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1. Introduction

Euler equations with gravitational source term are widely studied because of their importance in modeling physical
phenomena such as astrophysical and atmospheric phenomena including supernova explosions [16], climate modeling, and
weather forecasting [5]. The two-dimensional Euler system with gravity is given by:

U+ FU)x+GU)y =SU), (X, y)eQCR? t>0

(1)
U(x, y,0) =Uo(x, y)
where
P pu pv
2 uv
u=| " |Fuy=]| P +P |cu)= pz
pv puv pve+p
E (E+ p)u (E+p)v
0
—PPx
S(U) =
© —pPody
—pugy — pvoy
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p is the fluid density, u and v are velocity components in the x and y-directions, respectively. The pressure is p and the
non-gravitational energy is E = % oW +v?) + % includes the kinetic and internal energy of the fluid. The gravitational
potential ¢ = ¢ (x, y) is a given function and y is the ratio of specific heats. Of particular interest are stationary solutions
with zero velocity called hydrostatic equilibrium. In order to properly capturing these steady states one should apply a well-
balanced numerical scheme especially designed for the Euler with gravity systems. Several attempts were previously made
for computation of the numerical solution of system (1) and some of them are listed here [4,6,7,9,10,18,25-30]. One way to
fulfill the well-balanced requirement of the numerical scheme is by designing the discretization in the source term in the
balance law by following that of the divergence of the flux function. In this work we follow a special reconstruction in the
conservative variables that will fulfill the well-balanced requirement and will allow a proper capture of the steady states.
This well-balanced approach will be blended with the unstaggered central finite volume scheme for hyperbolic systems
of conservation laws [19]. The main reason behind choosing central schemes as base scheme relies in the fact that central
schemes are easy to implement and robust finite volume schemes that avoid the time consuming process of solving Riemann
problems arising at the cell interfaces. Furthermore central schemes have proved to be efficient schemes for the simulation
of systems of hyperbolic conservation laws. Nessyahu and Tadmor (NT) have introduced in [17] a non-oscillatory central
finite volume scheme that is based on evolving piecewise linear numerical solution on two staggered grids. Useful extensions
of the NT scheme to multi space dimensions followed in [1-3,11,13,14,22]. These extensions were successfully used to
problems arising in aerodynamics, hydrodynamics, and magnetohydrodynamics [3,8,20,21].

In order to avoid switching between an original and a staggered grid in the NT-type schemes, unstaggered central
schemes (UCS) for hyperbolic systems of conservation laws were developed in [15,19], where the numerical solution is
evolved on a single grid. The UCS schemes were then extended to the case of hyperbolic balance laws such as shallow
water equations on variable waterbeds, Ripa systems, and Euler with gravity systems [20,23-25]. The main idea of the
UCS schemes is to evolve the numerical solution on a single grid and to use a staggered ghost grid in an intermediate step,
followed by a back projection step. In [25], a central well-balanced, unstaggered, and second-order accurate scheme for Euler
system with gravity has been developed. As is in most of well-balanced schemes for Euler with gravity systems, the scheme
is designed in a particular way so that it can preserve the hydrostatic equilibrium. The way to achieve this is by following a
special discretization of the gravitational source term and forcing it to follow the discretization of the divergence of the flux
term. This was completed by using sensor functions on the limiter that approximates these spatial derivatives. This particular
reformulation of the source term was pretty efficient in preserving the hydrostatic equilibrium and in solving other Euler’s
problems. However, the numerical scheme presented in [25] can only preserve one type of steady states, mainly steady
states with a zero velocity field. In this paper we develop a family of well-balanced, unstaggered, second-order accurate,
central schemes for the Euler system with gravity that is capable of capturing any steady state of the system. The proposed
method follows the reconstruction method developed in [4]; it consists of evolving the error function between the vector
of conserved variables and a given steady state, instead of evolving the vector of conserved variables. This error function
is defined as AU =U — U, where U is a given steady state. Knowing the steady state (analytically or numerically) is a key
ingredient for the implementation of the proposed scheme. The detailed presentation of the proposed method is given in
sections 2 and 3. In subsection 2.3, we prove that a scalar version of the UCS is TVD. The proposed scheme is implemented
in section 4 and classical test case problems are considered both in one and two space dimensions. Concluding remarks and
future work ideas are given in section 5.

2. Unstaggered well-balanced central scheme for the one-dimensional Euler system with gravity

In this section we develop a new well-balanced central scheme for the one-dimensional Euler system with gravitational
source term. The proposed method follows the reconstruction method previously presented in [4].

2.1. One-dimensional Euler system with gravity

The one-dimensional Euler system with gravity is given by

u+ fwy=Su), xeQCR,t>0 o
u(x,0) =up(x)
where
p pu 0
u=|pu | fw=| pu?+p |SW=| —p¢x
E (E+p)u —pugy

Here p is the fluid density, u is the velocity, p is the pressure and E = % ou? + % is the non-gravitational energy which
includes the kinetic and internal energy of the fluid. The gravitational potential ¢ = ¢ (x) is a given function and y is the
ratio of specific heats. In the absence of gravity, system (2) reduces to a hyperbolic system of conservation laws with a
complete set of real eigenvalues and a corresponding set of linearly independent eigenvectors.
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2.2. The one-dimensional unstaggered FV central scheme

We consider for our computational domain  an interval of the real axis, and we partition it using the control cells
defined to be the subintervals C; = [X,-_l,x,-+1] of equal width Ax =x;
2 2
define the dual ghost cells D; 1 =
2

positive integer n we set t"*1 =" 4+ At.

We assume that the numerical solution uf at time t" is known at the nodes x; where u! is used to approximate
the exact solution u(x;, t"). The numerical base scheme evolves a piecewise linear solution L;(x,t) that approximates the
analytic solution u(x, t) with

1 1
u?:A—X/[,i(X,l') dX%A—X/Ui(X»t) dx.

Gi Ci

L1 X1 and centered at the nodes x;. We also
2 2

[xi, xi+1] with centers xi+% =X + %. The time step will be denoted by At, and for a

Before proceeding with the presentation of the numerical scheme we introduce some notations that will be used throughout
the remaining of the paper. In order to approximate the spatial numerical derivatives, the (MC-6) limiter is considered which
is defined as
u —u' . u - ul . —ul
(u?)/ — minmod | 8 i i—1 , i+1 i—1 .0 i+1 i
AX 2Ax AX

where 6 is a parameter that takes any value 1 <6 < 2, while the minmod function is defined as:

sign(a)ymin{|al, |b|, |c|}, if sign(a) = sign(b) = sign(c)

minmod(a, b, ¢) = .
0, Otherwise.

We start the derivation of our numerical scheme by first assuming that @ is a given stationary solution of system (2), and
we follow the reconstruction approach previously presented in [4] as follows. Let Au=u — @1, we substitute u = Au+1 in
the balance law in system (2):

u; + f(w)y = S(w, (3)
and taking into account that u is a stationary solution, this results in:

Au; + f(Au+1)y = S(Au + ). (4)
On the other hand, since @ is a stationary solution of (3), then the balance law reduces to:

f@)x =S (5)
Subtracting (5) from (4) leads to,

Au + [f(Au+a) — f(@)]x = S(Au+u) — S(w). (6)
But since S(u) is a linear functional in terms of the conserved variables, then equation (6) simplifies to,

Au; +[f(Au+u) — f@)]x = S(Au). (7)

Our proposed numerical scheme follows a classical finite volume construction; we start by defining the piecewise linear
interpolants that approximate the exact solution u(x, t") on the cells C; as follows:

Lix, tY=ul + (x—x)W]), Vxe(

where (u}')’ is a limited numerical gradient approximating g—‘;(x,-, t") obtained using the (MC-0) limiter. Next, we integrate
(7) over the domain R? , =D. 1 x [t", t"1]:
H‘f l+2

/Aut+[f(Au+ﬁ)—f(ﬁ)]de: // S(Au)dR. (8)
R? 4 RY 4
i+5 i+

Applying Green’s formula to the double integral on the left-hand side of equation (8) yields,
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tn-H
n+1 1 ~ ) ~ ]
st —aut, — | [ (F(Qu+ B 0) - F(Au B0 0))de
tl’l
At At g e
o P ) — 2 F@00) + o / / S(Awdxde.  (9)
th X

The integrals in equation (9) should be approximated using second-order quadratures. The flux integrals are estimated using
the midpoint quadrature rule as follows:

1

/ F(AU+ 1) (x;, D)dt ~ f((Au+ﬁ)?+%)At,

1

/ f((Au+u)(xiy1, 0)dt =~ f((Au—i—u)lJrl )At.

Plugging these integrals in equation (9), leads to:
A = A, = 2L A ) — Fe — FAUTT 4 )+ f@)]
u, +2 i+% Ax ui—H i+1 ( 1+1) ( i ul) (ul)
1+ X1 (]0)

1
— S(Auw)dxdt.
—l—AX// (Au)dx
X

The forward projection step of Auf onto the staggered grid is calculated using Taylor expansion of Au(x,t") in space:

Ad"

i1 :—(Au +Au,+1)+ ((Au”) (Auf, )" (11)

+32

where (Au})’ is the derivative of Au(x;,t") calculated using the MC-6 limiter. The predicted values Au? appearing in

equation (10) are obtained at the intermediate time t"*2 using a first-order Taylor expansion in time and the balance law
(7) as follows:

At
Au(x;, t"2) &~ Au(x, ) + 5 Au(x, ),

n+l n . At - -
Au; =~ Au; + 7[—[f(AU + ) — f(@]xl .ty + [S(AW]| ;)]

Hence we obtain

n+2

Au; 2 = Auf +—[ (f)+f1 + 571 (12)

where (f")" and f,-/ are the spacial numerical derivative of f = f(Au + @) and f = f (i), respectively. S is the discretized
source term at time t" and is estimated as follows:

0
ST =S(AW|w.my = | —A0] @i
_A:Ou?(@()i
On the other hand, the integral of the source term in (10) is discretized using the midpoint quadrature rule with respect to
time and space:

1 Xit1

1 1
S(Awdxdt ~ AtAXS(Au; 2, Aul D),

X

with
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0
ned ol Ao Erap)?

S(Au] 2 Au B = (i (13)

ntl n+3
() P ;(Apu),.
Finally, the projection step of Au’:_r} back onto the original grid is calculated using Taylor expansions in space:
2
Au?” (Aun+1 + Aun+1) + == ((Au”Jr] (Aunﬂ) ). (14)

Equation (14) is used to define the numerical solution of the Euler with gravity system. To complete the presentation of
the one-dimensional scheme, we still need to show that it is capable of capturing any stationary solution up to machine
accuracy. Without any loss of generality, we assume that the updated solution satisfies u} =@, i.e., Au =0 at time t =(".
Performing one iteration using the proposed numerical scheme, one can show that:

1

1 Au "2 =0

2. Au:‘:]l =0.
2

3. aultl =0

The proof of 2 and 3 follows immediately after 1 is established. We start by showing 1.
f(Au+u) is given by,

Apu + pu

_ (Apu+pu)? 1 (Apu+pu)?
f(Au+u) = Ap+p + ~DIAE+E -~ Ap+p |

1 (A,ou+/ou)2 Apu+pu
[AE+E+( — D(AE+E - JARUEA0, | (Apupu)

The prediction step leads to,

el A _f/(Au?Jrﬁi) f(@) n
AuF = Auf 4+ A T SAuDl. (15)

But since Auf =0, then we obtain,

ntd AL |:_ f@y) 4 f/(ﬁi)i|

Au. =
! 2 AX AX

1
Hence, Au?Jr2 = 0; the proof of points 2 and 3 follows immediately. We conclude that the updated numerical solution u';“
remains stationary up to machine precision.

2.3. TVD property of the UCS scheme with the subtraction method in the scalar case

In this section we establish the TVD property of our proposed numerical schemes. Let the scalar conservation law,

ur+ fu)x=0. (16)

In the context of the subtraction method, we will discretize the equation,

Aur +h(Au)x =0, (17)

where Au=u —t and h(Au) = f(Au+ i) — f(ii). i a time independent reference solution. Using our UCS base scheme,
the numerical solution of the scalar equation (17) is updated at time t"*! as follows: First, we apply a forward projection
step,

n

u.
1+%

>

(o + ) + 25 (o) = (A, (18)

N =

. . . 1o . .
Then, we predict the solution values at time t"*2 with a aid of the predictor step,

n+2

Au =Au +—[(h”)] (19)

Next, we apply the time evolution step
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AuTt = Au Ty [h(Au?jﬁ) — h(Au; nty )} (20)
2

Finally, we apply the backward projection step

1 Ax ! !
n+1 __ n+1 n+1 n+1 n+1
Au' =3 <Au 1+ Au +2) +3 ((Aui;> (Aul+2> ) . (21)

Theorem 1. Assume that the numerical spatial derivatives be chosen as in [17],

X Aujr1 — Auj Auj — Auj—
0 < Auj.sgn(Aujr1 — Auy) < Cstay. |minmod s L= Ly I
AX AX
Au Au; Au- — Au;_
0 < hi.sgn(Auj1 — Au;) < Cstp,. [minmod i1 = All ! il |
AX AX

with Cstay = o and the following CFL condition holds,

A.max|a(u;)| < B

where
Cst Va4 +4a —a? —
p=r—t <V2F ,
CstAu 20[

and @ < 4 (for B > 0). Then the scheme satisfies the TVD property.

Proof. Inspired by the TVD proof in [17] and [12], one can say that it is enough to prove that |A;| < % and ICiy 1 <3 1 with

Ag <<A“nji> (Autl)) |:h(A”z+12) h(Au 2):| ((Au) (Aulﬂ)/)

1 0
Au"*} —Au"*} 2 AuH_1 Auj
i+1 i-1

First we show that |A;| < %

/ / / /
n+1 _ n+1 n+1 n+1
| () = (1) | s (241) (24:1)

and Cip

a 1
< —" max , <-=<=z. (22)
8 <Aun+1 _Au:_wll) 8 <Aun+1 Au'f‘+}> (Aun+1 Aun+1> 872
1+2 i—5 l+2 i—5 H—; 1—7
Next we show that |C;, ;| < 1.
n+
R )
Auiy — Auf
n+i n+i
hAu ) —hau D] ax| () = (auf,,)’
- A”m Auf 8 AuiH—Au?
n+j n+3 n+i n+l
N h(A“iﬂz) h(Aup 5| |Auy” —Au 7| Ax (Auf) — (aul,,)
- A”1+1 Aun+2 Aulﬂ Auf 8 Au,Jrl Auf
(23)
From the CFL condition one concludes that,
n+1 n+1
N h(Aui+12) h(Au; %) (24)
n+1 n+1 -
Auiﬂ2 Au; *

1
Next, from the predictor step u?+2, the second absolute value to the right-hand side of inequality (23) is bounded by
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1 1

n+sy n+;3 At At At
Auyy i — Ay * _ Auiyy — Shiy — Auf + S5h; _ Aul g — Auf — S (b —hY)
Aufy — Auf Aufy — Auf Auf y — Auf
h, . —Hh h; h’
§1+£%51+£max nl-H ni n : n
2 Aui+1 — Ay 2 AuH_] ALH Aui+1 — Ay
A o
<14 =Cstp <1+ —’3 (25)
2 2
Finally, we have
/ / / /
ax| (au) = (aur,)' | _ax (] (A () |\ _a o6
8 Auf, — Auf - 8 Auf,, — Auf ’ Auf = Auf ||~ 8’

Performing the following term-by-term operations, (24)x(25)+(26) result in,

A [h(Au?j}) - h(Au;.”%)] & (o) — (auz,,))

1 1 1
<1+ -« —o <. 27
Au?H—Au’l? =B +2 '3)+8 -2 27)
This follows from the definition of 8, and we conclude that,
1
|C,.+%|55. (28)

The total variation in the updated solution is now,

TV(Au(t+ AD) =Y " |Auiq(t+ At) — Aui(t + Ab)],

< i Au?j% — Au?:%l %—i— Aip1| + Au;’:%l — Au?j%l %— Ail,
= Z Au?ﬁ - Au?ﬂ ,
i 2 2
<30 |aulyy - s[5 - G|+ Aty - au| S 46y,
i
=Y |Aulyy — Auf | =) |Auia () — A0 =TV (Au(),

i i
here we followed a re-indexing step twice. We conclude that
TV(@u(t+ At) —TV(u)) =TV (Au(t + At) +u) — TV (Au(t) + i),
<TV(Au(t+ At)) + TV (u) — TV(Au(t)) — TV (),
=TV (Au(t+ At)) — TV(Au(t)) <0,

hence,
TV(@ut+ At)) <TV(@u()). O

Thanks to Theorem 1 we can claim that our proposed numerical scheme satisfies the TVD property in the case of a
scalar conservation law, and thus insures the convergence of the numerical solution to a weak solution of the conservation
law.

3. Unstaggered well-balanced central scheme for the two-dimensional Euler system with gravity
In this section we extend the proposed well-balanced scheme we derived in section 2 to the case of the two-dimensional

Euler with gravity systems, using a reconstruction technique similar to the one proposed in [4]. The well-balanced property
of the proposed two-dimensional scheme is presented at the end of this section.
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3.1. Two-dimensional Euler system with gravity

We consider the two-dimensional Euler system with gravity:

U+ FU)x+GU), =SU), (x,y)eQCR? t>0.
U(x, y,0) =Up(x, y),

where
P pu pv
_| pu _| pu?+p _| puwv
U= , F(U) = , GU) = ,
| FO oy = 2.,
E (E+p)u (E+p)v
and
0
—PPx
S(u) =
) —pdy
—pugx — pvoy

Here p is the fluid density, u and v are the velocities in the x and y-direction respectively, p is the pressure and
E= %,o(u2 +v3) + % is the non-gravitational energy which includes the kinetic and internal energy of the fluid. The
gravitational potential ¢ = ¢ (x, ¥) is a given function and y is the ratio of specific heats. Similarly to the one-dimensional
case and in absence of gravity the Euler with gravity system reduces to a hyperbolic system of conservation laws with real
eigenvalues and a complete set of linearly independent eigenvectors.

3.2. The two-dimensional unstaggered FV central scheme

We consider a Cartesian domain decomposition of the computational domain © where the control cells are the rectangles
Cij= [xi_% , xi+%] X [yj_% , yH%] centered at the nodes (x;, ¥j). We define the dual staggered cells Di+%’j+% = [xi, Xi+1] X
E}yj,yjﬂ] centered at X1 Y1) where Xyl =X+ 4% and Yipl =VYj+ %, where AX=X1 =X 1 and Ay=Yj1—

1.
: Bzefore proceeding with the derivation of the two-dimensional numerical, and for convenience, we need to introduce the
average value notations:

Pt Pi —  Pijtpiny — Piirl TP
Prgey = g By = B D g =
P.j = %a [[P]]I’H_% = Pi,j+1 — Pi,j

el 1 = Pivrj = pijs PTGy = pi jr1 = Py i1y PNy =Pyt j = Pisi -

We follow the same strategy we considered in section 2; we assume that Uisa given stationary solution of system (29)
and we define AU =U — U. We substitute U= AU+ U in the balance law (29), we obtain:

AU; + F(AU + U)y 4+ G(AU + U)y = S(AU + U). (30)
On the other hand, since U is a stationary solution, then balance law in (29) reduces to

F(O)x + G(0), = S(0). (31)
Subtracting equation (31) from equation (30), we obtain

AU + [F(AU 4 U) — F(0)]x + [G(AU +U) — G(0)]y = S(AU + U) — S(U). (32)

Using the fact that the source term S(U) in equation (29) is linear in terms of the conserved variables, then equation (32)
reduces to

AU + [F(AU 4 0) — F(@)]x + [G(AU + U) — G(0)]y = S(AU). (33)

The proposed numerical scheme consists of evolving the balance law in equation (33) instead on evolving the balance law in
system (29). The numerical solution U will be then obtained using the formula U= AU + U. The numerical scheme that we
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shall use to evolve AU(x, y,t) follows a classical finite volume approach; it evolves a piecewise linear function £; j(x, y, t)
defined on the control cells C; j and used to approximate the analytic solution U(x, y, t) of system (29). Without any loss of
generality we can assume that U?_j is known at time t" and we define £; j(x, y,t") on the cells C; ; as follows.

n / n \/
Lij( y D =U + =) H (y—yp— Yy eCiy,
5 Ay
wryy <U" Pl . , n
where —~ and are limited numerical gradients approx1mat1ng and y respectively, at the point (x;, y;, t"). The

(MC-6) limiter is used to avoid spurious oscillations. Next we mtegrate the balance law in (33) on the rectangular box

R?ﬂ j+1 =D 1 1 ¥, e,
/// AU; + [F(AU4U) — F(0)Ix + [G(AU +0) — G(0)], /// S(AU)R. (34)
Ri+%,j+% 1+2 ]+2

Next we use the fact that AU is approximated using piecewise linear interpolants similar to £; ; on the cells C; j; following
the derivation of the unstaggered central schemes in [19], equation (34) is rewritten as:

1 - -
n+1 _ n _ _
AUi+%,j+% - AUi+%,j+% AxXAy // [F(AU+U) — FU)x
Ri+%,j+%

+[G(AU+0) — G0)]y

/// S(AUYdR. (35)

l+2 J+2

The flux integrals in equation (35) are calculated using the divergence theorem. Let ny, ny denote the normal unit vectors
in the x— and y— directions, respectively. Therefore we obtain:

tﬂ+1
AUTT AU [F(AU + U) — F(0)],.ndSdt
i+3.0+3 i3ty AxAy X
t" OR
t”‘H
- [ [6@u+0)-cw, /// S(AU)R. (36)
t" OR

l+2 J+2

The forward projection step in equation (36) consists of projecting the solution at time t" onto the staggered grid and it is
performed using linear interpolation in two space dimensions in addition to Taylor expansions in space; we obtain:

AU _lau,, +au BX (raur AU
i+%,j+%_§(A i+%,j+A i+%’j+])_ﬁ([[ ]]i+%,j+[[ ]]i+l,j+1)
~ SEUAUMY, oy + AU T ) (37)
The integral of the source term is being approximated using the midpoint quadrature rule both in time and space:
n+i n+1 n+1 n+
/// S(AU)dR = AxAyAt.S(AUi’j 2 AUH_IZ,], AU; le’ 1+12]+1) (38)
where,
n+4 n+l n+3 n+
S(AUL} : ’ AUi+1%]’ AUl ]_ﬁ‘lr l+12]+]) - (Sl 523 537 54)
with
$1=0
(A ,o)hL1 it (Ap)prl it (Ap), 1+1 + (Ap)
Sy = _((bx)i,][

2
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( 10)1+1 ]+] + (Ap)l+] j + (Ap)l ]+1 + (Ap)
2

(AoWITE y + (w2 + (Bpu) T2+ (Apu)T
2

+
(AOVITE oy + (BT 2+ (W) T2, + (B pv) ]

S3= _(¢y)i,1[

54 = _((bx)i,][

— (@y)i,jl 5
Finally, the evolution step at time t"*! at the staggered nodes can be written as,
AUnJr] ;= AUn
i+3.j+% i+3.+3

- —[D" F(AU”+2 +0; j) — DX F(U; j) + D* F(AUfjj] +0i 1) — DXF@i )]

n+2

JF ~ ~
- —[Dy G(AU; 2 +U; j) — DY G(U; j) + DLF(AU, £ + Uipr ) — DY G (U1 )]

TH‘j
i+1,j°

n+2 n+2

AUI ]+]’ 1+1 Jj+1

+ At.S(Auﬁf, AU ). (39)
Here D% and Di are the forward differences given by,

F(Ui1,)—F(U; ) F(Ui j+1)—FUij)
DiF(Ui,j) i+1, ]Ax ij DY F(Ui,j) — %

The predicted values in equation (39) are generated at time t"*2 using a first order Taylor’s expansion in time in addition
to the balance law (33):

AU A 2 +—L+s (40)

, ~
At _ (F{fj)/ + i (G?J)/ G:J n
2 AX Ax Ay Ay L
(Ff) F, @Gy G, . . . ~ ~ - ~

where —1=, <y Ay and Ay denote the approximate spatial partial of F = F(U), F = F(AU + U), G=G(U), and G =
G(AU + U) respectively. Here also we limit the spatial numerical derivatives using the MC-6 limiter to avoid spurious
oscillations.

Finally we apply a back projection step similar to the one in (37) in order to retrieve the solution at the time t"*! on
the original cells C; ;.

—n+1

AUn+1 _(AUn+1] + AU; J+1)

AX
16 (AU M 00 5y + AU )
_ Ay
16

where AU”H * and AU"T Y denote the spatial partial derivatives of the numerical solution obtained at time ¢"t! and node
Xi, ¥j) approx1mated using a limited numerical gradient.

To complete the presentation of the numerical scheme we need to verify the well-balanced property of the proposed
scheme and to show that it is capable of maintaining stationary solutions of the Euler with gravity system.

Suppose that the numerical solution obtained at time t =t" satisfies U?J = ﬁ[’j, ie., AU?J = 0. Performing one iteration
using the proposed numerical scheme, one can show that:

— (AU )+ [[AUT]] (41)

l+l,(j))’

1 AUn+2 —0.

2. AU"“ . =0.
2.J+3

3. AU?ijl =0.

In fact, it~is straight forwgrd to establish 2 and 3 once 1 is established. We will present the proof of 1.
F(AU+U) and G(AU + U) are given by

Apu+ pu
~ 2 =0\ 2
| emmaty o pap s Eo JeRarGp,
F(AU+U) = Apv+pv
(Apu+ pu) (e

1 (Aputpw)? 1 (Apv+pv)?  Apu+tpu
(AE+E+(y —1)(AE+E - apip - 2 apip ) Chpts )
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and
Apv + pv
) (Apu + pu) (Rprtery
G(AU+U) = (Ag\;:;v)z H(y —DAE+E— %(A,Zupi;;uf . %(Aivptr;;;v)z]
(AE+E+(y — 1)(AE+ E — L QLA _ 1 (Apvaou’y apuen,

The prediction step leads to

n+i
ij

A At 4T ij) _ Bj T b S S(AUT ). 42
it 5l AX T TAX Ay - Ay Rl @

AU

But since AU} i= 0, then we obtain,

AU

nty _ At _F’(ﬁi,j) N F'(U; j) 3 G'(Ui)) n G'(Ui))
L] 2 Ax Ax Ay Ay |

+3 . . . . . .
Hence, AU’i1 i 2 = 0. Thus we conclude that the updated numerical solution remains stationary up to machine precision.
4. Numerical results

In this section we implement the proposed well-balanced numerical schemes and use them to solve classical problems
from the recent literature. The main property of the proposed schemes will be tested when we consider numerical experi-
ments featuring stationary solutions. In our all test cases we will consider an ideal gas with y = 1.4 and a parameter value
0 = 1.5 for the limiter. The CFL condition is set to 0.485.

4.1. One-dimensional numerical experiments

We start our numerical experiments by verifying that the numerical scheme is capable of preserving any steady state at
the discrete level.

4.1.1. One-dimensional isothermal equilibrium

We consider for our first test case the isothermal equilibrium problem with a linear gravitational field ¢y = g =1 pre-
viously considered in [25]. The numerical solution is computed on 200 grid points of the interval [0,1]. The final time is
t =0.25. The isothermal equilibrium state is given by:

08
p(x) = poexp(— 22 x),
Po

u(x) =0,

p(x) = poexp(— & ).
Po

Here we set po =1, po = 1. The reference solution @ chosen in this experiment is exactly the isothermal equilibrium state.
The results are illustrated in Fig. 1 where we plot the numerical solution at t = 0.25 and we compare it to the exact solution.
This figure shows that the equilibrium is exactly preserved and a perfect match between the computed solution and the
exact one is observed. Note that in [25], this equilibrium needed a very specific well-balanced strategy to be preserved. To
test the efficiency of our scheme, a small perturbation is added to the initial pressure. Hence, it is now given as:

p(x) = poexp<—‘;;’—0gx) + nexp(—loo%(x —0.5)?),

where n =0.01. In Fig. 2 we plot the perturbation obtained at time t = 0.25 and we compare it to the isothermal equilib-
rium state previously solved on 200 grid points. Outflow boundary conditions are applied. The plots show that the proposed
numerical scheme is capable of capturing small perturbation. The order of convergence of the proposed numerical scheme
is calculated using the Li-norm for the density, pressure and the energy components and the obtained results are reported
in Table 1.



Fig. 1. One-dimensional isothermal equilibrium: Density (top left), momentum (top right), energy (bottom left), pressure (bottom right) at time t

Fig. 2. One-dimensional isothermal equilibrium: Profile of the initial perturbation (dashed curve) and the perturbation at the final time t = 0.25

curve).
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Table 1

One-dimensional isothermal equilibrium: Lq-error and order of convergence.
N Li-error p Order Li-error p Order Lqi-error E Order
200 2.7651 x 1076 - 3.7978 x 10~6 - 9.9488 x 1076 -
400 7.3147 x 1077 1.89 1.0297 x 106 1.88 2.5750 x 1076 1.95
800 1.7659 x 1077 2.05 2.4007 x 1077 210 6.0035 x 1077 219

619
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Fig. 3. One-dimensional moving equilibrium: profile of the density (top left), velocity (top right), energy (bottom left), and pressure (bottom right) obtained
at time t = 10.

4.1.2. One-dimensional moving equilibrium

Next we verify that the proposed numerical scheme is capable of preserving moving equilibrium states. We consider the
test case previously presented in [27]. A nonlinear gravitational field ¢ (x) = exp(x)(—exp(x) + y (exp(—yx)) is considered.
The numerical solution is computed at time t = 10 on 200 grid points of the interval [0,1]. The moving equilibrium state is
given by:

p(x) = poexp(— 222 x).
Po

1(x) = exp(x),
p(x) = exp(— 228 x)7.
Po

po=1and pp =1 are given. The considered reference solution in this case is the equilibrium state itself. Fig. 3 shows that
the density, velocity, energy and pressure are exactly preserved at time t = 10. The curves are exactly on top of each other
which ensures that the state is perfectly preserved with zero error.

4.1.3. One-dimensional shock tube problem

We consider for our next experiment the shock tube problem with a linear gravitational field with ¢y = g = 1; this
problem was previously considered in [25]. The computational domain is the interval [0,1]. Reflecting boundary conditions
are considered. The reference solution u considered in this experiment is the isothermal equilibrium. Notice here that we
are not solving steady state problem so any other smooth solution would do the job. The initial conditions are given by:

1, ifx <0.5,
0.125, otherwise,

u(x) =0,

pX) =
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Fig. 4. One-dimensional shock tube problem: Density (top left), velocity (top right), energy (bottom left), pressure (bottom right) at time t = 0.2. (For
interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

1, ifx <0.5,

X) =
P& 0.1, otherwise.

The numerical solution is computed on 100, 200, and 400 grid points at the final time t = 0.2. The obtained results are
reported in Fig. 4, where we show the profile of the density, velocity, energy, and pressure. The obtained results are in
perfect agreement with those appearing in the literature.

4.2. Two-dimensional numerical experiments

In this section we apply the two dimensional well-balanced unstaggered central scheme we developed in section 3 and
we solve classical two-dimensional Euler with gravity systems featuring stationary solutions and other equilibrium states.

4.2.1. Two-dimensional isothermal equilibrium

The first numerical experiment we consider is meant to validate the well-balanced property of the proposed two dimen-
sional scheme. We consider the isothermal equilibrium state problem as considered in [6,25,27]. This experiment is a direct
extension of the one-dimensional experiment previously considered in subsection 4.1.1. The initial conditions correspond to
a stationary state and are given by:

0
px,y) = poexp(—%(gm + 82¥)),

u(x,y)=0,
v(x,y) =0,

p(x, y) = poexp(— % (81X + g2¥).
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10 02 1 02
Fig. 5. Two-dimensional isothermal equilibrium: Density (left), energy (right) obtained at the final time t = 0.25.

%10
T

1D
77777 2D x-cross section | |
— — — 2D y-cross section

Perturbation

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 6. Unidirectional equilibrium perturbation: 1d/2d comparison of the pressure perturbation at time t = 0.25.

po=1.21 and pg =1 are given. The gravitational potential is linear with ¢y = g1 =1 and ¢, = g = 1. The computational
domain is the square [0, 1]? discretized using 60 x 60 grid points. We apply the two dimensional scheme and compute the
numerical solution at the final time t = 0.25. Fig. 5 shows the profile of the density and the energy.

4.2.2. Unidirectional equilibrium perturbation

In this test case we extend the one-dimensional perturbation problem to the two-dimensional case where both the
equilibrium state and the perturbation are initially set along the x— or y-direction. Whenever set in the x— direction, and
similarly to [25], the equilibrium state and the pressure perturbation are given by:

pP(X,y) =exp(—x)),

u(x,y)=0,

v(x,y)=0,

p(x, y) = exp(—x) + nexp(—100(x — 0.5)?).
Similar initial data is defined if the perturbation is set in the y-direction. The numerical solution is computed at time t =
0.25 using our proposed numerical scheme with 7 =0.001; the obtained results are reported in Fig. 7; the observed profiles
are similar to those of the one-dimensional case, as well as those reported in the literature. Fig. 6 shows a comparison
between cross sections of the pressure of the two-dimensional problem (with perturbations set in the x and y-directions)

and the corresponding one of one-dimensional problem; all three curves are in perfect match. The Li-norm for the density
component and the order of convergence of the numerical scheme are reported in Table 2.

4.2.3. Two-dimensional moving equilibrium

This test case is an extension of the one-dimensional moving equilibrium problem to the two-dimensional case; it is
meant to verify that the proposed numerical scheme is capable of preserving two-dimensional steady states with non-zero
velocities. The initial data is given by:
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Fig. 7. Unidirectional equilibrium perturbation: Initially along x (top left), at t = 0.25 along x (top right), initially along y (bottom left), at t = 0.25 along y
(bottom right).

Table 2
Unidirectional equilibrium perturbation: L;-
error and order of convergence.

N Lq-error p Order
2002 2.8461 x 1077 -
4002 7.0611 x 1078 2.01
8002 1.6840 x 10~8 2.06

px.y) = Poexp(—%(x + ).

u(x, y) =exp(x+y),
VX, y) =exp(x+y),

p(x.y) = exp(— 228 (x + y))7 .
Po

po=1, po=1, and g = 1. We consider a non-linear gravitational potential given by ¢ (x, y) = exp(x + y)(—exp(x + y) +
y (exp(—y (x+ ¥))). The numerical solution is computed at the final time ¢ = 0.25. The equilibrium is preserved exactly and
a 1d/2d comparison is held on the density component at the final time in Fig. 8. The comparison shows a perfect match,
thus confirming the potential of the proposed scheme to handle stationary equilibria.

4.2.4. Two-dimensional shock tube problem

We consider for our last experiment the two-dimensional sod shock tube problem. As in the one-dimensional case, the
reference solution U is the isothermal equilibrium solution (43). We consider first the flow along the x— direction with the
linear gravitational field with ¢x = g1 =1 and ¢, = g, = 0; the initial data given by:

*x.y) = 1, ifx<0.5,
P& Y) = 0.125, otherwise.
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Fig. 8. Two-dimensional moving equilibrium:

the density at time ¢t = 0.25 with 1d/2d x-cross section (left) and 1d/2d y-cross section (right).
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Fig. 9. Two-dimensional shock tube problem: 1d-2d comparison density (top left), velocity (top right), energy (bottom left), pressure (bottom right) at time

t=0.2.

ux,y)=0=v(x,y).

1, ifx<0.5,

px,y) =

0.1, otherwise.

The computational domain is the square [0, 1]? discretized using 400 x 10 grid points. In a similar way we define the
initial data along the y-direction, where the same computational domain is discretized using 10 x 400 grid points. The
numerical solution is computed at the final time t = 0.2 using the proposed well-balanced scheme and the obtained nu-
merical results are reported. In Fig. 9 we present a comparison between cross sections of the two-dimensional problem
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set along the x— and y— directions for the density, velocity, energy and pressure and the corresponding solution of the
one-dimensional problem. A perfect match between the plots is observed and the obtained results are in perfect agreement
with corresponding ones appearing in the literature.

5. Conclusion

In this work we developed a new second order well-balanced unstaggered central scheme for the system of Euler equa-
tions with gravity. The proposed scheme is capable of well-balancing any type of equilibrium states thanks to a special
reformulation that computed the numerical solution in terms of a specific reference state. The proposed approach works in
both one and two dimensions, and the corresponding numerical schemes are derived. The proposed method is applied in
the setup of the Euler with gravity equations but it can be easily extended to other balance laws. The proposed numerical
scheme is then tested and classical problems arising in the recent literature were successfully solved. The reported results
are in perfect match with their corresponding ones in the literature, thus confirming the potential of the proposed scheme
to handle Euler with gravity systems.
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