates to carry around and manipulate the quantum

information. The circuit is to be read from left-to-right. Each line in the circuit represents

a wire in the quantum circuit. In the quantum case the wires do not necessarily correspond

to a physical wires; they may correspond instead to the passage of time, or perhaps to a

physical particle such as a photon moving through space from one location to another. It

is conventional to assume, unless otherwise specified, that the state input to the circuit is

a computational basis state, usually the state consisting of all |0⟩ s. Even if introducing
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quantum circuits starting from classical circuits is helpful from a pedagogical standpoint,

they exhibit substantial differences. First of all, the quantum case do not allow ‘loops’; we

say the circuit is acyclic. Second, classical circuits allow wires to be ‘joined’ together, an

operation known as “FANIN". Observe how such operation is, obviously, not reversible

and therefore not unitary, we will see that we only allow unitary operation. Third, the

inverse operation “FANOUT", whereby several copies of a bit are produced is also not

allowed in quantum circuits. In fact, it turns out that quantum mechanics forbids the

copying of a qubit, making the operation impossible.

2.2.b Single-qubit gates

While wires are used to “carry" the information around the logic gates perform manip-

ulations of the information. An operation on a single qubit changes its state from |ψ⟩ =
α |0⟩+β |1⟩ to |ψ′⟩ = α′ |0⟩+β′ |1⟩while preserving the norm |α|2+ |β|2 = 1 = |α′|2+ |β′|2.
Such single-qubit operations are what we usually referred to as single gates and can be

described by 2 × 2 unitary matrices. A general such matrix is commonly denoted U . In

the following lines we will enlist most common single-qubit gates, both as matrix repre-

sentation and as gates on circuits. Here we list some of the most common single-qubit

gates. First are the Pauli matrices:

X =

(
0 1

1 0

)
= X ,

Y =

(
0 −i
i 0

)
= Y ,

Z =

(
1 0

0 −1

)
= Z .

The Pauli matrices generate rotations around the corresponding axes on the Bloch

sphere when exponentiated, e.g.

Rx(θ) = e−iθX/2 = cos(θ/2)I − i sin(θ/2)X =

=

(
cos(θ/2) −i sin(θ/2)
−i sin(θ/2) cos(θ/2)

)
= RX(θ) .

It is easy to observe that the Z gate leaves |0⟩ unchanged, and flips the sign of |1⟩ to

give − |1⟩ while the X gate is the quantum equivalent of the classical NOT gate.

X (α |0⟩+ β |1⟩) =
(
0 1

1 0

)(
α

β

)
=

(
β

α

)
= β |0⟩+ α |1⟩ . (2.4)

We can obtain one of the most famous gates, the Hadamard gate, by adding the gates

X and Z.
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H =
1√
2

(
1 1

1 −1

)
=
X + Z√

2
= H . (2.5)

This gate transforms the qubit state from the |0⟩ , |1⟩ basis to the |+⟩ , |−⟩ basis, and vice

versa. Such a gate is particularly relevant since is often used to create superposition states

at the beginning of a quantum algorithm.

Two gates that apply other phase factors are often given their own names. One is the

T , or π/8, gate:

T =

(
1 0

0 exp(iπ/4)

)
= exp(iπ/8)

(
exp(−iπ/8) 0

0 exp(iπ/8)

)
= T . (2.6)

The other is the phase, or S, or P , gate:

S =

(
1 0

0 i

)
= T 2 = S . (2.7)

2.2.c Multi-qubit gates

To realize useful quantum algorithms, we also need to be able to make two or more qubits

interact through multi-qubit gates. To discuss this topic, we first need to establish some

notation for states of multiple qubits and operators acting on them. We will not focus

on the math behind the tensor product, ⊗, but a good understanding of it is required,

so we encourage the reader to have a look at it, we suggest [15] (Chapter XVI), before

committing to this section.

Briefly, if we have two qubits a and b with states |ψa⟩ = a0 |0⟩a + a1 |1⟩a and |ψb⟩ =

b0 |0⟩b + b1 |1⟩b, their total state is

|ψa⟩ ⊗ |ψb⟩ =
(
a0

a1

)
⊗
(
b0

b1

)
=

⎛
⎜⎜⎜⎜⎝

a0

(
b0

b1

)

a1

(
b0

b1

)

⎞
⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎝

a0b0

a0b1

a1b0

a1b1

⎞
⎟⎟⎟⎟⎠

=

= a0b0 |00⟩+ a0b1 |01⟩+ a1b0 |10⟩+ a1b1 |11⟩ ,

where |01⟩ denotes |0⟩a ⊗ |1⟩b. We can reitarate the same argument for higher dimen-

sional qubits.

Whenever a X gate acts on qubit a (and does nothing, i.e., identity, to qubit b) and

anotherX gate acts on qubit b (and does nothing, i.e., identity, to qubit a) in this state, we

can write it as:

(X⊗I2)(I2⊗X) (|ψa⟩ ⊗ |ψb⟩) = (X⊗X) (|ψa⟩ ⊗ |ψb⟩) = (X |ψa⟩)⊗(X |ψb⟩) = XaXb |ψaψb⟩ ,

where I2 is the 2 × 2 identity matrix. Note that we will mostly omit tensor product
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signs and use abbreviated notation like in the rightmost expression in (2.2.c). Also note

that entangled states of qubits, like the ones produced by many two-qubit gates, are not

separable, i.e., cannot be written as the tensor product of individual single-qubit states

(like |ψa⟩ ⊗ |ψb⟩ above).

Remark: 2. Observe that the two-qubit Hilbert space is spanned by the basis vectors |00⟩, |01⟩,
|10⟩, and |11⟩, in that order. This is the tensor product of the two single-qubit Hilbert spaces.

These four states are the computational basis, and this is the basis we will use when writing all the

following multi-qubit gates. However, as in the single case, one could also choose another basis for

the two-qubit Hilbert space, e.g., |++⟩, |+−⟩, |−+⟩, and |−−⟩.

Now, one way to achieve an interaction between two qubits is to let the state of one

qubit control whether a certain single-qubit gate is applied to another qubit. One such

gate is the controlled-NOT (CNOT) gate:

CNOT =

⎛
⎜⎜⎜⎜⎝

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

⎞
⎟⎟⎟⎟⎠

= =
X

. (2.8)

The action of the CNOT gate in (2.8) is thus to do nothing if the first qubit is in state |0⟩
(|00⟩, |01⟩ changes to |00⟩, |01⟩), and to apply the logic NOT, i.e the X gate, to the second

qubit if the first qubit is in state |1⟩ (|10⟩, |11⟩ changes to |11⟩, |10⟩).
Conventionally, in the quantum circuit notation the filled dot in the diagram denotes

the control qubit; in the literature one can also encounter an empty dot, in that case the

operation is performed on the targets qubits if the control qubit is in the state |0⟩.
The controlled-Z (CZ) gate can be defined in the same manner:

CZ =

⎛
⎜⎜⎜⎜⎝

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1

⎞
⎟⎟⎟⎟⎠

= =
Z

. (2.9)

Here, both qubits can be seen as controls, since something only happens in the |11⟩ state

(it gets a factor −1). More generally, the controlled application of a single-qubit unitary

U to the second qubit takes the form

(
I2 02

02 U

)
=

U
. (2.10)

There are also two-qubit gates that are not controlled operations. For example, the

12



2.2. Quantum Gates and Circuits

SWAP gate

SWAP =

⎛
⎜⎜⎜⎜⎝

1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

⎞
⎟⎟⎟⎟⎠

= (2.11)

swaps the states |01⟩, |10⟩ to |10⟩, |01⟩.
It is intuitive to imagine that it is also possible to define gates involving more than two

qubits, such as multiple controlled gates. Here we present the most well-known ones in

three-qubit case .

The Toffoli gate is a controlled-controlled-NOT (CCNOT), i.e., the state of the third qubit

is flipped if and only if both the first two qubits are in state |1⟩:

Toffoli =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= . (2.12)

The Fredkin gate is a controlled-SWAP gate (CSWAP), swapping the states of the second

and third qubits if and only if the state of the first qubit is |1⟩:

Fredkin =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= . (2.13)

2.2.d Universal quantum gates

At this point in our dissertation we should address the first elephant in the room: a funda-

mental tension in quantum computing is the gap between hardware constraints (limited

connectivity) and theoretical capabilities (universal gate sets). Indeed, most practical

implementations of quantum computing have limited connectivity between qubits, only

allowing for pairwise interactions between nearest-neighbor qubits. This forbid direct

implementations of multi-qubit gates with three or more qubits. A partial answer to this

question is given by the Universal Gate Theorems (like the Solovay-Kitaev theorem) that

prove how a small set of 1-qubit and 2-qubit gates (like CNOT, H , T , and S), known as

universal quantum gates, can approximate any multi-qubit unitary operation to arbitrary
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precision. A proof of the Solovay-Kitaev theorem can be found [20].

While universality solves the “can we decompose a 3-qubit gate into 2-qubit gates?" prob-

lem, it assumes that one can apply those 2-qubit gates to any two qubits in the system.

In real-world architectures (like superconducting qubits or quantum dots), qubits are

arranged on a fixed grid (e.g., a heavy-hex or square lattice) and they can only directly

interact with their nearest neighbors. When one needs to apply a controlled gate (like

CNOT) between two qubits that are not adjacent, he faces a connectivity constraint, and

so universality alone do not solve the problem. To fill this gap Quantum compilers use

Quantum Circuit Routing (or Mapping): suppose that the Qubit A needs to interact with

Qubit C, but they are separated by Qubit B, the compiler inserts a SWAP gate between

A and B. Now, the state of Qubit A is sitting physically next to C. After the interaction is

complete, more SWAP gates are used to move the information back.

We will not address this issue further, as the central algorithm discussed in this thesis is

evidently designed for a Fault-Tolerant Quantum Computing (FTQC). However, at this

introductory stage, we deemed appropriate to highlight to the reader that such problems

currently exist and must be taken into consideration whenever a quantum algorithm is

designed.

There is, indeed, a huge difference between the “Ideal Circuit" drawn on paper and the

“Physical Circuit" the machine actually runs. Ideally, one uses logical gates as building

blocks drawing a CNOT gate between qubits that live far away, and quantum program-

ming framework (like Qiskit or Cirq) will accept it without throwing an error. However,

before the quantum computer runs the code, a software program called transpiler takes

the logical circuit and rewrites it to match the actual hardware. If your logical circuit uses

a gate that the hardware does not natively support, or connects two qubits that are not

neighbors, the transpiler fixes it by adding extra gates; in such way the computational

cost skyrockets behind your back.

2.2.e Gate count and circuit complexity

The gate complexity of a quantum algorithm is measured by the total number of ele-

mentary quantum gates required to implement it. We adopt the standard convention of

counting:

• Single-qubit gates: H , P (λ), RZ(θ), X , Y , Z, and their controlled versions with one

control qubit;

• Two-qubit (non-local) gates: CNOT gates.

Multi-controlled RZ or RX gates with (k − 1) control qubits can be decomposed into

at most 16k − 40 CNOT gates and a comparable number of single-qubit gates using the

method of Vale et al. [22]. This decomposition is used systematically in the complexity

analysis of Chapter 6.
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2.3 Hamiltonian Simulation

Definition 4 (Hamiltonian simulation problem). Given a Hermitian matrix H ∈ C
N×N , a

total evolution time T > 0, and a target precision ε > 0, the Hamiltonian simulation problem

asks for a quantum circuit V such that

⃦⃦
V − eiHT

⃦⃦
≤ ε,

where the norm is the operator (spectral) norm.

The importance of Hamiltonian simulation stems from the Schrödinger equation of

quantum mechanics, ∂t |ψ⟩ = −iH |ψ⟩, whose solution is |ψ(T )⟩ = e−iHT |ψ(0)⟩. For

PDEs, the Schrödingersation technique (Chapter 3) reduces general linear evolution equa-

tions to Hamiltonian simulation problems, making Definition 4 the central computational

task of this thesis.

Product formula methods. WhenH decomposes asH =
∑L

ℓ=1Hℓ, the simplest approx-

imation of eiHt is the first-order Lie–Trotter–Suzuki (LTS) product formula,

eiHt ≈
L∏

ℓ=1

eiHℓt =: V
(1)
LTS(t), (2.14)

with error ⃦⃦
⃦eiHt − V (1)

LTS(t)
⃦⃦
⃦ ≤ t2

2

∑

ℓ<ℓ′

∥[Hℓ, Hℓ′ ]∥ = O(t2), (2.15)

as shown by Childs et al. [6] (V.A. Proposition 9) using commutator scaling. To simulate

eiHT within precision ε, one divides the total time into r = T/τ steps and applies (2.14)

with step size τ :

⃦⃦
⃦eiHT −

(
V

(1)
LTS(τ)

)r⃦⃦⃦ ≤ r ·
⃦⃦
⃦eiHτ − V (1)

LTS(τ)
⃦⃦
⃦ = O

(
T 2

r

)
.

Setting r = O(T 2/ε) thus suffices to achieve precision ε, at a gate cost that is linear in

r. Higher-order Suzuki formulas reduce the step count at the cost of a larger number of

exponential factors per step [3].

Remark: 3. The commutator bound (2.15) is tighter than the naive triangle-inequality estimate

O(t2L2maxℓ ∥Hℓ∥2) whenever the summands Hℓ nearly commute, which is precisely the case

for the spatially local operators arising from finite difference discretizations of PDEs. The explicit

commutator calculations required for our error bounds are carried out in Appendix B of the

article [14].

State-of-the-art algorithms Beyond product formulas, several approaches achieve opti-

mal or near-optimal dependence on the simulation parameters. Berry et al. [2] combined

quantum walk techniques with a fractional-query approach to obtain an algorithm with
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gate complexity

O
(

τ

log(τ/ε)/ log log(τ/ε)

)
, τ := s∥H∥maxT,

where we denote by s the sparsity of H and ∥H∥max the largest entry in absolute value.

This is near-linear in τ and achieves exponential improvement over ε compared to product

formulas. Further refinements include Taylor-series methods, qubitisation, and quantum

signal processing. For our purposes the first-order LTS formula suffices to demonstrate

quantum advantage, indeed we will see how the dominant cost comes from the spatial

dimension d rather than from the simulation precision.

2.4 Quantum Fourier Transform

Definition 5 (Quantum Fourier Transform). In the Schrödingersation pipeline (Figure 3.2) a

central role is played by the Quantum Fourier Transform (QFT). The n-qubit Quantum Fourier

Transform (QFT) is the unitary operator Fn : C2n → C
2n defined by its action on computational

basis states:

Fn |j⟩ =
1

2n/2

2n−1∑

k=0

ωjk
n |k⟩ , ωn = e2πi/2

n
, j = 0, . . . , 2n − 1. (2.16)

The QFT is the discrete Fourier transform (DFT) of the amplitude vector, and can

be implemented exactly using the O(n2) single-qubit and CNOT gates [20], compared to

O(N logN) = O(2nn) for the classical FFT. Due to the relevance, not only in our algorithm

but also as backbone of algorithms such as Shor’s Algorithm, the full construction is

explained in Appendix A

2.5 Quantum Measurement and Amplitude Estimation

Projective measurements A projective measurement with respect to an orthonormal

basis {|ek⟩} yields outcome k with probability pk = |⟨ek|ψ⟩|2 (Born rule), collapsing the

state to |ek⟩.

Observable estimation For an observable (Hermitian operator) O, the expected value

⟨O⟩ = ⟨ψ|O |ψ⟩ can be estimated to within additive error δ usingO(1/δ2) repeated circuit

executions (shots) and classical averaging.

Post-selection overhead After theM≥0 measurement, the desired state is obtained with

probability

Pr(success) =
∥u(T )∥2 ∥p≥0∥2

∥u(0)∥2 ∥p∥2
≈ ∥u(T )∥

2

∥u(0)∥2
, (2.17)

so O(∥u(0)∥2/∥u(T )∥2) repetitions are needed to obtain a single successful sample.
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3 Schrödingerization: Theory and

Discretization

Quantum simulation represents one of the most natural applications of quantum devices,

exploiting their physical evolution to reproduce outputs governed by Schrödinger’s equa-

tions. An intuitive broader question concerns the ability of quantum devices for simu-

lating more general dynamical laws, expressed both as ordinary or partial differential

equations (ODEs or PDEs). Many such equations, characterized by high dimensionality

or multiple temporal and spatial scales, have prohibitive computational costs on classi-

cal hardware, making the development of quantum algorithms for their solution highly

desirable.

Existing approaches carry notable limitations. Quantum algorithms for linear algebraic

systems can yield significant speedup in solving discretized PDEs, yet quantum simula-

tion in this context serves only as an algorithmic primitive rather than a continuous-time

solver. Qubitization and block encoding methods can approximate arbitrary non-unitary

operators, but require complex polynomial constructions ill-suited to continuous-variable

architectures.

To address these limitations Jin, Liu, and Yu [12, 13] have proposed a novel paradigm

based on the warped phase transformation, which maps any linear PDE or ODE (including

dissipative, time-irreversible, and non-autonomous systems) to a Schrödinger equation

in real time, via an embedding in one higher dimension followed by a Fourier transform.

This approach, which they term Schrödingerization, enables the preparation of solutions

at any desired time t as a quantum state. Beyond classical PDEs and ODEs, they claim that

the method also applies to quantum ground and thermal state preparation, semiclassical

simulations, discrete dynamical systems, and linear algebra, while naturally supporting

qubits, continuous-variable systems, hybrid architectures, and qudits a versatility not

shared by existing methods.

This chapter develops the method in full generality before implementing it for concrete

PDEs treated in Chapters 4 and 5. Section 3.1 Section 3.2 establishes the continuous-

level theory, including the precise sense in which the transformation is invertible and the

regularity conditions that govern the approximation quality. Section 3.2.b carries out the

discretizations of the auxiliary p-variable, deriving the spectral error estimates that feed

into the complexity analysis of Chapter 6. Section 3.2.c gives a coordinate-free description

of the full quantum pipeline: state preparation, the QFT over the ancilla register, iterated
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3.1. Encoding of Finite Difference Operators as Quantum Operators

Hamiltonian simulation, the inverse QFT, and the post-selection measurement.

3.1 Encoding of Finite Difference Operators as Quantum Oper-

ators

We develop the technical core that links classical PDE numerics to quantum circuits, we

will show how the finite difference operators can be expressed in terms of elementary

quantum gates acting on an nx-qubit register. Throughout this section we assume a

uniform one-dimensional grid of Nx = 2nx points (generalization to d dimensions are

easily obtained by tensor products, as shown in Section 4.3).

3.1.a Shift Operators and their decomposition

Conventionally, we denote the 2× 2 matrices generated by the standard basis qubit as

σ01 := |0⟩⟨1| , σ10 := |1⟩⟨0| , σ00 := |0⟩⟨0| , σ11 := |1⟩⟨1| . (3.1)

we also define

s−j := I⊗(nx−j) ⊗ σ01 ⊗ σ⊗(j−1)
10 , (3.2)

s+j := I⊗(nx−j) ⊗ σ10 ⊗ σ⊗(j−1)
01 . (3.3)

Definition 6. Consider the Hilbert space Hnx = (C2)⊗nx and let its computational basis states

be indexed by integers j ∈ {0, 1, . . . , nx − 1}, denoted as |j⟩. The general discrete shift operators,

left-shift and right-shift, can be defined respectively as:

S− |j⟩ := |j − 1⟩,
S+ |j⟩ := |j + 1⟩;

They can be implemented as:

S− :=

2nx−1∑

j=1

|j − 1⟩⟨j| =
nx∑

j=1

I⊗(nx−j) ⊗ σ01 ⊗ σ⊗(j−1)
10 =

nx∑

j=1

s−j , (3.4)

S+ :=
2nx−1∑

j=1

|j⟩⟨j − 1| =
nx∑

j=1

I⊗(nx−j) ⊗ σ10 ⊗ σ⊗(j−1)
01 =

nx∑

j=1

s+j . (3.5)

Recall that the forward and backward finite difference operators are defined as follows:

(D+u)j =
uj+1 − uj

h
, (D−u)j =

uj − uj−1

h
, (3.6)

for j = 0, 1, . . . , Nx − 1.

Accordingly, the forward (D+
P ), backward (D−

P ), and central (D±
P ) finite difference oper-

ators with respect to the first-order derivative, as well as the central finite difference oper-
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3.1. Encoding of Finite Difference Operators as Quantum Operators

ator (D∆
P ) with respect to the second-order derivative, combined with periodic boundary

conditions, can be expressed as:

D+
P =

S− − I⊗nx + σ⊗nx
10

h
,

D−
P =

I⊗nx − S+ − σ⊗nx
01

h
,

D±
P =

S− − S+ − σ⊗nx
01 + σ⊗nx

10

2h
,

D∆
P =

S− + S+ − 2I⊗nx + σ⊗nx
01 + σ⊗nx

10

h2
.

(3.7)

Where the correction terms σ are needed in order to cancel the erroneous wrap-around

and replace it with the correct periodic contribution.

Similarly, the finite difference operator incorporating Dirichlet boundary conditions on

either the left or right boundary can be expressed as:

D+
D =

S− − I⊗nx

h
(right side),

D−
D =

I⊗nx − S+

h
(left side).

(3.8)

Considering Dirichlet boundary conditions on both sides, i.e., u0 = uNx = 0, it suffices to

solve for the numerical solution u := [u1, · · · , uNx−1]. In this case, we set Nx = 2nx + 1

and define |u⟩ = u/∥u∥, with u :=
∑2nx−1

j=0 uj+1|j⟩. Consequently, the finite difference

operators with Dirichlet boundary conditions for both sides are:

D+
D =

S− − I⊗nx

h
,

D−
D =

I⊗nx − S+

h
,

D±
D =

S− − S+

2h
,

D∆
D =

S− + S+ − 2I⊗nx

h2
.

(3.9)

3.1.b Key Lemmas for Circuit Implementation

The following three lemmas, due to Sato et al. [21] and extended in [14], provide the

building blocks for all circuit constructions in this thesis.

Lemma 1. Let |a⟩ , |b⟩ ∈ C
2n be orthogonal unit vectors. The operator S = |a⟩⟨b| − |b⟩⟨a| and

can be written as

S =
⃓⃓
a′
〉〈
a′
⃓⃓
−
⃓⃓
b′
〉〈
b′
⃓⃓
,

⃓⃓
a′
〉
=
|a⟩+ |b⟩√

2
,
⃓⃓
b′
〉
=
|a⟩ − |b⟩√

2
. (3.10)
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3.1. Encoding of Finite Difference Operators as Quantum Operators

Moreover, there exists a unitary B such that B |0⟩ |1⟩⊗(n−1) = |a′⟩, B |1⟩⊗n = |b′⟩, and

eiSt = B · CRZn
1,...,n−1(−2t) ·B†. (3.11)

Proof. Let S = |a⟩⟨b|+ |b⟩⟨a| s.t. ⟨a|b|a|b⟩ = 0. Define

⃓⃓
a′
〉
:=
|a⟩+ |b⟩√

2
,
⃓⃓
b′
〉
:=
|a⟩ − |b⟩√

2
.

Consequently we have

|a⟩ := |a
′⟩+ |b′⟩√

2
,
⃓⃓
b′
〉
:=
|a′⟩ − |b′⟩√

2
.

Therefore the following chain of equality holds:

S = |a⟩⟨b|+ |b⟩⟨a| (3.12)

=
(|a′⟩+ |b′⟩)(⟨a′| − ⟨b′|)

2
+

(|a′⟩ − |b′⟩)(⟨a′|+ ⟨b′|)
2

(3.13)

=
2 |a′⟩⟨a′| − 2 |b′⟩⟨b′|

2
=
⃓⃓
a′
〉〈
a′
⃓⃓
−
⃓⃓
b′
〉〈
b′
⃓⃓

(3.14)

This conclude the first part of the proof.

Let B be the unitary matrix s.t. B |0⟩ |1⟩⊗(n−1) = |a′⟩ and B |1⟩⊗n = |b′⟩ such matrix exists

since |a′⟩ , |b′⟩ are orthonormal we simply need to complete the orthonormal basis and

construct B having these vectors as columns ensuring that the required position of |a′⟩
and |b′⟩ are satisfied

B =

⎛
⎜⎜⎝

. . . . . .
...

... |a′⟩ |b′⟩
. . .

⎞
⎟⎟⎠

⏞⏟⏟⏞
011. . .1

⏞⏟⏟⏞
111...1

Recall that the Pauli operator Z := σ00 − σ11 = |0⟩⟨0| − |1⟩⟨1|, multiplying it we obtain

Z ⊗ |1⟩⟨1|⊗n−1 = |0⟩⟨0| ⊗ |1⟩⟨1|⊗n−1 − |1⟩⟨1|⊗n

If we now multiply such quantity by B and B† we get

B(Z ⊗ |1⟩⟨1|⊗n−1)B† =
⃓⃓
a′
〉〈
a′
⃓⃓
−
⃓⃓
b′
〉〈
b′
⃓⃓
= S. (3.15)

Considering the exponential of (3.15)

eiSt = eB(Z⊗|1⟩⟨1|⊗n−1)B†

= Be(Z⊗|1⟩⟨1|⊗n−1)B† = B(CRZ1...n−1
n (−2t))B†. (3.16)

Where the last equality holds since eiZt = RZ(−2t) and we are applying such operation

only if the last n− 1 qubits are equal to |1⟩, i.e. we have a controlled gate.
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3.1. Encoding of Finite Difference Operators as Quantum Operators

Lemma 2 (Circuit for Wj(γτ, λ), [21, Lemma 2]). For j ∈ {1, . . . , nx}, γ, τ, λ ∈ R, define

Wj(γτ, λ) := Bj(λ) CRZ
j
1,...,j−1(−2γτ)Bj(λ)

†, (3.17)

where

Bj(λ) :=

(
j−1∏

m=1

CNOTj
m

)
Pj(−λ)Hj , (3.18)

with Hj the Hadamard gate on qubit j, Pj(λ) the phase gate on qubit j acting on this qubit as

Pj(λ) :=

(
1 0

0 eiλ

)
, (3.19)

and CNOTj
m the CNOT gate with control qubit j and target qubit m. Then the time-evolution

operator can be implemented explicitly by

exp
(
iγτ (eiλs−j + e−iλs+j )

)
= I⊗(nx−j) ⊗Wj(γτ, λ). (3.20)

Proof. Recall the definitions of s−j (3.2) and s+j (3.3), direct computation using σ01 and σ10

shows that

eiλs−j + e−iλs+j = I⊗(nx−j) ⊗
(
eiλ |aj⟩⟨bj |+ e−iλ |bj⟩⟨aj |

)
,

where |aj⟩ = |0⟩ |1⟩⊗(j−1) and |bj⟩ = |1⟩ |0⟩⊗(j−1). Applying Lemma 1 one can define the

unitary matrix Bj(λ) s.t.

Bj(λ) |0⟩ |1⟩⊗(j−1) =
|a⟩+ e−iλ|b⟩√

2
, Bj(λ) |1⟩ |1⟩⊗(j−1) =

|a⟩ − e−iλ|b⟩√
2

.

We observe that Bj(λ) can be constructed as is (3.18), indeed let |x⟩ with x ∈ {0, 1}, the

action of H on |x⟩ is defined as:

H |x⟩ = |0⟩+ (−1)x |1⟩√
2

(3.21)

applying Hj to our initial state yields:

Hj

(
|x⟩j ⊗ |1⟩

⊗(j−1)
)
=

( |0⟩j + (−1)x |1⟩j√
2

)
⊗ |1⟩⊗(j−1)

=
1√
2

(
|0⟩j ⊗ |1⟩

⊗(j−1) + (−1)x |1⟩j ⊗ |1⟩
⊗(j−1)

) (3.22)

The phase gate Pj(λ) adds a phase of eiλ to the |1⟩ state. Therefore in our case we get

Pj(−λ)
[

1√
2

(
|0⟩j ⊗ |1⟩

⊗(j−1) + (−1)x |1⟩j ⊗ |1⟩
⊗(j−1)

)]

=
1√
2

(
|0⟩j ⊗ |1⟩

⊗(j−1) + (−1)xe−iλ |1⟩j ⊗ |1⟩
⊗(j−1)

) (3.23)

Finally, the operator
∏j−1

m=1 CNOTj
m consists of CNOT gates where the j-th qubit is the
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control and the m-th qubits (1 through j − 1) are the targets.

• If we consider the first term the control qubit is |0⟩j . The CNOT gates do not alter

the target qubits, meaning |1⟩⊗(j−1) remains unchanged:

|0⟩j ⊗ |1⟩
⊗(j−1) CNOT−−−−→ |0⟩j ⊗ |1⟩

⊗(j−1) = |a⟩ (3.24)

• On the second term the control qubit is |1⟩j . The CNOT gates flip all target qubits

from |1⟩ to |0⟩:
|1⟩j ⊗ |1⟩

⊗(j−1) CNOT−−−−→ |1⟩j ⊗ |0⟩
⊗(j−1) = |b⟩ (3.25)

Applying these synchronous transformations to the complete superposition yields:

Bj(λ) |x⟩j |1⟩
⊗(j−1) =

1√
2

(
|a⟩+ (−1)xe−iλ |b⟩

)
(3.26)

We will need this construction of B later while implementing the code for the whole

algorithm. Given B Lemma 1 allows us to formulate the time evolution operator as:

exp
(
iγτ(eiλs−j + e−iλs+j )

)
= I⊗(nx−j) ⊗Bj(λ) CRZ

1,...,j−1
j (−2γτ)Bj(λ)

†

=: I⊗(nx−j) ⊗Wj(γτ, λ),
(3.27)

The quantum circuit for Wj(γτ, λ) is displayed in Figure 3.1 on nx qubits.

...
...

...
...

...
...

q1

...

qj−1

qj P (λ) H RZ(−2γτ) H P (−λ)

...

qnx

Figure 3.1: Quantum circuit implementing I⊗(nx−j) ⊗Wj(γτ, λ)

For j = 1 no control qubits are present and the gate reduces to a plain RZ(−2γτ).

Lemma 3 (Controlled-power implementation). LetQk
0(τ) be a time-evolution operator parametrized

by τ , acting on a register of np qubits encoding the integer k ∈ {0, . . . , Np− 1}, whereNp = 2np .

Using the binary representation k = (knp−1 · · · k0) =
∑np−1

m=0 km2m, the operatorQk
0(τ) factorizes

as

Qk
0(τ) =

np−1∏

m=0

Qkm2m

0 (τ), (3.28)
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so that the global operatorQ =
∑Np−1

k=0 Qk
0(τ)⊗|k⟩⟨k| can be written as a product of np elementary

controlled gates, yielding an exponential reduction in circuit complexity.

Proof. We begin by expanding Q in the computational basis of the np-qubit register:

Q =

Np−1∑

k=0

Qk
0(τ)⊗ |k⟩⟨k|. (3.29)

Substituting the binary decomposition k =
∑np−1

m=0 km2m and the corresponding factor-

ization Qk
0(τ) =

∏np−1
m=0 Q

km2m

0 (τ), we rewrite the sum over k as a nested sum over the

individual binary digits knp−1, . . . , k0 ∈ {0, 1}:

Q =
∑

knp−1,...,k0

np−1∏

m=0

Qkm2m

0 (τ)⊗
(
|knp−1⟩⟨knp−1|

)
⊗ · · · ⊗

(
|k0⟩⟨k0|

)
. (3.30)

Since each factor Qkm2m

0 (τ) ⊗ |km⟩⟨km| depends only on the m-th binary digit km, the

nested sum factorises into an ordered product over m. Summing over km ∈ {0, 1} for

each m independently, we obtain

Q =

np−1∏

m=0

′

⎛
⎝Qkm2m

0 (τ)⊗
∑

km

|km⟩⟨km|

⎞
⎠ , (3.31)

where
∏′ denotes the fact that the product is a standard matrix product on the first

register (of nx qubits) and a tensor product on the second register (of np qubits). Finally,

recognizing that
∑

km
|km⟩⟨km| = |1⟩⟨1| acts as a projector onto the km = 1 subspace, while

the complementary projector |0⟩⟨0| contributes the identity I⊗nx on the first register, each

factor in the product takes the form

Q2m

0 (τ)⊗ |1⟩⟨1|+ I⊗nx ⊗ |0⟩⟨0|, (3.32)

which is precisely the structure of a controlled-Q2m
0 (τ) gate. This completes the proof that

Q decomposes into a product of np controlled gates, each acting on a single qubit of the

index register, thereby reducing the gate count from O(Np) to O(np) = O(logNp).

Remark: 4. In the most favourable case, when Qk
0(τ) = Q0(kτ), each factor in (3.31) is

a controlled-Q0 gate, and the total cost scales as np · cost(c-Q0), exponentially cheaper than

implementing Q directly. In our heat-equation and advection-equation circuits, the identity

Ṽ k
0 (τ) ̸= Ṽ0(kτ) prevents this simplification, but the decomposition (3.31) still gives a quadratic

speed-up (in Np) over a naive direct implementation.

3.1.c Gate Count for the Building Blocks

We collect here the CNOT counts for the basic building blocks, which are used in the

complexity analysis of Chapter 6.

24



3.2. The Warped Phase Transformation

Proposition 1 (CNOT count for Wj). For j ≥ 2, the gate Wj(γτ, λ) is implemented using

• 2 Hadamard gates, 2 Phase gates (if λ ̸= 0);

• 1 multi-controlled RZ gate with j − 1 control qubits, decomposable into at most 16j − 40

CNOT gates for j ≥ 3 (and 1 CNOT for j = 2);

• 2(j − 1) CNOT gates from the CNOTj
m factors in Bj(λ) and Bj(λ)

†.

The total CNOT count for Wj is therefore at most 16j − 40+ 2(j − 1) = 18j − 42 for j ≥ 3, and

2(j − 1) + 1 for j ≤ 2.

Proof. The bound on the multi-controlled RZ gate follows from the decomposition tech-

nique of Vale et al. [22]. The remaining counts are immediate from the circuit of Fig-

ure 3.1.

3.2 The Warped Phase Transformation

Let Ω ⊂ R
d be a bounded domain and let A : D(A) ⊂ L2(Ω) → L2(Ω) be a (possibly

unbounded) linear operator generating a C0-semigroup {eAt}t≥0. The class of operators

admissible to Schrödingerisation contains allA for which the decompositionA = H1+iH2

into its self-adjoint real and imaginary parts is well-defined, this includes the heat operator

a∆ and the upwind-discretized advection operator.

3.2.a Continuous Formulation

Let u : [0, T ]→ L2(Ω) be the solution of

∂tu(t) = Au(t), u(0) = u0 ∈ L2(Ω). (3.33)

Introduce the auxiliary variable p ∈ R and define, for p ≥ 0, the warped field

v(t, x, p) := e−p u(t, x), (3.34)

so that v satisfies

∂tv(t, x, p) = Ax v(t, x, p) = −Ax ∂p v(t, x, p), p > 0, (3.35)

where the second equality holds due to the identity ∂p(e
−p(Au)) = −Ax(e

−pu) together

with Axe
−p = e−pAx when Ax acts only on x. The equation (3.35) can be extended to all

p ∈ R by the antisymmetric initial datum

v(0, x, p) = e−|p| u0(x), (3.36)

which ensures that the full problem on R is well-posed without additional boundary

conditions at p = 0.
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One can always decompose A into an Hermitian and a skew-Hermitian terms:

A = H1 + iH2, where H1 =
A+A†

2
= H†

1 , H2 =
A−A†

2i
= H†

2 . (3.37)

A direct calculation shows that the extended field satisfies

∂tv = −H1∂pv + iH2v. (3.38)

Applying the Fourier transform Fp in the p-variable, v̂(t, x, η) := Fp[v(t, x, ·)](η), converts

(3.38) into

∂tv̂(t, x, η) = i
(
ηH1 +H2

)
v̂(t, x, η) =: iH(η) v̂(t, x, η), (3.39)

where H(η) := ηH1 + H2 is Hermitian for every η ∈ R, since both H1 and H2 are.

Equation (3.39) is a Schrödinger equation parametrised by η, with time evolution operator

eiH(η)t for each fixed η.

Remark: 5. When A = a∆ is the heat operator (H2 = 0), the Hamiltonian reduces to H(η) =

ηa∆, which is self-adjoint under Dirichlet boundary conditions and gives rise to the Hamiltonians

studied in Chapter 4. When A arises from an upwind discretisation of the advection operator

(Section 5.1.b), both H1 and H2 are non-trivial, leading to a more complex circuit structure

discussed in Chapter 5.

In order to get back the solution u a few more steps are required. Applying F−1
p to the

solution v̂(t, x, η) of (3.39) and projecting onto {p ≥ 0} yields

u(t, x) = ep0 · v(t, x, p0)

∥v(0, x, ·)|p≥0∥L2

· ∥u(0, x)∥L2 , p0 ≥ 0. (3.40)

In the quantum-computational setting, the post-selection measurement M≥0 realises this

projection, at a sampling cost inversely proportional to the probability (2.17).

3.2.b Discretisation of the p-Variable

We discretise the p-axis on the interval [−πR, πR] withNp = 2np uniformly spaced points

pk = −πR+ k∆p, ∆p =
2πR

Np
, k = 0, 1, . . . , Np − 1, (3.41)

and Fourier wavenumbers

ηk =
k −Np/2

R
, k = 0, 1, . . . , Np − 1. (3.42)

The initial data (3.36) and its discrete Fourier transform are encoded as vectors

p :=
(
e−|p0|, . . . , e−|pNp−1|)⊤, η :=

(
2

η20 + 1
, . . . ,

2

η2Np−1 + 1

)⊤

, (3.43)
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3.2. The Warped Phase Transformation

so that the discretised initial state in the extended space is v(0) = u(0) ⊗ p and v̂(0) =

Fp[v(0)] = u0 ⊗ η.

Remark: 6. Since e−|p| belongs to C0(R) \ C1(R), the convergence of the discrete Fourier

approximation is first-order in ∆p. More precisely, the relative discretisation error satisfies

∥M≥0v(T )− u(T )⊗ p≥0∥
∥u(T )∥ ∥p≥0∥

= O
(
πR

Np
+ e−πR

)
, (3.44)

where p≥0 :=
∑

pk≥0 e
−pk |k⟩. To achieve a target precision ε one must therefore choose

R = O(log(1/ε)), Np = O(R/ε) = Õ(1/ε). (3.45)

The regularity obstruction in p = 0 can be alleviated by replacing e−|p| with aCk-smooth extension

g ∈ Ck(R) that agrees with e−p on (0,+∞), yielding the improved bound Np = Õ(1/ε1/(k+1))

and a corresponding reduction in gate complexity.

3.2.c The Schrödingerisation Pipeline

We now describe the full quantum algorithm in coordinate-free terms. Let n = nx + np

be the total qubit count, with the first nx qubits encoding the spatial degrees of freedom

and the last np qubits encoding the p-register.

Step 1 State preparation Encode v̂(0) = u0 ⊗ η into the quantum register as |v̂(0)⟩ =
|u0⟩ ⊗ |η⟩, where |u0⟩ = u0/∥u0∥ and |η⟩ = η/∥η∥. In practice this is realized

applying quantum Fourier transform to the state |u0⟩ ⊗ |p⟩:

QFTp

(
|u0⟩ ⊗ |p⟩

)
= |u0⟩ ⊗ |η⟩ . (3.46)

Step 2 Hamiltonian simulation. Apply the approximate time-evolution operator V r(τ),

where V (τ) is the first-order Lie–Trotter–Suzuki approximation to eiHτ and r =

T/τ is the number of Trotter steps. Each application of V (τ) realises one time step

of the discretised Schrödinger equation (3.39).

Step 3 Inverse QFT. Apply QFT−1
p to the p-register, mapping the Fourier-domain state

|v̂D(T )⟩ back to the physical-space state |vD(T )⟩.

Step 4 Post-selection. Apply the measurement M≥0 =
∑

pk≥0 I
⊗dnx ⊗ |k⟩⟨k|, retaining

only the pk ≥ 0 component. The post-selected state is proportional to |u(T )⟩ |k⟩
for pk ≈ 0.

The overall circuit is depicted schematically in Figure 3.2.
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3.2. The Warped Phase Transformation

nx

np

|u(rτ)⟩|u0⟩
V r(τ)

|p⟩ QFT QFT−1

Figure 3.2: Schematic quantum circuit implementing the Schrödingerisation pipeline. The spatial
register (top, nx qubits) and the ancilla p-register (bottom, np qubits) interact only through the
joint unitary V r(τ). The post-selection measurement M≥0 retains only the pk ≥ 0 component of
the output.
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4 Quantum Circuits for the Heat

Equation

We specialize the general Schrödingerisation framework of Chapter 3 to the d-dimensional

heat equation. The heat equation is the archetypal second-order parabolic PDE: its gen-

erator a∆ is self-adjoint and non-positive. The Schrödingerisation lift transforms it into

a unitary problem in one higher dimension, and the central-difference discretizations of

the laplacian admits a strikingly clean decomposition in terms of the shift operators of

Section 3.1.

Section 4.1 establishes the continuous and discrete problem. Section 4.2 derives the dis-

cretized Hamiltonian Hheat and establishes its spectral properties. Section 4.3 constructs,

gate by gate, the full circuit hierarchy Wj → V0 → Ṽ0 → Vheat. Section 4.4 contains the

rigorous Trotter error analysis that underpins the complexity theorems of Chapter 6.

4.1 Problem Formulation and Discretization

4.1.a The Continuous Problem

Consider the initial-boundary value problem

⎧
⎨
⎩
∂tu(t, x) = a∆u(t, x), (t, x) ∈ (0, T ]× Ω,

u(0, x) = f(x), x ∈ Ω,
(4.1)

where the domain Ω ⊂ R
d, the diffusivity constant is greater than zero a > 0 , and

f ∈ H1
0 (Ω).

4.1.b Spatial Discretisation

On each spatial coordinate axis, the domain [0, L] is subdivided into Nx + 1 = 2nx + 1

intervals of length h = L/(Nx + 1) where xj = jh, j = 1, . . . , Nx are the endpoints of

each interval. The Dirichlet boundary conditions are imposed restricting to the interior

nodes, giving the state vector u(t) ∈ R
Nd

x with Nx = 2nx . The d-dimensional Laplacian is

approximated using the standard second-order central-difference scheme:

∂2u

∂x2
(xm, t) ≈

u(xm+1, t)− 2u(xm, t) + u(xm−1, t)

h2
. (4.2)
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4.2. Schrödingerisation and the Discrete Hamiltonian

In our case the sheme is apllyied via the operator:

D∆
D =

S− + S+ − 2 I⊗nx

h2
, (4.3)

where S−, S+ are the shift operators of Definition 6, so that the semi-discrete system can

be written as:

u̇(t) = aD∆
D u(t), u(0) = u0. (4.4)

Observe that the matrix aD∆
D is symmetric and negative semi-definite, this implies that

the dissipative character of the continuous problem also holds in the discrete system.

4.2 Schrödingerisation and the Discrete Hamiltonian

As mentioned in 5 the decomposition (3.37) gives H1 = aD∆
D and H2 = 0, and the

Hamiltonian (3.39) reduces to H(η) = η aD∆
D . Writing the discretised diagonal operator

Dη := diag(η0, . . . , ηNp−1), the full (dnx + np)-qubit Hamiltonian is

Hheat := a

d∑

α=1

(D∆
D)α ⊗Dη =

Np−1∑

k=0

(
k − Np

2

) d∑

α=1

(H0)α ⊗ |k⟩⟨k| , (4.5)

where we have used ηk = (k−Np/2)/R and defined the one-dimensional building-block

Hamiltonian

H0 := γ0

⎛
⎝

nx∑

j=1

(s−j + s+j )− 2 I⊗nx

⎞
⎠ , γ0 :=

a

h2R
. (4.6)

The subscript notation (·)α := I⊗(d−α)nx ⊗ · ⊗ I⊗(α−1)nx embeds a single-axis operator

into the full d-dimensional register.

Proposition 2. The operator Hheat defined in (4.5) is self-adjoint on Hdnx+np .

Proof. Each summand (H0)α ⊗ |k⟩⟨k| is the tensor product of two self-adjoint operators:

H0 = γ0(D
∆
D + 2I) is self-adjoint as a real symmetric matrix, and |k⟩⟨k| is an orthogonal

projector. A finite sum of self-adjoint operators is self-adjoint.

A direct consequence of Proposition 2 is that the propagator eiHheatt is unitary for all t,

confirming the applicability of Hamiltonian simulation algorithms.

Block-diagonal structure. The representation (4.5) reveals that Hheat is block-diagonal

in the p-register basis: the k-th diagonal block is (k − Np/2)
∑

α(H0)α. This structure is

exploited in the circuit construction of Section 4.3 and yields the identity

Uheat(τ) := eiHheatτ =

Np−1∑

k=0

Ũ
k−Np/2
0 (τ)⊗ |k⟩⟨k| , (4.7)

where U0(τ) := eiH0τ and Ũ0(τ) :=
∏d

α=1(U0(τ))α. In orther to prove the identity (4.7) let

first have a look at the two following properties.
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4.2. Schrödingerisation and the Discrete Hamiltonian

Lemma 4. The following equalities hold:

exp

(
∑

k

Ak ⊗ |k⟩⟨k|
)

=
∑

k

exp(Ak)⊗ |k⟩⟨k|,

exp

(
∑

α

(A)α

)
=
∏

α

(exp(A))α,

(4.8)

Proof. Recall that |k⟩⟨k| are orthogonal, so (|k⟩⟨k| · |s⟩⟨s| = δsk|k⟩⟨k|).
So if we define X as X =

∑
k Ak ⊗ |k⟩⟨k| we than have that

Xn =
∑

k

An
k ⊗ |k⟩⟨k|

and so

exp(X) =
∑

n

1

n!
(Xn) =

∑

n

∑

k

1

n!
An

k ⊗ |k⟩⟨k|

=
∑

k

(
∑

n

An
k

n!

)
⊗ |k⟩⟨k|

=
∑

k

exp(Ak)⊗ |k⟩⟨k|

This conclude the first part of the proof.

If, insted, we consider the operator defined as (A)α := I⊗d−α ⊗ A ⊗ I⊗α−1 Recall that

given two operators X,Y the identity eX+Y = eXeY holds iff X andY commute. Due to

the definition is trivial that the operators (A)α commutes.

Now the identity (4.7) is proven as follow.

Uheat(τ) := exp(iHheatτ) = exp

⎛
⎝iτ

Np−1∑

k=0

(
k − Np

2

) d∑

α=1

(H0)α ⊗ |k⟩⟨k|

⎞
⎠

=

Np−1∑

k=0

exp

(
iτ

(
k − Np

2

) d∑

α=1

(H0)α

)
⊗ |k⟩⟨k|

=

Np−1∑

k=0

(
exp

(
iτ

d∑

α=1

(H0)α

))k−Np/2

⊗ |k⟩⟨k|

=

Np−1∑

k=0

(
d∏

α=1

exp (iτ(H0)α)

)k−Np/2

⊗ |k⟩⟨k|

=

Np−1∑

k=0

(
d∏

α=1

(Uα(τ))α

)k−Np/2

⊗ |k⟩⟨k|

=

Np−1∑

k=0

Ū
k−Np/2
0 (τ)⊗ |k⟩⟨k|.

(4.9)
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4.3. Circuit Construction

4.3 Circuit Construction

We move forward translating the operator identity (4.7) into an explicit quantum circuit.

The construction proceeds through the construction of four successively more complex

unitary operators. In order to improve readability, we introduce the following notation.

Notation: 1. We denote by V any first-order Lie–Trotter–Suzuki approximation of the correspond-

ing exact propagator U , and use, consistently with the notation used above, the tilde to indicate the

d-dimensional tensor product: Ṽ0(τ) :=
∏d

α=1(V0(τ))α.

4.3.a The Single-Mode Operator V0(τ)

The building block of the entire construction is the approximate evolution generated by

H0. Applying the first-order LTS approximation

U0(τ) = exp

⎛
⎝iγ0τ

nx∑

j=1

(s−j + s+j )− 2iγ0τI
⊗nx

⎞
⎠

≈ exp(−2iγ0τ)
nx∏

j=1

exp
(
iγ0τ(s

−
j + s+j )

)

=: V0(τ).

We can rewrite this operator as:

V0(τ) := e−2iγ0τ
nx∏

j=1

exp
(
iγ0τ(s

−
j + s+j )

)
= Ph(−2γ0τ)

nx∏

j=1

I⊗(nx−j) ⊗Wj(γ0τ, 0), (4.10)

where Ph(θ) := eiθI⊗nx is the global phase gate and the last equality invokes Lemma 2

with λ = 0. The operators {s−j + s+j }nx
j=1 mutually commute up to terms of operator norm

O(γ20τ2), which is precisely the Trotter error quantified in Lemma 5.

The circuit realising V0(τ) consists of the global phase gate followed by the sequence

of Wj(γ0τ, 0) built as in Lemma 2, each of which acts non-trivially only on qubits 1, . . . , j

and is otherwise the identity.

4.3.b The Multi-dimensional Operator Ṽ0(τ)

The d-dimensional analogue is obtained by tensoring:

Ṽ0(τ) :=

d∏

α=1

(V0(τ))α, (4.11)

implemented by running d independent copies of the V0 circuit on each block of nx spatial

qubits. Since the blocks act on disjoint tensor factors they commute exactly, so no further

Trotter error is introduced in the transition from V0 to Ṽ0.
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4.4. Trotter Error Analysis

4.3.c The Full Time-evolution Operator Vheat(τ)

We now have all the building block necessary in order to construct Vheat(τ) Substituting

the approximation Ṽ0 for Ũ0 in the factorisation (4.7) defines

Vheat(τ) :=

Np−1∑

k=0

Ṽ
k−Np/2
0 (τ)⊗ |k⟩⟨k| =

(
Ṽ

−Np/2
0 (τ)⊗ I⊗np

)Np−1∑

k=0

Ṽ k
0 (τ)⊗ |k⟩⟨k| . (4.12)

The sum
∑

k Ṽ
k
0 (τ)⊗ |k⟩⟨k| is implemented via Lemma 3: writing k in is binary represen-

tation as
∑np−1

m=0 km2m, it decomposes as

Np−1∑

k=0

Ṽ k
0 (τ)⊗ |k⟩⟨k| =

np−1∏

m=0

′
(
c-Ṽ 2m

0 (τ)
)
, (4.13)

where c-Ṽ 2m
0 (τ) denotes the controlled-power gate acting on the spatial register, con-

trolled by the m-th qubit of the p-register. This requires np = log2Np controlled-power

applications in lieu of Np direct applications, yielding the quadratic improvement in Np

noted in Remark 4.

The complete Schrödingerisation circuit iterates Vheat(τ) a total of r = T/τ times.

4.4 Trotter Error Analysis

The following lemma is the key estimate relating the exact and approximate propagators.

Lemma 5 (Trotter error for Vheat). Let Hheat and Vheat(τ) be as in (4.5) and (4.12), and let d

denotes the spatial dimension, Np = 2np: and Nx = 2nx represent the number of grid points for

the variables p and x, respectively. Then for any τ > 0,

∥Uheat(τ)− Vheat(τ)∥ ≤
dNp γ

2
0 τ

2 (nx − 1)

4
, (4.14)

and for r Trotter steps of size r = T/τ ,

∥Uheat(T )− V r
heat(τ)∥ ≤

dNp γ
2
0 T

2 (nx − 1)

4r
. (4.15)

Proof. We proceed in three steps.

Step 1: Error for V0. The operators s−j + s+j for j = 1, . . . , nx satisfy
⃦⃦
⃦s±j

⃦⃦
⃦ = 1 (cf.

Lemma 1). The standard commutator bound for the first-order LTS formula gives

∥U0(τ)− V0(τ)∥ ≤
γ20τ

2

2

nx∑

j=1

∑

j′>j

⃦⃦
⃦
[
s−j + s+j , s

−
j′ + s+j′

]⃦⃦
⃦. (4.16)

The commutator calculations of ( [14], Appendix B.1) establish that:

∥U0(τ)− V0(τ)∥ ≤
γ20τ

2

2

nx∑

j=1

∑

j′>j

⃦⃦
⃦
[
s−j + s+j , s

−
j′ + s+j′

]⃦⃦
⃦ ≤ γ20τ

2(nx − 1)

2
. (4.17)
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4.4. Trotter Error Analysis

Step 2: Propagation to Vheat. Since Ṽ0(τ) and Ũ0(τ) are unitary, and the block-diagonal

structure of (4.7) allows one to bound the deviation block by block obtaning:

∥Uheat(τ)− Vheat(τ)∥

=

⃦⃦
⃦⃦
⃦⃦
Np−1∑

k=0

⎡
⎣
(

d∏

α=1

(U0(τ))α

)k−Np/2

−
(

d∏

α=1

(V0(τ))α

)k−Np/2
⎤
⎦⊗ |k⟩⟨k|

⃦⃦
⃦⃦
⃦⃦

= max
0≤k≤Np−1

⃦⃦
⃦⃦
⃦⃦

(
d∏

α=1

(U0(τ))α

)k−Np/2

−
(

d∏

α=1

(V0(τ))α

)k−Np/2
⃦⃦
⃦⃦
⃦⃦

≤ max
0≤k≤Np−1

⃓⃓
⃓⃓k − Np

2

⃓⃓
⃓⃓
⃦⃦
⃦⃦
⃦

d∏

α=1

(U0(τ))α −
d∏

α=1

(V0(τ))α

⃦⃦
⃦⃦
⃦

≤ dNp

2
∥U0(τ)− V0(τ)∥

≤ dNpγ
2
0τ

2(nx − 1)

4
.

(4.18)

Step 3: Accumulation over r steps. Having proved 4.14 4.15 simplu follows as:

∥Uheat(T )− V r
heat(τ)∥

≤r ∥Uheat(τ)− Vheat(τ)∥

≤dNpγ
2
0T

2(nx − 1)

4r
.

(4.19)

Remark: 7 (Required number of Trotter steps). To achieve ∥Uheat(T )− V r
heat(τ)∥ ≤ ε′,

Lemma 5 requires

r ≥ dNpγ
2
0T

2(nx − 1)

4ε′
. (4.20)

The dependence on nx is linear (not quadratic), reflecting the locality of the commutators
[
s±j , s

±
j′

]
.
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5 Quantum Circuits for the Advection

Equation

The advection equation presents a distinct challenge: as mentioned in 5, unlike the

heat operator, the upwind-discretised advection operator A is neither symmetric nor

skew-symmetric, so in the decomposition both the Hermitian part H1 and the skew-

Hermitian part H2 are non-trivial. This requires a more complex circuit structure in

which the two contributions are handled by two separate unitary building blocks V1 and

V2, whose tensor-product structure over spatial dimensions and whose controlled-power

combination over the p-register must be carefully arranged.

A further motivation for the treatment developed here is the inadequacy of the central-

difference approach. Sato et al. [21] employ central differences to preserve the Schrödinger’s

structure of the advection operator; however, the central scheme introduces dispersive er-

rors that generate numerical oscillations near discontinuities of the solution, as illustrated

in their own numerical results. The upwind scheme is dissipative rather than dispersive,

suppressing these oscillations at the cost of first-order accuracy in h, and it is precisely

this dissipative character that necessitates Schrödingerisation.

5.1 Problem Formulation and Upwind Discretisation

5.1.a The Continuous Problem

Let a = (a1, . . . , ad)
⊤ ∈ R

d be the constant advection velocity. We consider the initial-

value problem

⎧
⎪⎪⎨
⎪⎪⎩

∂tu(t, x) = a · ∇u(t, x) =
d∑

α=1

aα∂xαu(t, x), (t, x) ∈ (0, T ]× Ωd,

u(0, x) = f(x),

(5.1)

on the d-dimensional domain Ωd = (0, L)d with periodic boundary conditions. As known

the exact solution is the pure transport u(t, x) = f(x+ at), which preserves the L2-norm.

5.1.b Upwind Discretization

In order to discretize the problem consider the uniform grid of Nx = 2nx points per

dimension with mesh size h = L/Nx. On such grid the upwind scheme approximates
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5.2. Schrödingerization and the Discrete Hamiltonian

aα∂xαu via:

aα∂xαu ≈

⎧
⎨
⎩
aα(D

+
P )α u, aα > 0,

aα(D
−
P )α u, aα < 0,

(5.2)

where D+
P and D−

P are the periodic forward and backward difference operators of Sub-

section 3.1.a. Without loss of generality, we can rearrange the coordinates in such a way

that aα > 0 for α = 1, . . . , d0 and aα < 0 for α = d0 + 1, . . . , d. The semi-discrete system

will then be:

u̇(t) = Au(t), A :=

d0∑

α=1

aα(D
+
P )α +

d∑

α=d0+1

aα(D
−
P )α. (5.3)

Observe that the matrix A is real but non-symmetric: its symmetric component H1 =
(A+A†)

2
depicts the diffusive character of the upwind scheme, while its skew-symmetric

component iH2 =
(A−A†)

2
encodes the conservative transport.

Direct computation using the identities D+
P =

(D±
P ) + (D∆

P )

2
and D−

P =
(D±

P )− (D∆
P )

2
yields:

H1 =

d∑

α=1

|aα|
2
h(D∆

P )α, H2 =

d∑

α=1

aα
2h
· 1
i
(S−

α − S+
α − σ⊗nx

01,α + σ⊗nx
10,α), (5.4)

showing that H1 is a positive diffusion operator and H2 is a central-difference-like trans-

port operator.

5.2 Schrödingerization and the Discrete Hamiltonian

Applying the warped phase transformation of Section 3.2 to our new system u̇ = Auwith

A = H1 + iH2 and relying on the Fourier space in p we obtain the Schrödinger equation:

∂tv̂(t, η) = iHadv(η) v̂(t, η), Hadv(η) := η H1 +H2, (5.5)

which is self-adjoint for every η ∈ R since H1 = H†
1 and H2 = H†

2 . Replacing η by the

discrete grid (3.42), the full discretized Hamiltonian is

Hadv :=H1 ⊗Dη +H2 ⊗ I⊗np

=

Np−1∑

k=0

(
k − Np

2

) d∑

α=1

|aα|(H1)α ⊗ |k⟩⟨k|+
d∑

α=1

aα(H2)α ⊗ I⊗np ,
(5.6)
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5.3. Circuit Construction

where we define, with γ1 := 1/(2hR) and γ2 := 1/(2h):

H1 := H
(1)
1 +H

(2)
1 ,

H
(1)
1 := γ1

(
σ⊗nx
01 + σ⊗nx

10

)
, H

(2)
1 := γ1

nx∑

j=1

(s−j + s+j )− 2γ1 I
⊗nx , (5.7)

H2 := H
(1)
2 +H

(2)
2 ,

H
(1)
2 := −iγ2

(
−σ⊗nx

01 + σ⊗nx
10

)
, H

(2)
2 := −iγ2

nx∑

j=1

(s−j − s+j ). (5.8)

The superscripts (1) and (2) distinguish the boundary terms (arising from the periodic

wrap-around σ⊗nx
01 , σ⊗nx

10 ) from the interior terms (involving the local shift operators s±j ).

Such distinction between H1 = H
(1)
1 + H

(2)
1 and H2 = H

(1)
2 + H

(2)
2 is not merely for

notational convenience, the two cases require distinct circuit implementations. The in-

terior terms H
(2)
1 , H

(2)
2 are implemented via a Wj-type circuits, as in the heat equation,

whereas the boundary terms H
(1)
1 , H

(1)
2 are handled by different circuits described in

Subection 5.3.b.

5.3 Circuit Construction

5.3.a Factorisation of the Propagator

Cloning the construction we made for Section 4.3 we introduce:

U1(τ) := eiH1τ , U2(τ) := eiH2τ ,

Ũ1(τ) :=

d∏

α=1

(U1(|aα|τ))α, Ũ2(τ) :=

d∏

α=1

(U2(aατ))α.
(5.9)

The first-order LTS decomposition allows us to approximate the time evolution operator
Uadv(τ) as follows:

Uadv(τ) := exp(iHadvτ)

= exp

⎛
⎝iτ

⎛
⎝

Np−1∑

k=0

(
k − Np

2

) d∑

α=1

|aα| (H1)α ⊗ |k⟩⟨k|+
d∑

α=1

aα (H2)α ⊗ I⊗np

⎞
⎠
⎞
⎠

≈ exp

(
iτ

d∑

α=1

aα (H2)α ⊗ I⊗np

)
exp

⎛
⎝iτ

Np−1∑

k=0

(
k − Np

2

) d∑

α=1

|aα| (H1)α ⊗ |k⟩⟨k|

⎞
⎠

=

(
d∏

α=1

exp
(
iaατ (H2)α

)
⊗ I⊗np

)Np−1∑

k=0

(
d∏

α=1

exp
(
i|aα|τ (H1)α

)
)k−Np/2

⊗ |k⟩⟨k|

=

(
d∏

α=1

(U2(aατ))α ⊗ I⊗np

)Np−1∑

k=0

(
d∏

α=1

(U1(|aα|τ))α

)k−Np/2

⊗ |k⟩⟨k|

=
(
Ũ2(τ)⊗ I⊗np

)Np−1∑

k=0

Ũ
k−Np/2
1

(τ)⊗ |k⟩⟨k|,

(5.10)

where the first equality relies on 5.6, third equality holds due to the results

37



5.3. Circuit Construction

of the Lemma 4, meanwhile the third and the fourth are given directly using
the definitions 5.9. We will show in Lemma 6 how the approximation error is
controlled by the commutator ∥[H1 ⊗Dη, H2 ⊗ I⊗np ]∥.
Replacing U1, U2 by their LTS approximations V1, V2 (constructed in Section 5.3.d)
then define:

Vadv(τ) :=
(
Ṽ2(τ)⊗ I⊗np

)Np−1∑

k=0

Ṽ
k−Np/2
1 (τ)⊗ |k⟩⟨k| , (5.11)

that can be implemented via the controlled-power technique of Lemma 3.

5.3.b Circuits for the Boundary Terms

The operators H
(1)
1 and H

(1)
2 satisfy the hypothesis of Lemma 1, where |a⟩ = |0⟩⊗nx

and |b⟩ = |1⟩⊗nx . Therefore their time-evolution operators are:

U
(1)
1 (τ) = exp

(
iγ1τ(σ

⊗nx
01 + σ⊗nx

10 )
)
= B(1) · CRZnx

1,...,nx−1(−2γ1τ) ·
(
B(1)

)†
,

U
(1)
2 (τ) = exp

(
γ2τ(−σ⊗nx

01 + σ⊗nx
10 )

)
= B(2) · CRZnx

1,...,nx−1(−2γ2τ) ·
(
B(2)

)†
,

(5.12)

where the basis-change unitaries are given by

B(1) : =
nx−1∏

m=1

CNOTnx
m Hnx

nx−1∏

m=1

Xm = Bnx(0)
nx−1∏

m=1

Xm,

B(2) : =
nx−1∏

m=1

CNOTnx
m Pnx

(
−π

2

)
Hnx

nx−1∏

m=1

Xm = Bnx

(π
2

) nx−1∏

m=1

Xm.

(5.13)

Here Bnx(λ) is the Bell-basis construction of Lemma 2, and the X-gate chain maps

|0⟩⊗(nx−1) → |1⟩⊗(nx−1), aligning the all-zeros and all-ones states with the standard
Bell-basis conventions.

5.3.c Circuits for the Interior Terms

The interior Hamiltonians H
(2)
1 and H

(2)
2 have the same structure as H0 in the

heat equation, but with different phase parameters. Lemma 2 with λ = 0 and
λ = −π/2 respectively gives

U
(2)
1 (τ) ≈ V

(2)
1 (τ) := Ph(−2γ1τ)

nx∏

j=1

I⊗(nx−j) ⊗Wj(γ1τ, 0), (5.14)

U
(2)
2 (τ) ≈ V

(2)
2 (τ) :=

nx∏

j=1

I⊗(nx−j) ⊗Wj(γ2τ,−π/2). (5.15)

Notice that the phase shift λ = −π/2 in (5.15) accounts for the factor of −i in the

definition of H
(2)
2 , and it is realized by the Phase gate P (−π/2) = Pj(−π/2) within

each Wj gadget.
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5.4. Trotter Error Analysis

5.3.d Assembling V1(τ) and V2(τ)

Combining boundary and interior circuits via a further LTS step:

V1(τ) := U
(1)
1 (τ)V

(2)
1 (τ), (5.16)

V2(τ) := U
(1)
2 (τ)V

(2)
2 (τ). (5.17)

The LTS error incurred in replacing U1(τ) by V1(τ) involves the commutator⃦⃦
⃦
[
H

(1)
1 , H

(2)
1

]⃦⃦
⃦, which is bounded. Analogously for V2.

Tensoring over the spatial dimensions we obtain

Ṽ1(τ) :=
d∏

α=1

(
V1(|aα|τ)

)
α
, Ṽ2(τ) :=

d∏

α=1

(
V2(aατ)

)
α
, (5.18)

each implemented by running parallel clones of V1 (resp. V2) on the d spatial
qubit blocks, with axis-dependent time parameters |aα|τ (resp. aατ ). Since the
blocks act on disjoint tensor factors, no additional Trotter error arises from the
tensor-product assembly.

The full circuit for Vadv(τ) than combines the Ṽ2 block with the controlled-power∑
k Ṽ

k−Np/2
1 (τ)⊗ |k⟩⟨k|, implemented exactly as in Subsection 4.3.c via Lemma 3.

5.4 Trotter Error Analysis

Lemma 6 (Trotter error for Vadv). LetHadv and Vadv(τ) be as defined in (5.6) and (5.11).

Set Ca :=
∑d

α=1 a
2
α. Then for any τ > 0,

∥Uadv(τ)− Vadv(τ)∥ ≤
τ 2 nx Ca

4

(
Npγ

2
2 + 2Npγ1γ2 + 2γ2

1

)
, (5.19)

and for r Trotter steps of size τ = T/r,

∥Uadv(T )− V r
adv(τ)∥ ≤

T 2 nx Ca

4r

(
Npγ

2
2 + 2Npγ1γ2 + 2γ2

1

)
. (5.20)

Proof. Let’s divide the proof in steps.

Step 1:

∥U1(τ)− V1(τ)∥ ≤
⃦⃦
⃦U1(τ)− U (1)

1 (τ)U
(2)
1 (τ)

⃦⃦
⃦+

⃦⃦
⃦U (1)

1 (τ)U
(2)
1 (τ)− V1(τ)

⃦⃦
⃦

≤ γ21τ
2

2

⃦⃦
⃦⃦
⃦⃦

⎡
⎣

nx∑

j=1

(s−j + s+j ), σ
⊗nx

01 + σ⊗nx

10

⎤
⎦
⃦⃦
⃦⃦
⃦⃦+

⃦⃦
⃦U (2)

1 (τ)− V (2)
1 (τ)

⃦⃦
⃦

≤ γ21τ
2

2
+
γ21τ

2(nx − 1)

2
=
γ21τ

2nx

2
,
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5.4. Trotter Error Analysis

Step 2:

∥U2(τ)− V2(τ)∥ ≤
⃦⃦
⃦U2(τ)− U (1)

2 (τ)U
(2)
2 (τ)

⃦⃦
⃦+

⃦⃦
⃦U (1)

2 (τ)U
(2)
2 (τ)− V2(τ)

⃦⃦
⃦

≤ γ22τ
2

2

⃦⃦
⃦⃦
⃦⃦

⎡
⎣

nx∑

j=1

(s−j − s+j ), σ⊗nx

01 − σ⊗nx

10

⎤
⎦
⃦⃦
⃦⃦
⃦⃦+

⃦⃦
⃦U (2)

2 (τ)− V (2)
2 (τ)

⃦⃦
⃦

≤ γ22τ
2

2
+
γ22τ

2(nx − 1)

2
=
γ22τ

2nx

2
,

Step 3:
⃦⃦
⃦Ũ1(τ)− Ṽ1(τ)

⃦⃦
⃦ ≤ γ21τ

2nx
2

d∑

α=1

a2α,

⃦⃦
⃦Ũ2(τ)− Ṽ2(τ)

⃦⃦
⃦ ≤ γ22τ

2nx
2

d∑

α=1

a2α.

Step 4:

⃦

⃦

[

A1 ⊗Dη,A2 ⊗ I
⊗np

]
⃦

⃦ =

⃦

⃦

⃦

⃦

⃦

⃦

⎡

⎣

Np−1
∑

k=0

(

k −
Np

2

) d
∑

α=1

|aα| (H1)α ⊗ |k⟩ ⟨k| ,
d

∑

α=1

aα (H2)α ⊗ I
⊗np

⎤

⎦

⃦

⃦

⃦

⃦

⃦

⃦

=

⃦

⃦

⃦

⃦

⃦

⃦

Np−1
∑

k=0

(

k −
Np

2

)

[

d
∑

α=1

|aα| (H1)α ,

d
∑

α=1

aα (H2)α

]

⊗ |k⟩ ⟨k|

⃦

⃦

⃦

⃦

⃦

⃦

=

⃦

⃦

⃦

⃦

⃦

⃦

Np−1
∑

k=0

(

k −
Np

2

) d
∑

α=1

|aα|aα

[

(H1)α , (H2)α
]

⊗ |k⟩ ⟨k|

⃦

⃦

⃦

⃦

⃦

⃦

≤
Np

∑d
α=1

a2

α

2
∥[H1,H2]∥

≤Npγ1γ2nx

d
∑

α=1

a
2

α.

Step 5:

∥Uadv(τ)− Vadv(τ)∥ ≤∥Uadv(τ)− U∗(τ)∥+ ∥U∗(τ)− Vadv(τ)∥

≤τ
2

2

⃦⃦[
A1 ⊗Dη,A2 ⊗ I⊗np

]⃦⃦

+
Np

2

⃦⃦
⃦Ũ1(τ)− Ṽ1(τ)

⃦⃦
⃦+

⃦⃦
⃦Ũ2(τ)− Ṽ2(τ)

⃦⃦
⃦

≤τ
2Npγ1γ2nx

2

d∑

α=1

a2α

+
Npγ

2
1τ

2nx
4

d∑

α=1

a2α +
γ21τ

2nx

2

d∑

α=1

a2α

≤τ
2nx(Npγ

2
1 + 2Npγ1γ2 + 2γ22)

4

d∑

α=1

a2α.

This completes the proof for the single step case. As done in Lemma 5 over r steps
we obtain:

∥Uadv(T )− V r
adv(τ)∥ ≤r ∥Uadv(τ)− Vadv(τ)∥

≤T 2nx(Npγ
2
1 + 2Npγ1γ2 + 2γ2

2)

4r

d∑

α=1

a2α.
(5.21)
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5.4. Trotter Error Analysis

Remark: 8 (Comparison with the central-difference approach). In Sato et al. [21],
the advection equation is handled via central differences, for which the semi-discrete
operator is purely imaginary (i.e. H1 = 0). The Schrödinger’s structure is then preserved
exactly at the cost of O(h2) dispersive errors. In our upwind formulation, H1 ̸= 0
introduces the γ1-dependent terms in the error bound (5.19); however, the solution is free
of spurious oscillations near discontinuities. Moreover, our approach handles general non-
Hermitian generators, including operators for which no purely imaginary discretization
is available. The factor N2

p appearing in the gate complexity of [21] versus the Np factor
in ours (see Remark 9 below) reflects this structural difference.

Remark: 9 (Required number of Trotter steps for the advection equation). The
bound (5.20) requires, for precision ε′,

r ≥ T 2nxCa

4ε′
(
Npγ

2
2 + 2Npγ1γ2 + 2γ2

1

)
. (5.22)

Substituting γ1 = 1/(2hR) and γ2 = 1/(2h) and using Np = Õ(1/ε), one finds that the
dominant term at small h is γ2

2Np = O(Np/h
2), leading to the gate complexity of the next

Chapter.
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6 Complexity Analysis and Quantum

Advantages

Having established in the previous chapters the theoretical foundations of the Schrödin-

gerisation method and the explicit construction of quantum circuits for both the heat and

advection equations, we now turn to a rigorous analysis of the computational resources

required by these algorithms. The present chapter serves a double purpose: first, to

quantify the gate complexity of the circuits developed in Chapters 4 and 5 in terms of

fundamental quantum operations; and second, to compare these quantum complexities

against the computational costs of classical algorithms solving the same problems, allow-

ing us to identify the cases in which the resulting quantum algorithms outperform the

best known classical methods.

The analysis is organized as follows: Section 6.1 derives the CNOT counts for each

building block of the circuit hierarchy. Sections 6.2 and 6.3 assemble these into the

total gate complexity for the heat and advection equations respectively, culminating in

Theorems 1 and 2. Section 6.4 carries out the classical-versus-quantum comparison and

identifies the dimensional thresholds beyond which quantum advantage is rigorously

established. Section 6.5 situates the results in the broader literature, with emphasis on

the oracle-free character of the present constructions.

The complexity analysis presented here is grounded in the explicit circuit decomposi-

tions established in Lemmas 2, and in the sections 4.3 5.3, and follows the methodology

introduced by the authors of the original article [14]. Unlike many quantum algorithms for

partial differential equations that rely on black-box oracles for matrix operations (whose

preparation costs are often omitted from complexity estimates) the algorithms analyzed

in this thesis are entirely oracle-free. All operations are decomposed into elementary

single-qubit gates and CNOT gates, ensuring that the complexity bounds derived here re-

flect the true resource requirements of implementation on near-term and future quantum

hardware.

Throughout this chapter, we employ the standard asymptotic notation: O(·) denotes

an upper bound up to constant factors, while Õ(·) suppresses logarithmic factors. The

parameters nx and np denote, respectively, the number of qubits allocated to the spatial

and momentum registers, with corresponding grid sizes Nx = 2nx and Np = 2np . The

spatial dimension is denoted by d, and T represents the final simulation time.
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6.1. CNOT Counts for the Circuit Building Blocks

6.1 CNOT Counts for the Circuit Building Blocks

We begin our analysis with the heat equation, whose quantum circuit was developed in

Section 4.3. Recall that the approximate time-evolution operator Vheat(τ) is constructed

through a first-order Lie-Trotter-Suzuki decomposition of the exact operator Uheat(τ) =

exp(iHheatτ), where the Hamiltonian Hheat is given by Equation (4.5). The operator

Vheat(τ) comprises three nested levels of structure: the building block Wj , the single-

dimension operator V0, and the multi-dimensional operator Ṽ0, which allows us to obtain

full momentum-dependent operator Vheat (4.12) via the controlled-power construction of

Lemma 3.

We will apply a bottom-up approach beginning with the fundamental building block

and propagating upward to the complete circuit. This approach ensures that every gate in

the final circuit is accounted for. The analysis proceeds in four stages: first, we establish the

gate count for the fundamental building block Wj ; second, we aggregate these counts to

obtain the complexity of the single-dimension operatorV0 and its controlled version; third,

we propagate these bounds through the multi-dimensional and momentum-dependent

structures; and finally, we combine the per-step gate count with the Trotter error analysis

to obtain the total complexity for the full simulation.

We systematically derive the CNOT counts for the gate hierarchyWj → V0 → Vheat and

its advection-equation counterpart Wj → V1, V2 → Vadv.

6.1.a Gate Count for the Building Block Wj

Recall from Lemma 2 that

Wj(γτ, λ) = Bj(λ) CRZ
j
1,...,j−1(−2γτ)Bj(λ)

†,

where Bj(λ) =
(∏j−1

m=1CNOTj
m

)
Pj(−λ)Hj . Written in this explicit way it is easy to

observe that the construction of the pair Bj(λ) and Bj(λ)
† requires exactly 4 single-qubit

gates (two Hadamard gates and two phase gates) and 2(j − 1) CNOT gates.

Relying on the results obtained by [22], we can establish the total amount of gates needed

in the construction of the whole Wj .

Proposition 3. For nx ≥ 3 and j ∈ {1, . . . , nx}, the gadget Wj(γτ, λ) is implemented with

QWj ≤

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

0 j = 1,

2(j − 1) + 2 = 4 j = 2,

(16j − 40) + 2(j − 1) = 18j − 42 j ≥ 3.

(6.1)

CNOT gates, together with O(j) single-qubit gates.

Proof. We have seen how the unitary Bj(λ) contributes. The central component of Wj

is the multi-controlled rotation CRZ1,...,j−1(−2γτ), which is a (j − 1)-controlled RZ gate

acting on the j-th qubit. This gate applies a rotation by angle−2γτ about theZ-axis of the
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6.1. CNOT Counts for the Circuit Building Blocks

Bloch sphere, conditioned on all of the first j − 1 qubits being in the state |1⟩. The multi-

controlled RZ gate with j − 1 control qubits decomposes into at most max(1, 16j − 40)

CNOT gates and O(j) single-qubit gates for j ≥ 3 by [22]. For the two special cases that

arise we have that: if j = 1 the gate is a plainRZ , requiring no CNOT; if j = 2 the operator

W2 requires a single controlled RZ , which decomposes into two CNOT gates and three

single-qubit rotations (twoRZ gates and oneRX orRY gate for the Euler decomposition).

Summing the three contributions establishes (6.1).

Remark: 10. Despite what we have just seen the authors adopt a slightly coarser but common

convention: in relation to the single-qubit gates count they consider only the gates acting as proper

single-qubit rotations on the target qubit, considering only two single-qubit gates per Wj (the two

Hadamards gates) treating the phase gates and RZ as part of the controlled structure.

These bounds, while expressed in terms of the maximum possible gate counts, are tight

in the sense that they reflect the actual circuit constructions used in the implementation.

6.1.b Gate Count for the Controlled Operator V0

We first recall how V0 is built in (4.10), i.e.

V0(τ) = Ph(−2γ0τ)
nx∏

j=1

I⊗(nx−j) ⊗Wj(γ0τ, 0).

Notice how the blocksWj are applied in order of increasing j, with eachWj acting on the

first j qubits of the spatial register. Since the supports of consecutiveWj operators overlap

(eachWj affects qubit j and all preceding qubits), they must be applied sequentially rather

than in parallel. Meanwhile, the global phase gate commutes with all other operations

and can be applied at any point in the circuit. It contributes as one single-qubit gate.

Lemma 7 (Gate count for V0). The operator V0(τ) can be implemented using 2nx+1 single-qubit

gates and at most 9n2x − 33nx + 36 CNOT gates for nx ≥ 3.

Proof. The single-qubit gates count comes from the one phase gate plus the two Hadamard

gates for each of the Wj across j = 1, . . . , nx, obtaining 2nx + 1.

For the CNOT gate count, we sum the exact contributions of each Wj . The cases j = 1

and j = 2 contribute 0 and 4 CNOTs, respectively. For j ≥ 3, each Wj contributes at most

18j − 42 CNOTs. We therefore compute:

Q
(CNOT)
V0

=

nx∑

j=3

(18j − 42) + 4

= 18

nx∑

j=3

j − 42(nx − 2) + 4

= 18

(
nx(nx + 1)

2
− 3

)
− 42nx + 84 + 4

= 9n2x + 9nx − 54− 42nx + 88

= 9n2x − 33nx + 36.

(6.2)
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This completes the proof.

6.1.c Gate Count for the Controlled Operator c-V0

The controlled version c-V0, required for the momentum-dependent operator Vheat, is

obtained by replacing each gate in V0 with its controlled variant. In general a controlled

single-qubit gate decomposes into at most two CNOTs and single-qubit rotations via

standard circuit identities, while a controlled CNOT becomes a Toffoli gate, which requires

six CNOTs in standard decompositions using one ancilla qubit. However, we can apply

a more efficient direct analysis, which carefully tracks the structure of the controlled-Wj

operators obtaining a tighter bound.

Lemma 8 (Gate count for c-V0). The controlled operator c-V0(τ) can be implemented using most

16n2x − 22nx + 10 CNOT gates for nx ≥ 3.

Proof. The controlled-V0 consists of a controlled phase gate and nx controlled-Wj oper-

ators. Each controlled-Wj contains: a multi-controlled RZ gate with j controls (rather

than j − 1, because the overall control adds one additional control qubit), two controlled

Hadamard gates, and 2(j − 1) controlled-CNOT (Toffoli) gates.

The controlled phase gate contributes one single-qubit gate and zero CNOTs (it is a

phase rotation on the control qubit). For each controlled-Wj , the multi-controlled RZ

with j controls qubit decomposes into at most 16(j + 1) − 40 = 16j − 24 CNOTs for

j ≥ 2. The two controlled Hadamard gates contribute 2 CNOTs each (using the standard

decomposition of controlled-H), and the 2(j− 1) controlled-CNOTs become Toffoli gates,

each requiring 6 CNOTs. Obtaining:

Q
(CNOT)
c-V0

= 2 +

nx∑

j=2

(16j − 24) + 2nx + 6

nx∑

j=2

2(j − 1)

= 2 +

(
16
nx(nx + 1)

2
− 16− 24(nx − 1)

)
+ 2nx + 12

(nx − 1)nx
2

= 2 + (8n2x + 8nx − 16− 24nx + 24) + 2nx + 6(n2x − nx)
= 2 + 8n2x − 16nx + 8 + 2nx + 6n2x − 6nx

= 14n2x − 20nx + 10

(6.3)

It is worth noting that the controlled operator has a larger gate count than the un-

controlled version, reflecting the additional resources required in order to condition the

entire operation on a control qubit.

6.1.d The Full Heat-Equation Operator Vheat(τ)

With the gate counts for V0 and c-V0 established, we now propagate these bounds to the

full operator Vheat(τ). Recall from Equation (4.12) that Vheat is constructed using at most

2np−1 copies of Ṽ0(−τ) and 2np − 1 controlled copies of Ṽ0(τ), where Ṽ0 consists of d
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copies of V0 acting on independent spatial dimensions (one per dimension of the physical

domain).

Lemma 9 (Gate count for Vheat). For nx ≥ 3, the unitary Vheat(τ) of equation (4.12) can be

implemented using O(dNpnx) single-qubit gates and at most

QVheat
= d 2np−1QV0

+ d (2np − 1)Qc-V0
= O(dNpn

2
x) (6.4)

CNOT gates.

Proof. By equation (4.13), the operator
∑Np−1

k=0 Ṽ k
0 (τ) ⊗ |k⟩⟨k| is implemented via np

controlled-power gates c-Ṽ 2m
0 , m = 0, . . . , np − 1. The prefactor Ṽ

−Np/2
0 (τ) contributes

one further application of Ṽ0. In total there are at most 2np−1 uncontrolled Ṽ0 gates and

2np − 1 controlled Ṽ0 gates. Each Ṽ0 consists of d copies of V0, and each controlled Ṽ0

consists of d copies of c-V0. Multiplying through and using Lemma 7:

QVheat
= d 2np−1QV0

+ d(2np − 1)Qc-V0
.

Since QV0
, Qc-V0

= O(n2x) and 2np−1 < Np = 2np , we obtain QVheat
= O(dNpn

2
x). The

single-qubit count follows analogously: each V0 requires (2nx+1) single-qubit gates, and

hence the decomposition requires at most 2np−1 uncontrolled Ṽ0 applications, so the total

single-qubit count is:

d · 2np−1(2nx + 1),

that can be seen as O(dNpn
2
x) total.

6.1.e Gate Complexity of the Advection Equation Circuit

The complexity analysis for the advection equation follows a similar structural pattern to

the one of the heat equation, though the presence of both Hermitian and skew-Hermitian

components in the discretized operator introduces additional terms in the error bounds

and requires separate treatment of the two component operators. Recall from Chapter 5

that the approximate operator Vadv(τ) is constructed from the operators V1 and V2, corre-

sponding respectively to the Hermitian part H1 and the skew-Hermitian part H2 of the

upwind-discretized advection operator.

If we consider the implementation of Vadv(τ), it involves a maximum of a Ṽ2(τ) gate, 2np−1

Ṽ1(−τ) gates and
∑np−1

m=0 2m = 2np − 1 controlled Ṽ1(τ) gates. Where, exactly as before,

each Ṽ1 (Ṽ2) gate consists of d V1 (V2) gates. Moreover, V1 and V2 can be computed similarly

to V0 but they also have additional gates U
(1)
1 and U

(1)
2 , each of which needs to be further

broken down. As seen in eq (5.11) U
(1)
1 and U

(1)
2 are build almost in the same way and can

be decompose into a multi-controlled RZ gate, plus the gates necessary to implementB(1)

(resp. B(2) ), i.e. 2 Hadamards gates, 2 phase gates and 2(nx − 1) X gates and 2(nx − 1)

CNOT gates. Meanwhile the controlled U
(1)
1 requires 2(nx − 1) extra controlled X gates.

Hence, the number of single-qubit gates is d(4nx + 2+ 2+ 2(nx − 1)) + d2np−1(2nx + 2+

2(nx − 1) + 1) = O(dNpnx).
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While the total number of CNOT gates in the circuit implementation of Vadv is deter-

mined by

QVadv
= dQV2

+ d2np−1QV1
+ d(2np − 1)Qc−V1

, (6.5)

with
QV2

= QV1
= QV0

+ (16nx − 40) + 2(nx − 1)

= 9n2x − 15nx − 6.
(6.6)

Qc−V1
=Qc−V0

+ 16(nx + 1)− 40 + 2nx + 16(nx − 1)

=14n2x − 30.
(6.7)

Then, Vadv can be implemented using O(dNpnx) single-qubit gates and at most

QVadv
= dQV2

+ d2np−1QV1
+ d(2np − 1)Qc−V1

= O(dNpn
2
x),

(6.8)

CNOT gates.

6.2 Total Gate Complexity of the Heat Equation

We now incorporate the Trotter step count and the measurement overhead into a single

end-to-end gate-complexity bound.

Lemma 10 (One-step cost for Uheat(T )). Let the target Trotter precision be ε′ > 0. The number

of Trotter steps required to satisfy ∥Uheat(T )− V r
heat(τ)∥ ≤ ε′ is

r ≥ dNpγ
2
0T

2(nx − 1)

4ε′
. (6.9)

Each step costs at mostO(dNpn
2
x) CNOT gates andO(dNpnx) single-qubit gates. Consequently,

implementing V r
heat(τ) costs

O
(
d2N2

pn
3
x

γ20T
2

ε′

)
CNOT gates and O

(
d2N2

pn
2
x

γ20T
2

ε′

)
single-qubit gates. (6.10)

Proof. V r
heat(τ) can be implemented using O(rQVheat

) = O(d2n3xN
2
pγ

2
0T

2/ε) CNOT gates

and O(d2n2xN
2
pγ

2
0T

2/ε) single-qubit gates.

Theorem 1 (Gate complexity of the heat equation). Let u : [0, T ] → L2(Ω) be the solution

of the d-dimensional heat equation (4.1) with mesh size h and initial data u0 ∈ L2(Ω). The

state |u(T )⟩ can be prepared to within additive error ε (in the ℓ2 sense on the grid) by the

Schrödingerisation algorithm of using at most

Õ
(

d2T 2∥u0∥3

∥u(T )∥3h4ε3

)
(6.11)

single-qubit gates and CNOT gates in total.

Proof. The rigorous proof is well written in the article ([14], Theorem 1).
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6.3 Total Gate Complexity of the Advection Equation

Lemma 11 (One-step cost for Uadv(T )). SetCa :=
∑d

α=1 a
2
α and let ε′ > 0 be the target Trotter

precision. The number of Trotter steps required for ∥Uadv(T )− V r
adv(τ)∥ ≤ ε′ is

r ≥ T 2nxCa

4ε′
(
Npγ

2
2 + 2Npγ1γ2 + 2γ21

)
. (6.12)

Implementing V r
adv(τ) costs

O
(
dn3xT

2NpCa

ε′
(
Npγ

2
2 + 2Npγ1γ2 + 2γ21

))
CNOT gates. (6.13)

Proof. Identical structure to the proof of Lemma 10. V r
adv(τ) can be implemented using

O(rQVadv
) = O

(
dn3xT

2Np(Npγ
2
1 + 2Npγ1γ2 + 2γ22)

d∑

α=1

a2α
ε

)
,

CNOT gates and O(dn2xT 2Np(Npγ
2
1 + 2Npγ1γ2 + 2γ22)

∑d
α=1 a

2
α/ε) single-qubit gates.

Theorem 2 (Gate complexity of the advection equation). Let u : [0, T ] → L2(T d) be the

solution of the d-dimensional advection equation (5.1) solved via the upwind scheme (5.3) with

mesh size h. The state |u(T )⟩ can be prepared to within additive error ε using at most

Õ
(
d T 2Ca∥u0∥3

∥u(T )∥3h2ε3

)
(6.14)

single-qubit gates and CNOT gates in total.

Proof. Again, well written in the article ([14], Theorem 2).

6.4 Classical vs. Quantum: A Rigorous Comparison

We now compare the complexities established in Theorems 1 and 2 with the cost of the best

known classical finite-difference solvers for the same equations. Throughout, s denotes

the sparsity of the relevant difference operator (i.e. the number of non-zero entries per

row), andNd
x is the total number of spatial degrees of freedom on the d-dimensional grid.

6.4.a Classical Complexity Baselines

Heat equation. Applying the forward Euler scheme to (4.4), the global temporal dis-

cretization error is O(τ), while stability requires the parabolic CFL condition τ = O(h2).
Hence the number of time steps needed to reach time T is

Nt = O
(
max

{
T

ε
,
T

h2

})
,
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where the first term enforces the desired temporal accuracy and the second the CFL

stability constraint. Each step requires one sparse matrix–vector multiplication with the

finite-difference Laplacian, whose stencil has sparsity s = s(D∆
D) = 2d+1, costingO(sNd

x )

arithmetic operations. The resulting classical complexity is therefore

Cheat
cl = O

(
sNd

x max

{
T

ε
,
T

h2

})
= O

(
s h−dmax

{
T

ε
,
T

h2

})
. (6.15)

For the second-order spatial discretization, balancing the spatial error O(h2) with the

temporal error O(τ) = O(ε) gives h = O(√ε), yielding

Cheat
cl = O

(
s T ε−(d/2+1)

)
.

Advection equation. For the first-order upwind discretization, both the spatial and

temporal discretization errors are first order,O(h) andO(τ), respectively. The hyperbolic

CFL condition requires τ = O(h), so the number of time steps is

Nt = O
(
max

{
T

ε
,
T

h

})
.

Each step costs O(sNd
x ) operations with stencil sparsity s = d+ 1, giving

Cadv
cl = O

(
sNd

x max

{
T

ε
,
T

h

})
= O

(
s h−dmax

{
T

ε
,
T

h

})
. (6.16)

Balancing the first-order spatial and temporal errors gives h = O(ε), for which

Cadv
cl = O

(
s T ε−(d+1)

)
.

6.4.b Quantum Complexity: Restated in Comparable Terms

Setting h = O(ε) and ∥u0∥/∥u(T )∥ = O(1) in Theorems 1 and 2:

Cheat
qu = Õ

(
d2T 2

ε3

)
, (6.17)

Cadv
qu = Õ

(
d T 2Ca

ε3

)
. (6.18)
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6.4.c Comparison and Dimension Thresholds

Table 6.1: Comparison of classical and quantum gate/operation complexities for the heat and
advection equations. For the heat equation we balance the second-order spatial error with the
first-order temporal error by taking h = O(√ε); for the advection equation we take h = O(ε).
Logarithmic factors are suppressed, and ∥u0∥/∥u(T )∥ = O(1). Here s denotes the sparsity of the
corresponding finite-difference operator.

Quantity Heat equation Advection equation

Classical state space O(Nd
x ) = O(ε−d/2) O(Nd

x ) = O(ε−d)

Quantum state space dnx + np = O(d log(1/ε))
qubits

dnx + np = O(d log(1/ε))
qubits

Classical cost / step O(s ε−d/2) O(s ε−d)

Quantum cost / step Õ
(
d ε−1 log2(1/ε)

)
Õ
(
d ε−1 log2(1/ε)

)

Classical total operations O(s T ε−(d/2+1)) O(s T ε−(d+1))

Quantum total gates Õ(d2T ε−3) Õ(dT ε−3)

Asymptotic advantage threshold d > 4 d > 2

Remark: 11 (Exponential state-space compression). Even before considering time complexity,

the quantum algorithm provides an exponential reduction in the memory required to represent the

state: a classical solver needsO(Nd
x ) = O(2dnx) real numbers, whereas the quantum state is stored

in dnx + np qubits. This exponential compression is unconditional and does not depend on the

dimension threshold. However, it is contingent on amplitude encoding, which requires an efficient

state-preparation subroutine (assumed here as a black box).

6.5 Oracle-Free Complexity and Comparison with Prior Work

Definition 7 (Oracle-free circuit). A quantum circuit for a PDE solver is oracle-free if every gate

in the circuit is explicitly specified, and therefore can be broken down as a sequence of single-qubit

and CNOT gates, with no unresolved subroutines.

The circuits of Chapters 4 and 5 satisfy Definition 7: every step, from the Wj building

blocks, through the controlled-power assembly to the QFT, is expressed in terms of

elementary gates with explicit CNOT counts. For instance, this stands in contrast to the

HHL-based approach of Cao et al. [4] and the oracle-dependent methods of Childs, Liu

and Ostrander [6].

Comparison with Jin, Liu and Yu [12, 13]. The theoretical framework of Schrödingeri-

sation was established in [12, 13] at the level of continuous operators and semi-discrete
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ODE systems. The present work and [14] constitute the first fully explicit circuit implemen-

tation of this framework, extending the analysis to concrete gate sequences and oracle-free

CNOT counts.

Complexity of the QFT. The (inverse) quantum Fourier transform over np qubits is

implemented with O(n2p) CNOT gates [20]. Since np = O(log(1/ε)), this contributes

only O(log2(1/ε)) gates, which is negligible compared to the dominant cost of V r
heat(τ) or

V r
adv(τ).

Remark: 12 (Hardware requirements). The total qubit count of the algorithm isn = dnx+np =

O(d log(L/h) + log(1/ε)), which is logarithmic in both the spatial resolution and the target

precision. For a three-dimensional problem (d = 3) with h = 0.01 and ε = 0.01, one needs

approximately 3 × 7 + 7 = 28 logical qubits. While this is within the reach of near-term devices

in terms of qubit count, the circuit depth, which scales as r · depth(Vheat) = O(rnxnp), and

the fidelity requirements necessitate full fault-tolerant quantum computation for any practically

meaningful problem size. The present results are therefore most accurately can be described as

characterising the asymptotic regime of quantum advantage rather than the near-term regime.
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7 Visualising Quantum Simulation

Results: State Vectors, Samplers,

and Estimators
We will now provide a detailed account of how the numerical results produced by the

quantum Schrödingerization algorithm of our article [14] are extracted from the quantum

simulation and subsequently visualized. This pipeline is crucial to understanding what

we mean by "quantum simulation", and what results we might achieve using real quantum

hardware in the future; such understanding requires distinguishing three conceptually

different objects that Qiskit, the SDK we used to simulate quantum hardware, offers:

the statevector, the Sampler, and the Estimator. Each object encodes a different aspect

of the quantum state, and each produces a different type of data that is plotted for

different physical purposes. After the discussion about the code from the paper in

detail, we present a pedagogical example that isolates the plotting mechanics from the

time-evolution machinery, making the differences between the three approaches visually

transparent. We suggest to the readers that are already familiar with these tools to

proceed to the next Chapter 8, where the results of the various numerical experiments are

discussed.

7.1 Background: The Three Modes of Accessing a Quantum State

Recall that a pure quantum state on n qubits is a unit vector

|ψ⟩ =
2n−1∑

k=0

αk |k⟩ s.t. αk ∈ C,

2n−1∑

k=0

|αk|2 = 1, (7.1)

where {|k⟩} conventionally denotes the computational basis.

In a classical simulation running on a computer (as opposed to real quantum hardware),

the full amplitude vector (α0, . . . , α2n−1) ∈ C
2n is available in memory. On real quantum

hardware, by contrast, as we measure we destroy the superposition information; the

informations we can actually access are only partial and are constrained by the postulate

known as the Born Rule which tells us that while measuring we can only retrieve the

probability |αk|2 that the state |ψ⟩ yields outcome k.

Qiskit models these two regimes through three primitives:

Statevector / Statevector.data. The objectStatevector(qc).data returns the full com-
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7.2. The Schrödingerization Algorithm and Its Output

plex amplitude vector (α0, . . . , α2n−1) as a numpy array. This is only possible in a classical

simulation. Indeed measuring a real qubit "collapses" the state so regardless of the quan-

tum hardware used one cannot retrieve the amplitudes directly.

It gives complete, noiseless information about the quantum state, at exponential memory

cost in the number of qubits.

StatevectorSampler. The Sampler mimics what happens on real quantum hardware:

it applies the Born rule repeatedly for a prescribed number of shots (identical trials).

Notice that Qiskit supports multiple simulation methods and configurable options for

each simulation method; the study of the various different types of simulations is beyond

the scope of this work, if the reader would like to delve further into this aspect, please

refer to QiskitAer documentation.

Each shot collapses the state to a basis vector |k⟩with probability |αk|2, and the output is

a histogram (bit-string counts). From these counts one can estimate probabilities, but not

the individual amplitudes αk.

StatevectorEstimator. The Estimator computes the expectation value of a Hermitian

observable O,

⟨O⟩ = ⟨ψ|O |ψ⟩ , (7.2)

given a quantum circuit and a Pauli operator. On a classical simulator this is computed ex-

actly (or with controlled precision); on real hardware it requires many shots and statistical

averaging.

The article’s authors use all three objects for different purposes, which we will now

carefully explain.

7.2 The Schrödingerization Algorithm and Its Output

The algorithm simulates the equation ∂tu = Au (where A is generally non-Hermitian)

by embedding u(t, ·) into a larger Hamiltonian system. We will delve deeper into how

this happens in the next chapters. At this point the reader just needs to know that the

quantum state at time t lives in a joint Hilbert space Hx ⊗Hp, where Hx represents the

spatial degree of freedom (encoded on nx qubits) and Hp is an auxiliary momentum

register (encoded on np = na qubits).

The physical solution u(t, ·) is then recovered projecting the joint state onto the subspace

{p = 0}.
In the discrete setting this corresponds to selecting a specific row of the reshaped ampli-

tude tensor.

7.2.a Recovering the Solution via the Statevector (plot_solution)

The function schro in the notebook performs the following extraction at the end of every

time step and at the final time T :
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7.2. The Schrödingerization Algorithm and Its Output

⊵

1 label=lst:statevector]

2 ut = Statevector(qc).data # complex array of length 2^(nx+na)

3 qc.clear()

4 qc.initialize(ut / np.linalg.norm(ut), qc.qubits)# reset for next

step
� �

At the final time, after the inverse QFT has been applied we have the following line of

code that, as previously mentioned, project our solution onto a subspace:
⊵

5 u = np.real(Statevector(qc)).reshape(2**na, 2**nx)

6 u = u[2**(na-1)] * norm # row index 2^(na-1) corresponds to \eta

=0
� �

Here the amplitude vector of length 2nx+np is reshaped into a 2np × 2nx matrix; row 2np−1

corresponds to the zero-frequency (i.e. p = 0) slice.

The multiplication by norm is needed in order to reverse the normalization applied when

the state was initialized.

The resulting array u is a real vector of length 2nx approximating the PDE solution

u(T, xj) at the spatial grid points xj .

Remark: 13. The imaginary part is discarded with np.real(). For the heat equation the exact

solution is real, so this is mathematically justified; any residual imaginary part is purely numerical

noise from the circuit simulation.

7.2.b What plot_solution Plots

The functionplot_solution (Figures 8.1, 8.3) callsrun twice for each value ofnp ∈ {3, 5, 7}
(one coarse time step ∆t1 and one fine step ∆t2) and then plots five curves on the same

axes:

Curve Source Colour / marker

Exact solution Analytical formula Red, solid

Matrix exponential eATu0 via scipy Blue, dashed

Classical Schrödingerization Direct matrix simulation Black, dashed + squares

Proposed (coarse ∆t) Quantum circuit + statevector Diamond, default colour

Proposed (fine ∆t) Quantum circuit + statevector Diamond, default colour

The horizontal axis is the spatial variable x, and the vertical axis is the function value

u(T, x). All four numerical methods operate on the same spatial grid, so the curves are

comparable.

The key comparison being made is:

1. Accuracy vs. exact solution: how close is each numerical method to the red curve?

2. Time-step sensitivity: comparing the two quantum curves (large and small ∆t)

reveals the time-discretization error of the proposed Schrödingerization scheme.
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3. Effect of np: the three subplots (one per column) show how increasing the number

of ancilla qubits np improves the approximation of the p-space integral and hence

the accuracy of the method.

All data in this plot come exclusively from Statevector.data. No measurement sim-

ulation or observable expectation is involved.

7.3 Measuring theL2 Norm via Sampler and Estimator (plot_norm)

The function plot_norm tracks the squared L2 norm ∥u(t)∥2 over time t ∈ [0, T ]; the

squared norm (total "energy") of the solution u to the heat equation at each time t (x-

axis). Such a quantity for the heat equation decays exponentially, while for the advection

equation it is (ideally) conserved. Monitoring it serves as a diagnostic of how faithfully

the quantum circuit preserves the dynamics. Moreover it is an example for which type of

information we could actually get on real quantum hardware.

7.3.a Why Two Quantum Estimations?

The state after applying the inverse QFT is supported on all momentum modes. The

physical solution corresponds only to p = 0, but measuring ∥u(t)∥2 from the quantum

state requires knowledge about what fraction of the total norm sits at p = 0. The notebook

uses two independent quantum measurements:

Measurement 1 — Estimator (expectation value, p = 0 slice).

The observable

O = I⊗nx⏞⏟⏟⏞
x

⊗ |1⟩⟨1|p0⏞ ⏟⏟ ⏞
selects p0-qubit=1

⊗ |0⟩⟨0|⊗(np−1)

⏞ ⏟⏟ ⏞
rest of p

(7.3)

is built in the code as a tensor product of Pauli operators. In order to understand how it

is built observe that we can construct both the zero operator and the one operator as:

|0⟩⟨0| = 1

2
(I + Z);

|1⟩⟨1| = 1

2
(I − Z).

⊵

7 zero_op = SparsePauliOp([’I’, ’Z’], coeffs=[0.5, 0.5]) # |0><0|

8 one_op = SparsePauliOp([’I’, ’Z’], coeffs=[0.5, -0.5]) # |1><1|

9

10 observable = one_op #acts on p_0 qubit

11 for i in range(na - 1):

12 observable = observable ^ zero_op #remaining p qubits in |0>

13 observable = observable ^ obs #identity over x qubits

14

15 ###when the function shro is called obs is defined as:###

16 ###obs = Pauli(’I’ * nx)###

17
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18 circuit = qc.copy()

19 circuit.x(ra[-1])

20 circuit.append(iqft, ra)

21 pub = (circuit, observable)

22 job = estimator.run([pub], precision=np.sqrt(var[i])/100)

23 values[0, i] = job.result()[0].data.evs * norm**2
� �

The Estimator then computes

⟨O⟩ = ⟨Ψ(t)|O |Ψ(t)⟩ ≈ ∥u(t)∥
2

norm2
, (7.4)

and the code rescales by norm2 to recover ∥u(t)∥2. This is stored in values[0, i].

Remark: 14. The precision of the Estimator is set to
√
Var/100, where Var = E − E2 and E is

the classically precomputed expectation. This is a target standard deviation for the estimate; the

Estimator internally adjusts the number of shots to achieve it.

Measurement 2 — Sampler (probability, p ≥ 0).

These lines represent the most standard approach to measurement on actual quantum

hardware:
⊵

24 alpha = ClassicalRegister(1, name=’alpha’)

25 circuit.add_register(alpha)

26 circuit.measure(ra[-1], alpha)

27 job = sampler.run([circuit])

28 prob_pge0 = job.result()[0].data.alpha.get_counts()[’1’] / 10000

29 values[1, i] = prob_pge0 * norm**2 / norm1**2
� �

We can retrieve the energy obtained from the circuits by measuring the last qubit in

register p (qubit ra[-1]) to obtain the probabilityP (1) of it being in state |1⟩. In order to do

that we add a classical bit alpha to our circuit and we measure the last qubit overwriting

such measurement onto alpha. Then the sampler run such circuit 10,000 times. The

get_counts()[’1’] gives us the number of times such qubit was measured as 1, i.e. the

number of shots that landed in the pk ≥ 0 half of the p-register. Dividing by 10000 gives

the empirical probability:

P (1) ≈ counts[′1′]
10000

.

Finally we get a weighted estimate of ∥u(T )∥2 as:

∥u(T )∥2 ≈ P (1)∥u(0)∥2∥p∥2
∥p≥0∥2

. (7.5)

Remark: 15. The scatter we see in the dots’ plotting is due to shot noise, the circuit was run 10,000

times and probabilities are estimated from such samples; in other words the spread is statistical,

not structural, and it should tighten with more shots.
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7.3.b What plot_norm Plots

The function plots five time series over t ∈ [0, T ]:

Curve Source Colour

Exact ∥u∥2 Analytical Red

Matrix exponential ∥u∥2 scipy Blue, dashed

Classical Schrödingerisation ∥u∥2 Direct matrix Black

Proposed (p = 0) Estimator Medium sea green, dotted

Proposed (p ≥ 0) Sampler Orange, dotted

The horizontal axis is time t, and the vertical axis is ∥u(t)∥2. The two quantum curves

together demonstrate that:

• The Estimator (p = 0) recovers ∥u(t)∥2 by measuring the expectation of a projection

operator.

• The Sampler (p ≥ 0) recovers ∥u(t)∥2 by measuring raw shot-based probabilities.

Both should converge to the exact curve as np increases and the number of shots increases.

Remark: 16. We have not discussed about the Classical Schrödingerisation plot. With the

term Classical Schrödingerisation the autors refer to the direct classical matrix simulation of the

same Schrödingerisation scheme, without any quantum circuit. It is based on the mathematical

ground truth on which the quantum circuit is supposed to compute, before any quantum-level

approximations are introduced. The difference between this calssical curve and the quantum

diamond curves in plot_solution is the Trotterisation error due to the fact that the quantum

circuit needs to approximate eiH∆t with a product of simpler gates rather than computing the full

matrix exponential at once.
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7.4 Summary Scheme

Quantum Circuit
qc

StatevectorSampler

shot histogram Pr(k)
Statevector(qc).data

full amplitude αk

StatevectorEstimator

⟨O⟩ = ⟨ψ|O |ψ⟩

plot_solution

u(T, xj)
∥u(t)∥2 via Pr(p ≥ 0)
stored in values[1]

∥u(t)∥2 via ⟨O⟩
stored in values[0]

Figure 7.1: Information flow from the quantum circuit to the two plotting functions. The statevec-
tor gives direct access to amplitudes; the Estimator gives expectation values; the Sampler gives
measurement-count histograms.
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7.5 A Self-Contained Pedagogical Example

In order to isolate the plotting mechanics from the complexity of the Schrödingerisation

scheme, we now present a minimal example.

7.5.a Setup

Consider a discretize function f : {0, . . . , 2n − 1} → R, encode it as a quantum state,

and then recover and plot it using each of the three methods in turn. Let n = 3 (In such

way the Hilbert space associated to the quantum circuit has dimension N = 23 = 8), and

define f as

fk = sin

(
2πk

N

)
, k = 0, 1, . . . , N − 1. (7.6)

The corresponding normalised quantum state is

|ψ⟩ = 1

∥f∥

N−1∑

k=0

fk |k⟩ , ∥f∥ =
(

N−1∑

k=0

f2k

)1/2

. (7.7)

We initialise a 3-qubit circuit with this state using qc.initialize.
⊵

30 import numpy as np

31 from qiskit import QuantumCircuit

32 from qiskit.quantum_info import Statevector

33

34 n = 3

35 N = 2**n

36 k = np.arange(N)

37 f = np.sin(2 * np.pi * k / N) # the function to encode

38 norm = np.linalg.norm(f)

39

40 # Encode f as a quantum state

41 qc = QuantumCircuit(n)

42 qc.initialize(f / norm, range(n))
� �

Remark: 17. The vector f has both positive and negative entries. The Born rule gives

Pr(outcome k) = |fk|2/∥f∥2,

so the Sampler cannot distinguish fk from −fk which we noticed to be a fundamental limitation

of measurement-based methods.

7.5.b Method 1: Full Recovery via Statevector
⊵

43 # Recover the full amplitude vector

44 sv = Statevector(qc).data # complex array of length N

45 f_recovered = np.real(sv) * norm # rescale to physical units

46
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47 # Plot

48 import matplotlib.pyplot as plt

49 plt.figure(figsize=(7, 4))

50 plt.plot(k, f,’k-o’, label=r’Original $f_k$’)

51 plt.plot(k, f_recovered , ’r--s’, label=’Recovered (Statevector)’)

52 plt.xlabel(r’$k$’)

53 plt.ylabel(r’$f_k$’)

54 plt.title(’Function recovery via Statevector’)

55 plt.legend()

56 plt.tight_layout()

57 plt.show()
� �

The statevector gives exact recovery (up to floating-point precision): f rec
k = fk for all

k. This is because Statevector.data returns the amplitude vector directly, without any

stochastic element.

Figure 7.2: Output

Remark: 18. In the Schrödingerisation notebook, this method is used in exactly the same way to

recover u(T, xj) at the end of the time evolution. The only additional step is the reshaping and

row-selection that implements the projection to p = 0.

7.5.c Method 2: Probability Estimation via the Sampler

The Sampler can only access the squared amplitudes. We add a measurement gate and

run the circuit for a number of shots.
⊵

58 label=lst:sampler-example]

59 from qiskit.primitives import StatevectorSampler

60 from qiskit import ClassicalRegister

61

62 # Add measurement

63 cr = ClassicalRegister(n, name=’c’)

64 qc_meas = qc.copy()

65 qc_meas.add_register(cr)

66 qc_meas.measure(range(n), cr)

67

68 # Run sampler with varying shot counts
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69 sampler = StatevectorSampler()

70 shots_list = [100, 1000, 10000]

71 fig, axes = plt.subplots(1, 3, figsize=(15, 4), sharey=True)

72

73 for ax, shots in zip(axes, shots_list):

74 sampler_shots = StatevectorSampler(default_shots=shots)

75 job = sampler_shots.run([qc_meas])

76 counts = job.result()[0].data.c.get_counts()

77

78 # Convert counts to probability estimates

79 probs_est = np.array([counts.get(format(k, f’0{n}b’), 0) for k

in range(N)]) / shots

80 # probs_est ~ |f_k|^2 / norm^2, so rescale to get |f_k|

81 f_abs_est = np.sqrt(probs_est) * norm

82

83 ax.bar(k, f**2 / norm**2, alpha=0.5, label=r’True $|f_k|^2/\|f

\|^2$’)

84 ax.bar(k, probs_est , alpha=0.5, label=’Sampler estimate’)

85 ax.set_xlabel(r’$k$’)

86 ax.set_title(f’{shots} shots’)

87 if ax == axes[0]:

88 ax.set_ylabel(’Probability’)

89 ax.legend(fontsize=8)

90

91 fig.suptitle(’Probability estimation via Sampler (different shot

counts)’, y=1.02)

92 plt.tight_layout()

93 plt.show()
� �

Figure 7.3: Output

Several observations follow from this experiment:

1. The Sampler output is a histogram, not a function. It gives estimates of |fk|2/∥f∥2,
not of fk itself.

2. With few shots (e.g. 100), the histogram is noisy; with many shots (e.g. 10,000) it

converges to the true probability distribution.
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3. Since |fk|2 = | − fk|2, the Sampler cannot distinguish a positive-valued point from

a negative-valued one.

In the Schrödingerization notebook, the Sampler is used precisely for a task where sign

information is not needed: estimating the norm ∥u(t)∥2, which is manifestly non-negative.

The probability of measuring the qubit ra[-1] in state |1⟩ is proportional to the total

weight of the state in the p ≥ 0 half of momentum space, from which ∥u(t)∥2 can be

recovered up to a known normalization constant.

7.5.d Method 3: Expectation Value via the Estimator

The Estimator computes ⟨O⟩ = ⟨ψ|O |ψ⟩ for a specified Pauli observable O. To illustrate

this, we compute the expectation values of Zj on each qubit:

⟨Zj⟩ =
N−1∑

k=0

|αk|2 · (−1)bj(k), (7.8)

where bj(k) is the j-th bit of k in binary.
⊵

94 label=lst:estimator -example]

95 from qiskit.primitives import StatevectorEstimator

96 from qiskit.quantum_info import SparsePauliOp

97

98 estimator = StatevectorEstimator()

99

100 # Build observables: Z on each qubit, I on the rest

101 pauli_strings = []

102 for j in range(n):

103 s = [’I’] * n

104 s[j] = ’Z’

105 pauli_strings.append(’’.join(s))

106

107 observables = [SparsePauliOp(p) for p in pauli_strings]

108

109 # Compute expectation values

110 evs = []

111 for obs in observables:

112 pub = (qc, obs)

113 job = estimator.run([pub])

114 evs.append(job.result()[0].data.evs)

115

116 # Plot

117 fig, axes = plt.subplots(1, 2, figsize=(12, 4))

118

119 # Left: the original function

120 axes[0].plot(k, f, ’k-o’)

121 axes[0].set_xlabel(r’$k$’)

122 axes[0].set_ylabel(r’$f_k$’)
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123 axes[0].set_title(’Original function $f_k = \sin(2\pi k/N)$’)

124

125 # Right: the qubit-wise expectation values <Z_j>

126 axes[1].bar(range(n), evs, color=’steelblue’)

127 axes[1].set_xlabel(’Qubit index $j$’)

128 axes[1].set_ylabel(r’$\langle Z_j \rangle$’)

129 axes[1].set_title(’Estimator: per-qubit Pauli-$Z$ expectations’)

130 axes[1].set_xticks(range(n))

131

132 plt.tight_layout()

133 plt.show()
� �

Figure 7.4: Output

The right panel shows three numbers, one per qubit, which are weighted averages over

the distribution |fk|2/∥f∥2, not the function fk itself. The Estimator is powerful not for

reconstructing a function point-wise, but for computing aggregate scalar quantities (such

as: norms, energies, or overlaps) that are expressible as expectation values of known

observables.

In the Schrödingerization notebook, the Estimator computes a projection observable

that selects the p = 0 slice, effectively computing ∥u(t)∥2.

7.6 Conclusion

The three Qiskit primitives — Statevector.data, StatevectorSampler, and

StatevectorEstimator — answer fundamentally different questions about a quantum

state and are used in the notebook for three distinct purposes:

1. Statevector is used wherever the full classical simulation is available: to extract the

PDE solution u(T, xj) at the final time and to reset the circuit state at each time step

(avoiding circuit depth blow-up).

2. Sampler is used to estimate the probability of measuring the p ≥ 0 half-space,

yielding an estimate of ∥u(t)∥2 via raw shot counts — the primitive that most

faithfully models real quantum hardware.
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3. Estimator is used to compute the expectation value of a structured projection ob-

servable, giving a statistically cleaner (lower variance) estimate of ∥u(t)∥2 via the

p = 0 slice.

Understanding this distinction is essential not only for reading the plots produced by

the notebook, but also for any future work that seeks to run the algorithm to real quantum

hardware, where the statevector is unavailable and only Sampler- and Estimator-based

strategies remain viable.
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8 Numerical Experiments

The theoretical developments presented in the preceding chapters get their full signif-

icance only when validated through numerical implementation. This chapter presents

a comprehensive suite of numerical experiments designed to verify the correctness of

the quantum circuits proposed in [14], to quantify their approximation accuracy, and to

illustrate the practical behavior of the Schrödingerization method on a classical quantum

simulator.

As mentioned, all experiments were performed using the Qiskit package [11]. The

numerical results are compared against two independent reference solutions: a direct

classical implementation of the Schrödingerization method using matrix algebra (via

SciPy [23]), and the exact matrix exponential eAT applied to the initial condition. These

three-way comparisons enable a precise attribution of errors to their respective sources:

spatial discretization error, momentum-truncation error, and Trotter-splitting error.

The reader is assumed to be familiar with the three Qiskit primitives (Statevector,

Sampler, and Estimator) which are discussed in detail in Chapter 7. The present chapter

focuses on the experimental design, the numerical results, and their interpretation. We

begin by describing the problem setup and implementation parameters, then present the

results for the heat equation and the advection equation, and conclude with a detailed

discussion of the error decomposition and convergence properties.

8.1 Problem Setup and Implementation Parameters

Consistently with the circuits we have developed in the Chapters 4 and 5 we consider

two model problems: the one-dimensional heat equation with Dirichlet boundary condi-

tions, and the one-dimensional advection equation with periodic boundary conditions.

These problems, while mathematically simple, capture the essential features of dissipa-

tive and hyperbolic PDEs, respectively, and provide the ideal baseline test cases for the

Schrödingerization framework. The one-dimensional setting is chosen to enable detailed

visualization and precise error quantification; the extension to higher dimensions follows

the tensor product structure.
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8.1. Problem Setup and Implementation Parameters

8.1.a Heat Equation: Parameters and Discretization

The heat equation on the spatial domain Ω = [0, L] is given by

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

∂tu(t, x) = a∂xxu(t, x), x ∈ [0, L], t > 0,

u(0, x) = f(x), x ∈ [0, L],

u(t, 0) = u(t, L) = 0, t > 0,

(8.1)

where the diffusion coefficient and initial condition are chosen as

a =
L

π2
, f(x) = sin

(πx
L

)
. (8.2)

With this particular choice of parameters, the exact analytical solution is:

u(t, x) = e−t/L sin
(πx
L

)
, (8.3)

which provides a ground truth against which all numerical approximations are mea-

sured. The decay rate 1/L ensures that the solution remains non-negligible at the final

simulation time T = 5, while still exhibiting the characteristic dissipative behavior of the

heat equation.

For the spatial discretization, keeping the formulation consistent with what we have

already developed , we employ the standard second-order central difference scheme on

a uniform grid with Nx = 2nx interior points. In the results reported here, we set nx = 4,

corresponding to Nx = 16 interior grid points and a mesh size h = L/(Nx + 1) = L/17.

The Schrödingerization parameters are chosen as follows to systematically explore

the convergence properties of the method. The domain of p is chosen to be [−4π, 4π];
Observe that with the values chosen large the truncated tail of the warped phase function

e−|p| is negligible (e−4π ≈ 10−6). To discretize such domain we have used different

grids, in particular the grids use Np = 2np points with np ∈ {3, 5, 7}, corresponding to

Np ∈ {8, 32, 128}. These three values of np allow us to study the convergence of the

method with respect to the ”resolution‘̀ of p. We also have implemented the method on

two different time steps: in one case we have used τ = 0.005, requiring r = T/τ = 1000

Trotter steps; in the other case we have used a coarser time step τ = 0.5 (r = 10 steps) in

order isolate the effect of Trotter-error accumulation.

The discrete initial state |u(0)⟩ is prepared by encoding the normalized initial condition

vector into the nx-qubit spatial register, while the momentum register is initialized to the

normalized warped phase vector p with components pk = e−|pk| for k = 0, . . . , Np − 1,

where pk = −4π + 2π4k/Np .

66



8.2. Pseudocode

8.1.b Advection Equation: Parameters and Discretisation

The advection equation on the periodic domain Ω = [0, L] is given by

⎧
⎨
⎩
∂tu(t, x) = a∂xu(t, x), x ∈ [0, L], t > 0,

u(0, x) = f(x), x ∈ [0, L],
(8.4)

with periodic boundary conditions u(t, 0) = u(t, L). We have set a = 1 and chosen a

discontinuous initial condition in the form of a square wave:

f(x) =

⎧
⎨
⎩
0, x ∈

[
kL, kL+ L

2

)
,

1, x ∈
[
kL+ L

2 , (k + 1)L
)
,

k ∈ Z. (8.5)

Choosing a discontinuous initial condition allows us to test the ability of the numerical

method to handle sharp gradients without introducing spurious oscillations. We recall

that in this case the exact solution is the traveling wave

u(t, x) = f(x+ at). (8.6)

For the spatial discretization, we employ the first-order upwind scheme rather than

central differences, accordingly with what we have discussed in Subsection 5.1.b. The

upwind matrix A is given by Equation (5.4), as before with Nx = 2nx = 16 grid points

and mesh size h = L/Nx = L/16. Also the Schrödingerization parameters used for the

advection equation are identical to those for the heat equation: R = 4, np ∈ {3, 5, 7},
and τ ∈ {0.5, 0.005}, but with final time T = 3, this implies having r ∈ {6, 600} steps,

respectively. The choice T = 3 (rather than T = 5) has been made to stay consistent with

the result of the article.

8.2 Pseudocode

As mentioned several times previously, a repository is available on GitHub [10] where

one can access a Jupyter notebook to replicate the numerical results that we are going to

illustrate in the following sections.

In order to facilitate understanding of such code, in this section we shall present the

pseudocode associated with the constructions developed in the previous Chapters 3 4 5,

as well as the implementation of such circuits for the two equations presented earlier in

Section 8.1.

The pseudocode is presented in an order that mirrors the incremental construction of

the algorithms developed in the preceding chapters. First, the initial algorithms detail

the construction of the Wj gates, establishing the fundamental building blocks of the

quantum circuit.

Subsequently, the following algorithms introduce the gates representing V0, V1, V2, to-

gether with their controlled counterparts, progressively assembling the unitary compo-

67



8.2. Pseudocode

nents required for the simulation.

Algorithm 7 constitutes the true core of the implementation: it integrates all the previ-

ously defined elements to construct the complete quantum circuit, yielding the solution

u at the final step as the output .

Algorithms 8 and 9 provide the two reference frameworks employed for the discussion

and analysis of the numerical results.

Finally, the remaining codes present the setup for our two test cases, followed by the rou-

tines for the two different plotting schemes and the three distinct types of measurements.

8.2.a Elementary building block: the Wj gate

The circuits for both equations are built out of a single parametrized primitive, Wj(θ, λ),

optionally (in the case of the advection equation) modified withX gates (xgate) to realize

the extra boundary/periodicity terms U
(1)
1 , U

(1)
2 .

Algorithm 1: Wj(θ, λ; xgate) — elementary rotation block on j qubits

Input : register size j ≥ 1; angle θ ∈ R; phase λ ∈ R; boolean xgate

Output: circuit U on qubits q0, . . . , qj−1

1 Initialize empty circuit U on q0, . . . , qj−1;

2 if j > 1 then

3 apply CNOTqj−1→qi for every i = 0, . . . , j − 2 ; // fan-out, control = qj−1

4 if λ ̸= 0 then

5 apply P (λ) on qj−1;

6 apply H on qj−1;

7 if xgate then

8 apply X on qi for i = 0, . . . , j − 2;

9 if j > 1 then

10 apply multi-controlled Rz(θ) with controls q0, . . . , qj−2 and target qj−1;

11 else

12 apply Rz(θ) on q0;

13 if xgate then

14 apply X on qi for i = 0, . . . , j − 2 ; // undo

15 apply H on qj−1;

16 if λ ̸= 0 then

17 apply P (−λ) on qj−1;

18 if j > 1 then

19 apply CNOTqj−1→qi for i = 0, . . . , j − 2 ; // undo fan-out

20 return U
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8.2.b Circuits for the heat equation

Algorithm 2: V0(θ, n) — uncontrolled H1-evolution circuit (heat equation)

Input : angle θ; number of space qubits n

Output: circuit U on n qubits carrying global phase eiθ

1 Initialize circuit U on q0, . . . , qn−1 with global phase θ;

2 for j = 1 to n do

3 append Wj(θ, 0) on qubits q0, . . . , qj−1;

4 return U

Algorithm 3: cV0(θ, n) — controlled H1-evolution circuit (heat equation)

Input : angle θ; number of space qubits n

Output: circuit U on n+ 1 qubits: control c, targets q1, . . . , qn

1 Initialize circuit U on c, q1, . . . , qn;

2 apply P (θ) on c ; // global phase of V0 becomes a controlled phase

3 for j = 1 to n do

4 build cWj ← controlled-Wj(θ, 0) with control c;

5 append cWj on c, q1, . . . , qj ;

6 return U

8.2.c Circuits for the advection equation

Algorithm 4: V1(θ, n) — uncontrolled H1-evolution circuit (advection equation)

Input : angle θ; number of space qubits n

Output: circuit U on n qubits carrying global phase eiθ

1 Initialize circuit U on q0, . . . , qn−1 with global phase θ;

2 for j = 1 to n do

3 append Wj(θ, 0) on q0, . . . , qj−1;

4 append U
(1)
1 :=Wn(θ, 0; xgate=true) on q0, . . . , qn−1;

5 return U

Algorithm 5: V2(θ, n) — uncontrolled H2-evolution circuit (advection equation)

Input : angle θ; number of space qubits n

Output: circuit U on n qubits (no global phase)

1 Initialize circuit U on q0, . . . , qn−1;

2 for j = 1 to n do

3 append Wj(θ,−π/2) on q0, . . . , qj−1;

4 append U
(1)
2 :=Wn(θ, π/2; xgate=true) on q0, . . . , qn−1;

5 return U
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Algorithm 6: cV1(θ, n) — controlled H1-evolution circuit (advection equation)

Input : angle θ; number of space qubits n

Output: circuit U on n+ 1 qubits: control c, targets q1, . . . , qn

1 Initialize circuit U on c, q1, . . . , qn;

2 apply P (θ) on c;

3 for j = 1 to n do

4 build cWj ← controlled-Wj(θ, 0) with control c;

5 append cWj on c, q1, . . . , qj ;

6 build cU
(1)
1 ← controlled-Wn(θ, 0; xgate=true) with control c;

7 append cU
(1)
1 on c, q1, . . . , qn;

8 return U
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8.2.d The Schrödingerisation time-marching algorithm

Algorithm 7: Schro(u0, iH1, cH1, H2, R, na, Nt, obs, E) — quantum simulation

Input : initial data u0 ∈ C
2nx

; inverse-evolution circuit iH1; controlled-evolution

circuit cH1; optional circuit H2; radius R; ancilla size na; number of steps

Nt; optional observable obs and reference expectation trajectory E

(classical, used only to set shot precision)

Output: solution u ∈ R
2nx

at the final step; final circuit; measurement record

values (if requested)

// Warped phase transformation

1 ∆p← 2Rπ/2na ; pk ← −Rπ + k∆p, k = 0, . . . , 2na − 1;

2 fp ←
(
e−|pk|

)
k
;

3 norm← ∥u0∥2 ∥fp∥2; norm1 ← ∥fp[2na−1 :]∥2 ; // norm of the p ≥ 0 half

4 if obs is given then

5 allocate values ∈ R
2×Nt ;

6 instantiate a 10,000-shot sampler and a statevector estimator;

7 E ← E/norm2; var← E − E2;

8 O ← Π1 ⊗Π
⊗(na−1)
0 ⊗ obs ; // ancilla projector onto p = 0, tensored

with obs on x

// Build and initialize registers

9 nx ← log2 dim(u0); allocate register x (nx qubits) and register p (na qubits);

10 prepare x← u0/∥u0∥2, p← fp/∥fp∥2 ; // amplitude encoding

11 apply QFT on register p;

12 apply X on the top qubit of p ; // remap η into sequential order

13 for t = 1 to Nt do

14 for j = 0 to na − 1 do

15 append cH2j
1 controlled by qubit pj , jointly acting on (pj , x);

16 append iH2na−1

1 on register x;

17 if H2 is given then

18 append H2 on register x;

19 if obs is given then

20 Ũ ← copy of the current circuit; undo the remap and apply inverse QFT on

p in Ũ ;

21 values[0, t]← ⟨O⟩
Ũ
· norm2, estimated to precision

√
vart/100;

22 measure the top qubit of p in Ũ into classical bit α; sample 10,000 shots;

23 values[1, t]← Pr[α = 1] · norm2/norm2
1;

// Depth reset: keep the circuit shallow across time steps

24 ψ ← statevector of the current circuit;

25 clear the circuit; re-initialize it directly to ψ/∥ψ∥2;
26 apply X on the top qubit of p; apply inverse QFT on p;

27 Ψ← Re(statevector), reshaped to a 2na × 2nx array;

28 u← norm ·Ψ[2na−1, :] ; // row corresponding to p = 0

29 return u, circuit, values
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8.2.e Classical reference solutions

Algorithm 8: SchroClassical(u0, A,R, na, T ) — classical warped-phase / Fourier

spectral reference

Input : initial vector u0; system matrix A; radius R; ancilla size na; final time T

Output: solution vector u at time T

1 A1 ← (A+A†)/2 ; // Hermitian part

2 A2 ← − i
2(A−A†) ; // anti-Hermitian part

3 Nx ← dimA1; Na ← 2na ;

4 ∆p, pk, fp as in Algorithm 7;

5 up ← u0 f
T
p ; // outer product: warped initial data

6 ηk ← k for k < Na/2, ηk ← k −Na otherwise; η ← η/R; Dη ← diag(η);

7 ûη ← FFTp(up), flattened;

8 H ← Dη ⊗A1 + INa ⊗A2;

9 ûη ← exp(iH T ) ûη;

10 reshape ûη to Na ×Nx; up ← Re
(
IFFTp(ûη)

)
;

11 u← up[Na/2, :];

12 return u

Algorithm 9: MatrixExponential(u0, A, T ) — direct reference solution

1 return eATu0

8.2.f Problem assembly

Algorithm 10: CoeffHeat(na, R, T, dt) — assemble operators for the heat equation

Input : ancilla size na; radius R; final time T ; step size dt

Output: grid data, reference matrix A, and circuits iH1, cH1, H2

1 nx ← 4; L← 2nx + 1; a← L/π2;

2 Nt ← ⌊T/dt⌋; tk ← k dt, k = 1, . . . , Nt;

3 (x, u0, dx)← initial_heat(nx, L);

4 A← a

dx2
(
−2I + S+1 + S−1

)
; // 2nd-order central difference for ∂xx

5 γ0 ← a/dx2; θ ← −2γ0 dt;
6 iH1 ← V0(−θ/R, nx); cH1 ← cV0(θ/R, nx); H2 ← ∅;

7 return nx, L, a, x, t, dx, dt, u0, A, iH1, cH1, H2, R, na, Nt
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Algorithm 11: CoeffAdv(na, R, T, dt)— assemble operators for the advection equa-

tion
Input : ancilla size na; radius R; final time T ; step size dt

Output: grid data, reference matrix A, and circuits iH1, cH1, H2

1 nx ← 4; L← 2nx ; a← 1;

2 Nt ← ⌊T/dt⌋; tk ← k dt;

3 (x, u0, dx)← initial_adv(nx, L);

4 A← a

dx

(
−I + S+1

)
with periodic wrap ANx−1,0 ← a/dx ; // 1st-order upwind,

periodic

5 γ1 ← 1/(2dx); θ ← −2γ1 dt;
6 iH1 ← V1(−|a| θ/R, nx); cH1 ← cV1(|a| θ/R, nx); H2 ← V2(aθ, nx);

7 return nx, L, a, x, t, dx, dt, u0, A, iH1, cH1, H2, R, na, Nt

8.2.g Driver routine and post-processing

Algorithm 12: Run(name, na, R, T, dt, measure) — end-to-end driver

Input : equation name∈ {heat, adv}; discretisation/physical parameters; boolean

measure

Output: grid/time data; final circuit; stacked solutions U ; stacked norms V (if

measure)

1 select (coeff, exact)← (CoeffHeat, exact_heat) or (CoeffAdv, exact_adv)

according to name;

2 (nx, L, a, x, t, dx, dt, u0, A, iH1, cH1, H2, R, na, Nt)← coeff(na, R, T, dt);

3 if measure then

4 for i = 1 to Nt do

5 ucl ← SchroClassical(u0, A,R, na, i dt);

6 umat ←MatrixExponential(u0, A, i dt);

7 uex ← exact(x, L, i dt, a);

8 store ∥ucl∥22, ∥umat∥22, ∥uex∥22 at step i;

9 obs← I⊗nx ; // Pauli identity observable

10 E ← the stored ∥ucl∥22 trajectory;

11 else

12 ucl ← SchroClassical(u0, A,R, na, Nt dt);

13 umat ←MatrixExponential(u0, A,Nt dt);

14 uex ← exact(x, L,Nt dt, a);

15 obs← ∅; E ← ∅;

16 (u, qc, values)← Schro(u0, iH1, cH1, H2, R, na, Nt, obs, E);

17 U ← stack(u, ucl, umat, uex); write U to disk;

18 if measure then

19 V ← stack(values, ucl-norms, umat-norms, uex-norms); write V to disk;

20 return (x, t, dt, na, T ), qc, U, V
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8.2. Pseudocode

Algorithm 13: PlotSolution(name, R, T, dt1, dt2, ylim) — solution snapshot at

fixed T

1 for na ∈ {3, 5, 7} do

2 (x, _, U, _)← Run(name, na, R, T, dt1, false);

3 (x1, _, U1, _)← Run(name, na, R, T, dt2, false);

4 plot exact, matrix-exponential, and classical-Schrödingerisation curves from U ,

together with the proposed solution at dt1 (from U ) and at dt2 (from U1), all

against x;

5 save the composite three-panel figure to disk;

Algorithm 14: PlotNorm(name, na, R, T, dt) — squared-norm trajectory over time

1 (x, _, _, V )← Run(name, na, R, T, dt, true);

2 plot the five recorded ∥u(t)∥22 trajectories (exact, matrix exponential, classical

Schrödingerisation, proposed with p ≥ 0, proposed with p = 0) against t;

3 save the figure to disk;
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8.3 Numerical Results for the Heat Equation

8.3.a Solution Profiles at Final Time

Figure 8.1 displays the numerical solution u(T, x) at final time T = 5 for the heat equation,

obtained through four distinct methods: the exact analytical solution (red solid curve),

the matrix exponential eATu(0) computed via SciPy’s expm function (blue dashed curve),

the classical Schrödingerisation implementation using direct matrix algebra (black dashed

curve with square markers), and the proposed quantum circuit (diamond markers). The

three panels correspond to np = 3, 5, 7 ancilla qubits, from left to right.

Figure 8.1: Numerical solutions of the heat equation at T = 5 with nx = 4 spatial qubits. The
panels show np = 3 (left), np = 5 (centre), and np = 7 (right) momentum qubits. Curves: exact
solution (red), matrix exponential (blue dashed), classical Schrödingerisation (black dashed with
squares), proposed quantum circuit with τ = 0.5 (diamonds), and proposed quantum circuit with
τ = 0.005 (diamonds).

Several observations emerge from this comparison. First, the matrix exponential so-

lution (blue dashed) closely tracks the exact solution (red), with the small discrepancy

attributable to spatial discretization error from the finite difference scheme. Since the

matrix exponential computes eAT exactly (up to the numerical tolerance of the SciPy rou-

tine 10−16), this gap represents the best achievable accuracy on the given spatial grid and

cannot be overcome by any time-integration method without mesh refinement.

Second, the classical Schrödingerization curve (black squares) lies between the matrix

exponential and our quantum circuit results. The deviation of the black squares from the

blue dashed curve is the error introduced by the warped phase transformation and the

truncation of the p-register toNp = 2np points. As np increases from 3 to 7, this gap visibly

narrows: for np = 3, the classical Schrödingerization curve deviates noticeably from the

matrix exponential, particularly near the peak of the sine wave; for np = 5, the agreement

is substantially improved; and for np = 7, the classical Schrödingerization curve is nearly

indistinguishable from the matrix exponential. This behavior confirms the theoretical

prediction that the p-discretization error converges asNp increases, with the convergence

rate governed by the regularity of the warped phase function.

Third, the quantum circuit results (diamonds) deviate from the classical Schrödinger-

ization curve by an amount that depends strongly on the time step τ . The coarser step
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8.3. Numerical Results for the Heat Equation

τ = 0.5 (sparser diamonds, corresponding to r = 10 Trotter steps) exhibits a noticeable

gap from the black squares, while the finer step τ = 0.005 (denser diamonds, r = 1000

steps) lies significantly closer. This gap is the Trotter-splitting error, which scales asO(τ2)
per step andO(τ) accumulated over all steps, consistent with the error bound of Theorem

1. The factor of 100 reduction in τ yields approximately a factor of 100 reduction in the

Trotter error, which is visually apparent in the plots.

8.3.b Energy Evolution

Figure 8.2 displays the time evolution of the squared L2-norm ∥u(t)∥2 for the heat equa-

tion with np = 7 momentum qubits. The norm is monitored at each time step using

three independent methods: the exact analytical formula derived from Equation (8.3),

the matrix exponential, and the two quantum measurement strategies (Estimator-based

projection onto p = 0, and Sampler-based measurement of p ≥ 0 with 10,000 shots).

Figure 8.2: Squared L2-norm ∥u(t)∥2 of the heat equation as a function of time, with np = 7 and
10,000 shots. Curves: exact (red), matrix exponential (blue dashed), classical Schrödingerization
(black), proposed quantum circuit with Estimator (p = 0, green dotted), and proposed quantum
circuit with Sampler (p ≥ 0, orange dotted).

For the heat equation, the exact norm decays exponentially as

∥u(t)∥2 = e−2t/L∥u(0)∥2 = e−2t/17∥u(0)∥2, (8.7)

reflecting the dissipative nature of the equation. All numerical methods faithfully re-
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produce this exponential decay. The Estimator-based curve (green dotted) is noticeably

smoother than the Sampler-based curve (orange dotted) because the Estimator computes

an expectation value with controlled precision (set to
√

Var/100 in the implementation),

whereas the Sampler extracts probabilities from a finite number of shots (10,000 in these

experiments), introducing statistical fluctuations of magnitude O(1/
√

shots) = O(10−2).

Both quantum estimates, however, track the exact curve with good fidelity, confirming

that the Schrödingerisation method preserves the L2 dynamics of the original equation.

The close agreement between the Estimator and Sampler curves is noteworthy because

these two methods access different projections of the quantum state. The Estimator

measures the p = 0 slice via the projection observable of Equation (7.3), while the Sampler

measures the total probability in the p ≥ 0 half-space. The fact that both yield consistent

estimates of ∥u(t)∥2 provides a cross-validation of the method’s correctness.

8.4 Numerical Results for the Advection Equation

8.4.a Solution Profiles at Final Time

Figure 8.3 displays the numerical solution u(T, x) at final time T = 3 for the advection

equation. The same four-method comparison is presented, with the three panels again

corresponding to np = 3, 5, 7.

Figure 8.3: Numerical solutions of the advection equation at T = 3 with nx = 4 spatial qubits.
The panels show np = 3 (left), np = 5 (centre), and np = 7 (right) momentum qubits. Curve styles
are as in Figure 8.1.

As expected, due to the upwind scheme, on our results we observe a complete absence

of oscillations near the discontinuities; however, we do not have a clean preservation of

the discontinuous profile. Unlike central difference schemes, which produce spurious

oscillations across discontinuities (as seen in [21]), the upwind discretization yields a

monotone, dissipative approximation that smears the discontinuity over a few grid points

but does not introduce nonphysical oscillations. This behavior is inherited by the quantum

circuit, which faithfully reproduces the upwind solution. If we observe the solution

obtained with the direct computation of eAT we observe the same characteristics and so

we can conclude that the smearing of the discontinuity is a physical consequence of the
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numerical viscosity inherent in the first-order upwind scheme and is not an artefact of

the Schrödingerization process.

As with the heat equation, increasing np improves the agreement between the quantum

circuit results and the classical reference solutions. Fornp = 3, the quantum curves deviate

moderately from the classical Schrödingerization curve; for np = 5, the agreement is

substantially better; and for np = 7, the quantum circuit with fine time step τ = 0.005

is in excellent agreement with the classical Schrödingerization curve. This convergence

confirms that both the p-truncation error and the Trotter error have been adequately

controlled at the finest resolution.

The comparison between the coarser and finer time steps reveals an interesting dif-

ference from the heat equation case. For the advection equation, even the coarse step

τ = 0.5 (with only r = 6 Trotter steps) produces a reasonable approximation, because the

Trotter error for the advection Hamiltonian is smaller than that for the heat Hamiltonian

at comparable parameter values. This is consistent with the error bound of Theorem 2,

where the dominant term involves γ2 = 1/(2h) rather than γ0 = a/(h2R), and the absence

of the Np factor in the leading term (for the advection equation, the leading term is 2γ22 ,

which is independent of Np).

8.4.b Energy Evolution

Figure 8.4 displays the time evolution of ∥u(t)∥2 for the advection equation with np = 7.

In contrast to the heat equation, the exactL2-norm of the advection equation is conserved:

∥u(t)∥2 = ∥u(0)∥2 for all t, since the semi-discrete advection operator is skew-symmetric

and generates a norm-preserving evolution.

As mentioned before the upwind nature of this method implies that all numerical meth-

ods do not correctly preserve the norm, with the exact, matrix exponential, and classical

Schrödingerization curves showing a non trivial lost in energy. The quantum estimates

exhibit the same qualitative behavior as for the heat equation: the Estimator provides

a smooth estimate with controlled precision, while the Sampler shows the characteristic

shot-noise fluctuations.

The slight downward drift visible in the Sampler curve at early times is a transient

effect of the warped phase transformation’s truncation: at t = 0, the momentum register

is initialised to a discretised version of e−|p|, which is not an exact eigenstate of the

momentum operator, leading to a small initial redistribution of norm across momentum

modes. This transient quickly settles, and the norm is thereafter well conserved.

8.5 Discussion and Analysis of Errors

The numerical results presented in the preceding sections validate the correctness of the

quantum circuits and illuminate the relative contributions of the various error sources.

In this section, we provide a systematic analysis of these errors and their interplay, and

quantify the convergence rates observed in the experiments.
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Figure 8.4: Squared L2-norm ∥u(t)∥2 of the advection equation as a function of time, with np = 7
and 10,000 shots. Curve styles are as in Figure 8.2.

8.5.a Decomposition of Error Sources

The total error between the quantum circuit output and the exact PDE solution can be

decomposed into three distinct contributions, each associated with a different stage of the

approximation:

∥uexact(T )− uspatial(T )∥⏞ ⏟⏟ ⏞
Spatial discretization

+ ∥uspatial(T )− uschro(T )∥⏞ ⏟⏟ ⏞
p-truncation

+ ∥uschro(T )− uquantum(T )∥
⏞ ⏟⏟ ⏞

Trotter splitting

, (8.8)

where uspatial denotes the solution of the spatially discretized system (the “method of

lines” approximation), uschro denotes the classical Schrödingerization solution (which

is exact in time but uses the truncated p-domain), and uquantum denotes the output of

the quantum circuit (which introduces Trotter error on top of the Schrödingerization

approximation).

Spatial discretization error. This error, represented visually by the gap between the ex-

act, in red, and the matrix exponential, in blue, curves in Figures 8.1 and 8.3, is inherent to

the finite difference approximation and is entirely independent of the Schrödingerization

method. For the heat equation with second-order central differences, the local truncation

error is O(h2), and the global error scales as O(h2) under the CFL condition. With the

grid used, the expected spatial error is on the order of 10−3, which is consistent with the

observed deviations. For the advection equation with first-order upwind differences, the
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spatial error scales as O(h), which is larger but still adequately small for the present test

case. Reducing this error requires refining the spatial grid increasing nx, which increases

the number of qubits in the spatial register and proportionally increases the gate count.

p-truncation error. This error, represented by the gap between the matrix exponential

and the classical Schrödingerization curves, arises from two sources: the finite truncation

of the momentum domain to [−πR, πR], and the discretization of this domain into Np =

2np uniformly spaced points. As analyzed in Subsection 3.2.b, the truncation error decays

exponentially as e−πR, while the discretization error converges at first order in ∆p =

2πR/Np due to the limited regularity of the warped phase function e−|p|.

Trotter-splitting error. This error, represented by the gap between the black curves

(classical Schrödingerization) and the diamond markers (quantum circuit), is the differ-

ence between the exact time evolution under the Schrödingerized Hamiltonian and its

first-order Trotter approximation. As established in Theorems 1 and 2, this error scales

as O(τ2) per step, and the accumulated error over r = T/τ steps scales as O(τ). The

numerical results clearly show reducing τ by a factor of 100 (from 0.5 to 0.005) yields a

corresponding reduction in the Trotter error, bringing the quantum circuit output into

close agreement with the classical Schrödingerization reference.

8.5.b Convergence with Respect to Momentum Resolution

To quantify the convergence of the Schrödingerization method with respect to the mo-

mentum resolution Np, we compute the relative L2 error between the classical Schrödin-

gerization solution and the matrix exponential solution:

Eschro(np) =
∥uschro(T )− umatrix(T )∥L2

∥umatrix(T )∥L2

. (8.9)

This error isolates the p-truncation contribution by comparing two solutions that use the

same spatial discretization and exact time evolution, differing only in the momentum

treatment. Table 8.1 presents this error for both the heat and advection equations.

Table 8.1: RelativeL2 error between classical Schrödingerization and matrix exponential solutions,
as a function of momentum qubits np. The error ratio column shows the factor by which the error
decreases when np increases by 2.

Equation np = 3 np = 5 np = 7 Error ratio (np : np + 2)

Heat equation 1.2× 10−2 2.8× 10−3 7.1× 10−4 ≈ 4.3
Advection equation 8.5× 10−3 2.1× 10−3 5.3× 10−4 ≈ 4.0

The error decreases by approximately a factor of 4 when np increases by 2. The con-

sistency of this scaling across both the heat and advection equations suggest that the

p-discretisation error is a feature of the Schrödingerisation method independent to the

specific PDE being solved.
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8.5.c Computational Performance

Owing to my inability to have access to real quantum hardware, the actual computation

time of the implemented system cannot be empirically verified; Moreover the timing met-

rics provided by the quantum simulator yield no meaningful data in this regard. Even if

the reader has access to physical quantum devices at least two aspect should be noted.

Firstly, at the time of writing this work, no standardized quantum hardware paradigm

has been established, this implies that quantum hardware is implemented in using dif-

ferent approaches. Certain technologies prioritize other properties, like coherence end

error tolerances, over execution speed. Consequently, no definitive inferences regarding

computational performance can be drawn.

Secondly we do not expect to see quantum advantage for one-dimensional problems. The

final numerical experiments we have done are more a proof of concept to show that the

computation actually works and how the contributions of the various errors affects the

final result.
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9 Discussion and Future Perspectives

The previous chapters have developed, from first principles, a complete mathematical and

algorithmic framework for solving linear partial differential equations on quantum com-

puters using the Schrödingerization technique. Beginning with the functional-analytic

foundations of PDE theory and the quantum circuit model, we have derived explicit

quantum circuits for the heat and advection equations, analyzed their approximation er-

rors and computational complexities, and validated their correctness through numerical

simulation.

The purpose of this final chapter is to take a step back from the technical details in order

to offer a broader perspective on the limitations, and future prospects of the Schrödin-

gerization approach. In Section 9.1, we critically examine the assumptions underlying

our analysis and identify the principal obstacles to practical implementation on near-term

quantum hardware. While section 9.2 outlines promising avenues for future research,

ranging from algorithmic improvements to applications in more challenging problem

domains.

9.1 Limitations and Open Questions

While the Schrödingerization method represents a significant conceptual advance in the

quantum simulation of partial differential equations, the analysis and implementations

presented in this thesis are subject to several important limitations. A clear understanding

of these limitations is essential for assessing the near-term applicability of the method

and for directing future research toward the most impactful improvements.

9.1.a Constant-Coefficient Assumption

The entire theoretical framework developed in this thesis assumes that the coefficients of

the PDEs are constant in space and time. The heat equation coefficient a and the advection

velocities aα are treated as fixed scalars, which greatly simplifies the construction of the

quantum circuits because the resulting finite difference matrices are Toeplitz (or circulant

in the periodic case) and admit uniform decompositions into shift operators. For variable-

coefficient PDEs of the form ∂tu = ∇·(a(x)∇u) or ∂tu = a(x)·∇u, the discretised operators

lose their translation invariance: the matrix entries depend on the spatial position, and
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the simple shift-operator decompositions we have used no longer apply directly.

Extending the Schrödingerization method to variable-coefficient problems requires new

strategies for encoding spatially varying coefficients into quantum circuits.

9.1.b Post-Selection Overhead

A fundamental feature of the Schrödingerization method is the recovery of the physical

solution u(t, x) from the extended state v(t, x, p) through post-selection on the momentum

subspace p ≥ 0. The success probability of this post-selection step is

Psuccess =
∥M≥0v(T )∥2
∥v(T )∥2 = O

(∥u(T )∥2
∥u(0)∥2

)
, (9.1)

which can be exponentially small for dissipative equations (such as the heat equation)

where the solution decays significantly over time. To obtain the solution with high proba-

bility, one must repeat the entire quantum circuitO(∥u(0)∥2/∥u(T )∥2) times, introducing

a substantial multiplicative overhead that directly impacts the total gate complexity.

For the heat equation at final time T = 5 with L = 17, the success probability is

approximately e−2T/L = e−10/17 ≈ 0.56, which is manageable and requires only a modest

number of repetitions. However, for longer simulation times or higher dissipation rates,

this probability can become prohibitively small. Consider, for example, the heat equation

with L = 1 and T = 10: the success probability is e−20 ≈ 2 × 10−9, requiring billions of

repetitions.

9.1.c First-Order Trotter Error

The quantum circuits developed in this thesis employ a first-order Lie-Trotter-Suzuki

decomposition to approximate the time-evolution operator eiHτ . As established in the

local Trotter error scales as O(τ2) per step, and the accumulated error over r = T/τ

steps scales as O(τ). Achieving a precision ε therefore requires r = O(T/ε) steps, which

directly impacts the total gate complexity through the multiplicative factor r.

Higher-order Trotter-Suzuki formulas exists and they would reduce the required num-

ber of steps, however, they requires more complex circuit structures. The Strang splitting,

for instance, requires the pattern eiAτ/2eiBτeiAτ/2 rather than the simple eiAτeiBτ of the

first-order formula, doubling the number of operator applications per step. Even with

this overhead, the reduced step count often yields a net reduction in total gates.

9.1.d Boundary Conditions and Geometric Complexity

The heat equation circuits in this thesis assume homogeneous Dirichlet boundary condi-

tions on a rectangular domain, while the advection equation assumes periodic boundary

conditions. These choices are mathematically convenient because they yield finite differ-

ence matrices with well-controlled spectral properties and straightforward shift-operator

decompositions. More general boundary conditions arise frequently in practical appli-

cations but present significant challenges for quantum circuit construction.For example
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non-homogeneous Dirichlet conditions require the encoding of boundary data into the

quantum state, which may necessitate additional state-preparation subroutines that in-

crease the circuit depth. The extension of Schrödingerization to these more general

boundary settings is largely unexplored.

9.1.e Hardware Noise and Error Correction

The numerical experiments presented in Chapter 8 were performed on a classical statevec-

tor simulator, which provides an idealized, noise-free environment where all quantum

operations are executed perfectly and the full statevector is available at any point. Real

quantum hardware is subject to multiple sources of error: decoherence (loss of quantum

information due to interaction with the environment), gate errors (imperfect implemen-

tation of single- and two-qubit gates), and readout noise (errors in the final measurement

process). These noise sources degrade the fidelity of quantum computations and limit

the maximum achievable circuit depth.

The circuits developed in this thesis, particularly for fine time steps and large momen-

tum registers, can involve substantial depth. On current superconducting qubit platforms,

where two-qubit gate fidelities are typically 99%–99.9% and coherence times are 100–1000

microseconds, such deep circuits would accumulate errors that overwhelm the signal.

9.2 Future Directions

A central focus of this thesis is a specific 2024 article [14]; since then, the Shanghai’s group

has continued to work in the same area and publish results, although they have modified

their approach. Their more recent articles in fact refer to what is termed “analog quantum

computation”, which, unlike the digital approach, no longer relies on the discrete structure

of qubits but rather on a continuous structure known as a qumode [17].

The Schrödingerization method, as presented in this thesis, opens numerous avenues for

future research. We outline below what we consider to be the most promising.

9.2.a Higher-Order Finite Difference Schemes

The circuits developed in this thesis are based on second-order central differences for

the heat equation and first-order upwind differences for the advection equation. While

these choices are natural and yield stable discretizations, they are not the most accurate

schemes available. Higher-order finite difference methods, offer superior accuracy for

smooth solutions and could significantly reduce the spatial discretization error without

increasing the number of spatial qubits.

The extension of Schrödingerization to higher-order spatial discretizations requires the

quantum encoding of wider stencil operators. The circuit complexity of these higher-

order operators, and the trade-off between spatial accuracy and gate count, merits careful

investigation.
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9.2.b Extension to More Complex PDEs

The Schrödingerization framework is, in principle, applicable to any linear PDE with

constant coefficients. Important target equations for which the research group has al-

ready published results includes: Maxwell’s equations, the Fokker-Planck equation, the

fractional Poisson equation, the Black-Scholes equations, and multiscale linear transport

equations.

9.2.c Implementation on Real Quantum Hardware

A critical next step in the development of Schrödingerization based algorithms is their

execution on actual quantum hardware. While the statevector simulations presented in

this thesis validate the correctness of the circuits in principle, real hardware implemen-

tations will reveal the practical impact of noise, limited connectivity, and finite coherence

times. Near-term experiments on superconducting qubit platforms (such as IBM Quan-

tum or Google Sycamore) or trapped-ion systems (such as IonQ or Quantinuum), even

for small problem instances (nx = 2 or 3, np = 2 or 3), would provide invaluable insights

into the resource requirements and error mitigation strategies needed for larger-scale

implementations.

9.2.d Analogue Schrödingerization and Hybrid Approaches

An alternative to the digital quantum circuit approach pursued in this thesis is the ana-

logue Schrödingerization method, which encodes the PDE solution directly into the

continuous dynamics of a quantum system (such as a Bose-Einstein condensate or a

trapped-ion system) without discretizing into qubits. In this approach, the warped phase

transformation is realized through continuous-variable quantum operations, and the time

evolution is implemented through the natural Hamiltonian dynamics of the physical sys-

tem rather than through sequences of discrete gates.

Analogue Schrödingerization offers potential advantages in terms of reduced over-

head and natural implementation of continuous operators, but it also faces significant

challenges: the limited controllability of analogue quantum systems, the difficulty of

implementing arbitrary boundary conditions, and the problem of readout (extracting the

solution from the quantum state). Hybrid approaches that combine digital and analogue

techniques, i.e., using analogue evolution for the continuous spatial dynamics and digital

circuits for the momentum register, may offer a practical middle ground and represent

an intriguing direction for future investigation.

9.3 Closing Remarks

The Schrödingerization method represents a bridge between the rich mathematical theory

of partial differential equations and the emerging capabilities of quantum computation.

By transforming general linear PDEs into Schrödinger-type equations, it unlocks the

powerful machinery of quantum Hamiltonian simulation for a broad class of problems
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that are not inherently quantum mechanical. The explicit, oracle-free circuits developed in

this thesis demonstrate that this transformation is not merely theoretical: it can be realized

with concrete quantum gate sequences whose complexity can be rigorously analyzed and

whose correctness can be numerically verified.

Significant challenges remain, particularly in the extension to nonlinear, variable-

coefficient, and higher-dimensional problems, and in the transition from classical simu-

lation to real quantum hardware. Yet the foundations laid in this work provide a solid

platform from which these challenges can be addressed. As quantum hardware continues

to advance in scale and fidelity, and as algorithmic techniques continue to mature, the

quantum simulation of partial differential equations via Schrödingerization stands poised

to become one of the most impactful applications of quantum computing in scientific and

engineering computation.

The journey from theoretical algorithm to practical tool is a long one, requiring advances

on multiple fronts: hardware engineering to build more capable quantum devices, soft-

ware engineering to develop robust compilation and optimization tools, mathematical

analysis to extend algorithms to broader problem classes, and domain expertise to iden-

tify the most impactful applications. This thesis contributes to this journey by providing

a rigorous mathematical foundation and a complete algorithmic implementation for two

fundamental model problems, establishing a baseline against which future progress can

be measured and a template that future work can extend and refine.
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A The Quantum Fourier Transform

This appendix provides a self-contained mathematical treatment of the Quantum Fourier

Transform (QFT), one of the most fundamental subroutines in quantum computing. We

develop the theory starting from the classical Discrete Fourier Transform, proceeding

through the product-representation central to efficient circuit construction, describing the

phase estimation algorithm built upon the QFT, and concluding with a note on practical

implementation in Qiskit.

A.1 From the Discrete Fourier Transform to the QFT

Let N be a positive integer and let x = (x0, x1, . . . , xN−1) ∈ C
N be a vector of complex

numbers. The Discrete Fourier Transform (DFT) takes x as input and gives as output the

vector y = (y0, y1, . . . , yN−1) ∈ C
N defined componentwise by

yk =
1√
N

N−1∑

j=0

xj · exp
(
2πijk

N

)
, k = 0, 1, . . . , N − 1. (A.1)

Here the factor 1/
√
N is a normalization convention used in order to have an unitary

matrix associated with such transformation.

The DFT encodes frequency information: if x represents a sampled time-domain signal

of period T , then yk is the amplitude of the k-th frequency mode. From a complexity

point of view the DFT can be computed in Θ(n · 2n) arithmetic operations, using the most

common algorithm known as Fast Fourier Transform (FFT), where N = 2n.

A great discovery in quantum computation has been the translation of this transforma-

tion onto a quantum computer.

Definition 8. Quantum Fourier Transform

Let n ∈ N and set N = 2n. The Quantum Fourier Transform (QFT) is the linear operator on the

computational basis {|0⟩ , |1⟩ , . . . , |N − 1⟩} of an n-qubit Hilbert space defined by the action:

|j⟩ ↦−→ 1√
N

N−1∑

k=0

exp

(
2πijk

N

)
|k⟩ . (A.2)
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A.2. The Product Representation and the associated Circuit

By linearity, if we consider a general state the QFT maps

∑

j

xj |j⟩ ↦−→
∑

k

yk |k⟩ . (A.3)

where the amplitudes yk are computed as the DFT of the amplitudes xj .

Proposition 4. The Quantum Fourier Transform is a unitary operator.

Proof. The transformation is unitary iff the resulting states |j⟩ are such that ⟨j|j′|j|j′⟩ = δjj′

〈
j|j′
⃓⃓
j|j′
〉
=

(
1√
N

N−1∑

k=0

exp

(
−2πijk

N

)
⟨k|
)(

1√
N

N−1∑

l=0

exp

(
2πij′l
N

)
|l⟩
)

=
1

N

N−1∑

k=0

N−1∑

l=0

exp

(
2πi(j′l − jk)

N

)
⟨k|l|k|l⟩

=
1

N

N−1∑

k=0

exp

(
2πi(j′ − j)k

N

)

= δjj′ .

A.2 The Product Representation and the associated Circuit

From now on let N = 2n and consider as usual convention |0⟩ , |1⟩ , ..., |2n − 1⟩ the com-

putational basis for an n-qubit system.

We can write any |j⟩ ∈ {|0⟩ , |1⟩ , ..., |2n − 1⟩} in binary as j = j1j2 . . . jn, meaning

j =
∑n

ℓ=1 jℓ · 2n−ℓ where each jℓ ∈ {0, 1}. It is also convinient to adopt the binary

fraction notation where 0.jℓjℓ+1 . . . jm denotes jℓ/2 + jℓ+1/4 + · · ·+ jm/2
m−ℓ+1.

Given such notation we will now introduce a new representation of the QFT which will

be useful for the circuit representation of the transformation.

Theorem 3. In the binary representation |j1, . . . , jn⟩, the QFT admits the following tensor-product

factorisation:

QFT |j⟩ = (|0⟩+ e2πi0.jn |1⟩)⊗ (|0⟩+ e2πi0.jn−1jn |1⟩)⊗ · · · ⊗ (|0⟩+ e2πi0.j1j2...jn |1⟩
2n/2

. (A.4)
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Proof.

QFT|j⟩ = 1

2n/2

2n−1∑

k=0

e2πijk/2
n |k⟩

=
1

2n/2

1∑

k1=0

· · ·
1∑

kn=0

e2πij(
∑n

l=1
kl2

−l)|k1 . . . kn⟩

=
1

2n/2

1∑

k1=0

· · ·
1∑

kn=0

n⊗

l=1

e2πijkl2
−l |kl⟩

=
1

2n/2

n⊗

l=1

⎡
⎣

1∑

kl=0

e2πijkl2
−l |kl⟩

⎤
⎦

=
1

2n/2

n⊗

l=1

[
|0⟩+ e2πij2

−l |1⟩
]

=

(
|0⟩+ e2πi0.jn |1⟩

) (
|0⟩+ e2πi0.jn−1jn |1⟩

)
. . .
(
|0⟩+ e2πi0.j1j2...jn |1⟩

)

2n/2
.

This representation shows that the QFT’s output is a tensor product of n single-qubit

states, each of which depends on only a suffix of the binary string (j1, . . . , jn). Then it

immediately suggests a circuit construction.

The circuit introduces a new quantum gate, the controlled Rk gate for k ≥ 1,which is

represented by the unitary matrix:

Rk =

(
1 0

0 e2πi/2
k

)
. (A.5)

Notice that if we multiply j2 by R2 we get

(
1 0

0 e2πi/2
k

)(
1

j2

)
=

(
1

e2πi0.0j2

)
.

Therefore the QFT on n-qubits can be implemented following the procedure:

1. Apply the Hadamard gate H to the qubit q1. The state of q1 becomes

(|0⟩+ e2πi0.j1 |1⟩)/
√
2

.

2. Apply controlled-Rk gates (k = 2, 3, . . . , n) to q1 controlled on q2, q3, . . . , qn respec-

tively, accumulating binary fractional phases to produce

(|0⟩+ e2πi0.j1j2...jn |1⟩)/
√
2

.
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3. Repeat steps 1 and 2 for each subsequent qubit qm, using only qubits below qm as

controls and applying phases of decreasing depth.

4. Apply SWAP gates to reverse the order of the output qubits, matching the ordering

in the above Theorem.

In such way we obtain the following circuit as an output

Figure A.1: QFT Circuit

The total gate count is n+(n− 1)+ · · ·+1 = n(n+1)/2 phase-rotation and Hadamard

gates, plus at most ⌊n/2⌋ SWAPs (each decomposable into three CNOT gates). The

algorithm therefore runs in Θ(n2) elementary gates. So the following result holds.

Corollary 4. (Complexity of the QFT)

The QFT on n qubits can be implemented using Θ(n2) elementary quantum gates. The best

classical algorithm for the DFT on N = 2n inputs (the FFT) requires Θ(n · 2n) operations.

Thus the QFT achieves an exponential reduction in gate complexity relative to classical Fourier

computation.

It should be emphasised that this exponential speedup does not directly translate to a

speedup in computing Fourier Transforms of classical data.

The obstacle is twofold: preparing an arbitrary quantum state encoding classical data

requires exponential effort in general, the Fourier coefficients are hidden in the probability

amplitude of the state and there is no straightforward way to discover them. Nevertheless,

for a certain class of problems it is possible to unleash the power of the quantum Fourier

Transform and force an exponential decrease in circuit size.

A.3 Implementation

A direct follow up to this theoretical dissertation about the Quantum Fourier Transform

is the implementation in Qiskit. Using the built-in QFTGate from the Qiskit library, we can

efficiently apply the transformation. The code snippet below illustrates the process and

via the decomposition we can have a look on how the built in function is implemented:
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⊵

1 from qiskit import QuantumCircuit

2 from qiskit.circuit.library import QFTGate

3 qc = QuantumCircuit(4)

4 qc.compose(QFTGate(4), inplace=True)

5 qc.decompose().draw("mpl")
� �

Listing A.1: QFTGate

Figure A.2: Output
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