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Abstract In this work, the traditional third-order Active Flux advection scheme is
modified by reformulating the method and introducing additional parameters. The effect
of these parameters is studied, leading to schemes with improved dissipative properties.
These improvements are validated by numerical experiments.
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1 Introduction

Some 15 years ago Phil Roe introduced the Active Flux method [7], [8], [9], a numerical
method for conservation laws, inspired by an idea of Bram van Leer [15]. It is a finite
volume method. The degrees of freedom of the traditional third-order Active Flux
version consist of cell averages and point values located at cell interfaces. These point
values are evolved in time independently of the averages and are shared between two
adjacent cells, resulting in a globally continuous reconstruction and hence a Riemann-
solver-free method.

On April 26, 2026 Phil Roe passed away. Until the end of his life, he pursued the
development of the Active Flux method with unwavering commitment. Examples of
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him pushing Active Flux forward are: in [11], the method was extended to advec-
tion—diffusion problems. An example of the connection to the superconvergence of DG
methods was found in [12], and a practical comparison between the two approaches
can be found in [13]. In [4] this comparison has now been expanded on. Furthermore,
a high-order version was introduced in [14]. Phil Roe’s Active Flux work also inspired
further contributions by other groups, some examples are [1], [5], [3], [2], [6].

The ICOSAHOM 2025 in Montréal was the last conference Phil Roe attended in
person. In memory of Philip Roe, here we present one of his last ideas concerning the
Active Flux method. First, the traditional third-order Active Flux method is reviewed
and reformulated as an upwind method with correction terms depending on positive
parameters. The dissipative and dispersive properties of this parameterized formulation
are then analyzed, and parameter choices determined that yield methods with improved
dissipative properties. Finally, numerical results are presented to further investigate the
proposed methods and verify their enhanced properties.

2 The Active Flux method

We consider the third-order Active Flux method to solve the one-dimensional advection
equation

0 0
EQ(I’X) + aaq(t,x) =0, xeR,teR,,

where ¢ : Ry XR — R and a > 0. Assume the computational domain is divided into
grid cells C; = [x;_ 1% 1 ] of equal length Ax > 0. The midpoint of the cell C; is
denoted by x;. The degrees of freedom of the traditional third-order Active Flux method
are cell averages

1
0~ 5; [ atoa
and point values

Qi1 () ~ g (1, x;,1)

at the interfaces of the cells. Since point values are shared between adjacent cells, the
degrees of freedom associated with the cell C; are a point value and a cell average. If
these values are given at some time ¢ = nAt for all cells, the first step of the method
is to fit a quadratic polynomial to the three degrees of freedom accessible per cell.
An easy way to state this quadratic polynomial, which we call the reconstruction, is to

consider a reference cell [—A—x &]. The local reconstruction in cell C; is defined as

202
Grecon,i - [_ATX’ A_zx] X [0,00) — R,
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60;(t") - Cll-_'_% (") - qi_%(tn)
4
qi+%(tn) - qi_%(tn) qi_%(tn) + qi+%(tn) —-20Q;(t") ’
s - £,

Qrecon,i(tn» é:) =

where & = x — x; for x € C;. One can verify that this function interpolated the degrees
of freedom, i.e.,

Ax 1
reson (’"’ *7) =0 gm0 = 0.

From the integral of the conservation law, one can derive an update for the cell average:

At 1 1
0; (") = 0:(t") - %(ﬁfwf —ﬁmf),

i+5 i-3
where
[n+l tn+]
_n+i 1 N i
qi+% - At n 5],+%(t) dt ~ Af i q(t’xl’_;_%)dt‘

To evaluate the integral, we use Simpson’s rule:

_n+} 1 n n 1 n
qi:f = g(q”_;(l‘ )+4qi+%(t + §At) +qi+%(t +At)).

[§]

The values ¢, 1 (1" +IAr) for l = % and / = 1 are obtained by solving the initial value
problem at the locations of the point values, using the reconstruction as initial data. For
the linear advection equation with a > 0, the solution is

G4 (1" +1A1) = Grecon,i (1", &% —alAr),
under the assumption

y=—<1.

Note that since the update of the average is exact, this results in a third-order accurate
method. For simplicity, define QO = Q;(#") and q?+l = 4! (™). The update formulas

3
for the point values and the cell averages can be stated explicitly:
n+l _ _ n n _ _ n _nn)\ _ n_ _n
iy = (1 v)qH% Ve 3v(1-v) ((QH% 0; ) (Qi qi_%)) ,

_n+}

1 =Q?+(1_V)((1_V)(CI:-I+%_Q:'l)"'v(Q?_qn 1)),

i+5 i-5

1 1
n+1 n —n+5  _n+j

. = .=V - .
0; 0; (CIH_; q. 1
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These explicit formulas can be interpreted as the first-order Upwind method applied
separately to the cell average and the point values with additional correction terms.
We can write these correction terms in a more general way by introducing parameters
R,S.T,U > 0:

ai)y = (=gl +val , —v(I=(R(gy,, -0 =S} — g} ). (D
7 = 0l (1= (T (g, -~ 0D + U@ ~4,) @)

By choosing R =S =3,T = (1 —v) and U = v, one recovers the classical third-order
scheme.

3 Spectral error analysis

The degrees of freedom of the method can be regarded as functions defined on a finite
grid. Such functions can be decomposed into finite Fourier series in space at each time
step ¢":

er_l _ Z Un(e)e—%IGeI(H%)H
0

and .
gy = 0" O D,
0

where [ is the imaginary unit and 6§ = kAx the phase angle with wavenumber k. For

convenience, we define a new amplitude for the cell averages, Q" (6) = U”(G)e‘%l o,

Assume that the average and point values are given by a single harmonic, i.e.,
A co 1
Q:’l — Qn(e)el(l+§)9.
The exact time evolution of the point values and cell averages is given by
n+1 _ n -16v
q(t ,xi+%)—q(t ,xi+%)e ,

1 / +1 1 -10
— [ q@" ,x)dx=—/ q(t",x) dx e
Ax G Ax G

Evolving the degrees of freedom in time with the parameterized version of the Active
Flux scheme yields

G = (1= v)g" +vg"e 10 —v(1—v) (R (qn _ Qn) _ S(Qn _qne—m))

and
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o+l = Q‘ne—%lé? _ V(Qn +(1-v) (T (qAn _ Qn) LU (Qn _ é]\ne—IG))
0" 1 4 (1-v) ((T( an Qn) LU (Qn _ qAne—Ié))) e—w).

For simplicity, we omit the dependence on #. The amplification matrix A € C>*2 of this
scheme , i.e., the matrix that satisfies

(2)-(2).
q q

1=y + (A =»)(U-T)(1-¢e719) v -v)(Ue!?-T)(1-¢719)
= v(1=v)(R +5) (1=v)(1 = vR) +v(1 = (1 =v)S)e~1¢]"

is
A

Mathematica [16] allows us to compute the eigenvalues of A as power series in 6.
The first two terms in the expansion of the first eigenvalue, which we will also call
the principal eigenvalue, are 1 and —Iv6, while higher order terms in 8 depend on
the positive parameters R, S, T, and U. In contrast, all terms of the second (spurious)
eigenvalue depend on these parameters. The principal eigenvalue describes the behavior
of low frequencies and the spurious eigenvalue governs the behavior of high frequencies.
The exact eigenvalue is

X (= J
Aexact = e 0 = Z ( I]V'H) .
j=0

Hence, the first two terms of the principal eigenvalue match the terms of the exact eigen-
value. We can determine the parameters R, S, T, U such that the principal eigenvalue is
exact up to the highest possible order of 6. This can be done by employing Mathematica
[16]. The resulting conditions on the parameters to obtain a principal eigenvalue which
is second-order correct are:

R-285T + S
yo R-25T+S

) 3
R (3)
or
1
R=0 and Tzi' @
To obtain a third-order correct eigenvalue, the parameters must satisfy
T 1(+1)R+ R? +l d U lZS +1|+3 (5)
= ——(Vv - an = = V= .
3 R+S 2 6 R+S

If conditions (5) are satisfied, the difference between the exact and principal eigenvalue
is
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1 18
A= Aot = 25 (v = Dy | (v=2) (v + D + R+S)94 +0 (95).
If R = S =3, conditions (5) reduce to T = 1 — v and U = v, which are the parameters

corresponding to the traditional Active Flux method. The conditions for a fourth-order
correct eigenvalue are

a 18
2 4v+2
1
T= E(Q—(v+ DR((v =2)R +6)), 6)
1 ) 9(v—-14)
U= E( ((v 2)(v + DR ) 6(v +4)R + VT)
The error of the principal eigenvalue is in this case
1
A = dersar = 55iv (27 =57 +5v=2) 65+ 0 (6°)..

This error does not depend on any of the parameters and hence it is not possible to
obtain a fifth-order correct eigenvalue with the right parameter choice. Nevertheless, if
y=0,v=1orv= %, the fifth-order error term vanishes. For v = 0 and v = 1, this is
the expected behavior, since the method is exact for these values of v, independently of
the chosen parameter. If v = % conditions (6) simplify to

1 1
S=8-R, T=§(R—2)2, U=§(R—6)2. (7

It is a simple matter of calculation to show that for a scheme with parameters that satisfy
(Mand v = %,

n+2 _ n n+2 _ n
9,1 =9q;_, and Q7" =0; ;.
2 2

Therefore, conditions (6) yield a scheme that is exact for v = % Alternatively, imposing

conditions (5) with S = 8 — R also leads to a scheme that is exact for v = % since these
conditions reduce to conditions (7). The principal eigenvalue of these schemes matches

the exact eigenvalue,
9
A =e'2, (3)

and the spurious eigenvalue is

That these schemes are exact for v = % is not an arbitrary result, but a consequence of
the amplification matrix. The elements of the amplification matrix consist of terms
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Ce—nl(i

with n € Ny and ¢ € R. If the amplification matrix is in R (in this case we also call it the
amplification factor), for example, for a finite volume method, then the eigenvalue of A,
which is in this case just A, can only be of the form e~/ ¢ multiplied by some real factor.
Hence, an eigenvalue like (8) is not possible. If A € R?*?, then the eigenvalues are the
zeros of the characteristic polynomial, which is, in this case, a quadratic polynomial.
Therefore, square root terms can appear in the eigenvalues, and these root terms are the
reason why eigenvalues consisting of terms e~ 2/¢ multiplied by some real factor can
appear. With this argument, we expect that it is possible to modify higher order schemes
to obtain methods that are exact for different values of v.

Next, we analyze the dissipation and dispersion behavior of the schemes for certain
parameter choices. Given the amplification matrix, we can define the dispersion and
dissipation error in the spirit of [10]. The dissipation error (or relative amplitude) &; is
defined as

(v, 0)]  1(r,0)| )T

E(v,0) = )
1( ) (Mexact(v’g)l Mexact(v’g)l

and the dispersion error (or relative wave speed) &, is defined as

$1(7,0) 200, )T
¢exact(yv 0) ’ ¢exact(y’ 0) ’

where ¢ ; (v, 0) is the phase of the eigenvalue A;(v, ) with j = 1,2 and ¢exace (v, 6) is
the phase of Adexact (v, 8). We will focus our analysis on the schemes that have an at least
third-order accurate principal eigenvalue, starting with schemes that have a fourth-order
correct eigenvalue. Imposing conditions (6) results in eigenvalues

E(v,0) = (

22v — 1)ve~ 1 6 3(v —1)ve 2?
= -4y — -2+
v+1 v—=2 v=2)(v+1)

1% (B31(2v = 1)sin(8) + (1 - 2v)2 cos(6) — 4(v — 2)(v + 1)).

A2

The dissipation and dispersion errors are always the same, no matter the choice of R. A
useful way to determine R seems to make the expressions for the other parameters as
simple as possible. The choice

accomplishes this, yielding

S =

1
and T=U-=-.
T+ 2

Imposing conditions (5), yields the eigenvalues
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Aio=1+ év(vz(R+S) —e "((v-2)(v-1)(R+S)—6) -~ (R+S) -6

+

7 i S ((v - 1)6_219(6319(1? +8)(31(2v — 1)(R + S) sin(6)

+cos()(Rv -1y +5)(R+S)-36)-2(v-2)(v+ 1)(R+S) + 36))2)).

Both eigenvalues depend only on (R + S). We set R = § and consider the resulting
schemes as a class depending on a single parameter R. We refer to the scheme with a
fourth-order accurate eigenvalue as Scheme 4 and to the class of schemes with third-
order accurate eigenvalues as Scheme 3.

The dissipation error of Scheme 4 and Scheme 3 with R = 2, R = 3 (traditional Active
Flux) and R = 4 with respect to 8, can be seen in Figure 1 for different values of v. In
Figure 2, one can see the dispersion error of the principal eigenvalue with respect to 8. A
method with a perfect dissipative and dispersive behavior would have a dissipation and
dispersion error of 1. Scheme 4 and Scheme 3 with R = 4 have improved dissipative
behavior compared to the traditional third-order scheme. This advantage appears to
come with a cost, since these schemes are more dispersive than the classical version of
the Active Flux scheme. Scheme 3 with R = 2 is more dissipative than the traditional
Active Flux method. The relative wave speed for the difference values of v is in some
sense the opposite to the one of the traditional method. For example, for v = 0.1 the
dispersion error of the traditional method is larger than one, and for Scheme 3 with
R = 2 it is smaller than one, provided |6| is sufficiently large.

The parameter R in Scheme 3 allows us to adjust the dissipative/dispersive behavior
of the method in some sense. Starting with R = 3 and increasing R gives us a method
that has an improved dissipative behavior compared to the classical Active Flux method
and decreasing R leaves us with a method that has an inferior dissipative behavior.

4 Numerical results

For the numerical test, we choose @ = 1 and consider [-5, 5] as the computational
domain, divided into 100 cells. We impose periodic boundary conditions. As a first
numerical experiment, we consider a high-frequency sine wave as initial data and
compute the numerical solution with Scheme 4 and Scheme 3 with R = 2, 3, and 4
at T = 1000. The numerical solution compared to the exact solution at this time is
depicted in Figure 3. The Amplitude of the waves of the numerical solutions computed
with Scheme 3 with R = 2 and R = 3 is (almost) zero, while Scheme 3 (R = 4) retains
approximately 75 percent and Scheme 4 almost 100 percent of the original amplitude.
Figure 4 shows the numerical results for a square wave. Unfortunately, oscillations
appear near the discontinuities for the methods with improved dissipative behavior and,
as a consequence, worsened dispersive behavior. Scheme 3 with R = 2 and R = 3
experiences a small overshoot, but is overall able to deal better with the discontinuities.
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Fig.1 The dissipation error &; with respect to @ for different values of v. The orange curves represent
the error corresponding to the principal eigenvalue.

The same results are visible in Figure 5, where the initial data consists of three different
shapes.

Experimentally, values of R € [3,4] can be determined for which the oscillations
remain acceptable. For example, in Figure 6 one can see the results for R = 3.75 at
T =10 and T = 100. There are some overshoots, but no oscillations. Furthermore, the
sharp spike is better resolved compared to the classical Active Flux method (Figure 5).
As theoretically expected, Scheme 4 and Scheme 3 with R = 4 are exact for v = 0.5
(see Figure 7).

5 Conclusion and outlook

In this work, we presented a reformulation of the traditional third-order Active Flux
method as an upwind scheme with parameter-dependent correction terms. This for-
mulation enables the selection of parameters, leading to a scheme with significantly
improved dissipative behavior (Scheme 4), as well as a class of schemes depending on
a single parameter that allows control over the dissipative behavior (Scheme 3). These
results were verified by numerical experiments.
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Fig. 2 The first component of the dispersion error &, corresponding to the principal eigenvalue with
respect to 6 for different values of v.

A topic of future work is to extend this idea to linear systems in one and two spatial
dimensions, possibly to non-linear conservation law as well as to higher order Active
Flux methods.
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7| - - - exact solution 1| - - - exact solution

— reconstruction | [,|! — reconstruction | |

oint values oint values
t vals t val

- - - exact solution - - exact solution

— reconstruction | ! — reconstruction | |

point values

T :\1 ,;\‘“  ,
0o \ ;
\

point values

T T T T T T
-3 0 3 -3 0 3

Fig. 3 The numerical solution computed with the different methods with v = 0.7 at T = 1000 in
comparison to the analytical solution.
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4 The numerical solution computed with the different methods with v = 0.7 at T = 10 in
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Fig. 5 The numerical solution computed with the different methods with v = 0.7 at T = 10 in
comparison to the analytical solution.

Scheme 3 (R = 3.75) Scheme 3 (R =3.75)
- - exact solution - - exact solution
1.0 4| — reconstruction ] . 1.0 — reconstruction
- point values | ] + point values
0.5 0.5
: !
0.0 ' 0.0
-3 0 3 -3 0 3

Fig. 6 The numerical solution computed with Scheme 3 (R = 3.75) with v = 0.7 at T = 10 (left) and
T = 100 (right) in comparison to the analytical solution.
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Fig. 7 The numerical solution computed with the different methods with v = 0.5 at T = 10 in
comparison to the analytical solution.



