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Abstract. In a variety of scientific and engineering domains, the need
for high-fidelity and efficient solutions for high-frequency wave propa-
gation holds great significance. Recent advances in wave modeling use
sufficiently accurate fine solver outputs to train a neural network that
enhances the accuracy of a fast but inaccurate coarse solver. In this
paper we build upon the work of Nguyen and Tsai (2023) and present
a novel unified system that integrates a numerical solver with a deep
learning component into an end-to-end framework. In the proposed set-
ting, we investigate refinements to the network architecture and data
generation algorithm. A stable and fast solver further allows the use
of Parareal, a parallel-in-time algorithm to correct high-frequency wave
components. Our results show that the cohesive structure improves per-
formance without sacrificing speed, and demonstrate the importance of
temporal dynamics, as well as Parareal, for accurate wave propagation.

1 Introduction

Wave propagation computations form the forward part of a numerical method for
solving the inverse problem of geophysical inversion. This involves solving the
wave equation with highly varying sound speed many times in a most efficient
way. For instance, by accurately analyzing the reflections and transmissions gen-
erated by complex media discontinuities, it becomes possible to characterize
underground formations when searching for natural gas. However, traditional
numerical computations often demand a computationally expensive fine grid to
guarantee stability.

Aside from physics-informed neural networks (PINNs) [1,2] and neural oper-
ators [3,4], convolutional neural network (CNN) approaches yield remarkable
results [5-7] to improve the efficiency of wave simulations, but demand pre-
ceding media analysis and tuning of inputs. Furthermore, numerical solvers are
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avoided to prioritize speed [8]; especially for extended periods, these methods
can diverge.

Therefore, combining a classical numerical solver with a neural network to
solve the second-order linear wave equation efficiently across a variety of wave
speed profiles is a central point of our research. We take a first step by expanding
the method of Nguyen and Tsai [5] and build an end-to-end model that enhances
a fast numerical solver through deep learning. Thus, component interplay is opti-
mized, and training methods can involve multiple steps to account for temporal
wave dynamics. Similarly, while other Parareal-based datasets [5,9] are limited
to single time-steps to add back missing high-frequency components, a cohesive
system can handle Parareal for sequential time intervals.

Approach and Contribution. An efficient numerical solver Ga,ut = Ga,[1, ]
is used to propagate a wave u(x,?) = (u, ;u) for a time step ¢ + At on a medium
described by the piecewise smooth wave speed ¢(x) for x € [-1, 1]?. This method
is computationally cheap since the advancements are computed on a coarse grid
using a large time step within the limitation of numerical stability; however,
it is consistently less accurate than an expensive fine solver Fa,u = Fa,u, c].
Consequently, the solutions Ga,ut exhibit numerical dispersion errors and miss
high-fidelity details. In a supervised learning framework, we aim to reduce this
discrepancy using the outputs from Fa, as the examples.

We define a restriction operator R which transforms functions from a fine
grid to a coarse grid. Additionally, for mapping coarse grid functions to a fine
grid, we integrate a neural network 7? to augment the under-resolved wave field.
We can now define a neural propagator Wa,[u, ¢, 8] = ‘I’i , that takes a wave field u
defined on the fine grid, propagates it on a coarser grid, and returns the enhanced
wave field on the fine grid,

Upy1 = U(x, 1 + Af) = Fau, = ‘I’ztun = 799G\ Ru,,. (1)

The models are parameterized by the family of initial wave fields &,, and wave
speeds &.

2 Finite-Difference-Based Wave Propagators

We consider smooth initial conditions and absorbing or periodic boundary con-
ditions that lead to well-posed initial boundary value problems. Since we are
interested in seismic exploration applications, both boundary conditions can be
used to simulate the propagation of wave fields with initial energy distributed
inside a compact domain. Following the setup in [5], let Qnu denote a numerical
approximation of Au with discretized spatial and temporal domains, i.e.,

Oreu(x, t) = CQ(X)Qh“(x’ t). (2)

For the spatial (Ax, 6x) and temporal spacing (At, §¢) on uniform Cartesian grids,
the approximation (u, u;); ~ (u;, c2Qpnu) can be solved by a time integrator:
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e Coarse solver Gp+ := (SAQthz)M with A* = MAt, which operates on the

lower resolution grid, AxZ? x AtZ*. Qp is characterized by the velocity
Verlet algorithm with absorbing boundary conditions [10].

e Fine solver F := (S‘SQX"&)’" with Ar* = mét, which operates on the higher

resolution grid, 6xZ? x 6tZ*, and is sufficiently accurate for the wave speed.
We shall use the explicit Runge-Kutta of forth-order (RK4) pseudo-spectral
method [11]. Since this approach is only suitable for PDEs with periodic
boundary conditions, we first apply Fa,+ to a larger domain and then crop
the result.

Model Components. As the two solvers operate on different Cartesian grids,
with 6x < Ax and 6t < At, we define the restriction operator R, which trans-
forms functions from a fine to a coarse grid, and the prolongation operator 7,
which maps the inverse relation. The enhanced variants consist of (a) bilinear
interpolations denoted as R and I°, while 7°Ru # u, and (b) neural network
components denoted as 7% = ATT, Atg*A, while the lower index indicates that the
neural networks are trained when the step size Ar* is used. For improved neu-
ral network inference, we use the transition operator A to transform physical
wave fields (u,u;) to energy component representations (Vu, ¢~2u;), with AT as
the pseudo-inverse (see also [5,12]). Figure 1 provides a schema visualizing the
wave argument transitions.

Variants of the Neural Propagators. A simple model with bilinear interpo-
lation (E2E-V, T O‘{‘g +R) is used as a baseline. Each variant changes the baseline
by exactly one aspect. This allows us to isolate the effect of each architecture

modification. The four investigated end-to-end models \Pz o =4 Af* GarxR are:

input R"  coarse solver encoder decoder + enhancement output
T 1 0 1 1 I~

M convolution block W striding block
@ bilinear downsampling O bilinear upsampling
> skip connection M 3x3 convolutional layer

o

3 3x128x128

4x128x128

Fig. 1. Detailed schematic of E2E-JNet3 (adapted from [5]). Each convolutional block
(blue) encompasses a 3 X 3 convolutional layer (groups = 3, padding = 1), followed by a
batch normalization and a ReLU activation function. Connectivity within the network
is depicted by arrows, with the dashed arrow specifically indicating a single application

of QA,* .
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E2E-JNet3: E2E 3-level JNet (Fig.1)
E2E-JNet5: E2E 5-level JNet
E2E-Tira: Tiramisu JNet [13]
E2E-Trans: Transformer JNet [14]

The second baseline is taken from [5] and denoted as the modular, not end-
to-end 3-level JNet (NE2E-JNet3), IAI(’* (GarxR), while results of Gas+ are used
to separately train the E2E-JNet3 upsampling component.

3 Data Generation Approaches

For optimal results, the training horizon must be long enough to contain suffi-
ciently representative wave patterns that develop in the propagation from the
chosen distribution of initial wave fields. Yet the number of iterations must
remain small to maintain similarities across different wave speeds. Similar to [5],
we chose to generate the dataset in the following way:

1. An initial wave field 1y = (ug, po) € By, is sampled from a Gaussian pulse,

_|x+‘r\2

up=e o2 ,po =0y =0 (3)

with x € [-1,1]?, 0%2 ~ N(250,10) and the initial velocity field pg. 7 €
[-0.5,0.5]? is the displacement of the Gaussian pulse’s location from the cen-
ter.

2. Every ug € §,, is then propagated eight time steps Ar* = 0.06 by Fa,«. We
adopt the fine grid settings for the spatial (6x = %) and temporal resolution
(61 = 355) from [5].

The wave trajectories u,.1 = Fas+U, provide the input and output data
for the supervised learning algorithm, which aims to learn the solution map
‘I’z[* XY

X :={(Vuy, C_Q(un)tv o)}
Y = {(Vitns1, ¢ (1))}

where D = {(x,y)} with x € X, y € Y. D is modified to create D, D*™ (Subsect.
3.1), and DP (Subsect. 3.2). For brevity, the dataset is only specified if the model
is trained on a modified version; e.g., E2E-JNet3 (D™) is the E2E-JNet3 model
trained on D™.

(4)

Wave Speeds c¢ ~ §. are sampled from randomly chosen subregions of two
synthetic geological structures, Marmousi [15] and BP [16], that are mapped
onto the spatial grid AZ% N [-1,1]? (see Fig.2). Four manually modified media
(cf. [5]) are added during testing to examine rapid variations in wave speed.



16 L. Kaiser et al.

Fig. 2. Velocity profiles. Brighter colors indicate higher velocity, while randomly cho-
sen subregions are shown in red squares. Marmousi and BP profiles are drawn with a
probability of 30% each, and the other velocity profiles with a probability of 10% each,
respectively.

3.1 Multi-step Training

During evaluation, the end-to-end model ‘I’gt is applied multiple times to itself
to iteratively advance waves over the duration At. It comes naturally to include
longer-term dependencies also in our training dataset. For k time steps, we there-
fore introduce a multi-step training strategy that modifies Eq. (1):

Uik = Wty + KAL) = (Far) 1, ~ (P9 )1, (5)

By computing the gradient with respect to the sum of consecutive losses, the
gradient flows through the entire computation graph across multiple time steps.

For each initial condition ug, Fa, is applied N times with solutions denoted
as u,,¥n € Uy := {0,...,N}. In random order, ‘I’zt is applied to every u, for a
random amount of steps k € Uy := {n+1,..., N —n}. Formally, the optimization
problem can therefore be described as:

1
min L(¥5,;D) = min — 15 20 = (Far) unllz, -
QeRmxn O eRmxn |D| énN(l;\:{N} k;& h
n<k<N-n

(6)
The norm ||-||%h is the discretized energy semi-norm MSE as detailed in [5].
We draw both n and k from the uniform random distributions, i.e., n ~
U, and k ~ U, respectively. The novel dataset is denoted as D™ =

{(Vuk, c72(ub)s, ¢; Vigar, 2 (une1)e)}-

Weighted Approach. Since in the model’s initial, untrained phase, feature
variations can be extreme and may lead to imprecise gradient estimations, we
alm to accelerate convergence by weighting individual losses. Therefore, rather
than drawing k ~ Uy from a uniform distribution, we select values according to a
truncated normal distribution TN(y, o, a, b) from the sample space represented
as —oo < a < b < oo. This focuses on minimizing the impact of errors in the
early training stage. After every third epoch, the mean u is increased by one to
account for long-term dependencies. We refer to this dataset as D*"™.



Efficient Deep Numerical Wave Propagation 17

3.2 Parareal Algorithm

Identical to [5], our implemented scheme iteratively refines the solution using
the difference between F5; and Ga, for each subinterval At. In particular, missing
high-frequency components occur due to the transition to a lower grid resolution,
or a too simple numerical algorithm. Therefore, a more elaborate model ‘Pgt is
required for convergence. Formally, we rearrange Eq. (1) for the time stepping
of Fas, and replace Fa (X R)u, by the computationally cheaper strategy ‘I’Zt end-
to-end:

ubth = Wl Wk [k k] k=0, k-1 (7)
w,, =¥u), n=0,...,N-1 (8)

We observe that the computationally expensive Fa,uX on the right-hand side
of Eq. (7) can be performed in parallel for each iteration in k.

Parareal iterations alter a given initial sequence of wave fields 10 to uf for
n € N. This means that neural operators should be trained to map uf to Fa,uk.
Therefore, appropriate training patterns for this setup would naturally differ
from those found in D, and the dataset for use with Parareal should be sampled
from a different distribution, denoted as DP.

4 Evaluation Setup

The parameters for Ga~ are set to Ax = 6—24 and At = with a bilinear

interpolation scale factor of two.

L
600’

Experiment 1: Architecture Preselection. The average training time of
each variant is approximately 73 CPU core hours. Due to resource constraints,
we therefore limit our main analysis to one end-to-end variant. Here, we selected
the most promising approach from four deep learning architectures trained on
D.

Experiment 2: Multi-step Training. We train the chosen end-to-end variant
from experiment 1 on D™ using an equal number of training points as in D.
The test set is consistent with O to enable comparison with other experiments.

Experiment 3: Weighted Multi-step Training. The setup follows experi-
ment 2, while the models are trained on D",

Experiment 4: Parareal Optimization. We explore improvements to our
variants using the Parareal scheme in two datasets:

A. Comprehensive Training (Z)fr ain): The models are trained according to the
Parareal scheme in Eq. (7) and Eq. (8) with K = 4 using a random sample
that constitutes a quarter of the original dataset 9 for fair comparisons. The
gradients are determined by summing the losses of a Parareal iteration.

B. Fine-tuning (Di fine): Rather than employing an un-trained model, we deploy
variants that were pre-trained on a random subset containing half of 9. Then,

for another subset that constitutes an eighth of D, ‘I"z . 1s applied with Parareal.
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5 Discussion

Each of the total 72 runs required an average of 72.8 GPU core hours on one
NVIDIA A100 Tensor Core GPU to complete, while the E2E-JNet3 was trained
almost 41% faster and the E2E-Tira three times slower than the average. This
sums up to a total runtime on a single GPU of just over 5,241 hours.

The best trial on the test set was achieved by E2E-Tira with an energy MSE
of 0.0109, which is well below the 0.0462 from the previously published model,
NE2E-JNet3. Our most efficient variant is E2E-JNet3 trained on D% with an
energy MSE of 0.0169, which is close to the results of more extensive models
such as E2E-Tira and E2E-Trans, but is more than five times faster.

End-to-End Structure. The first important observation based on Fig. 3 is that
integrating NE2E-JNet3 into a single, end-to-end system (E2E-JNet3) improved
the average accuracy on the validation set by more than 46%, and on the test
set by ca. 53%. The ability to include the loss of both the coarse solver and
downsampling layer also caused a lower standard deviation and fewer outliers,
since the mean is well above the median for NE2E-JNet3 compared to E2E-
JNet3.

Multi-step Training. Introducing a multi-step training loss enhanced the ben-
efits of an end-to-end architecture even further (cf. E2E-JNet3 (D™) in Fig. 3)
without increasing the number of model parameters. Figure4 depicts how all
end-to-end models had a much lower relative energy MSE (cf. [5]) increase par-
ticularly for the first three time steps on the test set. Hence, we conclude that

0.09
wv
5 00SF 1175 3
So007f | 1150 =
© : B
= E| 1125
5 0.06 5%
S005F | 1100 &
5 - e
W 0.04 - - 175 £
IR '@
2 0.03 i T 150 &
& i
To= = = 7%
o002t == I Ed {25 §
- = T g
0.01 0

NE2E-JN3  JUN3  JN3(D™)JN3(D"™) N5 Tira  Trans

Fig. 3. Total performance of all hyperparameter search trials on the validation set.
The boxes represent the range between the 25th and 75th percentile of values, while
the whiskers indicate 1.5 times the interquartile range. The blue line illustrates the
result of the baseline E2E-V. The red dot shows the mean and the black line marks
the median of the data. The grey histograms in the background present the average
training time of the respective variant in hours on a single GPU.
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Fig.4. Comparing the NE2E-JNet3 model and three end-to-end JNet3 variants that
differ in their training algorithms. Initial conditions and velocity profiles are sampled
from D and the relative energy MSE results of 10 runs are averaged. As expected,
all models show a bounded growth as the waves vanish due to absorbing boundary
conditions.

Marmousi fine solver

1 0.0062
. iuuo31
-1 0

Fig.5. Visualizing the wave field correction of E2E-JNet3 (D*>™) in the energy semi-
norm after four time steps of Ar*. The initial condition and velocity profile are sampled
from D.

connecting wave states to incorporate temporal propagation dynamics in the
training data appears to be especially important for the early stages of wave
advancements. Additionally, by taking fewer steps through sampling from a nor-
mal distribution that is being shifted along the x-axis (cf. E2E-JNet3 (D*™)),
we successfully avoid high performance fluctuations when the model is only par-
tially trained. Figure5 visualizes the correction of the low-fidelity solution of
Gar by E2E-JNet3 (D™™).

Upsampling Architecture. An overview of the upsampling architecture per-
formances can be found in Table 1. As expected, the larger networks (E2E-Tira
and E2E-Trans) performed slightly better compared to the 3-level JNet archi-
tecture, but for the ResNet architecture (E2E-JNet5), more weights did not
increase accuracy by much. Consequently, we theorize that the ResNet design
may be insufficient for capturing high-fidelity wave patterns, while especially
highly-connected layers with an optimized feature and gradient flow (E2E-Tira)
are better suited. Given that E2E-JNet3 (D) had only a slightly worse aver-
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Table 1. Upsampling variants performance averaged over 10 runs using a batch size
of 64.

variant number of parameters|GPU time (sec)/test energy MSE
Farx - 57.96749 -

E2E-V - 2.40421 0.07437
E2E-JNet3/40,008 2.88331 0.02496
E2E-JNet5/640,776 10.84893 0.02379
E2E-Tira (123,427 13.57449 0.01274
E2E-Trans 936,816 15.67633 0.01743

E2E-JNet3

0

0.00032 0.0014 0.0013 0.0013 0.0014

0.00023 0.0013 0.0012 0.0012

1

0.00017 0.0012 0.0011

2

0.00105

0.00013 0.0011 0.001 0.00099

3

Parareal iterations

4

CEISAN 0001 0.00096  0.00097
4 5 6 7 8

-0.0007
E2E-JNet3 (D7,

0.0003 0.0014 0.0013

0

0.00019 0.0013

1

0.00035
0.00013

3

0.001

0.00095

Parareal iterations
2

4

0.00097  0.00097

4 5 7 8
time steps (At*)

Fig. 6. Energy MSE of E2E-JNet3 and E2E-JNet3 (Dfeﬁne) averaged over 10 runs.

age energy MSE on the test set, we generally advise against using the expensive
models in our setup.

Parareal. While models trained with Z)tpr .in N1Ve an unstable training progress
and diverging loss, applying E2E-JNet3 (Di fne) Within the Parareal scheme
showed better accuracy than E2E-JNet3 with Parareal (cf. Figure6). As this
training method improved the stability of Parareal, sampling the causality of
concurrently solving multiple time intervals is an efficient enhancement to our

end-to-end structure.
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6 Conclusion

In this paper we enhanced the method proposed by Nguyen and Tsai [5], and
reported the results of a large-scale study on different variants that investigate
the efficacy of these enhancements.

All end-to-end variants, including the variants with training modifications,
outperformed the modular framework of [5]. In particular, the lightweight end-
to-end 3-level JNet (E2E-JNet3) performed reasonably well given its low com-
putation cost, and was further improved through a weighted, multi-step training
scheme (D"™) to feature time-dependent wave dynamics without adding com-
plexity to the model or substantially extending the training duration. Similarly,
the Parareal iterations using the neural propagator trained by the Parareal-
based data showed significant performance improvements over E2E-JNet3 with-
out extensive additional computational cost due to parallelization.

As expected, certain expensive upsampling architectures, such as intensify
the interconnections between feature and gradient flows (Tiramisu JNet), signif-
icantly increased the accuracy. However, the high computational demand makes
its application mostly impractical in modern engineering workflows.

Acknowledgements. Christian Klingenberg acknowledges funding by the Deutsche
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bolic Balance Laws in Fluid Mechanics: Complexity, Scales, Randomness (CoScaRa),
project number 525941602.

References

1. Moseley, B., Markham, A., Nissen-Meyer, T.: Solving the Wave Equation with
Physics-Informed Deep Learning. arXiv:2006.11894 (2020)
2. Meng, X., Li, Z., Zhang, D., Karniadakis, G.E.: PPINN: Parareal physics-informed
neural network for time-dependent PDEs. CMAME 370, 113250 (2020)
3. Kovachki, N., et al.: Neural operator: learning maps between function spaces with
applications to PDEs. J. Mach. Learn. Res. 24(89), 1-97 (2023)
4. Li, Z., et al.: Fourier Neural Operator for Parametric PDEs. arXiv:2010.08895
(2020)
5. Nguyen, H., Tsai, R.: Numerical wave propagation aided by deep learning. J. Com-
put. Phys. 475, 111828 (2023)
6. Rizzuti, G., Siahkoohi, A., Herrmann, F.J.: Learned iterative solvers for the
Helmholtz equation. In: 81st EAGE Conference and Exhibition, pp. 1-5 (2019)
7. Kochkov, D.; Smith, J., Alieva, A., Wang, Q., Brenner, M., Hoyer, S.: Machine
learning-accelerated computational fluid dynamics. PNAS 118(21), 89-97 (2021)
8. Raissi, M., Perdikaris, P., Karniadakis, G.E.: Physics-informed neural networks: a
deep learning framework for solving forward and inverse problems involving non-
linear partial differential equations. J. Comput. Phys. 378, 686-707 (2019)
9. Ibrahim, A.Q., Gotschel, S., Ruprecht, D.: Parareal with a Physics-Informed Neural
Network as Coarse Propagator. ISBN: 978-3-031-39698-4, pp. 64966 (2023)
10. Engquist, B., Majda, A.: Absorbing boundary conditions for numerical simulation
of waves. PNAS 74(5), 1765-1766 (1977)


http://arxiv.org/abs/2006.11894
http://arxiv.org/abs/2010.08895

22

11.

12.

13.

14.

15.

16.

L. Kaiser et al.

Runge, C.: Ueber die Numerische Aufloesung von Differentialgleichungen. Math.
Ann. 46, 167-178 (1895)

Rocha, D., Sava, P.: Elastic least-squares reverse time migration using the energy
norm. Geophysics 83(3), pp. 5MJ-Z13 (2018)

Jégou, S., Drozdzal, M., Vazquez, D., Romero, A., Bengio, Y.: The one hun-
dred layers tiramisu: fully convolutional DenseNets for semantic segmentation. In:
2017 IEEE Conference on Computer Vision and Pattern Recognition Workshops
(CVPRW), pp. 1175-1183 (2017)

Petit, O., Thome, N., Rambour, C., Themyr, L., Collins, T., Soler, L.: U-net trans-
former: self and cross attention for medical image segmentation. In: Lian, C., Cao,
X., Rekik, I., Xu, X., Yan, P. (eds.) MLMI 2021. LNCS, vol. 12966, pp. 267-276.
Springer, Cham (2021). https://doi.org/10.1007/978-3-030-87589-3_28

Brougois, A., Bourget, M., Lailly, P., Poulet, M., Ricarte, P., Versteeg, R.: Mar-
mousi, model and data. In: Conference: EAEG Workshop - Practical Aspects of
Seismic Data Inversion (1990)

Billette, F., Brandsberg-Dahl, S.: The 2004 BP velocity benchmark. In: European
Association of Geoscientists & Engineers (67th EAGE Conference & Exhibition)
(2005)


https://doi.org/10.1007/978-3-030-87589-3_28
https://doi.org/10.1007/978-3-030-87589-3_28
https://doi.org/10.1007/978-3-030-87589-3_28
https://doi.org/10.1007/978-3-030-87589-3_28
https://doi.org/10.1007/978-3-030-87589-3_28
https://doi.org/10.1007/978-3-030-87589-3_28
https://doi.org/10.1007/978-3-030-87589-3_28
https://doi.org/10.1007/978-3-030-87589-3_28
https://doi.org/10.1007/978-3-030-87589-3_28
https://doi.org/10.1007/978-3-030-87589-3_28

	 Preface
	 Organization
	 Contents
	Space-Time Parallel Parareal Algorithms for Pattern Formation Models
	1 Introduction and Model Problem
	2 The Parareal Algorithm
	3 Splitting Techniques
	4 Formulation of the Methods and Numerical Experiments
	5 Conclusions and Future Work
	References

	Efficient Numerical Wave Propagation Enhanced by an End-to-End Deep Learning Model
	1 Introduction
	2 Finite-Difference-Based Wave Propagators
	3 Data Generation Approaches
	3.1 Multi-step Training
	3.2 Parareal Algorithm

	4 Evaluation Setup
	5 Discussion
	6 Conclusion
	References

	Numerical Study of Generalized Newtonian Fluids Flow in Bypass
	1 Introduction
	2 Mathematical Model
	3 Numerical Results
	3.1 Channel Without Bypass
	3.2 Channel with Bypass

	4 Conclusion
	References

	A Stable Numerical Approach for Active Deformable Fluid Surfaces
	1 Introduction
	2 Governing Equations
	3 Numerical Implementation
	3.1 Weak Formulation
	3.2 Energy Stability
	3.3 Reduced Model For Dominant Surface Rheology

	4 Results
	4.1 Validation
	4.2 Demonstrations

	5 Discussion
	References

	Learning Adaptive Constraints in Nonlinear FETI-DP Methods
	1 Introduction
	2 Nonlinear FETI-DP
	3 Adaptive and Learned FETI-DP Coarse Spaces
	4 Test Problem and Numerical Results
	References

	Solving Nonlinear Virus Replication PDE Models With Hierarchical Grid Distribution Based GMG
	1 Introduction
	2 Model, Grid, And Numerical Framework
	2.1 Computational Domain Unstructured Surface And Volume Mesh
	2.2 Coupled sufPDE/PDE Model
	2.3 Discretization and Solvers
	2.4 Hierarchical Grid Distrubution Based GMG Solver

	3 Simulations and Precision
	3.1 Qualitative Evaluation
	3.2 Adaptive Time Step Size
	3.3 Long Term Numerical Grid Convergence

	4 Weak Scaling GMG Solver Efficiency
	5 Discussion and Conclusions
	References

	Matrix-Free Geometric Multigrid Preconditioning of Combined Newton-GMRES for Solving Phase-Field Fracture with Local Mesh Refinement
	1 Introduction
	2 Problem Formulation: The Phase-Field Model
	3 Nonlinear Solution with Inner Linear GMRES Iterative Solver and Matrix-Free Geometric Multigrid Preconditioning
	3.1 A Combined Newton Type Algorithm
	3.2 A Geometric Multigrid Block Preconditioner For GMRES
	3.3 The Matrix-Free Approach And Final Algorithm

	4 Numerical Test: Sneddon's Benchmark
	References

	Integrating Additive Multigrid with Multipreconditioned Conjugate Gradient Method
	1 Problem Definition
	2 Solution Method
	2.1 Additive Multigrid Method
	2.2 Multipreconditioned Conjugate Gradient Method (MPCG)

	3 Numerical Experiments
	3.1 Comparison with the Other Solution Methods
	3.2 Comparing Components of {\alpha}

	4 Conclusion
	References

	Numerical Analysis of Flow Phenomena in Discharge Objects with Siphon Using Smoothed Particle Hydrodynamics Method
	1 Introduction
	2 SPH Formulation and Discretization
	3 Definition of the Case
	4 Results
	4.1 Resolution
	4.2 Artificial Viscosity Model
	4.3 Smoothing Length
	4.4 Kernel
	4.5 Integration Scheme
	4.6 Conclusion

	References

	Fixed Stress Splitting Approach for Contact Problems in a Porous Medium
	1 Introduction
	2 Model Equations
	2.1 Mixed Variational Formulation
	2.2 Fixed Stress Split for Frictionless Contact Problem
	2.3 Proof of Contraction

	3 Conclusion and Future Work
	References

	Influence of Momentum Flux Correction Coefficient in 2D-1D Coupling
	1 Introduction
	2 Correction Coefficient \alpha for the 3D Steady Case
	3 Correction Coefficient \alpha for the 2D Steady Case
	4 Correction Coefficient \alpha for the 2D Unsteady Flow
	5 Conclusions
	References

	Semiclassical Numerical Modeling of Gain Materials with a High Order Discontinuous Galerkin Time-Domain Solver
	1 Presentation of the Physical Problem
	2 General Model
	3 Energy Estimate and Stability
	4 Discontinuous Galerkin Method and Time Discretization
	4.1 Semi-Discrete Problem in Time
	4.2 Discretization in Space
	4.3 Fully Discrete Energy

	5 Results
	6 Conclusion
	References

	Towards Finite Element Exterior Calculus on Manifolds: Commuting Projections, Geometric Variational Crimes, and Approximation Errors
	1 Introduction
	2 Finite Element Methods for Maxwell's Equations on Manifolds
	3 Computational Problem and Geometric Error
	4 Approximation Error
	References

	Modeling of the Child's Lower Urinary Tract
	1 Introduction and Clinical Context
	2 First Numerical Models
	2.1 Free Surface Model
	2.2 Structure Model

	3 Fluid-Structure Interaction Model
	4 Conclusion
	References

	Benchmark of Hybrid Finite Element/Deep Neural Network Methods
	1 Introduction
	2 Numerical Methods
	2.1 Discretization Within Gascoigne3D
	2.2 Deep Neural Network Multigrid Method
	2.3 Discretization Within Deal.II

	3 Numerical Experiments
	4 Conclusion
	References

	Preliminary Numerical Results in the Optimization of Bioenergy-Intended Raceway Ponds
	1 Introduction
	2 Mathematical Setting of the Problem
	2.1 The State Systems
	2.2 The Optimal Control Problem

	3 Numerical Resolution
	4 Conclusions
	References

	A Meshfree Method of Particular Solutions with Neuber-Papkovich Potentials for Nonhomogeneous Elastodynamic Problems
	1 Introduction
	2 Approximation of the Particular Solution
	3 Approximation of the Homogeneous Part of the Solution
	4 Numerical Results
	5 Conclusions
	References

	A Contrast Source Inversion Method For Electrical Properties Reconstruction From Synthetic MRI Data
	1 Introduction
	2 Problem Definition And Notation
	3 The Inverse Problem : Contrast Source Inversion Method
	4 Numerical Results
	5 Conclusion
	References

	Studying Wildfire Fronts Using Advection–Diffusion–Reaction Models
	1 Introduction
	2 Advection–Diffusion–Reaction Models for Wildfire
	2.1 The Existing ADR Model
	2.2 Model Variation
	2.3 Non-dimensionalization and Effective Model

	3 One-Dimensional Fronts and Travelling Waves
	4 Numerical Results
	5 Discussion and Future Directions
	References

	Semismooth Newton Method for the Navier-Stokes Equations with Directional Do-Nothing Boundary Condition
	1 Introduction
	2 Mathematical Models and Functional Framework
	3 Discretization of the Problem
	3.1 Finite Element Discretization
	3.2 Semismooth Newton Method

	4 Numerical Examples
	4.1 Numerical Tests with Exact Solution
	4.2 Numerical Tests with Unknown Solutions

	References

	Improving the Vector Basis Neural Network for RANS Equations Using Separate Trainings
	1 Introduction
	2 Reynolds-Averaged Navier-Stokes Equations
	3 Data-Driven RANS Closures
	3.1 The Vector Basis Neural Network
	3.2 The Turbulent-Viscosity Vector Basis Neural Networks

	4 Numerical Results
	4.1 Duct Flow Test Case
	4.2 Difference Between \nu_tt and \nu_{tl}tl
	4.3 VBNN and \nu_tt-VBNN Trainings
	4.4 Velocity Field Analysis

	5 Conclusions
	References

	Assessment of Different Strategies to Compute Surface Tension Contribution in a Level Set Framework
	1 Introduction
	2 Mathematical Model
	3 Numerical Results
	3.1 Use of Laplace-Beltrami Operator
	3.2 Computation of the Total Curvature from the Level Set
	3.3 Use of an Evolution Equation for the Curvature

	4 Conclusions
	References

	Goal-Oriented Adaptive Finite Cell Methods
	1 Introduction
	2 The Finite Cell Method
	3 A Posteriori Error Estimate for the Finite Cell Method
	4 Numerical Results
	5 Conclusion
	References

	Modeling and Numerical Analysis of Doxorubicin Transport and Uptake in Tumors
	1 Introduction
	2 Modeling
	2.1 PDE Model in One Dimension. Boundary and Initial Conditions

	3 Stability
	4 Finite Difference Method
	5 Numerical Results
	6 Conclusions
	References

	Using Multiple Dirac Delta Points to Describe Inhomogeneous Flux Density over a Cell Boundary in a Single-Cell Diffusion Model
	1 Introduction
	2 Mathematical Formulation of the Question
	3 Point Source Localization and Intensity
	4 Numerical Results
	5 Conclusion and Discussion
	References

	Comparison of Implicit Time-Stepping to the Scheme with ``Apparent Heat Capacity'' for a Thermal Model of Permafrost with Surface Terrain Dependent Boundary Conditions
	1 Introduction
	2 Details of Model ([eq:heat]1) and Numerical Discretization
	2.1 Constitutive Data
	2.2 Fully Implicit Conservative Scheme (IMP) for ([eq:heat]1)
	2.3 Sequential Formulation (SEQ) with c_{app}capp in (2)
	2.4 Surface Boundary Condition

	3 Simulation Results
	3.1 Computational Results for 1D
	3.2 Computational Results for 2D and Surface Boundary Conditions

	4 Summary
	References

	Numerical Stabilization of Oldroyd-B Fluids Flows Using Local Artificial Diffusion
	1 Introduction
	2 Macroscopic Oldroyd-B Fluid Model
	2.1 Fluid Models
	2.2 The Oldroyd-B Model

	3 Discrete Oldroyd-B Problem
	4 Numerical Simulations
	4.1 Numerical Results

	5 Conclusions
	References

	Optimisation–Based Coupling of Finite Element Model and Reduced Order Model for Computational Fluid Dynamics
	1 Introduction
	2 Problem Formulation
	2.1 Monolithic Formulation
	2.2 Discrete Domain Decomposition Formulation
	2.3 Optimality System and the Gradient of the Objective Functional

	3 Reduced Order Model and FEM–ROM Couplings
	3.1 FEM–ROM Couplings: Exploring Different Options

	4 Numerical Results
	References

	A Hybrid Space-Time Finite Element Method For Parabolic Evolution Equations
	1 Introduction
	2 Space-Time Variational Formulations
	3 A Hybrid Space-Time Finite Element Method
	4 Numerical Results
	References

	Model Selection Focusing on Longtime Behavior of Differential Equations
	1 Motivation and Problem Formulation
	2 Model Selection Idea
	3 Learning Ordinary Differential Equations With a Focus on Longtime Behavior
	3.1 Learning the Parameters of a Given Model
	3.2 Applying a Model Selection Algorithm
	3.3 Comparison with Sparse Methods

	4 Conclusion and Further Ideas
	References

	Least-Squares Method for Generated Jacobian Equations in Freeform Optical Design
	1 Introduction
	2 Overview of the Model
	3 Rewriting the Generating Function Equation
	4 The Least-Squares Algorithm
	5 Numerical Examples
	6 Conclusion
	References

	Wellposedness of Boussinesq System
	1 Introduction
	2 Main Result
	3 Unsteady Linearized Boussinesq System
	4 Nonlinear Boussinesq System
	References

	Fast Semi-iterative Finite Element Poisson Solvers for Tensor Core GPUs Based on Prehandling
	1 Introduction
	1.1 Hierarchical Finite Elements
	1.2 Generating Systems

	2 Derivation of a Hardware-Oriented Semi-iterative Solver
	3 Numerical Results
	4 Conclusion and Outlook
	References

	Numerical Study of a Discontinuous Galerkin Method for a Degenerate Parabolic Equation
	1 Introduction
	2 Continuous Problem
	3 A Local Discontinuous Galerkin Method
	4 Numerical Study of the Convergence
	5 Conclusion
	References

	Goal-Oriented Adaptive Space Time Finite Element Methods Applied to Touching Domains
	1 Introduction
	2 The Model Problem and Discretization
	2.1 The Model Problem
	2.2 Discretization

	3 Goal-Oriented Error Estimates
	4 Numerical Experiments
	References

	Solving PDEs With Variable Coefficients on Locally Adaptive Sparse Grids and Corresponding Refinement Strategies
	1 Introduction
	2 Locally Adaptive Sparse Grid Basic Notation
	3 Refinement Strategies
	4 Numerical Results
	5 Conclusion
	References

	A History-Dependent Dynamic Biot Model
	1 Introduction
	2 A History-Dependent Dynamic Biot Model
	3 A Fully Discrete Numerical Scheme
	3.1 Discretization of Convolution Integrals
	3.2 Discretization in Space and Time
	3.3 Fixed-Stress Splitting Scheme

	4 Numerical Results
	4.1 Example 1
	4.2 Example 2

	5 Conclusions
	References

	Sequential Solution Strategies for the Cahn-Hilliard-Biot Model
	1 Introduction
	2 The Cahn-Hilliard-Biot Model
	3 Numerical Solution Strategies
	3.1 Time-Discretization: Implicit with Partly Convex-Concave Split
	3.2 Spatial Discretization
	3.3 Monolithic Solution Strategy
	3.4 Splitting Schemes

	4 Numerical Experiments
	4.1 Implementation
	4.2 Dependence on Surface Tension Parameter
	4.3 Dependence on Swelling Parameter

	5 Conclusion
	References

	Computational Orders of Convergence of Iterative Methods for Richards' Equation
	1 Introduction
	2 The Setup of the Flow Problem
	3 Linearization Methods
	3.1 Implicit FEM Approach
	3.2 Explicit FDM Approach
	3.3 Theoretical Convergence Results

	4 Numerical Results
	4.1 FEM Newton's Method and LL-Scheme
	4.2 FDM LL-Scheme

	5 Discussion
	References

	On Numerical Approximation of Human Phonation Process
	1 Introduction
	2 Mathematical Model
	2.1 Structural Model
	2.2 Flow Model
	2.3 Coupled Problem

	3 Numerical Approximation
	3.1 Definition of FE Spaces
	3.2 Semi-discretization of the Coupled Problem

	4 Numerical Results
	5 Summary
	References

	Reliable a Posteriori Error Estimate for the Darcy-Forchheimer Problem
	1 Introduction
	2 The Primal-Mixed Finite Element Method
	3 Residual-Type a Posteriori Error Estimates
	4 Numerical Experiment
	5 Conclusions
	References

	Model Reduction for Advection Dominated Hyperbolic Problems in an ALE Framework: Offline, Online Phases and Error Estimator
	1 Introduction
	2 Model Order Reduction Techniques for Hyperbolic Problems
	3 Arbitrary Lagrangian–Eulerian Framework for MOR
	4 Transport Map and Learning of the Speed
	4.1 Learning of the Calibration Map
	4.2 Overall Algorithm

	5 Results
	References

	On Energy-Dissipative Finite Element Approximations for Rate-Type Viscoelastic Fluids with Stress Diffusion
	1 Introduction
	2 Variational Formulation and Energy Inequality
	3 Numerical Approximation
	4 Convergence of the Discrete Solutions
	5 Numerical Convergence Tests
	References

	A Reaction-Diffusion Model for Relapsing-Remitting Multiple Sclerosis with a Treatment Term
	1 Introduction
	2 The Model
	2.1 Turing Instability

	3 Numerical Simulations
	4 Conclusions
	References

	Error Estimates for SUPG-Stabilised Dynamical Low Rank Approximations
	1 Introduction
	2 Problem Setting and SUPG-DLR Approximations
	3 Error Estimate
	4 Numerical Experiments
	References

	Numerical Investigation of Stratified Flow by the Finite Element Method
	1 Introduction
	2 Governing Equations
	3 Finite Element Formulation of the Boussinesq Approximation
	4 Numerical Simulations
	4.1 Numerical Results

	5 Conclusion
	References

	On Interpolation Between Finite Element Meshes in Simulation of Human Vocal Fold Vibrations
	1 Introduction
	2 Description of the Interpolation Method
	2.1 Interpolation Between Triangulations
	2.2 Interpolation with Restrictions for Flow Problem
	2.3 Implementation

	3 Numerical Experiments
	3.1 Interpolation Test of Flow Field in Known Moving Domain
	3.2 Interpolation Test of FSI Simulation

	4 Conclusion
	References

	Stability of Equilibria in a One Dimensional Model for Morpho–Poroelasticity for Soft Tissues
	1 Introduction
	1.1 General Elastic Models

	2 Model Formulation
	2.1 Linearised Stabilization

	3 Numerical Results
	4 Discussion and Conclusion
	References

	A Cut Finite Element Method Based on Hermite Interpolation Polynomials
	1 Introduction
	2 Problem Background
	2.1 Cut Finite Element Method (cutFEM)
	2.2 Hermite Interpolation Polynomials
	2.3 Leapfrong Time-Stepping Methods

	3 Numerical Experiments
	4 Discussion
	References

	Influence of Hyperparameters on the Convergence of Adam Under the Polyak-Lojasiewicz Inequality
	1 Introduction
	2 Convergence Rate of Adam-Type Optimizer
	3 Numerical Study
	4 Conclusion
	References

	High-Order Numerical Integration on Regular Embedded Surfaces
	1 Introduction
	2 Square-Squeezing Re-Parametrization
	3 Interpolation in the Square
	4 Numerical Experiments
	5 Conclusion
	References

	Author Index

