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1. Introduction

For general hyperbolic system of conservation laws, a powerful method to obtain the a priori L>° estimates
is the invariant region theory introduced by Chueh, Conley and Smoller [1] in 1977. However, this method
is mainly valid for the following conservation systems of two equations

us + f(u,v)e =0, v+ g(u,v), =0, (1.1)

where u and v are in R (See [2] for more results about the invariant region theory on 2 x 2 systems of
conservation laws). After that, many people tried to apply this technique to obtain the L estimates for
systems of more than two equations, but did not obtain the obvious progress. An open question is whether
the invariant region theory is still feasible for large systems, in which, the number of equations is more than

two.
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In this paper, we consider the following full Euler system of gas dynamics, with a special equation of
1
state: P(p,s) = e®e” 7, p, P and s denoting the mass density, the pressure and the specific entropy, in which
the temperature 6, the specific internal energy e are given by § = ¢ = P(p, s)

pt + (pu)ac =0 |

(pu)e + (pu? + e%e#), = 0 (1.2)
1 1

(3pu® + pese” P+ (u(zpu? + (p + Dee” 7)) = 0.

System (1.2) is interesting because it is the unique diagonalizable system we can find in the family of full
non-isentropic gas dynamics systems [2,3]. The smooth solution for the Cauchy problem of system (1.2)
with suitable smooth, monotonic initial data is studied by Zhu in [3] (See also [4]). More results about the
diagonalizable hyperbolic systems can be found in [5].

In this paper, we study the invariant region of system (1.2).

The corresponding isentropic case (s = 0) of system (1.2) is as follows:

pt + (pu), =0,
{ (pu): + (pu? + P(p))s = 0, (1.3)

where p is the density of gas, u the velocity and the pressure P = P(p) = 67%.

Numerous papers deal with the analysis of weak solutions of the Cauchy problem (1.2). The first existence
theorem for large initial data of locally finite total variation was proved in [6] for v = 1 and in [7] for
v € (1,14 0) in Lagrangian coordinates, where § is small. The Glimm scheme [8] was used in these papers.

The ideas of compensated compactness developed in [9,10] were used in [11] to established a global
existence theorem for the Cauchy problem (1.3) with large initial data for v = 14 %, where N > 5 odd, with
the use of the viscosity method. The convergence of the Lax—Friedrichs scheme and the existence of a global
solution in L* for large initial data with adiabatic exponent v € (1, 3] were proved in [12,13]. In [14], the
global existence of a weak solution was proved for v > 3 with the use of the kinetic setting in combination
with the compensated compactness method. The method in [14] was finally improved in [15] to fill the gap
v E (g, 3), and a new proof of the existence of a global solution for all v > 1 was given there.

By simple calculations, two eigenvalues of system (1.3) are

M=%—¢Pw,&=%+ P'(p), (1.4)

where m = pu denotes the momentum, with corresponding two Riemann invariants

z(p,m) = /OP 7'}:_/(T)d7' - %, z(p,m) = /Oﬂ 7'13_,(7—)&' + % (1.5)

Consider the related parabolic system

Pt + My = EPgy
2 1.6
{m+@+fw»:mm (16)
We multiply (1.6) by (w,,w.,) and (2,, zm ), respectively, to obtain
_ 2e _ £ / APV
e+ Ay = Wi + T putle — 55 (2P 4 pP) g (1.7)
and
— 2e e / "\ 2
Zt + Mz = €200 + P22 zp2\/pr)(2P + pP")p3. (1.8)
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Then the assumption P(p) = e_% yields
2e
Wi + AWy < EWgy + — PrWy (1.9)
p

and
2e
2t + A2 < €20 + — PrZa- (1.10)
p

If we consider (1.9) and (1.10) as inequalities about the variables w and z, then we can get the estimates
w(p®,me) < M,z(p?,m) < M by applying the maximum principle to (1.9) and (1.10). This shows the
following conclusion. The region

Y= {(psvmg) : w(ps7m6) <M, Z(psvmg) < M} (111)

is an invariant region [16].
However, we shall verify that the corresponding Riemann invariants for the non-isentropic gas dynamics
system (1.2) have the opposite estimates.

Theorem 1. The viscosity approzimate solutions (p°,me, s%), of system (1.2), given by the parabolic system
(2.5), satisfy the following estimates

Y= {(p€7m6756) : wl(paamEasg) Z Mla w2(p€am€756) Z M27 s° Z M37} (112)

where the functions wy,ws and s are the Riemann invariants of system (1.2):

m

, Wy = 2efe % 4 —, (1.13)
P

s _ 1 m
w; = 2e2e 20 — —
P

and M;,i =1,2,3 are constants.

This shows that the powerful invariant region theory introduced by Chueh, Conley and Smoller for general
hyperbolic system of two conservation laws cannot be obviously applied to obtain the a priori L estimates
for systems of more than two equations.

Remark 1. A positive invariant region s > M3 for general full Euler system of gas dynamics is established
in Theorem 8.2.2 of [2].

Remark 2. In the unpublished paper [17], the authors are able to carry out Compensated Compactness for
a 2 X 2 system without assuming L°° bounds by making rather restrictive assumptions on the nonlinearity
of the momentum equations. This contrasts with our result pertaining to systems of equations with more
than two equations.

We shall prove Theorem 1 in the next section.

2. Proof of Theorem 1

Substituting the first equation in (1.2) into the second, and substituting the first, the second equations in
(1.2) into the third, respectively, we obtain, for the smooth solution, the following equivalent system about
the variables (p,u, s),

pt + upy + puy =0
1 s—1 1,s—1
ut—i—p—ge P pr +uuy + e Psy =10 (2.1)

St + us, = 0.
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Let the matrix A(U) be

u p 0
AU) = p%es_% u leTh (2.2)
0 0 U
Then three eigenvalues of (2.1) are
1 s 1 1 s 1
A =u——e2e 2, A =u+—e2e 2 Jl3=u (2.3)
p p
with corresponding three Riemann invariants
1 1
z=w; =2eZe 2 —u, w=wy=2eZe 2/ +u, w3=S: (2.4)

We consider the following parabolic system of (1.2)

pt + (pu)x = EPzx .
(pu)e + (pu? + €€ P )y = e(ptt) e (255)
1

1 1
(2pu? + pefe™ 7)) + (u(Epu? + (p+ 1)e‘e™ 7)), = e(pu? + pese™ 7 ) gy

Substituting the first equation in (2.5) into the second, we may obtain the following equation about the
variable u

1 s—1 1 s—1 P
ue + Uty + 3€° Py + % P sy = Eugs + 267um. (2.6)

We may rewrite the third equation in (2.5) as follows

1 1
e’ P (s + usy) + (3 u2+(1+ 5)e"7)(pe + pus + upy)
1
+puu + ut, + et wh+1JIWJ—€bm1+peep)

(2.7)
S—
= epuu‘m + 2uppug + pul —|— u Pzz + (1 + ) Ppm
_1
—1—[%36 Ppl.—|—2(1+ ;)es prsx—k les ﬂs + pe’ TP 8.
Thus we have from the first equation in (2.5), (2.6) and (2.7) that
_ L 21+P
St + usy = €840 +e(e? “ul + 4,% PuSz + 52) (2.8)
> €Spa + 25%1595.
By simple calculations,
1 s—L s_ 1
w, = p—ge2 2, wy, =1, wys=e2 2r,
s iy 1 i W
Wpp = =3¢ P—l—ﬁe Py Woy =0, Wps = 5,3€ P,
s_ 1
Wy =0, wsy =0, wss = %62 2,
1 s_ 1 s_ 1 (2-9)
z, = p—262 2, zy=—1, zg=1¢€2 2,
9 s L 1 s-L 1 s L
Zpp = —pf362 20 + W(ﬂ 20, Zpu =0, Zps = WGQ 2,
s_ 1
Zuu = 07 Zsu = 07 Zss = %62 20,

Now, we multiply the first equation in (2.5) by w,, (2.6) by wy, (2.8) by ws respectively, and add the results
to obtain an equality, whose left-hand side L and the right R are respectively

— L

1
2p

_1 _1 s _
+upgc)+(uux+p%eS ﬂpgﬁ—%eS Ps;)+e2 2ous, (2.10)
s _ s_ 1 1 .
se2T ) (e 2 p,

Nlw

™~

= Wt + —5€

+ (u

e

+ X

Uy +e37% PSy) = Wi + AWy

4
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and
R = cwppoa + Wa(Eltzs + 2622u;) + ws(es0q + s(ep “u? + p%p 21+ppxsx + 52))
1_
= EWgy — EWpp Py — EWyaly — EWeg Sy + 25 g + ews(e? *u2 + sz +921t2 4 PrSa +52)
_1

— 1 2\, 555 1,555 535 42 Pz
= EWge — €l(557 — 3)€2 2¢ —=e2 20p,s le272p52 202y,
€ z? 8[(2p p ) pz + Py PxSz + 3 ™ p Uz (211)

—e3 7% (57N + Ly F2 8 pese )

s 1 s 1 1 s
= EWgo + 2652w, + 5(%62 2Pp + 262727p Sy + 32 2052 +e2 2ul)
> cWgy + 25%“”11)90.
From (2.10) and (2.11), we have
Wy + AWy > EWgy + 25p—www. (2.12)
p

Similarly, we multiply the first equation in (2.5) by z,, (2.6) by z,, (2.8) by z, respectively, and add the
results to obtain the following equality

2t + M2Ze = €240 + 26”” 2
s_ 1 1 § L s_ 1 2 L5 o o
+e(5 462 2 p2 + 7€ W ppsy + 5 1e272 52 4 e% 2ug) 2 €200 + 26222,

(2.13)

Therefore we obtain the lower bounds of w(p®,u®,s%) > My, z(p®,u®, s°) > M; and s(p°,u®,s) > M3 by
using the maximum principle to (2.12), (2.8) and (2.13) if we assume that the initial data have the same
bounds, which are the opposite of the isentropic case given in (1.11). So, we obtain the proof of Theorem 1.

Remark 3. It seems that we can see more clearly the genuine reason why the domains w,z > M are
positively invariant as suggested by the anonymous reviewer. We denote @) for either w or z, and A the
corresponding velocity. The use of the artificial viscosity in (2.5) yields the transport-diffusion equation

Qt + AQm = 5dQ “Upe = 5Qacac - EDzQ(Uwa Uac)v (214)
where U = (p, pu, 3pu® + pese_%)T. Therefore (2.11) or (2.13) amounts to proving that
rD*Q(&,€) +2dr - £dQ - £ <0, V £ € R, (2.15)

where r is a coordinate of U. The details refer to [1,2].
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