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Abstract. We propose an asymptotic preserving (AP) and well-balanced (WB) scheme for the isen-
tropic compressible Euler system with gravitational source term. When the Mach number becomes
small, the compressible Euler equation with gravitational source term converges to an incompressible
Euler equation with spatial dependent density. We achieve AP by modifying the source term by adding
and subtracting a term that includes the equilibrium information. The WB property is attained by
introducing a very special spatial discretization to the stiff source terms. The proposed scheme can
achieve both AP and WB properties. It is important to note that the WB property is independent of
Mach number, i.e. WB property holds for all Mach number. A list of numerical test cases is added at
the end to validate the robustness and the accuracy of the scheme compared to the recent literature.
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1. Introduction

The non-dimensionalized Isentropic Euler equations with gravitational source term is given by,
p+ V- (pu) =0,

1 1 (1.1)
O(pu) + V- (pu®u) + 5 Vp(p) = = 5pV.

Here p is the density, u is the velocity field, p is the pressure. The pressure law is given by p(p) = Ap?,
where A and ~ are positive constants. ¢(x) is a given function representing the space dependent
gravitational potential. € is the ratio of the characteristic fluid velocity and the typical sound speed
2= ‘Z—f ¢ is referred to as ”Mach number” and can be at O(1) or very small.

When ¢ is very small, is at the low Mach number regime, the pressure and gravity terms become
stiff. The existence and uniqueness of solution to equation can be found in the literature [9], [4]. It
is proved rigorously in that when € — 0, solution to converges to the solution of an incompressible
equation. We give the formal derivation in the subsequent part. Moving the gravitational source term
to the left-hand side of the second equation of and using the pressure law, we then write

as,

3

dp+V - (pu) =0,

1 (1.2)
Oc(pu) + V- (pu@u) + - pVW =0,
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with

Ay
v—1
Assume that the Chapman-Enskog asymptotic expansions of the variables are,

P+ ¢ (1.3)

u= u(o) + 5u(1) + 52u(2) + ...
W=wO 4 ew® 4 2w 4
The expansion of pVIW can be seen as,

— Oy 4 a(p(O)VW(l) I p<1>vw<0>) 12 (p<°>vw<2> + Oy ® 4 p<2>vw<0>) 4.
(1.4)
Comparing the O 8%) terms in system and using p(® # 0, one deduces that VIW(©) = 0. Then
looking at the O(%) terms yields VIW() = 0. From the definition of W in (L.3), VW (© =0 leads to,
Ay
y—-1
with const being a constant independent of . Then

(,0(0))7_1 + ¢(z) = const

_ —1

(p(o))7 Yy VAﬁ (x) = const.
In the model (1.1)), for a constant independent of z, ¢(x) and ¢(x) + const provide the same solution.
Thus one can define a new ¢(x) = ¢(x) + const such that (p(o))7_1 + %d)(x) = 1. In the subsequent

part, we drop the tilde above ¢(z) and let

S0 — (1 _ 77;11 ($)> il (1.5)

which indicates that when ¢ < 1, p(®) becomes stationary.
To find the equation that u(® satisfies, we consider the O(1) terms in system ((1.2]) such that

3t(p(0)11(0)) N v (p(O)u(O) ® u(O)) + p(O)VW(Q) + p(l)vw(l) + p(2)vw(0) =0. (16)
Using v =vw® =, system (|1.6) can be written as
V- (0Ou®) = 0,
(p ) (1.7)

o + uOv.u® L yw® =,

(1.7) is the incompressible isentropic Euler equations.

When € goes to zero in , the sound speed is fast, and classical shock capturing schemes require
very small time steps. Hence, asymptotic preserving (AP) schemes that allow large space and time
steps become popular in this area. A numerical scheme is AP if when the scaling parameter goes to
the limit in the discretized scheme, it converges to a good discretization of the corresponding limit
model. The main advantage of AP schemes is that their stability and convergence are independent
of the stiffness of the equation. AP schemes usually discretize the stiff terms implicitly, which leads
to an IMEX (Implicit-Explicit) discretization of the model [I6]. The space discretization is important
as well due to the special structure of the limiting incompressible equation. Developing AP schemes
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for compressible fluid equations in their incompressible limits is a well-studied topic in computational
fluid dynamics. A list of these schemes is listed here [I1, 6, 20], 1], 14} [7, 8, [15] 19, 2] 22, 21].

The hydrostatic steady state is that the velocity is zero, and the pressure exactly balances the
gravitational force. As has been discussed in [I7], this steady state is of particular interest for the
Euler equations with gravitation. The dynamics when the solution is close to the hydrostatic steady
state are important in the simulation of waves in stellar atmospheres [3] or some numerical weather
prediction [10]. To get the dynamics of small perturbations near the equilibrium, the ratio between
the magnitude of the truncation errors and the perturbations has to be small enough, which is too
expensive for standard schemes. To overcome this challenge, it is of interest to have a numerical scheme
that maintains discrete stationary solutions up to machine precision [I7]. This is so-called the well-
balanced property and well-balanced (WB) schemes can effectively resolve small perturbations of the
steady state of interest. For the Euler equation with gravity source term, several strategies have been
proposed to achieve the WB property [17), 5], [13], in which complicated modifications of the fluxes
taking into account the source term are usually employed.

In this paper, we extend the AP finite difference staggered approach for the isentropic Euler equa-
tion, to ([L.1]) with gravity source term. On the one hand, when ¢(x) = 0, we want the scheme to be the
same as the one suggested by Goudon et al. in [I1], on the other hand, we aim to get an AP scheme
when ¢(x) is not uniform in space. However, it is not easy to achieve these two requirements at the
same time. First of all, the density p(® in is space-dependent, it is obtained by the balancing
between the pressure term Vp(p) and the gravity term pV¢. But the strategies of achieving AP prop-
erties in [I1], (14 [7, [§] usually split the pressure term into two parts and treat them differently, which
will break down the balance. Therefore, if keep using the same splitting strategy on the left-hand side
of , one has to design another balance that can provide the space-dependent limiting density. We
modify the source term by adding and subtracting a term that includes the equilibrium information.
Proper implicit and explicit treatments of these two additional terms provide a new balance that gives
the space nonuniform equilibrium. Secondly, one has to carefully design the spatial discretization due
to the following two apparently opposite observations: 1) when ¢(z) = 0, becomes a conservative
hyperbolic system, the discretization for the left-hand side of has to be conservative; 2) in the
formal derivation of the incompressible limit equation, one has to first reformulate into
which is a non-conservative form even if ¢ = 1. We solve this difficulty by introducing a very spe-
cial spatial discretization for the stiff source terms. Since this spatial discretization preserves exactly
the discrete hydrostatic steady state, it not only achieves AP but also gives the WB property of the
scheme.

The new contributions of the current work are that: 1) It provides a strategy of extending the
AP schemes designed for the isentropic Euler system to the case with gravity source term, without
changing the code for the hyperbolic part; 2) It can achieve not only AP but also WB. It is important
to note that the WB property is independent of Mach number €, i.e. WB property holds for all €. As
far as we know, our scheme is the first scheme that can achieve both properties uniform in € for an
isentropic Euler system with a gravity source term.

The organization of the paper is as follows. A detailed description of the method can be found
in section 2l We show both AP and SP properties of the proposed scheme in [3] The robustness of
the scheme and its AP and SP properties are tested via a collection of numerical test cases from the
literature in section 4} Concluding remarks and possible future extensions are mentioned in section
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2. The Two-dimensional Numerical Scheme

2.1. The semi-discrete scheme

Similar as in [I4] and [11], we split the divergence in the density equation as well as the pressure and
the gravitational source term in the momentum equation. Let

p=(1-250) o (2.1)

The system (|1.1]) is splitted into the following two subsystems:

Op+ aV - (pu) =0,

a 2.2
d(pu) + V- (pu®@u) + E%V [p(p) — alt)p] = —épvsﬁ - S)pv In po, 22
and

Fp+ (1= a)V - (pu) =0,

1 a(t (2.3)
(o) + a1 = o7 po.

where u = (u,v)?, 0 < a < 1 is a constant and the time dependent function a(t) > 0 depends on the
hyperbolicity of the system ({2.2). The choices of the terms E%Va(t)p in the pressure component and

%a(t)pv In po in the source term are related to the fact that the leading order p(®) has the form as in
. When there is no gravity, i.e. pg = 1, the modification becomes the same as in [11]. We will see
the necessity of this modification in the AP proof later on.

The first system takes into account the slow speed, while the second part considers the
fast sound wave. Similar as discussed in [I1], numerical viscosity will be added in the first system but
not the second.

In the conservative form, can be written as

Ui+ F(U): +GU), = SU), (2.4)
with
p apu
pv pUv
apv 0
GU)=| ru L SW) = | —Zpee — Lp(inpo)s

pv? + D)o — L6y — 4 p(In po),

The eigenvalues of the jacobian matrix of F/(U) are

/ _
)\1 = u, )\2 =u+c, >\3 =Uu—4c, with C(p,’LL) = \/(l_a)u2+ap(p)€2a(t)'

Similar calculations hold for G(U), the flux along y. The choice of a(t) is to guarantee the hyperbolicity
of the system (2.2]). We choose a(t) such that the eigenvalues of the jacobian matrices of F(U), G(U)
are real and positive i.e. p’(p) > a(t). Hence, a(t) is chosen as the following,

ao(t) = min {1/ (s) }. (2.5)

But, with this choice, spurious oscillations are observed in some test cases for large values of €. They
appear in regions where the density is nearly uniform and the material velocity vanishes. Indeed,
in these regions, the corresponding sound speed vanishes and the spurious oscillations are due to
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a lack of numerical viscosity in the slow dynamic part of the splitting. Therefore, as in [11], let
a(t) = (1 — £*) min {p'(p)}, for e < 1. This a(t) can eliminates the spurious oscillations that might
xr
appear for large . For more details, see [11].
Let At be the time step, tY = 0, and for a positive integer n, we set t"*! = ¢* + At. The two
subsystems ([2.2)), (2.3) can now be discretized as,

I +av - (pu)" =0, (26)
(oW 4 7 (pu @) + 5V [p(p) — a(t)p]” = —5p"Vé — % p"V In po, '
and
n+1_ %
Tt H (1= )V (pu)rtt =0, (2.7)
(pu) At—(pU) + E%a(tn)vpn-‘rl _ %pn+1v1n 0.
The above two semi-discretization (2.6)) and ([2.7)) yield an IMEX discretization
ptt—pn 0oLy ntl _
AL +aV.(pu)"+(1—a)V-(pu)"" =0,
n+1 _ n 1 1
(pw) N (W) L. (pus ) + 5V [pl(p) = a(t)p]" + Sal(t) V5" (2.8)

a(t)

g2

t
p"V 1In pg + @p"“v In po.

1
="V - 2

3

2.2. The fully-discrete scheme

For spatial discretization, we use the staggered method proposed in [11]], [I2]. Staggered schemes are
proven to be very efficient for incompressible flows simulations. We consider a computational domain
(1, zR] X [yr, yr] and Cartesian 2D grid points. The grid points are x;, y; for 4,5 € {1, ..., N, } and j €
{1,..., Ny} and we define Tipl= m# and Yjrl = % forie{1,..,N,—1},j € {1,..., N, —1}.
Let Ax;, Ax.

H—%?
[yjfl,y#;] and [y;,y;+1]. In our calculations, we set Ar; = Ax; 1 = z and Ay; = ijJr; = Ay.
2 2 2 2

Ayj, and AyH_% be respectively the length of the interval [xi_%,xiJr%], (i, Zit1],

As in Figure |1} the density p is defined at the points ( ), while the velocity w in the -

x“_la yj+l
2 2
direction is evaluated on the points (z;, Y1 ) and the velocity v in the y-direction is evaluated on the
2
points (x, 4L yj). The density on the edges of the primal mesh can be defined by the average value of
2

two neighbouring cells such that

Pl P14
P,;J.F% = 9 )

Pl T Pirlg-]
Pitli = 2 :

The numerical solution is evolved on the staggered grid and the fluxes are defined as in [I1]. We start
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Yitd,j+1
(4,7 +1) I (i+1,j+1)
Jts &— - - ---- 6 777777777 *—
i F)z+L‘ L ui+1’j+%
PR
(z,7) I (t+1,5)

Virlj
FIGURE 1. MAC discretization.

by presenting a discretization for the slow explicit system ([2.6)),

( p* —pn z,n _pzn y,n _ Yy
i+30+3 Tl Ta i+lLi+3 iit3 T i+ggtl it | 0
At Az Ay -
Y 1“%. 1 —p" ’lL Cux _Cux u,y U,y
Lijtg i+ 35 7J+2 2]+2 + z+2,1+2 ,J+2 + ,J+1 C i,
At Ax
g —II»
L1 +dg+d i-dg+d pz:j% P(po,i+§,j+%) P(po,ifé,j%) _ dpu+1 Poiv k. i+3 Poi-% .5+
g2 Az €2p0,i,j+% Az g2 Po,ij+] Az )
* v* —p" " , , v _ Y
Pivd it ds Pivd Vvl n G —Gid n Cz+2,a+2 <1+2,17%
II —IT _ a _
41 gty ityi-§ Pivy; Poip101)~Plog,y ;1) 4Pl Poitd i) TR0 k-4
e? Ay €2po,i+$,j Ay 52p0,z‘+§,1 Ay
(2.9)
with
Hn 1 .,1 :P(pn 1 . 1) —agpn 1 .,1
tt+3.0+3 i+35,0+35 i+5,0+35
where a/] is the discrete version of a(t) defined as,
a’jz(l—s%mm P, . 1)y
ij oty
The flux terms are
+ z,— + -
i+t =Yg T (it gt iged) HF (P gyt ),
FY, =FYt 4 FY =F* 1w, F ™ (p, i1 . 1,0, 1
R AT P Y (Pis g Vi) +F (Pigy g1 Vin g )
U, z,+ + uy __ y+ Y+
Ci+%,j+% Wit} i+1.+3 + i+Lgts il el <17J ij—g i + JH5 T
v,T x,+ x,+ v,y Y,+ +
=, F + v, F % = F +v;, F
Cly] 74—* (2 C’H—%,]—&-% H‘QJ 'L—‘,—27]—i-l ,J+1 ,]-i——
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with
0, it u<—c(p,u),
F+<p7 u) - 4c(p u) (1} + C(p, )) ’ if ‘u| S c(p,u),
pu, it u>clpu),
ou, if  u< —c(p,u),
F_<p, u) = _4C(Z»U) (’U - C(p7 U))Q, if ’u‘ < C(IO7 u)?
0, it u>c(p,u),
and
@, % _1 vt _ Y, Y.+
Filtivy =2 <F gt +Fz+1u+ ) B =3 (Fﬂd qu)

In (2.9), from the definition of py in ([1.5)), one has

1 Pleory i) PPyt i)

~V 2.10
Po,i,j+3% Az 2 ( )
Priy 1l 1 Pr: 1 .,1
1 0it5,0+5 "0i—5.0+5
— = ~ O, In py, (2.11)
0,4,5+5

1 Poirdi+d TPoird -4

2~ 0y In pg (2.12)

Po,i+%.i Y

These specific discrete forms are crucial for the AP and WB properties of the fully discretized scheme.
We will see their benifits in section 3.

The next step is to discretize the implicit system (2.7) for fast sound wave by

n+1

—n*
Pivd ol Pirli+d
At U U U U
1 p,x 1 p,x 1 P7 1 P,y
(FHh) —(FrAtyeE o (Frt —(Fm R

+(1 a) 1—0—173-0—2 ,j+5 + 7u+2,J-0—1 i+5,J =0

- Az Ay -
n+1 n+1 * *

u — u
Pij+d i,j+%Api,j+% i+

¢

Pt =t anp™t! (2.13)

L irdavd Pimdard _ “4Piird Poavdi+dPoi-a+d ‘
€2 Az T og2,ntl Az ’
0LJ+7

n+1 n+1 5 *

v — v
Pivd; z’+$,jApz'+%,j it+d.j

t

pn+1 _pn+l pn+l

L9 i+g.aty Titga-§ _ “d i Poitd 4L Poitd -1
£2 Ay 2pn+1 Ay )
01+§7J

where (F' "+1)U?_’~_ﬂ and (F "+1)iUf’1y, are the upwind fluxes defined as following,
2

] 51]
n+1\Upx _ n+l n+l 1t _ n+l n+l 11—
E s =P s T — el [ (2.14)
n+1\Up,y n+1 nt+l 7t _ n+l nt+l 71— )
(F )z+2,] = Pipl - %[UH%,J] Pitd i+l [UiJr%,j]
Here [|T = max{-,0} and [~ = —min{-, 0} represents respectively the positive and negative parts of

the given function. The fast implicit part is solved via solving an elliptic equation of p. From the last
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two equations in (2.13), v ', and v™"! = can be written as a function of p"*! such that

ity 5.
anrl 7pn+1 anrl
11 o alAtPipljel TPl l o a At Pijel Po+d i+l T Poi-1 41
i+l T T nl TR S W A S 2 ’
(VR Prira JTg BIt3 € Ax €% Pojij+l Ax
’ 2
(2.15)
and
pn—i-l _pn+1 pn+1
| o agAt Pt i+t Vvl -3 +agAt i+3.5 Poitg+y ~ Poitdi-3
. l . ﬁ . 17 . . 174 - 2 2 .
i+3.,j P i+5,7 i+35.0 € Ay €% Poi+l Ay
27
(2.16)

By substitute the above two equations into the density equation in (2.13)), then we solve the system
by Newton-Raphson method.

3. The AP and WB properties of the scheme

3.1. The AP property of the semi-discretized scheme

In order to prove the AP property of the semi-discrete scheme we need to prove that as & goes to zero,
(2.8) is a good discretization of the incompressible limit equation ([1.7)).
We reformulate the momentum equation in (2.8)) before the expansion, as at the PDE level. Let

P P
Mip)= [ o Ny = [y (1)
q P q
with ¢ > 0 being a constant independent of p.
We then write the last two terms on the left hand side and the right hand side of the momentum
equation in , into the multiplication of p and a term of divergence form:

e The two terms involving p"*!.

1 n n+1 a” n+1 a" n+1 n+1 a” n+1 n+1
20 Vp — 2P Vlnpoze—z[Vp —p Vlnpo]zg—Qp [VM(p )—Vlnpo].

The last equality holds due to the definition of M (p) in (3.1).

e The two terms involving p".
n

1 e a

2V [p(p) — a(t)p]” + ol Vo + 2P V In pg

1
:8—2

1 n n — " nv "
=50 [’YA(P )2V + Vo —a pﬁ

[YA(P") IV = a"Vp" + a"p"VInpg + p" Vo],

+a"Vinpgy|,

1
= 0" (VN (") + V6 — a[TM (") ~ Vi po]].
The last equality holds due to the definitions of N(p) and M (p) in (3.1

Hence, the momentum equation can be rewritten as,

(pw)"* — (pu)"
At

1
+V-(puew) + " [VN(p") + Vo

n T an 3 V0
—a"[VM(p") — Vlnpo]] + ol +1 [VM(p 1y — Vinpg] =0. (3.2)
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Definition 3.1. (p™,u™,v"™) are said to be well-prepared data if they satisfy,

71
P = (1‘ A ) + 0% =po+ @ +0(®), V- (ppu®) =0 (3.3)

Lemma 3.2. Choose (p™,u",v") to be well-prepared and let ag as in (2.5), then when ¢ < 1,

L= 0" [VN(") + Vg — a[VM (") — Vi pol] = po¥ [(N (") — ag(M ()] + Oe).

Proof. Let the expansion of a™ be given by
a" = a0 4 e 4 26" L O(3). (3.4)
Due to (3.3)), from the definition a(t) = (1 — £2) min {p’(p)}, we find

aOn = mxin {p'(po)} = ap, am = 0. (3.5)
Moreover, the expansions of M (p") = M™ and N(p") = N" around p(©) are given as
M"™ = M(p") =M (po + e2p®n 4 0(e%),
=M (po) +&°p®" M (po) + O(e*), (3.6)

N" = N(p") =N(po) + *p®"N' (po) + O(£?).
Due to the definition of pg, we have
1

In(po)’t=In(1- 1 —~
n(po) ( ~A )
Thus,
-1
Vp —tx Vo
(’7 - 1) 0 = - ~—1

which gives
(VM™)©) —Vinpy = VM(py) — Vinpy = 0.
Similarly, using the definitions of N(p) in (.1]), we have
(VN")® + V¢ = VN(po) + V¢ = 0.
Therefore, from the above results, we ﬁnd
=2 [(VN") + V¢ — aO[(VM™© — Tin pOH

+= [(VN")U) —a (v MmO — I [(vM™)O) — Vin pOH

g
+ po [(VN")@) — a0 (vMm™) @ — Mg — (T MO — Vin pg]]
+p@n [(FN)O 4 V6 — O (VMO = Vn o) | + O(e)

=pO (VNP — O (T ™) P] 4+ O(e)

=V (V") — ag(M™)) + O(e).
Hence, we conclude the proof of the lemma. |

Then we compare (9(8%) terms in the momentum equation (3.2)) and the only terms left of order

1
7 are

a(O)np( )n+1 [(VMTL-‘Fl)( ) Vhlp()] —-0.
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Since a(o)” = ag 7& 0, when p(O)n—i-l # 0,
(VM"+1)(O) = V1n po, (3.7)
which yields
1 1
Vin(pO" ) = Vin(1 - )7,
Thus

(O)n+1yy—1 _ -1
In(p ) In(1 A )+ e,

and pO"*1 gatisfies

1
On+1 _ -1
p c <1 A (b) .

Here c¢ is an arbitrary constant determined by the boundary condition of p. If the boundary condition
of p does not change with time, from the definition of ¢(z), we find pO"+! = py. The (’)(%) terms in
the momentum equation (3.2)) are

a(O)np(O)nJrl (VMnJrl)(l) + (a(O)np(l)nJrl + a(l)np(O)nJrl)v[M(O)nJrl “1In PO] _ 07

Due to ([3.7), (VM) = 0. The boundary condition of p"*! leads to p(N"+! = 0.

Now compare O(1) terms in the density equation in (2.8)),
0)n+1 _
At

Because pOnt1 = 507 — 51 is time independent and the initial data are well prepared, then equation

B3) gives

0)n

( (
. F— tav- () (1= )V - () =0, (3.8)

V- (pou®" 1y = 0. (3.9)
Compare O(1) terms in the momentum equation,

0),.(0)\n+1 0)47(0)\n

+ a(O)np(O)n—l-l(VMn—l—l)@) + (a(O)np(l)n—l—l + CL(l),np(O)n+1) (VMn-l-l)(l)
+ (a(O)np(2)n+1 + a(l)np(l)n-H + a(2)np(0)n+1) V[M(O)”“ —In Po] = 0.

Using the fact that pO7+t = p(On = p; is constant in time, (VM"11)(0) = V1n pg, and (VM1 =
0, the equation simplifies to,

(0)n+1 __
At
Therefore, as € goes to zero, the solution of ([2.8]) converges to

(O)n

2 +uOry . aOn f V(N oM+ aoMH)P) = .

u

V. (IO(O)u(O))nﬂL1 =0,
0)n+1 _ (0 3.10
M +u@v . O 4 (vt =g, (3.10)
At
with W+ = N — agM™ 4 agM™ . Therefore, (3.10)) is a good discretization of the incompressible
limit equations (|1.7]) and the semi-discrete scheme (2.8]) is AP.

10
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3.2. The AP property of the fully-discretized scheme

As we did at the PDE level, we take the gravitational terms in the momentum equations in system
(3.11)) to the left-hand side and reformulate the system as follows:

n+1 _n Jaid Up,z r UPI Fn Up,y —_(F™ Up,y
Pirditd Pirdavd 4 ( )i+1,j+1 ™) ity 4 (F )i+%,j+1 ( )i+%,j
At « Az Ay
e N NS T e i e G i
_ rhd »ITS T3] itg.J
+(1 —«a) e + Ay =0
n+41 n+1 _.n u,x _u,T
Pigritii+d pw+2uw+2 I §,+7 J+d Ci—%,j-!—% n Gt =6
At Az Ay
+Lp0 DT N"4+D* [ ¢—a[D* ,M™— D | Inp (3.11)
2l 3 [ Tii+s ij+3 Lj+3 L+
a™ 'rl+1 D* Mn+1 D= 1
= v v n =0
te pi7j+%[ ijt+s ij+3 pol =0,
n+1 n+1 _ v,y _ Y
pz+§ i ity pz+g J z+g ¥ + C;J.;_zl,j—ﬁi,’f + <i+§,j+% Ci+ i—
At Ax Ay
1 n Y n Y _on[ny n _ NY
=L [D. NUEDY 6= at[DY, M" = DY, np
nT [ pY Mn+1 Dy 1
n = O
+4 0 IRl i1 npol =
with
¢ g Gitg.g+5 ~ Yi-35+3 DY g= Git+dg+3 ~ Yi+}i-3
i,j+35 Az ’ i+1.,j Ay

for arbitrary function ¢ We will show the AP property based on (3.11)).
Assume that the Chapman-Enskog asymptotic expansion of the discrete variables are

n _ (O)n (Hn 2 (2)n
pz+2,1+2 pz+2,g+§ +€p1+2, i+ Tep z+2,J+§ + -
n (0)n (n 2, (2)n
ij+L —uZ +;+€U7+2+€ u7+%+
n — ,0n (Ln 2, (2)n
UZ.J%J. +§7 +5v+27 —I—z-: UZ+§7 + ...

Definition 3.3. The discrete data (p,u,v) are said to be well-prepared if they satisfy,

1
n _ v—1 7T 2 (0)
Pivkith = <1 - 7A¢i+;,y’+1> TOEN) =py 5y +0E)
(F(o)n)Up,x - (F(O)n)U;D,ﬂC1 (F(O)n)Upy _ (F(O) )Upy (3'12)
7’+17.]+§ Z’]+§ —'— i+ 7.7+1 Z+27.] — 0
Az Ay ’

where (F©Om)Upe (FOmUpy are defined as in (2.14) with p"*!, w1, v"*1 being replaced by p(O,
O apnd 2O
u®" and v(07,

Lemma 3.4. Choose (p™,u",v"™) to be well-prepared, then

1
Fa = Fhig [Dl:”INn + D@ = @D M = D lnpo]]

(0) T n(2) n(2)
= o0 DY [N aM™] + O(e).

11



F. KANBAR, C. KLINGENBERG, & M. TANG

Proof. It is easy to check that

D? M(p(o))—D?Jrl Inpg =0, DY . M(p®)—=DY | Inpy=0,
1+3,]

z]+ ’H‘é,J
A
@ pOy = 2 p© _pz y (0) y _
DJ+§N( )= 7—1D J+2( ! ng+1¢’ D ;jN(P )+Dz+§u¢ 0, (3.13)
ny () _ n) (@) ny (1) _ ny (D) _
(D$J+5M ) (fo]+2N ) =0 (Di/ﬂuM ) (Dy a )

The expansion of a” is the same as in , . Now, let’s look at the expansion of L£;. Noting
a®" = qq and (3.13)), we have

1 o r n i T n T
L4 :? z(j)+l [(D 7]+ 1IN )( ) + D! ,J+1¢ — a(O [(D ,J+%M )( ) _ Di, ‘+l IH,OQ]]
+ i (D5 N - <”<Df+ﬂW%<> D MO = D2y o]
+ ’0(7J)+2 [(Dm,ﬁ- N D$7J+1¢ —al’ [(Dx +1Mn)( ) - Diﬁr% In 90]} +0(e),
0)n T n n
:pg,j)+%Di,j+% {(N )@ — ag(M™)P | + 0OCe),
which conclude the proof. |
Similarly,

1
o D
52pi+§,j[ i+l

=3 Dl |V —a <Mﬂ<ﬂ+0@»

7N"-|-Dy ) ¢—ad[D§/+ ’M” Di’_i_ L In po]

Comparing the (9(6—2) terms in the momentum equation in the z-direction, one gets

0)n+1
aopij):% (D75 MO = DTy npo] = 0. (3.14)
Because ag # 0 and pl(,(;)f; ! # 0, then
T3
x O)n+1 _ nx o -1 L
Di,j—s—% Inp —Di7j+%ln(1 A )71,
Hence, the boundary conditions of p"*! yield

1
Om+1  _ [, v—1 -1
Piviivt = <1 A ¢i+§,j+§>

Similar result can be obtained from comparing O( 1) terms in the momentum equation in the y-

(© ) 1 is independent of time. Similarly,

direction. From the above calculations, we deduce that p; T
2’ 2

comparing O( ) terms in the momentum equation gives p(+) il = = 0. From O(1) terms in the density
equation, !
(o\Upz _ (0)\Up,z (0)\Up,y _ (0)\Upy
N (£ )i+1,j+% (7" )u+— (7" )z‘+é,j+1 (7" )z‘+%,j
Az Ay
n+1(0)\Up,z n+1(0)\Up,z n+1(0)\Up,y _ (Fn+1(0\Upy
F(1—a) (F )z+1,3+2 (F ) ity . (F )i+%,j+1 (F )z‘+%,j _0
Az Ay -

12
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Then since and p( +) il is time independent, from (2.14)) and ({ -, one has
2’ 2

(p(O) [un+1(0) ]+ (0) [un—i-l(O) ]—) _ (p(O) [un—i-l((])]-i- (0 [un-‘rl(o)]—)

it dgtd Mirgedd 7 P et Ml i—+5 Mg+l i+1+5 Mg+l
Ax
(0) nt1(0) 1+ (0) nt1(0) 1=\ _ ((0) nt10)7+ _ (0) n+1(0)7 -
N Iy O el Ry e part Cafweet B Rl Cove Wt Cifivd Ry owe it g ) 0
Ay '
(3.15)

Comparing O(1) terms in the momentum equation in z-direction and using (3.14)), the equation
can be simplified to,

un+1(0) . un(O) Cu,x gu T

ij+% ij+3 L Pitgj+s  Cimgits i L G — G
At Ol Az /0 Ay
ij+3 bt
+ D741 (N — ag(M™)® + ag(M™H)P)] = 0

Finally the momentum limit equation in the z-direction is,

n+1(0) _ n(0) u,x u @)n+1 1 (2)n+1
Bigty " Mgty 1 Ciidgrl Sl oL GG Wirdgrg “Wiltj1 .
At p(O) Az p(O) Ay Az '
ij+3 i+
(3.16)
Similar calculations are performed on the momentum equation in the y-direction, which yields
n+1(0) _ n(0) v,y Uy 2)n+1  -(2)n+1
Z+%7J 7’+%7] 1 CZ)-;-li,] - C:;E + 1 <Z+27.]+2 C/L+2)]_7 + WZJ"%J"’% Wz""%v.]_% — 0
At p(o) Az p(O) Ay Ay '
i+5.d i+5.
(3.17)

Therefore, the fully-discrete incompressible limit system is (3.15[)-(3.17)). It is not difficult to check
that (3.15))-(3.17)) is a consist discretization of the incompressible limit system (|1.7]).

3.3. The WB property of the scheme

In this section we prove that the developed AP scheme for the isentropic Euler equations with gravi-
tational source term is WB. The stationary state under consideration is
1
s s _ s _ Y 1 F-1
Uigrs Uikt =0 Pipigel T (1 B 77¢i+%d+%) '
Theorem 3.5. If the solution at time t" is stationary, i.e. (p"
L,

TL n S S S

oot )=, ,ud . 1,00
i+l g+l il z+%,]) (pz+%,y+§’ Wj+y z+§,y)’
then it does not change at the next time

Proof. By substituting ( IERIEE Zj+%’v?+%,j) = (pf+%’j+%,uf’j+%,vf+%’j) into (3.11)), it is easy to
check that
DI N"+ DI 16=0, DY, N'+D', 6=0,
+3 J+35 i+3.,j

T n x _ Y n
D’]Jr%M Di7j+%lnp0—0, Di+%,jM +27 Inpg =0,

13
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and for Ve, (3.11)) becomes

n+1

_n n+1\Up,z _(n+1\Up,z n+1\Up,y _(n+1\Up,y
Pivl i+l Pirljtl 7 )i+1,j+l (7 )i,j+l F )¢+l,j+1 (7 )i+l,j
2 2 2 2 + (1 _ a) 2 2 + 2 2 — O
At Az Ay -
n+1 n+1
P, . 11U, 1
Lits bits a™ n+l T n+l _ e — (318)
e L e Dl jry mpol =0,
+1 n+1
P7.L 1 Vo1
i+35.J H35.Jd a” n+l Y n+l _ Y _
One can check that (p?jj j+l,u?jil,v?:fj) = (P}, 1 WU j) satisfies (3.18)), this concludes
27 2 ) 2 27 2 2 ? 2 27
the proof of the WB property of the fully-discretized scheme. [ |

4. Numerical Results

In this section, we validate the AP and WB properties of the 1D and 2D numerical schemes. Test cases
are chosen for the isentropic Euler equations with and without gravitational source term. Note that,
in the absence of the gravitational source term, the developed scheme is the AP scheme developed
by Goudon et al. [I1]. As in [I1], we choose a = &% and [ = 0 in the definition of a(t) in (2.5)for all
numerical test cases.

4.1. 1D test cases
4.1.1. 1D Riemann problem

In order to validate the robustness of the 1D numerical scheme, we extract from [I1] a 1D Riemann
problem for different values of €. The initial conditions are

1+¢e? if z<0.5,
,0) =
p(z,0) {1 if 2> 0.5,

(@, 0) = 1—¢ if <0.5,
" Y146 if x>0.5.

The pressure is given by p(p) = ApY with A =1 and « = 2. The solution is computed in the interval
[0,1] over 200 grid points for At = Az, with = 0.2,0.1 or 0.01. To test the AP property of the
scheme, three different cases for different values of € are considered. The density and the velocity are
illustrated at the final time T = 0.1 for ¢ = +/0.99 and 8 = 0.2 in figure [2, at the final time T = 0.05
for e = /0.1 and B = 0.1 in figure [3, and at the final time 7" = 0.007 for ¢ = +/0.001 and S = 0.01 in
figure {4l In the cases where ¢ is small (¢ = /0.1 or 1/0.001), the AP scheme gives relevant results for
B = 0.2, while explicit scheme simply returns negative density. By adjusting 5, the AP scheme gives
better results, and the explicit scheme returns positive density. For more details about the comparison,
please refer to section 3.1 in [II]. The plots are in prefect match with the ones in the Literature. The
solution can still be captured as e gets smaller which proves the AP property of the 1D scheme.

4.1.2. 1D steady state

As proven analytically, the AP scheme is also WB. To prove numerically the WB property of the
scheme, we simulate a steady state solution and prove numerically that the scheme preserves the

14
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2 : : 2 :
-0 =0
18 | Tfinal=0.1 | | Tfinal=0.1
16 - 15 F
14 |
12 r 1F
1 |-
08 | 05 |
0.6 -
0.4 ‘ ‘ ‘ ‘ 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
FIGURE 2. 1D Riemann problem: density (left) and velocity (right) initially and at the
final time Tfinal=0.1 for ¢ = v/0.99 and 5 = 0.2.
1.1 : : 14 :
T=0 T=0
108 I Tfinal=0.05 | | 1.3 Tfinal=0.05 7
12}
1.06 |
1.1
1.04 | 1
1.02 | 0.9 r
08 |
1 L
07 &
098 06 f
0.96 : : : : 05
0 0.2 0.4 0.6 0.8 1 0 02 0.4 0.6 08 1

FIGURE 3. 1D Riemann problem: density (left) and velocity (right) initially and at the
final time Tfinal=0.05 for ¢ = +/0.1 and 8 = 0.1.

steady state. One example of a steady state for the isentropic Euler equations with gravitational

source term is
1

plx) = (1= o) (4.1)
u(z) = 0.

With the pressure law given as p(p) = Ap” where A = 1 and v = 1.4, and a gravitational potential
¢(x) = z. At the PDE level, is a steady state solution. The computational domain is the interval
[0,1] discretized over 200 grid points. We choose ¢ = 1/0.99 and At = Az with § = 0.01 With
the knowledge that the scheme should preserve the steady state independent of the choice of €. We
run our simulations till the final time ¢ = 0.1 and compare it to the steady state solution in figure
The density plot at the final time lies exactly on top of the initial density. The velocity error is
approximately 10~7 and this error stays as it is as time increases, an indication that the scheme has
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1.001 . . ‘ ‘ 1.04 . . . .
1.0008 | Tfinal=0.007 | | 1.03 ¢ Tfinal=0.007 /
1.0006 | 102
1.01 ¢
1.0004 |-
1 L
1.0002 |
0.99 ¢
1 .
/ 0.98 |
0.9998 r 1 097
0.9996 : : ‘ : 0.96 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

FIGURE 4. 1D Riemann problem: density (left) and velocity (right) initially and at the
final time Tfinal=0.007 for € = 1/0.001 and 8 = 0.01.

reached the numerical steady state. It is worth mentioning that no well-balancing treatment is applied
here. In other words, the AP schemes with their IMEX structure fulfill the need for any SP treatment.
At least for the isentropic Euler equations with gravitational source term, the SP property follows
from the AP property.

-7
1 3 x10
09 25 %
it
2% 1
08 | HIR }
[IERY
150 3
5 ik
0.7 + Q
|
0.6 | |
05 .
1 m "\.
0.5 ol i Seo
T R T -
|
04 L L L L _05
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

F1GurE 5. 1D steady state: profile of the density (left) and the momentum (right)
initially and at the final time ¢ = 0.1 .
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4.2. 2D test cases
4.2.1. 2D Riemann problem

An extension of the 1D Riemann Problem is considered in this section. The initial data are given as

p(z,y,0) = {

14+¢? if <0.5,
1 if x> 0.5,

1—¢ if x<0.5,
1+¢ if >0.5,

’U,(.%',y,O) - {

v(z,y,0) = 0.

The 1D flow in 2D setup takes place in the direction of the horizontal velocity. The computational
domain is the square (0,1) x (0, 1) divided into 200 x 200 grid points. A comparison between the 1D
results and the 2D cross sections is illustrated. The density and the velocity are plotted at the final
time T = 0.1 for ¢ = v/0.99 and 5 = 0.2 in figure @ at the final time T = 0.05 for ¢ = v/0.1 and
B = 0.1 in figure |7, and at the final time 7" = 0.007 for ¢ = 1/0.001 and 8 = 0.01 in figure [8 The
results show the accuracy and the robustness of the 2D scheme — as well as the AP property.

2 pr————— S 2 e
. T=0 T=0 ,,
1.8 \ 1d-Tfinal=0.1 1 Tfinal=0.1 /
\‘ = = = 2d-Tfinal=0.1 = = = 2d-Tfinal=0.1 P 4

L 4 L V4

1.6 \ 1.5 /
\ /
14 1} /
LY /
L \ 4
Q12 \ S 1 i
\ 4
1 \ y i 4
\ / 4

L AN / 4 L
0.8 N/ 0.5 "
0.6 1 1’

4

04 I I I 1 0 ----- o

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

X X

FIGURE 6. 2D Riemann problem: density (left) and velocity (right) initially, and at
the final time Tfinal=0.1 for € = +/0.99 and 8 = 0.2.

4.2.2. 2D steady state

In this section, we test the SP property of the 2D scheme. An extension of the 1D steady state along
the y-axis is considered

p(r,y) = (1 - 77_141¢(:r,y)> o : (4.2)
(4.3)

with zero velocity field u = 0 in the square (0,1) x (0, 1) over 200x200 grid points, and a gravitational
potential ¢(z,y) = x. A direct comparison between the 1D plots and the 2D cross sections is illustrated

17
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1.1 - " T T 1.4

T=0 T=0
1.08 I Tfinal=0.05 ] 1.3 ¢ Tfinal=0.05 /
- = = 2d-Tfinal=0.05 | p | == =2dTrinal-0.05
1.06
1.1
1.04 t 1 b
Q S
1.02 | 0.9 r
08 f
1 L
07 &
098 t 06 -
0.96 . . . : 0.5
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

FIGURE 7. 2D Riemann problem: density (left) and velocity (right) initially, and at
the final time Tfinal=0.05 for ¢ = +/0.1 and 5 = 0.1.

1.001 ‘ : 1.04 :
T=0 T=0
L Tfinal=0.007 i 1.03 t Tfinal=0.007
1.0008 i tinale0.007 = = = 29-Tfinal=0.007 /
1.02
1.0006 r
1.01
1.0004 |-
Q 3 1
1.0002 r
0.99
r / 0.98 |
0.9998 1 0.97 ¢
0.9996 : : : : 0.96 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

FIGURE 8. 2D Riemann problem: density (left) and velocity (right) initially, and at
the final time Tfinal=0.007 for € = 4/0.001 and 8 = 0.01.

in figure [9] This test case proves that the 2D AP scheme preserves steady states numerically without
the need for any extra well-balancing, which is a strong statement, suggesting that we can prove, so far
(analytically and numerically), for AP schemes for the isentropic Euler equations with gravitational
source term.

4.2.3. 2D translating vortex

A traveling vortex from [I1] is considered in this section. The computational domain is the square
[0,1] x [0, 1] discretized over 32x32 grid points with ¢ = 0.8 and At = 5 x 10~*. The initial data are
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1 3 %107
T=0 T=0
o 1d 20 1d
0.9 ®  2d-cross section 1 2d-cross section
0.8 0 | A
_1 H 4
Qo7 S #
Qoo ]
06 - 3t
4+
05 |
_5 .
0.4 : : : : 6
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
FIGURE 9. 2D steady state: profile of the density (left) and the momentum (right)
initially and at the final time ¢t = 0.1.
given as
2
0)=110+ —— 4.4
Pl y,0) =110+ s (), (4.4
u(x, Y, O) =1+ g(T’)(05 - y)7 (45>
v(x, y70> =+ g(r)(ac - 05)7 (46>
(4.7)
with

r=dn((z — 0.5)2 + (y — 0.5)%))2,
f(r) = (15)2A(r)(k(r) — k(m)),
g(r) = 1.5(1 + cos(r))A(r),

A(r) =1y<p.

The pressure law is given as p(p) = %pz and vy = 0.6,v1 = 0. We compare our computed numerical
solution to the exact solution,

p(x,y,t) = p(z — vot,y — 11t,0), (4.8)
u(x,y,0) = u(x — vt,y — 11t,0), (4.9)
v(z,y,0) = v(x — vt,y — 11t,0). (4.10)

(4.11)

The vortex gets translated at speed (vp, v1), as one can see in figure We present initially and at the
final time, the horizontal velocity in figure [T1], and the vertical velocity in figure [I2] To avoid spurious
oscillation, we set [ in definition of a(t) to 1.

4.2.4. 2D stationary vortex

For our last test case, we consider a stationary vortex for the system of isentropic Euler equations
with gravitational source term. The aim is to prove that our numerical scheme is both WB, as for a
fixed €, the vortex is a stationary solution of the system and AP, as the numerical solution becomes
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100.99
100.985 |
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109.975 .

109.97 .
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1
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’ oy x Y 0 o X

T = 0,min; j p; 1 ;41 =109.9690 T =0.5,min;;p,y1 ;1 = 109.9951

1
2

110 - v T -

- = =t0
t=0.5 | |

109.995 \ !
109.99 | \ 1
109.985
109.98
109.975 | 1

109.97 3

109.965

cut

F1GURE 10. Translating vortex: the initial (left) and final (middle) profile of the density
p, and a cross section (right) along y = 0.5 as a function of x — voT.

a solution of the incompressible version of the isentropic Euler system as & goes to zero. We take the
vortex for the shallow water equations defined in [I8], and we change its initial data to fit the the
rescaled shallow water equations. The initial condistions are given as,

r2

p(a:,y,t) = 1_¢(x7y)’ U(t,l‘,y) :yel_ ) U(t>$ay) = _xel_TQ'

Here 72 = 22+ 42, ¢(x,y) = %62(177"2) +0.2¢%-5(1-%) is the gravitational potential. The pressure law is
p(p) = Ap” with A = 3 and v = 2. The vortex rotates in the computational domain (—1,1) x (—1,1)
with steady state boundary conditions over 32 x 32 grid points. Figure illustrates the profile of
the velocity ¢ = vu2 + v2 initially and at the final time ¢t = 1 for ¢ = 107,1072,1073,10~%. The
significance of this test case lies in the fact that the scheme preserves the steady state and at the same
time converges as € goes to zero. The result ensures the ability of our numerical scheme to preserve

steady states and to capture the solution as € gets smaller. This test case proves that the developed
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30 30
25 25
m
20 20
> >
15 15
10 10
5 5
5 10 15 20 25 30 5 10 15 20 25 30
X X
T = 0, min; ; Uj gyl = 0.4098, T = 0.5, min; ; U gyl = 0.52,
max; j u; iy 1 = 0.7902. max; j u; j 1 = 0.67.
0.8
0.75
0.7
0.65 r
0.6
0.55 r
0.5 r
0.45 L
v
\v
04 L L L L
0 0.2 0.4 0.6 0.8 1
cut

FIGURE 11. Translating vortex: the initial (left) and final (middle) profile of the hori-
zontal velocity u, and a cross section (right) along x = 0.5 + vyT as a function of y.

numerical scheme for the system of isentropic Euler equations with gravitational source term is both
AP and WB for all .

5. Conclusion

In this paper, an AP and WB scheme is proposed for the isentropic Euler equations with gravitational
potential. The AP property is achieved by adding and subtracting certain terms that incorporate
information about the spatially nonuniform density equilibrium. The WB property is achieved by
introducing a special spatial discretization for both the source term and the pressure term, thereby
balancing these two terms across all Mach numbers.
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30 30 -
25 25
20 20
> >
15 15
10 10
5 5
-
5 10 15 20 25 30 5 10 15 20 25 30
X X
T = 0,min; jv; 1 ; = —0.1902, T =0.5,min; jv; 1 ; = —0.069,
max; ; v; 1 ; = 0.1902. max; ; v; ;1 ; = 0.063.
0.2 ‘
5
A
0.15 | r— t=0.5
1 \
01+
0.05 -
0 L
-0.05
-0.1
0.15
0.2 L L L L
0 0.2 0.4 0.6 0.8 1
cut

FIGURE 12. Translating vortex: the initial (left) and final (middle) profile of the ver-
tical velocity v, and a cross section (right) along y = 0.5 as a function of x — voT.

The proof of the AP and WB properties at the semi-discrete level clearly depends on the pressure
law and the fact that we are dealing with the isentropic case. Extending the current work to the full
Fuler equations with gravity is planned for future research.
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AP AND WB FOR EULER
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FIGURE 13. Steady vortex: the velocity ¢ = vu2 + v? initially and at the final time
for different values of € on 32 x 32 grid points.
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