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Abstract

The quest for a good solution concept for the partial differential equations (PDESs)
arising in mathematical fluid dynamics is an outstanding open problem. An important
notion of solutions are the measure-valued solutions. It is well known that for many
PDEs there exists a multitude of measure-valued solutions even if admissibility criteria
like an energy inequality are imposed. Hence in recent years, people have tried to select
the relevant solutions among all admissible measure-valued solutions or at least to rule
out some solutions which are not relevant.

In this paper another such criterion is studied. In particular, we aim to select
generalized Young measures which are “maximally turbulent”. To this end, we look for
maximizers of a certain functional, namely the variance, or more precisely, the Jensen
defect of the energy. We prove existence of such a maximizer and we show that its
mean value and total energy is uniquely determined. Our theory is carried out in a very
general setting which may be applied in many situations where maximally turbulent
measures shall be selected among a set of generalized Young measures.

Finally, we apply this general framework to the incompressible and the isentropic
compressible Euler equation. Our criterion of maximal turbulence is plausible and leads
to existence and uniqueness in a certain sense (in particular, the mean value and the
total energy of different maximally turbulent solutions coincide).
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1 Introduction

The quest for a good solution concept for the partial differential equations (PDEs) arising in
mathematical fluid dynamics is an outstanding open problem. Recent developments suggest
that weak solutions do not serve as a satisfactory concept even if additional requirements such
as energy inequalities are imposed. On the one hand this is due to the lack of uniqueness of
such admissible weak solutions (i.e., weak solutions which satisfy a certain energy inequality),
which has been shown by convex integration, see e.g. DE LELLIS-SZEKELYHIDI [6] [7]. On
the other hand, weak solutions seem to be impractical if the solution of a certain system of
PDEs is understood as a limit of approximate solutions. The latter is natural as we usually
consider simplified models of the real world which must be interpreted as limits of some more
involved models. Examples are the Euler equations, which arise as the vanishing viscosity
limit of the Navier-Stokes equations, or incompressible models, which are understood as the
low Mach number limit of compressible models, etc. Another important practical example is
given by sequences of approximate solutions generated by numerical schemes.

In many cases such approximative sequences exhibit oscillations and concentrations which
we would like to be captured by the corresponding limit. Note that weak solutions (which
are functions taking values in the phase space) are not able to capture such oscillatory and
concentrative behaviour, however measure-valued solutions are. A measure-valued solution
can be interpreted as a family of probability measures on the phase space parametrized by
the points z in the physical domain. Such families are also known as Young measures.



Measure-valued solutions as introduced by DIPERNA [§] have been studied vastly in
the literature. Similar to admissibility conditions imposed for weak solutions, one usually
also requires measure-valued solutions to satisfy a certain energy inequality, which leads
to the notion of admissible measure-valued solutions. Notice furthermore that in order to
incorporate concentrations properly, the notion of a generalized Young measure is necessary,
see e.g. ALIBERT-BOUCHITTE [1] and Sect. [2.1] below.

It is important to note that measure-valued solutions are indeed a generalization of weak
solutions, in particular every weak solution is also a (very special) measure-valued solution.
Moreover, admissible measure-valued solutions have other important properties which make
them a plausible solution concept, e.g. they comply with the weak-strong uniqueness principle.

Another important fact is that it is in many cases not difficult to prove existence of
admissible measure-valued solutions for any initial data, while the existence of admissible
weak solutions is an open problem for many PDEs in mathematical fluid dynamics. Note
furthermore that measure-valued solutions seem to be a much better concept (compared
to weak solutions) when turbulent flows are studied, since in turbulence theory many claims
have to be understood in an averaged or statistical sense. Genuinely measure-valued solutions
which are far away from being weak solutions are not just intuitive but also numerically
supported, see FJORDHOLM-MISHRA-TADMOR |[11].

Nevertheless, the consideration of measure-valued instead of weak solutions does not solve
the non-uniqueness problem. Quite the contrary holds, namely that there are even more
measure-valued solutions than weak solutions. Consequently, mathematicians have tried to
identity the relevant solutions among the possibly many admissible measure-valued solutions
or — a bit less ambitious — to rule out solutions that are not relevant.

For example GALLENMULLER [12| proposed a criterion which discards measure-valued
solutions to the incompressible Euler equations as unphysical if they are not obtained as
low Mach number limits of solutions to the compressible Euler system. Similarly, GALLEN-
MULLER-WIEDEMANN [13] ruled out solutions to the isentropic Euler equations if they do not
arise as vanishing viscosity limits from the Navier-Stokes equations. Both criteria however
still allow for a multitude of solutions, i.e., they do not lead to uniqueness.

In |15 Sect. 4.2|, LASARZIK considers measure-valued solutions to the incompressible
Euler equations whose mean value minimizes the energy. The reader should notice that this
does not imply that the energy of such solutions is minimal. Since the energy of the mean
does not have a physical meaning, it is not clear what the relevance of this criterion is. Still
there exists a unique solution which satisfies this criterion.

In BREIT-FEIREISL-HOFMANOVA [2] a multi-step selection process is carried out to iden-
tify a unique measure-valued solution of the isentropic Euler system. More precisely, one
successively minimizes a countable family of cost functionals. This yields a unique mini-
mizer. However the selected solution (i.e. the minimizer) strongly depends on the functionals
as well as the order under which they are considered. It remains unclear which functionals
and which order leads to a physically relevant solution. In particular, the dependence on the
order of the functionals is counterintuitive.

The latter criterion has been improved recently by FEIREISL-JUNGEL-LUKACOVA [10].
Here only two steps are necessary. Again there is some freedom in choosing one of the
functionals that are minimized, and it remains open which functional is a good choice in
order to obtain a physically relevant solution.



The aim of this paper is to present another criterion which selects measure-valued solutions
that we assess to be physically relevant. More precisely, we look for solutions which maximize
the variance. Intuitively, this leads to solutions which are as turbulent as possible, or in other
words mazimally turbulent in the sense that they represent the most spread out collection of
(non-unique) weak solutions. The concept thus endorses the non-uniqueness of weak solutions
instead of aiming to identify the unique “right” one.

Let us illustrate this property with the following toy example. Consider two functions
v1, vy (which may be seen as weak solutions to a certain PDE, e.g. the incompressible Euler
equations). We may understand these functions as Young measures d,,,d,, (i.e., measure-
valued solutions to the PDE). We consider the convex combinationﬂ VT =760y, + (1 — 7)0,
of 6y, 0y, (Where 7 € [0, 1]). Intuitively, the most turbulent Young measure v™* in {v" |7 €
[0,1]} is the one which is furthest from &, , ,,, i.e.

pmex — /2 — 200, + 300,

max

This Young measure »™** is also the maximizer of the functional

V] = /Var[ugc] dz, (1.1)
where Var[v,] = (v, | - [*) — |(va, >|2 is the variance. Indeed, a simple computation yields

V) = [ 5] B = |07 )P do = [ [rlenf + (1= Dol = o1+ (1 = 7)esf] o
=7(1-—1) / lv; — vo2da = 7(1 — 7)oy — val|32,

which takes (for given vy # v5) its maximum at 7 = 3. Thus, it is plausible to look for Young
measures which maximize the functional .

In general, the variance Var[v,] in (|1.1)) needs to be replaced by the Jensen defect of the
energy. In our presentation, we will be even more general and just consider the Jensen defect
of a strictly convex function f, which leads to a functional Vy. The aim is then to find a
maximizer of Vy on a given subset M of the set of all generalized Young measures. Our main
results are the existence (see Prop. and uniqueness of the mean value (see Prop. of
such a maximizer under some assumptions on the set A (see Defn.[2.10)). As shown in Sect.
below, one may take M to be the set of all admissible measure-valued solutions to the Euler
equations. So finally we are able to show existence of “maximally turbulent” measure-valued
solutions of the Euler equations, and that the mean value and the energy of the maximizer is
uniquely determined. Unlike the criterion studied in [10], our criterion of mazimal turbulence
is not at all related to criteria which maximize energy dissipation like the one proposed by
DEFERMOS [4]. In addition to that, we don’t see any link between maximal turbulence and
vanishing viscosity.

In this paper we will stick to the framework established by ALIBERT-BOUCHITTE |[l]
in order to describe concentrations. In particular, we will not work with the notion of a

!'Note that convex combinations of measure-valued solutions to the Euler equations are again measure-
valued solutions, see Sect. |§| for the details.



dissipative measure-valued solution as established by FEIREISL and collaborators (see e.g. [2]).
The reason for this is that the former is more general (in the sense that it applies to a large
class of PDEs) while the latter is tailored to a few particular systems of PDEs, e.g. the Euler
equations. Still our theory is valid in the context of dissipative measure-valued solutions as
well, see Rem. below.

This paper is organized as follows. We introduce some notation and state our criterion
in a general setting in Sect. [2] We also prove our main results Props. and [2.14] namely
that under certain properties of M (see Defn. a maximizer exists and that its mean
value is uniquely determined. In Sect. [3| we apply our criterion to the incompressible and to
the isentropic compressible Euler equations. In both cases, we consider M to be the set of
all admissible measure-valued solutions and we show that M has the required properties of
Defn. 2.10] This allows to apply the theory which we established in Sect. [2|

2 A maximality criterion

2.1 Generalized Young measures

We first introduce some basic notation, where we follow SZEKELYHIDI-WIEDEMANN [19]. We
denote the space of finite Radon measures on a locally compact separable metric space X
by M(X). Note that M(X) can be identified with the dual space of Cy(X), where Cy(X)
is the completion of C.(X) (the space of continuous functions with compact support) with
respect to the supremum norm. The space of non-negative Radon measures and the space of
probability measures on X are denoted by M™(X) and P(X), respectively.

For 2 C R™ open or closed, i € M*(Q2) and X C R™ open or closed, amap v : Q — P(X)
is weakly-* p-measurable if

v (v, f) = /X F(2) dva2)

is y-measurable for any bounded Borel function f : X — R (i.e. the pre-image f~!(A) of any
open subset A C X is Borel-measurable). The space of all weakly-* p-measurable maps from
2 into P(X) is denoted by L2, (2, p1; P(X)). If u is the Lebesgue measure, we just write
Lo (4 P(X)).

We work with the following notion of a generalized Young measure, which goes back to
ALIBERT-BOUCHITTE |[1], see also |18, Chap. 12|, |3, Sect. 2|, |19} Sect. 2.2], |20, Sect. 3.3.1].

Definition 2.1 (See |19} Sect. 2.2]). Let Q2 C R™ open and bounded (n € N) and m € N. A
generalized Young measure is a triple (v, A\, v>°), where

e (V;)zeq is a (classical) Young measure, i.e. a weakly-* dz-measurable family of proba-
bility measures on R™ (in short v € L, (Q; P(R™))),

weak

e )\ is a non-negative measure on ) (in short A\ € M*(Q)),

o (19°),cn is a weakly-+ A-measurable family of probability measures on S™! (in short

v>® e L2, (N P(S™ 1),

weak



which satisfied?
/<Vx, | - |2) dx + )\(ﬁ) < 0. (2.1)
Q

We call v, A\, v>° oscillation measure, concentration measure and concentration-angle measure,
respectively. We denote the set of all generalized Young measures by Y, i.e.

Y= {00 0%) € L5 (9 PR™) x M (@) x L2,,(@ 4 PS™ ) | @1) holds}

weak

We endow Y with the usual weak-* topology, i.e. a sequence (1%, \¥, (1°°)*).en € Y converges
to (v, \,v*) € Y if and only if

(Wi, £ da + ()5, [N S (v, f do+ (7, f<)N - in M(Q) for all f € F(R™). (2.2)

Here

R = {f e C®R™|3fo € AR™) st f = (1+]-)fo},
where
AR™) = { f € Cy(R™) ‘ lim f(s2) exists and is continuous in z € sm—l} .
The 2-recession function f= of f € Fo(R™) is defined by
ST SR (2 = T fofs2).
Note that (2.2) means
ot et [ o)t ) av)

—>/¢ Ve, f d:v—l—/(b V22, £°°) dA(x) for all ¢ € C(Q), f € Fo(R™).

Remark 2.2. The reader should notice that one could be more general by working with an
arbitrary growth factor p € [1,00) instead of restricting to the case p = 2. Then one needs
to replace the integral in (2.1)) by [, (v, |- |?) dz, and one has to consider the set

Fo®") = {f € OR™)|3fo € AR™) st f = (1+]- o}

In [18] p is chosen to be 1; in the context of the (incompressible) Euler equations, see [3, |19,
20|, one usually considers p = 2. For our purposes the case p = 2 suffices as well. Still we
would like to emphasize that our theory holds for other choices of p € [1, 00) too.

Next we state what a convex combination of two generalized Young measures is.

Definition 2.3. Let 7 € [0,1]. The convex combination (7, \,7°) € Y of two generalized
Young measures (1/1, AL (1/00)1), (1/2, A2, (VOO)Q) €Y is given by

Ty ) dat (05, 120N = 7 ({0d, £) do+- ()8 PN +(1=7) (@2 £) da {002, £2)0%),
(2.3)
for all f € F5(R™) and a.e. x € Q.

2In the context of measure-valued solutions, some authors do not explicitly require (2.1). However, in
those cases (2.1]) follows from the energy inequality, see also Rem.
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The following lemma clarifies Defn. [2.3]
Lemma 2.4. For all 7 € [0,1] and all (v', X!, (1)), (12, X%, (1™°)?) €Y it holds that
=7 + (1 - 1) (2.4)
=72+ (1 - 1)\ (2.5)
In other words the oscillation measure U and the concentration measure A of a convexr combi-
nation of two generalized Young measures (1/1, AL (1/00)1), (VZ, A2, (yoo)Z) €Y are indeed the

convex combinations of the oscillation measures v*,v* and the concentration measures A, \2
respectively.

Proof. In order to show ({2.4]), it suffices to prove that

e, [y =7, Y+ (1 =72, f) for all f € C,(R™) and a.e. = € Q.
The latter follows immediately from (2.3)) since f* = 0 for any f € C,(R™). The choice
f=1"1? (which means f>* = 1) together with (2.4]) yields (2.5). O

2.2 The functional V; and its properties

Next we fix a strictly convex, non-negative function f € F»(R™). Then we define the func-
tional Vy as follows.

Definition 2.5. For a generalized Young measure (v, \,v>°) € Y, we set

Q

Velv, A\, v :/Q [<I/I,f> — f(<l/x, })} dr + /(Vﬁo,f"o) dA(x).
Remark 2.6. As an example, one could consider f = |- |%. Then f* =1 and hence

Vil A, v = /Q Var[,] dz + A(Q)

with the variance Var[v,] = (v, |- %) — |(va, >|2 When applying our theory to the Euler
equations (see Sect. [3| below), the most natural choice for f is the energyﬂ.

We observe that V¢ takes values in [0, 00), which is the content of the following proposition.
Proposition 2.7. It holds that
0 < V¢, A\, v™] < o0 for all (v, \,v>) €Y.

Proof. Since f € Fo(R™), there exists C' > 0 such that f(z) < C(1 + |z]?) for all z € R™.
Consequently, (2.1)) implies

/Q<Vz>f> dr < C/Q [(%,1) + (v, | - \2>} dz < oc.

3Note that the energy in the incompressible setting is given by %| -2, see Sect. below. So (up to a
factor %) the choice f = | - |? coincides with choosing the energy.
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As f is non-negative, we simply find

— Qf((l/gc, 1) dz <0.

Finally
|z ana) < (max, 7O)A@ < .

fesSm—1

so we have shown that V¢[v, A, v>] is finite for any (v, \,v*) € Y.
For the lower bound we invoke Jensen’s inequality, which yields

f((Vx, >) < Vs, f) for a.e. z € Q,

and thus V¢[v, \,v>°] > 0 for all (v, \,v>) € Y as desired.

Next, we prove some important properties of the map V¢ :'Y — [0, 00).
Lemma 2.8. The functional Vs : Y — [0,00) has the following properties:

(a) V; is concave, i.e. for all (v', A, (v™)1), V2, N2, (v™°)?) € Y and T € [0,1] it holds that
V9,3 9% 2 TVl AL ()] (1= )V, 0 ), (2.0

with the convex combination (U, X,0°) of (v', AL, (1)1, (2, A2, (v™°)?) as defined in
Defn. 2.5

As soon as T € (0,1), equality in (2.6) holdd] if and only if (v},
x € (L.

(V2,-) for a.e.

(b) V¢ is upper semi-continuous with respect to the weak- topology, i.e. for all sequences
(VF M (1)) ren € Y which converge to some (v, A\, v>®) € Y in the weak-x topology
it holds that

lim sup V;[VF, A¥, (v°°)¥] < Vi[v, A\, v™). (2.7)
k—o0
Proof. Let (v', AL, (b)), (12, A2, (1™°)?) € Y two generalized Young measures, and 7 € [0, 1].
Using Lemma [2.4] we find

VPR = [ [(rd (0 f) = F (i (= ) e

o / (W)L, f) dA (z) + (1 — 1) / ()2, ) ()

Q

= [ [k )+ =020 = £k + (1= )] o
+7/<(V°°)i,f°°>d)\1(x)+(1 _T)/<(u°<>)§,f°°>dv(x).

Q Q

4Here it is important that f is strictly convex.



The convexity of f yields

f(T<V;, S+ (1— T)(Vi, >) < Tf((V;, )) +(1- T)f((Vi, >) for a.e. = €, (2.8)

and hence

VPRI 2 [ [rl o+ (L= D2 ) = () = (= ) ()] da

tr / (W)L, f) dA (z) + (1 — 1) / ()2, £ dN%(a)
= TV AL (0)Y + (1= 7)Vy[?, 02, (v™°)2).

Now let 7 € (0,1). In this case, we have equality in if and only if (v}, ) = (v
because f is strictly convex. Consequently, equality in holds if and only if (v}, -)
for a.e. x € ) as desired.

It remains to show @ To this end, consider a sequence (¥, \¥ (1)) cy €Y which
converges to (v, A\, ) € Y in the weak-*x topology. We first observe that this immediately
yields

I
—
N

ko) d o)k o) dAR v ) d o ) dA(z).

[k s [k i@ = [ e (e i)
Moreover, we observe that (1%, \¥, (1>)%) 5 (v, X, v>°) implies
W) = (e, ) in L>(€2).

Together with the convexity of f, this leads to

11minf/gf(<u§,->) de/ﬂf((ym,->)dx,

k—o0

see e.g. |16, Lemma A.7.3| for more details. Collecting everything, we find (2.7)) as desired. [

Remark 2.9. Note that V; is not strictly concave. Indeed take (1!, A1, (1)), (12, A2, (v™°)?) €
Y with v! # v? but (v},-) = (v2,) for a.e. z € Q. Then according to Lemma [2.§[(a)]
inequality ([2.6]) holds with equality for 7 € (0, 1).

2.3 The criterion and its properties

Our goal is to define a criterion which selects particular generalized Young measures from a
subset M CY. We will assume that this subset M has three particular properties which are
stated in the following definition.

Definition 2.10. We call a subset M C 'Y of generalized Young measures suitable if it has
the following properties.

(a) It is non-empty, i.e. M # @.
(b) It is convex, i.e. for all 7 € [0,1] and all (v',A!, (1)), (12, A%, (1™°)?) € M the convex
combination (7, A\, 7>°) as defined in Defn. lies in M.

9



(c) It is sequentially compact with respect to the weak-* topology, i.e. any sequence
(VE, N (1)) en € M has a converging subsequence with limit in M.

Now we are ready to formulate our maximality criterion.

Definition 2.11. Let M C Y suitable in the sense of Defn. 2.10l We call a generalized
Young measure (v, A\, v>®) € M mazimal if (v, \,v>°) is a maximizer of Vy, i.e. if

Velv, \,v*°] = max Vf[ﬁ,x,ﬁoo].
T, \T>®)eM

2.3.1 Existence

In this subsection we prove existence of a maximal generalized Young measure.

Proposition 2.12. Let M C Y suitable in the sense of Defn. [2.10. Then there exists
(v, \,v>®°) € M which is maximal in the sense of Defn.|2.11.

The statement of Prop. [2.12|follows from a standard argument used in optimization theory.
Still we present a detailed proof for the sake of completeness.

Proof. As a first step, we show that V; is bounded on M. Assume V; was not bounded on
M. Then there exists a sequence (%, \¥, (1°°)*) ey € M with

ViR N (v)F] > k for all k € N,

By compactness (see Defn. , we may assume that (v A% (v°)%),cy converges to
some (v, \,v>°) € M with respect to the weak-* topology. Then upper semicontinuity (see

Lemma yields

Vv, A, v™] > limsup Vi [VF, \F, (1°°)F] = oo,

k—o0

which contradicts Prop. [2.7] Hence Vy must be bounded on M.
Together with the fact that M # @ (see Defn. [(a)), we infer that

S:=  sup V[, A, 0%
T P®)EM

exists. Consequently there exists a sequence (15, \*, (v>°)*)cy € M with
1
S — z < Vi[F N (v)F < S for all k € N.

Arguing as above, we may assume that (5, Ak, (1°°)*) ey converges to some (v, A\, v>®°) € M
with respect to the weak-* topology. Again upper semicontinuity leads to

Vilv, A, v™] > limsup Vi [V, A¥, (v°°)¥] > lim sup <S — 1) =S.

k—00 k—o00 k

Thus, (v, A\, ™) is a desired maximizer. ]

Remark 2.13. In order to prove existence, we only needed properties @ and from
Defn. The convexity of M, i.e. property @, will only play a role in the proof of
Prop. below. Note furthermore that the above proof of existence still holds if f is con-
vex but not strictly convex. Again the strict convexity of f will only be important in the
proof of Prop. 2.14] below.

10



2.3.2 Mean value of maximal measure is unique

Maximal measures are not necessarily unique, but the barycenter of their oscillation measure
is. This is the content of the following proposition.

Proposition 2.14. Let M CY suitable in the sense of Defn.[2.10. Let furthermore
(AL ()W), (302, (b)) e M
two generalized Young measures which are both mazimal in the sense of Defn.[2.11. Then
(vl -y = (2, for a.e. x €9, and (2.9)
Jwrndas [ = [ezndes [0 @, @10

Q Q

Proof. For 7 € (0,1), consider the convex combination (7, /):,ﬁoo) €Y of (1/1,)\1, (Voo)l),

~

(12, A%, (1™°)?) as defined in Defn. . According to Defn. [2.10 m it holds that (7, \,7>°) €
M. Moreover, we deduce from Lemma @ that

Vil A 0] 2 Vst AL ()] (1= )Yyl 0%, ()]
with equality if and only if (v}, ) = (V2,-) for a.e. x € Q. Since

Vit AL (02)Y] = Vi[v? A2 (v™)?] = ~max  Vg[p, X, 0%,
T\ D>®)eM

we infer R
Vf[/y\7 A 7/)00] = Vf[V17 /\1’ (Voo)l] = Vf[V27 /\2’ (Voo)Q]v
and consequently (v}, -) = (12 ) for a.e. z € Q.
The latter yields, together with V,[v!, AL, (v>°)1] = Vi[v? A2, (v™)?], that even (2.10))
holds. [

Remark 2.15. In order to prove Prop. [2.14] we only needed property @ from Defn. [2.10]
while and were important in the proof of existence (see Prop. 12.12 ). Moreover, for
Prop. to hold it is essential that f is strictly convex.

Remark 2.16. Prop. not only states that the barycenter of the oscillation measure of
maximal generalized Young measures is unique (see (2.9)), but also that the expression

/Q<ux,f> dx+/g<y§°, ) dA(z) (2.11)

is unique (see (2.10)). In the context of the Euler equations, see Sect. 3| below, we will
choose f to be the energy, and hence (2.11) will represent the total energy (including the
“concentration energy”).

11



3 Application to measure-valued solutions of the Euler
equations

3.1 Incompressible Euler equations

The incompressible Euler equations read

dive =0, (3.1)
O+ div (v ®@v) + Vp =0,

with unknown velocity v : [0,7) x T¢ — RY, where d € N is the space dimension, T¢ denotes
the d-dimensional torus and 7' € (0,00). The energy density for the incompressible Euler
system , is simply given by the kinetic energy %|v|2. Note furthermore that the
pressure p can be recovered from v via the Poisson equation

Ap = —divdiv (v ® v).

The notion of measure-valued solutions to the incompressible Euler equations (3.1)), (3.2)
goes back to DIPERNA-MAJDA [9] (which is in turn built upon DIPERNA [§]). In the AL-
IBERT-BOUCHITTE [1] framework, measure-valued solutions to (3.I)), are defined as
follows, see [3, Defn. 1], [19, Defn. 8] or |20, Defn. 3.7].

Definition 3.1 (See e.g. [19, Defn. 8 a|). A generalized Young measure (v, A\,v*) € Y on
R? with parameters in (0,7) x T?¢ (i.e. @ = (0,7) x T4 n = d + 1, m = d in Defn. is
called measure-valued solution of the incompressible Euler equations (3.1]), with initial
data vy € L*(T?) iff]

/T/ (Vtz,v) - Vipdadt =0, (3.3)
OT Td
/ / [<Vt,ac, U) - Oy + <Vt,x, VR U> : qu} dz dt
0 TdT
+/0 /Td@;fg,e ®6) : VodA(t, x) + /1r v - 6(0,-) da = 0 (5.0

for all test functions ¢ € C=([0,T) x T¢), ¢ € C=([0,T) x T¢;RY) with div¢ = 0.

Definition 3.2 (See e.g. |19, Defn. 8 b]). A measure-valued solution of the incompressible
Euler equations (B.1), (8.2) (v, \,v>®) € Y with initial data vy € L?(T?) is called admissible
if the following assertions hold:

e The concentration measure A admits a disintegration of the form dA(t,z) = d\(x)® dt,
where ¢ — ), is a bounded (with respect to the total variation norm) measurable map
from [0, T] into M™(T?).

°In the context of the incompressible Euler equations (3.1)), (3.2)), we use v € R? and 6 € S?~! as dummy
variables when integrating with respect to v, and 1%, respectively.
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e The energy is bounded by the initial energy, i.e.
%/Td<”’” [0f2) dz + 1A (T%) < / wo(x)Pde  forae te(0,T).  (3.5)

Remark 3.3. Note that (3.5) makes (2.1) redundant. For this reason, some authors do not
explicitly require (2.1) when they introduce generalized Young measures in the context of
measure-valued solutions to the Euler equations.

Now we fix f € F»(R?), f(v) = 3|v|?, which coincides (up to a factor 3) with the choice
in Rem. , but also (and more importantly) with the energy for the incompressible Euler
equations (3.1]), (3.2). Consequently, the functional V; defined in Defn. reads

Velv, A\, v / / Vi, [0]) = [V, v)| ]dxdt—i— IN([0,T] x T).

Remark 3.4. The reader should notice that for the choice f(v) = 3|v|* we have f>* = 1

1
5
Hence the term
[ e
[0,T]xTd

indeed simplifies to $A([0, 7] x T¢). The reason for the term $A,(T¢) in the energy inequality

(3.5]) is of the same spirit.
Now let vy € L?(T?) arbitrary. We set

M = {(V, \rve)eY ’ (v, A\, ™) is an admissible measure-valued solution (3.6)

of (31), B2) with initial data vo}.

Proposition 3.5. The set M CY defined in (3.6) is suitable in the sense of Defn. |2.10,
Proof. We have to prove that properties |(a){(c)| of Defn. hold.

(a) Existence of admissible measure-valued solutions was shown already in [9]. We also refer
to BRENIER-DE LELLIS-SZEKELYHIDI |3} Prop. 1| and [20, Thm. 3.9] who (in contrast
to DIPERNA-MAJDA [9]) use the same notation as we do. Consequently, M # &.

(b) Let (', AL, (v°)Y), (12, A2, (1™°)?) € M two admissible measure-valued solutions. It is
straightforward to see that their convex combination (v, A\, 7>°) as defined in Defn.
is a measure-valued solution in the sense of Defn. 3.1l Moreover we have

AA(t,2) = TdA (¢, 2) + (1 — 7) dN*(L, 2)
=7d\(2)® dt + (1 — 7)dA\} () @ dt
= (raN (@) + (1= ) ax}(@)) ® dt,
T (2) + (1= 7) dX2(a).

The energy balance (3.5)) for the convex combination (ﬁ,x ™) is then obvious, which
shows that the latter is even admissible.

i.e. there exists a desired disintegration of A where dxt( )
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(c) It is obvious that M is closed with respect to the weak-* topology of Y. Hence it suffices
to show that any sequence (1%, \*, (v°)*) ey € M has a converging subsequence with
limit inﬂ Y. Therefore, according to |18, Cor. 12.3], it suffices to show that the sequences

(Ak([O,T]de)>k€N§R and (/ / v dxdt) CR

are uniformly boundedﬂ. Both bounds hold due to (3.5, more precisely
T T
N1 % T = [ OO dt < Tl and [ [ ok o) dode < T
0 0 Td

for any k € N.

Combining Props. 2.12] with Prop. we find the following.

Corollary 3.6. There exists an admissible measure-valued solution of the incompressible
Euler equations (3.1)), (3.2) (v, \,v>®) € M with initial data vy € L*(T?) which is mazimal
in the sense of Defn. with f(v) = 1|2

Moreover, any two such mazima (v1, XL, (1)), (¥, A2, (v™°)?) € M satisfy

<1/t1x,v> = (fo,w for a.e. (t,x) € (0,T) x T and

//ym,m )y dzdt + 20, 7] x T%) = //utx,|v|)da:dt+ 132((0, T] x T9.

3.2 Compressible Euler equations

As a second example, we consider the isentropic compressible Euler equations

Oro + div (ou) =0, (3.7)
O(ou) + div (ou @ u) + Vp(e) = 0. (3.8)

Here the unknowns ard|the density ¢ : [0,7) x T¢ — R* and the velocity u : [0,7) x T¢ — R<.
Moreover, the pressure p is given by the power law p(g) = 07 with some v > 1. The energy
density for the isentropic compressible Euler system (3.7)), (3.8) reads

solul + 450
Remark 3.7. Like in [14] we exclude vacuum in this paper, i.e. we only consider solutions with
strictly positive density o > 0. A notion of measure-valued solutions to (3.7)), (3.8]) which
allows for vacuum states (i.e. o = 0) is available in the literature, see e.g. BREIT-FEIREISL-
HOFMANOVA |2, Defn. 2.1].

5The fact that this limit even lies in M follows from the closedness.
"In |18] p is equal to 1 (see also Rem. [2.2) and consequently [18, Cor. 12.3] requires boundedness of the

sequence (fOT Jpa(vEa |- 1) da dt)k . instead of (fo Jpa(vEe, |- 1?) dz dt) .
€ ke
8Like in Sect. |3 ., d € N denotes the space dimension, T? is the d-dimensional torus and 7' € (0, 00).
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Let us next recall the definition of a measure-valued solution in the context of the com-
pressible Euler equations 7 . Such a notion was first introduced by NEUSTUPA [17].
In order to properly define measure-values solutions of (B.7), in the ALIBERT-BOUCHITTE (1]
framework, the preliminaries explained in Sect. must be slightly modified. We only sketch
these refinements here. For more details we refer to GWIAZDA-SWIERCZEWSKA-GWIAZDA-
WIEDEMANN |14} Sect. 3].

Let

st=siptn{ng) e R g = 0f
={(B1.8) e R |18 181" = 1, 81 2 0}

Similar to [14], we use (a;,o/) € R x R? and (8,) € ST as dummy variables when
integrating with respect to 14, and 15, respectively. One may think of oy, 5 representing o
and o, 3’ representing ,/ou. In this context

AR xRY) = { € Ci(R* x R) ) lim (5?1, 574 exists and is continuous in (8, ) € S* }
and
Foa(RY xRY) = {f € CR" x RY) | Ifo € AR x RY) st.
flan,a) = (1+ (Jaa + |'[)72) fo(ar, ')}

play the role of A(R™) and F»(R™), respectively. Moreover, the recession function of f €
F,2(RT x R?) is given by

fOO :SJF _>R7 fOO(ﬁhB/) = Sh_{gofO(SQﬁlasﬁyﬁl)'
Remark 3.8. In the context of the compressible Euler equations (3.7)), (3.8) it is also possible

to work with variables p and m = pu (instead of ¢ and ,/ou), see e.g. BREIT-FEIREISL-
HOFMANOVA |2, Defn. 2.1].

In the compressible setting, a generalized Young measure is an object (v, A, ¥™) in

([0, 7] x T4, \; P(ST))

{(Va )‘7 VOO) € Lx?\/(:eak((oaT) X TdaP(R+ X Rd)) X M+([O7T] X Td) X Lgfoeak
T
[ [ [l + st o A0, 7 x ) < o,
0 Td

which we also denote by Y. In particular, the bound ({2.1]) has been replaced by

T
/ / [V ) + (0, 0)] e+ A0, 7] x T) < oo, (3.9)
0o Jrd
The reader should notice that all statements in Sect. [2| still hold in this modified setting.

Now we are ready to write down the definition of a measure-valued solution to the com-
pressible Euler equations.
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Definition 3.9 (See |14, Sect. 4.1]). Let gy € L?(T¢) and wug such that golug|* € L*(T9). A
generalized Young measure (v, A\, v>°) € Y is called measure-valued solution of the compress-
ible Euler equations (3.7)), (3.8)) with initial data gg, ug if

T

/ / [(l/mg, 1)) + (Vyay V1) - V¢] dx dt + / 00¢(0,-) dz = 0, (3.10)
oT Td -

/0 /Td |:<Vt,a:7 Vaid) -0+ (Vie, o @) : Vo + (14, af )div qﬁ] dx dt

T
+/0 /w [(Vﬁ?},ﬁ/ ® ") : Vo + (v, f])div qﬁ} dA(t, z) + /Td ootto - (0, -)dz =0 (3.11)

for all test functions 1 € C2([0,T) x T9), ¢ € C=([0,T) x T R?).
Such a measure-valued solution (v, \,v>°) € Y is called admissible if the following asser-
tions hold:

e The concentration measure A admits a disintegration of the form dA(t,z) = d\(x)® dt,
where ¢t — ), is a bounded (with respect to the total variation norm) measurable map

from [0, T] into M*(T4).

e The energy is bounded by the initial energy, i.e.

[ [ o)+ rtmal] ao [ B0 5P + 2055 D) dnte)
< /]I‘d [%Qo\uolz + W—ilgg} dz for a.e. t € (0, 7). (3.12)

Remark 3.10. Note that in the context of the compressible Euler equations (3.7)), (3.8]), the
term

/Td [ < tm7|6| > <Vtz,ﬂl>] d)\t(x)

cannot be further simplified. This is in contrast to the incompressible setting, see Rem. [3.4]

Remark 3.11. Like in the incompressible case (see Rem. [3.3)), the energy inequality (3.12)
makes the bound (3.9) redundant. To see the bound on A([0, 7] x T%), we compute

= [ [P o < [l e
< 0P + 045 B7)
< max{2,y — 1}[ (Vi 18 ?) + <Vta:761>i|

which holds for M-a.e. (t,z) € [0,T] x T%, or equivalently for a.e. t € [0,7T] and \i-a.e. x € T
Integration and the energy bound (3.12) yield

([0, T7 de):/T/ 1d)(z)dt
Td
<max(zy =1} [ [ [B0 9 + it 6] ane) a
<max{2,y—1}T /Td [§Q0|UO|2 + mg&} dx.
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Remark 3.12. One may treat (t,x) — (V¢a,0q) and (¢, ) — (V44,/010’) as being continuous
in time with respect to the weak-* topology in L*. In fact, the above maps can be redefined
on a set of times of measure zero so that they have this continuity property, see e.g. |5,
Thm. 4.1.1] or |7, Lemma 1 and Appendix A]. As a consequence, (3.10), can be
equivalently formulated in a slightly different way, namely with integrals in time only over
an interval [0, 7] (rather than [0,77]) for any 0 < 7 < T" and with an additional end condition
at t = 7. This is the way how (3.10)), are written in |14], see equation (4.2) therein.

In the context of the compressible Euler system (3.7} ., we choose f € fW’Q(RJ“ x RY),
flag, o) = %|0/]2 —-0a], whose recession function reads feB, B = 2\ﬁ’|2 —-37. Like in
the incompressible case f represents the energy. Thus, the functional V; deﬁned in Defn.
is given by

2
l/ /\ 7/ / /d % Vt:ta |O/| %<Vta:;a1> ;‘<Vtx704>’ — #(ytw,a/l)"/} dedt
T

[ [ s8] axee)
[0,7]x T4

Again for given initial data gy € LY(T?) and ugy such that golug|> € L' (T?), we set

M = {(y, AU eyY ‘ (v, A, ™) is an admissible measure-valued solution (3.13)

of (877), (B:8) with initial data oo, uo}.

Proposition 3.13. The set M CY defined in (3.13)) is suitable in the sense of Defn. (2.10.
Proof. We show that properties |(a)H(c)| of Defn. are satisfied.

(a) Existence of measure-valued solutions for the compressible Euler system (3.7)), (3.8])
goes back to NEUSTUPA [17]. We also refer to GWIAZDA-SWIERCZEWSKA-GWIAZDA-
WIEDEMANN |14, Rem. 4.1]. Thus, M # @.

(b) The convexity of M can be shown exactly as in the incompressible case, see the proof
of Prop.

(c¢) To prove that M is sequentially compact, one proceeds like in the incompressible case,
see the proof of Prop. [3.5 In particular, one has to prove that the sequences

(V0. 71xT) CR  and (/ / (Vo o) <vma1>}dxdt) CR
keN

are uniformly bounded. Similarly to the bound (3.9)), this immediately follows from

, see Rem. m

]
As a consequence of Props. 2.12] as well as Prop. we obtain the following.
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Corollary 3.14. There exists an admissible measure-valued solution of the compressible Fu-
ler equations (3.7), (3.8) (v, \,v>) € M with initial data oo € LY(T?) and uy such that
oolug|* € LY(TY) which is mazimal in the sense of Defn. with f(aq, ') = 3|/ P+ 10

~v—1
Moreover, any two such mazima (v', X', (1)), (12, N2, (v™°)?) € M satisfy

Wigon) =Wy, 0n)  and (v}, o) = (1, d) for a.e. (t,x) € (0,T) x T and

/ /Td %Vtgm’a‘ ﬁ<yt:p7al>i| dxdt

+ //[O,T}de §<(VOO)%@7 |ﬁ’|2> + ﬁ((yoo)%wﬁn} d)\l(t,x)

T
= / /’]I‘d [%(Vt%xa |O/’2> + #(l/zw@’{)} dx dt
0

+ %,T]xﬁrd [%«Voo)?ma 16'%) + ﬁ((lf’o)?’x, 5?)} AN2(, 2).

Remark 3.15. In the context of the isentropic Euler equations , , there is another
definition of measure-valued solutions avaliable in the literature: the so-called dissipative
measure-valued (DMYV) solutions, see [2]. These DMV solutions do not exactly fit into the
ALIBERT-BOUCHITTE |[1] framework outlined in Sect.[2l One of the main differences between
admissible measure-valued solutions in the sense of Defn. [3.9 and DMV solutions lies in the
defect terms. It is however not difficult to modify the functional V¢ in order to apply our
theory to DMV solutions. In particular, one has to replace the term

I v 1B+ s, A1) AL )
[0, T]><'Jl‘d

by its analogue in the DMV setting.
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