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Abstract

In inverse problems, the feasibility and quality of a reconstruction for a model parameter
from indirect experimental measurements strongly depends on the quality of the available
data. It is the goal of experimental design to select suitable experimental setups that
generate informative data for this task, which is classically approached by an optimization
framework through optimal experimental design techniques. In this work, we lay out two
alternative approaches, that are based on sensitivity analysis and rooted in the identifi-
ability analysis framework, allowing them to contribute in bridging the gap between the
theoretical input-to-output map based analysis, and the practical finite data setting. As
they search for a sufficient instead of an optimal design, these approaches are of qualitative
nature.

The first approach derives the finite experimental design through relaxation of a possi-
bly infinite experimental designs on which the theoretical uniqueness proof is based. It is
applied to an inverse problem in mathematical biology that seeks to reconstruct the meso-
scopic chemotaxis tumbling parameter, that describes the directional change of bacteria
in their directed random walk towards attracting chemical stimuli, from macroscopic data
on the bacterial density. After developing a uniqueness proof, that is based on an explicit
construction of a sequence of experimental designs whose measurements are informative
about the parameter by means of the singular decomposition technique, we relax this non-
parametric infinite dimensional model parameter to a parametric, locally constant form
that in turn allows relaxation to one feasible finite design. Similar strategies as in the
uniqueness proof provide sufficiency of this design analytically, which is underpinned by
numerical results.

The second approach is more generally applicable, and assumes a predefined parametric
form of the model parameter. Design selection can then be regarded as a down-sampling
task from the large set of all possible setups in the input-to-output map. The preservation
of sensitivity of the design w.r.t. the parameter throughout the down-sampling process is
ensured by invoking an importance sampling distribution, that is derived from a matrix
sketching algorithm from randomized linear algebra for the sensitivity matrix. We propose
a numerical pipeline for implementation and numerical tests demonstrate the potential of
this method.




Zusammenfassung

Der Erfolg der Rekonstruktion eines Modellparameters aus indirekten experimentellen
Messungen durch Losen des inversen Problems hangt mafigeblich von der Qualitat der
zur Verfiigung stehenden Daten ab. Ziel der Versuchsplanung ist daher die Auswahl von
geeigneten experimentellen Setups, die fiir diese Aufgabe informative Daten erzeugen.
Dies wird im Zuge der optimalen Versuchsplanung klassischerweise als Optimierungsprob-
lem formuliert. In dieser Arbeit stellen wir zwei alternative Anséitze vor, die auf einer
Sensitivitdtsanalyse basieren und in der Identifizierbarkeitsanalyse beheimatet sind. Diese
tragen dazu bei, die Forschungsliicke zwischen der theoretischen Analyse des Problems
auf Basis der input-to-output Abbildung und der praktischen Anwendung mit begren-
zten Daten zu verstehen. Da nach einem hinreichenden anstelle eines optimalen Designs
gesuchen wird, sind diese Ansétze qualitativer Natur.

Der erste Ansatz leitet das endliche experimentelle Design durch eine Relaxation eines
konkreten, moglicherweise unendlichen experimentellen Designs aus geeigneten konstruk-
tiven theoretischen Eindeutigkeitsbeweisen her. Wir wenden diesen Ansatz auf ein in-
verses Problem in der mathematischen Biologie an, das darauf abzielt, den mesoskopischen
Chemotaxis-Tumbling-Parameter auf Basis von makroskopischen Daten zur Bakterien-
dichte zu rekonstruieren, der die Richtungsénderung von Bakterien in ihrem gerichteten
Zufallsbewegungsmuster hin zu anziehenden chemischen Stimulus beschreibt. Zunéchst
wird ein Eindeutigkeitsbeweis basierend auf der input-to-output Abbildung entwickelt,
der mithilfe der Singular Decomposition Technik eine Folge von experimentellen Designs
explizit konstruiert, deren Messungen den gesuchten Parameter widerspiegeln. Durch
Relaxation des nichtparametrischen, unendlichdimensionalen Modellparameters zu einer
parametrischen, lokal konstanten Form kann auch die konstruierte Folge von Designs zu
einem machbaren, endlichen Design relaxiert werden. Ahnliche Argumente wie im Ein-
deutigkeitsbeweis belegen die Eignung dieses Designs analytisch, was durch numerische
Ergebnisse untermauert wird.

Der zweite Ansatz ist allgemeiner anwendbar, setzt daflir aber eine vordefinierte para-
metrische Form des Modellparameters voraus. Die Auswahl des Designs kann dann als ein
Downsampling-Problem aus einer grolen Menge aller moglicher Setups betrachtet werden.
Die Erhaltung der Sensitivitat des Designs in Bezug auf den Parameter wird im Downsam-
plingprozess durch die Verwendung einer Importance-Sampling-Verteilung sichergestellt,
die aus einem Matrix-Sketching-Algorithmus der randomisierten linearen Algebra fiir die
Sensitivitdtsmatrix abgeleitet wird. Wir empfehlen eine numerische Pipeline zur Imple-
mentierung, und demonstrieren das Potenzial dieser Methode in numerischen Tests.
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Introduction

Mathematical models have proven valuable tools to describe phenomena in various areas
of life, be it in physics, biology, engineering, medicine, economics or even in social studies
[ , , , , ]. These models often include adjustable parameters,
which give them the flexibility to describe the phenomenon in different scenarios and
often reflect physical characteristics of the phenomenon, for instant, a speed of motion
or a material specific optical density. Parameter identification inverse problems study
the reconstruction of parameters, which are not directly observable, from experimental
data, as obtained from real world observation of the phenomenon. If successful, this
provides valuable insight into the physical characteristics, describing for instance the com-
position of tissue in medical imaging [ ], and allows simulation and prediction of the
phenomenon’s future behaviour in the considered scenario by means of the fitted model
[ ]. Obtaining a good parameter reconstruction, however, is in many cases anything
but simple, and depends predominantly on the quality of the available experimental data
with respect to (w.r.t.) the considered reconstruction task. Identifiability analysis provides
a holistic framework to categorize this quality according to three sources of information
degradation | |, in order to allow a structured search for remedies:

(i) In the worst case, the experiment is intrinsically uninformative of the parameter, no
matter how exactly data is collected.

(ii) The experiment might be informative in general, but suffer from a poor choice in
data collection, as described by the experimental design, for instance measurements
may be taken at uninformative observation locations.

(iii) Noise might pollute the data and distort the reconstruction up to a degree where it
cannot be trusted anymore - this is related to stability issues as encountered in the
famous Calderon problem [ ].

The framework is wide spread in ordinary differential equation (ODE) inverse problems
[ , , |, but application to partial differential equation (PDE) parameter
identification is rather limited.



1. Introduction

In this thesis, we shall focus on experimental design (ii) for PDE parameter identifica-
tion, that is (i.e.) the question how to select a finite number of data that is informative
about the parameter. We lay out two approaches that contrast the classical optimal ex-
perimental design methodology, and relax the search to a sufficient instead of an optimal
design, putting them in the realm of qualitative experimental design. The identifiability

analysis framework above suggests to consider the designing process as a transition from
an informative infinite set of data as given by the input-to-output map, that summarizes
the data of all possible experimental setups as considered in (i), to a practically more
feasible finite data set that is still capable of representing the parameter according to (ii).
This work thus contributes to bridging the gap between theory of inverse problems in the
infinite-data setting and the practical finite data setting, which is poorly understood, and
developed methodologies in parts diverge [ , ].

Approach 1: Relazation of Theory. The first approach describes a relaxation of a suitable
theoretical proof of identifiability under source (i), and allows a simultaneous, compatible
dimension reduction of the data and the parameter. This parameter discretization becomes
necessary, especially for non-parametric infinite dimensional parameter inverse problems,
when going over to a finite amount of data that can only characterize a finite dimensional
parameter. To sustain identifiability, a-priori information on the parameter is injected that
leverages the loss of information in the data. This approach is exemplified for a specific
parameter identification problem for a kinetic PDE model from mathematical biology,
where inverse problems are still at their fancy, but become more and more relevant as
more refined measurement techniques allow finer modelling of biological phenomena. The
model describes the directed motion of bacteria in response to an external stimulus such
as a chemical substance, termed chemotaxis. Our goal is to determine the microscopic
parameter that uniquely describes their motion through the likelihood of changing the
running direction. We assume the experimental data on the bacterial density to be of
sub-optimal macroscopic type, i.e. non-local in the movement direction, which is more
tractable for practitioners, but poses challenges to the reconstruction | , ,

, , , |. This precise inverse problem has not been studied in literature
before, and in particular the experimental design aspect under (ii) is novel to inverse
problems related to chemotaxis phenomena.

In a first project we develop the proof of general suitability of this experiment to gen-
erate informative data, in the sense of (i). Assuming, theoretically, access to perfect data
according to characteristics (ii) and (iii), i.e. access to the noise free infinite-to-infinite
dimensional input-to-output map, we invoke an existing technique for kinetic parameter
identification, termed singular decomposition [ , , |, to prove analytically
that this input-to-output map uniquely determines a continuous bacterial motion pa-
rameter. The proof explicitly constructs a sequence of experimental setups, that trigger
microscopic information on the turning parameter by inducing increasingly singular initial
data, and exploits the freedom of prescribing spatially and directionally concentrated ini-
tial data for the bacteria and availability of small time, local interior domain measurement
data in this setting. This is the first result to study the combination of all these factors and
to obtain unique identifiability of a kinetic turning parameter from directionally averaged




data without any further simplifying assumptions, and has been published in [ ].

In a second project, published under [ ], we then conduct the relaxation, first
in the parameter by imposing a locally constant form of the tumbling kernel, which then
allows relaxation of the singularity and small measurement time requirement in the previ-
ously considered experimental designs, so to obtain a finite number of practically feasible
experimental setups. A similar methodology as before allows us to analytically prove
suitability of the proposed combination of the parameter discretization and experimental
design for reconstruction. This is in contrasted by a study on the decay of information in
the data if experimental setups are not sufficiently diverse, which demonstrates the need
for well chosen designs. These theoretical results are illustrated in numerical experiments
that demonstrate the decay of sensitivity of the data and with it the corresponding pa-
rameter reconstructions under decreasing diversity of the experimental setups, and a good
sensitivity and reconstruction behaviour under the proposed design.

Approach 2: Sampling. The second approach assumes a prescribed finite-dimensional
parametric form of the model parameter and only seeks to reduce the data dimension. Its
goal and setting thus coincide with those in optimal experimental design, however, the
shift in perspective to search for sufficient instead of optimal designs allows us to relax
the experimental design process to a sampling task that can benefit from existing strate-
gies developed for randomized numerical linear algebra | , |. This perspective
and methodology is novel to experimental design. We then propose a numerical pipeline
to execute the sampling based on Bayesian posterior samplers and a greedy mechanism
and illustrate the potential of this strategy to improve sensitivity of the data w.r.t. the
parameter on numerical examples for the sensor placement problem for the Schrodinger
potential reconstruction problem. This work is summarized in the thus far unpublished
preprint | ].

The thesis is structured as follows. Chapter 2 provides an introduction to inverse prob-
lems, with a particular focus on introducing terminology relevant to parameter identifi-
cation tasks, before the identifiability analysis framework is laid out, followed by a brief
overview on optimal experimental design. Part I is then devoted to approach 1 and starts
with an introduction of the kinetic chemotaxis model and the corresponding inverse prob-
lem under investigation in Chapter 3. The theoretical proof of suitability of the considered
experimental setting according to (i) is developed in Chapter 4 and Chapter 5 then lays
out the relaxation approach to discretize the motion parameter and construct a finite ex-
perimental design, which is then analytically studied for its suitability according to (ii).
The analytical framework also demonstrates a decay of information on the parameter in
the data under decreasing data diversity. These results are illustrated in a numerical
context in Chapter 6. Chapter 8 in Part II then develops the sampling strategy for exper-
imental design and justifies it in numerical experiments. Applicability of both approaches
is discussed in Chapter 9 that concludes the thesis with a brief outlook on possible future
directions of research.







Inverse Problems

In a large variety of contexts, quantities of interest cannot be observed directly. Examples
can be found in medical imaging | |, where the interior of the body shall be examined
without invasive surgery, or similarly in non-destructive testing in engineering | ], in
subsurface structure analysis in geophysics | |, where drilling is expensive and thus
avoided if possible, in image deblurring | |, where only a blurry version of the
original image is available, or in air pollutant emission tracing in environmental physics
[ ], where the locations of pollutant sources are searched according to measurements
of a fixed monitoring network, just to mention some. Another important application is the
fitting of mathematical models through identification of non-observable model parameters,
for instance in the famous Calderon problem | .

In all these cases, quantities of interest have to be inferred from experimental data
collected from related observable quantities. This means taking the inverse perspective.

2.1. General Formulation

In the following, a short introduction to inverse problem is given in order to fix notation,
following | ]. A plethora of further introductory literature exists, and the interested
reader is referred for example (e.g.) to | , , ].

Mathematical formulation. Information on the non-observable quantity of interest p,
termed parameter, shall be acquired from experimental data y € ), in some data space
Y. The map that assigns the corresponding data to a given parameter value is termed the
forward operator and reads

F:A—- ).

It is defined on the admissible set A that incorporates the shape as well as a-priori knowl-
edge on the parameter p, and is also called the prior model in | |. In what follows, A
and ) are considered subsets of normed vector spaces.



2. Inverse Problems

The inverse problem amounts in inverting F', i.e. in finding the parameter p, € A

such that the given data y, that was experimentally observed, is reflected well by the
measurement of an experiment with underlying parameter p,, in short

find p. € A, suchthat F(p.) =1y, (2.1)

where the equality might be changed for an approximate equality for instance in the
context of noisy data. This holds contrast to the forward problem, where F(p) is computed

for a given parameter p. In both cases, the forward operator F' is known.

PDE Parameter Reconstruction. Parameter identification problems for differential equa-
tions have a long history as they appear in many applications. Probably the most famous
example is the Calderén problem from electrical impedance tomography that stimulated
research in the area of inverse problems [ ] since its proposal in 1980 [ ]. Be-
cause they are often based on the observation of some real world phenomenon, these inverse
problems frequently share a specific structure that shall be introduced in the following,
together with some nomenclature.

Data Generation. The data is generated by real world experiments on the phenomenon
which are initiated by imposing forcing data ¢ on the observable quantity, for instance an
initial or boundary configuration. The evolution of the observable quantity is observed
through detectors, with potentially variable profiles y, yielding the data y4 ,. An experi-
ment is thus described by the choice of the so-called input data (¢, u) = s which we will
also call an experimental setup s in the following.

To conduct the inverse problem, this experiment is translated to the mathematical level,
where the evolution of the observable quantity u is modeled by the PDE model involving
the unknown parameter p, i.e. u = ug denotes the solution to the PDE with parameter p
and forcing data ¢. The measurement by the detector is mimicked mathematically by a
measurement operator M. In total, the forward map reads

Fo(p) = Fu(p) = My (uf).

A graphical description is given in Figure 2.1. The inverse problem seeks to find that
parameter value p € A for which the synthetic data Fs(p) approximates the experimentally
observed data ys well. In many contexts, forcing data ¢ and measurement specifications
1 can be influenced by experimenters. Then testing with different input data can enrich
the data set and frequently ameliorates the inverse problem, when different aspects of the
parameter can be triggered by different input data or measured by different measurement
specifications. Moreover, generalizability of the found parameter to generic input data may
be enhanced, if experimental setups are chosen appropriately. Collecting all conducted
sub-experiments, each of which following its own experimental setup s; = (¢;, p;) for 7 in
some index set I # &, into one overarching experimental design D = {s; };cs, one obtains

the full inverse problem
find pe A suchthat F(p)=Fp(p) = (Fs(p))sep = (Ys)sep = y. (2.2)

By denoting the set of all accessible experimental setups by D, then the set of all possible
experimental designs is given by its power set P (D).




2.1. General Formulation

FORCING DATA EVOLUTION MEASUREMENT DATA

i MODEL i
Gnitial condition o) 'PDE, with solution u i ( operator M, )
'Gnknown parameter B:

\
N v

Figure 2.1.: The structure of a PDE parameter identification inverse problem, where one
imposes the initial condition ¢. Unknown quantities are depicted in red, known quantities
in blue, and controllable (known) quantities in teal. As only the structure of the PDE,
but not the precise value of the parameter p is known, it is depicted in gray. The inverse
problem seeks to align these two rows so they produce the same data.

The question how to select experimental setups that generate informative data leads to
the research area of (optimal) experimental design (now referring to the designing process).
Because this should typically be decided before real world experimentation, the selection
is based on the mathematical input-to-output map

1t0,: D =R, s~ Fy(p),

that can be used to study the influence of variations in the experimental setup s € D on the
synthetic data Fy(p) under a fixed ground truth parameter value p € A and thus mimics
the assumption of a fixed data generating parameter value in real world experiment which
is necessary for meaningful reconstruction. It characterizes the experimental setting, i.e.

the degree of freedom in the input data and its relation to the data - not to be confused
with experimental setups.

Noise. In real contexts, data is mostly polluted by noise that stems from detector in-
accuracy in the measurement procedure, numerical round-offs or imperfect modeling of
the phenomenon by the forward model. This noise is typically modeled as a stochastic
process, and a frequently encountered example is the additive centered Gaussian noise
model, which, for a finite dimensional data space Y C R” reads

y=F(p)+n with n~N(0,Ty) (2.3)
with symmetric positive definite covariance matrix T', € REXE,

In this work, we mostly exclude noise from our considerations, in order to the focus
is on investigating the informative quality of the collected data w.r.t. the parameter in
terms of the data type or the experimental design. We stress, however, that this is an
important and much investigated part of inverse problems. Theories to deal with noise
such as regularization or Bayesian inversion are for instance presented in [ , ,

Y ]'




2. Inverse Problems

Well- and lll-posedness. Hadamard’s concept of well-posedness [ | applies to in-
verse problems as well. Continuity of the solution w.r.t. the data is investigated through
so called stability estimates of the form

Ip1 = palla < w([[F(p1) — F(p2)lly) (2.4)

that characterize continuity of F~! through a modulus of continuity w : R(J{ — Rg with
w(0) = 0.

Definition 2.1 (] ]). Inverse problem (2.1) is called (conditionally) well-posed, if the
following properties hold:

(i) Identifiability: For every y € F(A) C ), there exists exactly one p € A for which
y = F(p), i.e. F is injective.

(ii) Stability: F satisfies (2.4) and the modulus of continuity w of the F~! grows at an
acceptable rate, typically w(z) < Cx for some C' > 0.

If the inverse problem is not well-posed, it is called ill-posed.

The first property states existence and uniqueness of the reconstruction through bijec-
tivity of F': A — F(A), the key requirement for inversion. Stability depends on the choice
of norms and is subjective, since it depends on the context whether a particular rate is
considered acceptable or not. For w(x) < Cx, this formulation of stability, as also used in
[ |, requires Lipschitz continuity and is thus stronger than the pure requirement of
continuity of F~! as used in [ , ]. In case of linear operators as considered in
[ |, both formulations are equivalent. Stability is particularly important when noisy
data are considered, as it bounds the amplification of data noise in the reconstruction.
But also identifiability can be affected by noise, in particular when y is driven out of the
image of F' or coinciding data for two different parameters are generated.

Well-posedness can be understood as a proper balance between a-priori knowledge in the
admissible set A and the information compression on the parameter through the forward
map F. In case of ill-posedness, additional information has to be gathered, either by
changing the measuring technique, or by introducing more a-priori knowledge. The latter
refers to regularizing strategies which comprise higher a-priori smoothness or structural
assumptions on the parameter p, penalization methods to promote smallness or sparsity,
or introduction of prior information of p in the Bayesian framework. More details can be
found in standard literature such as | , ].

In order to treat inverse problem (2.1) numerically, it is typically rephrased in one of
the following two ways. Precise computational methods to solve the inverse problems are
the subject of several textbooks, for instance | ].

2.2. Cost Minimization

Motivated by the fact that noise might prevent a perfect fit in (2.1), a relaxed notion of
solutions to the inverse problem can be considered, when a variational perspective is taken




2.2. Cost Minimization

and the inverse problem is rephrased as a cost minimization problem [ , ]

px = argmin Cy(p), (2.5)
D

with cost function Cg: A — ]Rar that measures the error between the observed data y and
the synthetic data F'(p) produced by the considered parameter value p. A typical choice
is C(p) = |ly — F(p)|ly. Hence, the solution p, does not necessarily fit the data perfectly,
but in an optimal way as measured by the cost function.

For ill-posed problems, regularization theory suggests to add a penalization term to the
cost functional, for instance «||p — pp||.4 for some a > 0, that biases the solution towards
a reference solution pg € A and thus restores a unique and stable reconstruction through
introduction of the additional a-priori knowledge that p is supposed to be close to pg
[Kir21, Gro93, TA77].

Given the large variety of well developed optimization algorithms, as summarized for
instance in | , , |, this framework is well suited for numerical recon-
struction. The level of difficulty of this optimization task depends on the choice of the
cost function, as well as the properties of the forward map, and is therefore very problem
dependent.

It is particularly desirable to work with strongly convex cost functions, because these
uniquely determine the solution of the inverse problem as their unique minimum, and a
successful reconstruction is guaranteed even for even simple optimization methods such as
the vanilla gradient descent method described below. Establishing the strong convexity
property, however, might be challenging due to non-linearity of the forward map F', and
dependence on the chosen experimental design. A lack of convexity calls for techniques
from non-convex optimization which typically require more sophisticated methods and
bigger computational effort, see for instance | , ], or regularization to restore
convexity.

2.2.1. Numerical Optimization by Gradient Descend
Consider the problem of minimizing a C? cost function C : R? — R(}L on R%:
arg min C(p).

Gradient descend is a standard iterative minimization scheme that updates an initial guess
p(© e RP according to

pU ) = pt =, v,C(p™), (2:6)
for a suitable step size 1, € RT | , ] . Given that the gradient is the direction
of steepest descend in the Euclidean norm, this decreases the value of C, if 7, is chosen
sufficiently small, as can be seen from the Taylor expansion

C(p™) = c(p™) — ||V, |? + 0(n2) < C(p™),

assuming uniform boundedness of the Hessian H,C(p) < Cy. Because the monotonously
decreasing sequence (C(p(™)),, is bounded due to C > 0, it converges. In general, this does
not necessarily guarantee convergence of (p(™),,. Further requirements on C are necessary.
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Definition 2.2. A C? function C : R? — R is called cy-strongly convex, if H,C(p) =
cy > 0 for all p. It is called Cy-smooth for a constant Cy > 0, if Cy = HpC(p) = —Ch
for all p.

Matrix inequalities are understood in the sense of eigenvalues. Cg-smoothness ensures
convergence of the sequence C (p(”)) by Taylor, as explained above, while strong convexity
implies the existence of a unique minimum point p,. In combination, both properties pro-
vide that the limit is the minimum of C and that convergence translates to the parameters.

Proposition 2.3 (] ). Let C is ci-strongly convex and Cg-smooth, then the gradient
descend scheme (2.6) with n, =n < % converges, in the Euclidean norm, to the unique
minimum point p, € RP of C, with rate

"™ = poll <P = pull  with v = (max(|1 = nel, [1 = nCl)).
Optimal convergence is obtained for n = ﬁ
A proof can be found in [ ]. Numerous variants of gradient descend exist that im-

prove convergence or computational cost, for instance line search chooses the optimal 7,
that minimizes C(p™ —7, V,C(p™)), the heavy ball method includes a momentum term in
the update to improve convergence and avoid saddle points of non-convex functions, New-
ton’s method includes Hessian information to obtain a second-order optimization method,
and the stochastic gradient descend method decreases computational complexity when
V,C(p) consists of a sum of many sub-gradients. The interested reader is referred to
standard literature such as [ , ].

2.3. The Bayesian Approach

Another approach to deal with ill-posedness and noise is proposed by the Bayesian frame-
work, where the inverse problem is lifted to a stochastic level. This approach accounts for
uncertainty in the parameter reconstruction based on uncertainty in the concrete value
of noise. Introductory literature, on which this subsection is based, may be found in
[Stu10, KS06].

The Bayesian approach assumes a stochastic noise model. For notational convenience,
the method is presented for a the finite dimensional additive Gaussian noise model (2.3)
and a separable Banach space A. More general frameworks, for instance with non-Gaussian
noise or infinite dimensional data spaces | ; ] or multiplicative and mixed noise
models | |, are available in literature.

As the model parameter p is also modeled stochastically, a probability distribution
m A — Rg for p, termed prior distribution, encodes the prior model on the parameter

space A. Moreover, p is assumed independent of the data noise 1. Then the condi-
tional distribution 7¥ of ply, i.e. p conditioned on the observed data y, is called posterior
distribution and is regarded as the solution to the Bayesian inverse problem. Bayes’ the-
orem explains its form:

10
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Theorem 2.4 (Bayes’ theorem; | D). If F: A — Y is continuous, then ply is dis-
tributed according to a measure ¥ that is absolutely continuous w.r.t. my and attains a
normalized version of the likelihood ((y|p) = exp(—3(y — F(p)) T, (y — F(p))) of observ-
ing data y given parameter p under the noise model (2.3) as Radon-Nikodym derivative,
i.e.

w(p) = S (ylp)mo(p), (27)

where Z := [, L(ylp) dmo(p) is a normalization constant.

This technique can also be applied when data is not very informative about the parame-
ter. In this case prior knowledge in the prior distribution leverages the missing information
in the data | ) |, see also Section 2.3.2. By equipping the space of posterior dis-
tributions with the Hellinger metric, the concept of well-posedness can be transferred to
the Bayesian inverse framework [ | and it has been shown to hold under very mild
conditions | , |. Bayesian inversion can thus be regarded a regularization tech-
nique.

On the other hand, the posterior distribution offers richer insight into the structure of
the solution to the inverse problem than the deterministic value attained from cost min-
imization. It allows sampling, identification of multiple modes, and opens opportunities
for uncertainty quantification | ].

The numerical treatment of Bayesian inversion, however, poses remarkable challenges,
as mostly no closed form of the posterior distribution is available. Different strategies have
been developed, that are briefly summarized below, following the review in | ):

e Sampling: Drawing samples from the posterior distribution allows exploration of the
full posterior density without imposing additional structural requirements. However,
sampling from non standard distributions, as arising for non linear inverse problem
or non Gaussian prior or noise distributions, is challenging and requires specific
algorithms. More details can be found in the subsequent Section 2.3.1.

e Variational methods refer either to computing the maximum a-posteriori point (MAP)
pmap € A, the point that maximizes the posterior probability density function. In-
formation on the posterior is then compressed to only one point value. For Gaussian
priors ug, this results in maximizing the Lebesgue density of the posterior which can
be rephrased as a Tikhonov regularized cost function minimization as in Section 2.2.
The same optimization techniques | , | apply, with low computational cost
compared to sampling.

Alternatively, they also refer to techniques that approximate the posterior distribu-
tion by a simpler distribution, for instance a Gaussian in Laplace approximation,
which can then be accessed explicitly or sampled by easier methods [ , ].

e Filtering techniques impose additional structure on the unknown parameter p and
data y which they exploit when building the posterior distribution incrementally by
adding more and more data. The hope is that single update steps can be performed
more efficiently, as the distance between an update and a previous state is not as

11
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far as between posterior and prior. These methods naturally find application in
online settings, where new data is constantly acquired. In high dimensions, filtering
requires high computational effort and frequently particle approximations are used,
e.g. in the ensemble Kalman filter | ].

2.3.1. Bayesian Posterior Sampling

Sampling from non standard distributions as arising in non Gaussian Bayesian inverse
problems is challenging. Typically, an a-priori computation of the full posterior distribu-
tion 7¥(p) = Z~Y(y|p)mo(p) or even the normalization constant Z is not feasible, as each
evaluation of the likelihood requires computing the forward map, which is often expensive
for PDE models.

Samplers have been developed on the basis of Markov chains whose distribution con-
verges to the target sampling distribution, for which these difficulties are circumvented
through building their dynamics such that it

(P1) is invariant w.r.t. scaling of the sampling distribution, which allows us to avoid
computing the normalization constant Z and directly work with ¢(y|p)mo(p) o 7¥(p)
- this is often achieved working with quotients or (approximations of) the log density

gradient - and

(P2) utilizes a minimal number of expensive sampling distribution evaluations - typically
only local values of the (not normalized) sampling distribution at previously sampled
or the newly proposed states are required to update the Markov chain.

Several methods have been proposed that fulfill these criteria:

e The most classical methods are Markov Chain Monte Carlo (MCMC) methods that
construct a Markov chain, in which sample members are Members are evolved in time
according to a random walk, that is biased so to converge to the target distribution.
Once this equilibrium is reached, a subset of members of the remaining chain con-
stitutes the sample. Typical methods comprise the Metropolis Hastings algorithm
[ , |, Langevin Monte Carlo, Hamiltonian Monte Carlo, Metropolis-
Hastings LMC, and so on | , , , , , , ]

Though very generally applicable, these methods suffer from high computational
cost: gradient free methods often exhibit very slow convergence to the equilibrium
[ ], leading to a long burning time that consumes many posterior evaluations,
whereas the gradient computation raises the cost of gradient based methods. More-
over, the sequential sample generation leads to autocorrelation, which can be miti-
gated by thinning, entailing additional computational cost to generate the same size

of a sample.

e Recently, the idea to evolve the sample simultaneously as an interacting Markov
chain, originating in data assimilation | , |, has been transferred to

12
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sampling tasks | , , , , |. Particles can commu-
nicate and explore the distribution landscape more efficiently. Furthermore, their
interaction can be designed to entail further properties such as affine invariance, or
gradient free approximations, allowing a very efficient application. As these meth-
ods are an active area of research, their non-asymptotic convergence behaviour is
not fully understood yet.

Two ensemble based methods will be explained in the following in more detail: the
Ensemble Kalman Sampler (EKS) | ], and the Consensus Based Sampler (CBS)
[ |. Both methods are very efficient, as they can be used in a gradient-free manner.

Let the admissible A = R? be finite dimensional and denote the target distribution by
7(p) and assume absolute continuity w.r.t. the Lebesgue measure. Then its positivity
often allows us to rewrite it by means of a potential ® as

m(p) x e ®P), (2.8)

EKS [ ]. The EKS is developed as an ensemble version of the overdamped
Langevin dynamics that, in its original form, updates single samples p, independently
according to a noisy gradient flow in ®, i.e.

dpn = —V,®(py) dt + V2dW,,  n=1,..,N, (2.9)

where the W,, denote independent and identically distributed (i.i.d.) Brownian motions on
R€. Introducing a preconditioner can speed up convergence to the target distribution (2.8),
and by choosing the preconditioner as the empirical particle covariance matrix Cov[p] =
N=1Y (pn — D) ® (pn — P), where p= N~13"  p,s denotes the ensemble mean, then the
full ensemble {py,}n=1,. n is evolved in an interactive manner according to the stochastic
differential equation (SDE)

dp, = —Cov[p|V,®(p,) dt + \/2Cov[p] dW,,, n=1,..,N. (2.10)

Assuming a certain square norm structure of ®, gradient free dynamics can be derived: as
a simple extension of [ ], let ®(p) = ha(||h1(p)||?) be a C! function hy : R — R of
the square norm of a mildly non-linear C' function h; : A — RF for some k € N. Then the
drift term can be approximated by a gradient free difference term, leading to the gradient
free implementation of the sampling scheme:

_ 20 ([ (o))

Cov[p] 7, (pn) L

> (o = D) (pw — D) (Dph (pn)) " i (pr)

nl

~ 2h/2(||h1(pn)”2)% Z(pn’ - ﬁ)(hl (pn’) - El)Thl(pn) = Z Cn,n’pn’-

n/

Note that the approximation Dphy(pn)(pn — D) & hi(py) — h1 in the last line, where
hi = N71Y" hi(py) denotes the ensemble mean of {h1(py)}n, is justified by the fact that
hy attains an almost constant Jacobi matrix Dyhi(p). Moreover, the coupling coefficient
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between the ensemble members are summarize in Cy, n := 2h5(||h1 (pp) |2) N~ (b1 (pr) —

h1)Thi(p,), and the missing summand involving p vanishes due to averaging in hy.
Asymptotic Sampling Behaviour. The mean field limit describes the evolution of the

particle density p, as the many particle limit N — oo of the empirical ensemble distribution

N
1

() =+ > by (2.11)

n=1
and it gives insight into the behaviour of the particle system. For Lipschitz smooth ®, the
mean field limit for the gradient-based dynamics (2.10) has been derived in | | and

[ | as:

9ip = V- (pCov(p)Vy®) + tr(Cov(p) Hyp ), (2.12)

where Cov(p) denotes the macroscopic covariance

Cov(p) = / (g—m(p))®(g—m(p))p(q)dg, with macroscopic mean m(p) = / q p(q) dg.

(2.13)

® is a stationary state

By independence of Cov(p) from p, one easily sees that p o e~
of (2.12). Exponential convergence to this steady state can be guaranteed under certain
circumstances, for instance a well chosen initialization distribution i, and strong con-
vexity of ® while excluding ensemble concentration in one point, as shown in [ ,

Prop. 3.1]. This means that for large N and ¢, the empirical distribution approximates the
N1 t1l
sampling distribution p((t) ~ p(t) ~ m, and the sample {p,}, can be considered

as a sample from 7.

Numerical Algorithm. The numerical algorithm first initializes a sample {p}, ..., pQ} ac-
cording to a suitable initial distribution minit. To derive the numerical sample propagation
law, the gradient free approximation to the continuous SDE (2.10) is discretized in time.
Application of the classical Euler-Maruyama scheme, for instance, yields

L=k AN COF Ll (/2080 Covph])¢E,
n/

with i.i.d. ¢¥ ~ N(0,1). An adaptive time step of AtF = % between the samples pF
and pftl, for some e > 0, was proposed in [ , ], where the matrix RV*YV 5
Cck = (Cs,n/)nm/ summarizes the coupling between all ensemble members. The above
consideration of the asymptotic sampling behaviour justifies taking the output sample as

{pE}N_| for sufficiently large k, i.e. large evolution times t*.

CBS Sampling | ] The CBS leverages the Laplace method | | for sampling.
It is constructed such that its mean field limit converges in the long time limit to a Gaussian
approximation of the target distribution around its maximum.

It evolves a set of N particles {pn}ﬁle according to the gradient free dynamics given by
the SDE

dpn = ~(pn = m (o) (1) dt +4/2(1 + B)Covs (o) (1) AW, (2.14)
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where p(y) denotes the empirical particle distribution from (2.11), and mg(p) := m(Lgp)
and Covg(p) := Cov(Lgp), for m and Cov as in (2.13), denote the mean and covariance
of the reweighted distribution

Lope P
= T p(q)e PP dg’

parametrized by some 3 > 0.

The relaxation in the drift term in (2.14) drives particles towards their reweighted mean.
On the other hand, the diffusion term on the right-hand side (RHS) of (2.14) introduces
a stochastic deviations proportional to the reweighted ensemble covariance, which allows
exploration of the distribution landscape.

Asymptotic Sampling Behaviour. As pointed out in [ ], taking the mean field
limit N — oo of (2.14) shows that the particle density follows

Op = V- [ (0= mga(p)) p+ (14 B)Covs(p)Vpp] .

For strongly convex, smooth potentials ® that are bounded by the reciprocal of a Gaus-
sian, the mean field limit admits a Gaussian steady state, that is close to the Laplace
approximation of the target distribution at the MAP for large enough 5 > 0, and p con-
verges to this steady state exponentially fast as t — oo, if initialized by a non-degenerate
Gaussian.

Approximation at the MAP can be anticipated by taking the limit as 8 — oo: then Lgp
converges to a Dirac delta that is located at the global minimum of ® over the support of p,
i.e. the MAP if it lies in the support. The mystery why the gradient free dynamics (2.14)
succeeds to optimize the distribution by finding the MAP has been unveiled in | ],
where the authors linked the process to a gradient free relaxation of the Langevin dynamics
(2.9). Moreover, extensions of the CBS to Gaussian mixture models have been propose in
[ | by introducing a kernelized form of the mean and covariance.

Numerical Algorithm. The algorithms starts by initializing the sample {p)}Y_; by a
non-degenerate Gaussian distribution and choosing a sufficiently large 5. A temporal
discretization of the continuous time dynamics (2.14) by an exponential integrator, as
proposed in [ ], then yields the numerical propagation

pEF = e Ak 4 (1= e ) /(1 = 230 (1 + B)Cova(pfy

with ¢% ~#%4 A7(0, 1), and the output sample is again taken as {p%})_, after sufficiently
many time steps k.

2.3.2. Connection between Bayesian and Cost Minimization

A link between Bayesian and the constrained cost optimization framework is established
through the evaluation of the Bayesian MAP, which, for Gaussian priors and noise, turns
out to be a Tikhonov regularized cost function minimization. In this setting, otherwise
arbitrary or heuristic choices of the cost function C, as well as the norm and reference
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solution in the penalty term «af[p — po||4 are motivated by the noise and the prior distribu-
tion, respectively, see [ , Sec.2.2], | , Sec.11.3.1]. This underpins the regularizing
nature of the Bayesian framework.

Another connection is established through the small noise limit, that was studied in
[ , , ]. As the variance of a centered Gaussian noise vanishes, the Bayesian
solution to a uniquely solvable inverse problem converges weakly to a Dirac measure at the
true solution | ], i.e. Bayesian inversion returns a point value that coincides with the
true solution. For ill-conditioned linear inverse problems with Gaussian prior and noise,
uncertainty from the prior information is pertained in some directions in the small noise
limit | ], which demonstrates that the prior information compliments the missing
information in the data and thus highlights the regularizing effect of Bayesian inversion.

2.4. Identifiability analysis

Being rooted in control theory | , | and applications [ , , 1,
identifiability analysis provides a different perspective onto well-posedness of inverse prob-
lems. It sheds light onto the question whether given data contains enough information to
uniquely identify the model parameter. If the data is of bad quality in the sense that it
is not informative enough, checking for sources of non-identifiability allows a more precise
diagnosis and the proposal of suitable remedies, for instance changes in the model, the ad-
missible set or the experimental design, [ , | to cure such ill-posedness
and lead to better stability in reconstructions. The framework thus takes a holistic per-
spective onto the inverse problem. As the identification of redundant or non-informative
data, the optimal use of information to reduce uncertainty in the parameter reconstruc-
tion and the understanding of remaining uncertainty due to modelling limitations provide
important insight into cost-effective data collection procedures, it is also referred to as
qualitative experimental design | ]

In the remainder of this section, a general framework for identifiability analysis is intro-
duced in adaptation of | ) , ].

Sources of Non-ldentifiability. Non-identifiability can be caused by either of the three
subsequent sources [ ) |:

(S.I) A mismatch in the structure of the model and the type of collected data might
prevent parameter identification, even for perfectly chosen data. In this case, the
full input-to-output map ItO,, i.e. the experiment in total, is not informative
about p.

(S.IT) A poor selection of the particular experimental design D may lead to non-informative
data, even if the type of data is suitable. Poor measurement specifications may
provoke an information loss from the measurement procedure, whereas poorly se-
lected input data might not trigger all aspects of the parameter, or a too small
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(S.IIIT)

number of experiments might not allow to collect all necessary information on the
parameter. In this case, the forward map Fp for this design is not informative,
calling for experimental design methods.

Finally, noise might induce parameter uncertainty such that the reconstruction
cannot be trusted anymore. For instance, the most plausible parameter, e.g. the
MAP, might not be unique, pointing towards non-identifiability.

The following example demonstrates the three sources for an easy toy model.

Example 2.5. Consider the determination of the constant speed ¢ > 0 of a moving object

in the two-dimensional plane R2. The object is known to start at the origin (0, 0) at time

t = 0 and move in direction (1,0). Imagine for instance a bicycle driving on a straight
street. The location of the object at time ¢ is (I(¢),0), with first coordinate I(t) = ct. An
observer, e.g. a camera, is located at a position z € R?\{(}, 0)}>\6R3' and a direction of

attention v € S', in order not to interfere with the potential trajectories of the object.

The observer has a 180° field of vision and collects data on the location of the moving

object, if it is in its field of vision. This data shall be used to recover the speed of the

moving object.

(S.I)

(S.11)

(S.I10)

If the observer only collects the locations of the object without noting the time
at which the object reaches this location, reconstruction of its speed will not be
possible, as all locations (Rg ,0) will eventually be reached by the object as long
as its speed is positive and the observation time is not limited. This type of data
is not informative about the speed, no matter which observation position =z and
direction of attention v are chosen.

Assume instead, that the observer collects data on the location [(T") of the moving
object for a fixed T" > 0. This is only possible if I(T") is in its field of vision {y €
R? | (y — x,v) > 0}. For a suitable choice of x and v, for instance x = (1, —1) and
v = (0,1), the observer can perfectly track [(T") = ¢I" and the speed ¢ = I(T)/T
can uniquely be recovered. If x and v are chosen poorly, however, e.g. = = (1,—1)
and 0 = (0,—1), then the final location cannot be observed as it lies outside
the observer’s field of vision and a reconstruction of the speed is not possible.
Because x and v refer to properties of the observer, they represent measurement
specifications.

Assume that the observer is located at the well suited position z = (1,—1) and
v = (0,1), but it has a blurred focus and can only determine the final location
within an interval of length 1, i.e. I(T') € [a,a + 1] for some a € R. Then the
correct speed of the object is not unique. It is only possible to narrow it down to
the interval ¢ € [a/T, (a+1)/T]. In some cases, this estimation will be too coarse
to be useful in practice. In this case, even though reconstruction with the clean
data would work, observation noise prevents a meaningful reconstruction.
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2.4.1. Structural identifiability

Structural identifiability aims to exclude non-identifiability of source (I) and was intro-
duced in | |. Different definitions exist | , ], and the following will be
used throughout this work:

Definition 2.6 (Structural identifiability, persistent excitation; adapted from [ ,
]). The inverse problem corresponding (2.2) is called (globally) structurally identifiable,

if for any ground truth parameter p, € A there exists an experimental design D, =
D, (ps«) € P(D), such that Fp, (p) = Fp, (p+) implies p = p, for all p € A. In this case, D,
is called persistently exciting w.r.t. F, A and p,.

Local versions of structural identifiability exist, where uniqueness of p, is required to
hold only in a neighbourhood U,, C A | ]. Moreover, it is possible to include
non-observable and non-controllable parameters that shall not be reconstructed| ,

].

Structural identifiability is weaker than identifiability according to Definition 2.1i, since
the experimental design D, is not fixed, but can be chosen in dependence on the true
parameter p,, and coinciding values Fp, (p) = Fp,(p) are allowed for p # p as long as
they are distinct from p,. Structural identifiability should be examined before exper-
iments are conducted to make sure that the correct type of data is collected and the
experiment is informative. In the proofs, a noise-free setting is considered to exclude non-
identifiability effects of source (III), and access to the full input-to-output map ItO,, is
assumed | ) ]. The method of investigation of structural identifiability heavily
relies on the model and data structure. A brief overview over the rich methodology devel-
oped for structural ODE identifiability analysis can be found in the literature review at
the end of this subsection.

Persistent excitation [ , | refers to the fact that the chosen experimental
design D, is suitable to discriminate between the ground truth p, and other parameter
values in the measurement and thus anticipates identifiability of type (II). Given that the
true parameter is typically unknown a-priori, in the most favourable case, an experimental
design D, can be found that is persistently exciting for all p, € A. Unfortunately, this is
mostly not possible.

2.4.2. Cost Function and Sensitivity Based Identifiability

To study the persistent excitation property of an experimental design Dy, and thus the
existence or lack of sources (I) and (II), identifiability can be combined with the cost
minimization reconstruction framework in Section 2.2 | , , ], or
studied in a linearized setting, for which source (III) is excluded by consideration of noise-
free data.

Cost Function Identifiability.

Definition 2.7 (cost function identifiability; adapted from [ , ]). Consider
a fixed ground truth parameter p, € A and a prescribed experimental design D, €
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P(D). The inverse problem in the cost minimization framework (2.5) is called (locally)
f-identifiable w.r.t. a loss function ¢ : Y x Y — ]R(J)r at ps, Dy, if the cost C(p) :=
U(ys, Fp,(p)) associated to noise free synthetic data y, = Fp,(p,) has an isolated local
minimum at p = py. If p, is the unique global minimum, then the inverse problem is
globally f-identifiable w.r.t. py, D,.

For a suitable class of loss functions, such as the standard ¢(y1,y2) = |ly1 — y2||y for
some norm on Y, (local/global) cost function identifiability at a point py, D, is equivalent
to the fact that D, is (locally/globally) persistently exciting w.r.t. py.

Remark 2.8. The Bayesian setting by definition does not generate uniqueness of the pa-
rameter. Investigating identifiability from sources (I) and (II) is still beneficial to learn
whether uncertainty in the parameter arises only from uncertain noise or also from other
sources. Statistical approaches to identifiability can be applied, for instance identifiability
can be defined through comparison of the shape of the full (log)-likelihoods almost every-
where (a.e.w.) in the parameter space as in | ] or uniqueness of the maximum of
the log-likelihood | |. This is connected to cost function identifiability with the log
likelihood as a cost function, in analogy to the considerations in Section 2.3.2.

Sensitivity analysis. Sensitivity analysis is another tool frequently used to investigate
identifiability issues of types (I) and (II) | , , ]. The sensitivity
expresses how much the output measurement changes if the parameter is varied. For
notational convenience, a finite dimensional parameter p € A C R¥ and a finite design

D = {s1,...,s5.} € P(D)

are considered in the following, while pointing out that extensions to infinite designs are
studied in Chapter 8. Assuming sufficient regularity of the forward map, the sensitiv-
ity matrix for the finite experimental design D refers to the Jacobi matrix J,Fp(ps) of
the measurement w.r.t. the parameter values, evaluated at a prescribed ground truth
parameter p, € A,

J=J,Fp(ps) €RYXQ withrows J. = (VkM(fx,)", 1=1,..,L, (2.15)
and represents the linearized inverse problem with linearization at py

O:J(p—p*).

A lack of sensitivity of all measurements w.r.t. one parameter - i.e. a vanishing column
of J, a high correlation between a pair of columns, collinearity of a group of columns or
rank deficiency of the Hessian J7J, all allow for non-vanishing solutions to the linearized
inverse problem and therefore indicate non-identifiability of the considered (pair or group
of) parameter(s) or the full set of parameters; an overview over several sensitivity based
methods may be found in | ]. In this work, sensitivity based identifiability will
be evaluated by the eigenvalue criterion in terms of rank deficiency of J7.J.

Definition 2.9 (]| ]). The inverse problem (2.2) under the experimental design
D is called sensitivity based identifiable at p,, if J7J is positive definite.
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Remark 2.10. Sensitivity based and cost function identifiability are qualitative criteria.
They do not account for poor conditioning of J7J or equivalently a flat cost landscape
of C, both of with leading to major difficulties in numerical reconstruction through high
computational complexity fo finding the cost minimum, even for noise free data. In these
cases, noise, by slightly distorting the data, can easily render the inverse problem non-
identifiability. To avoid this, the sensitivity based identifiability criterion can for instance
be exchanged by a threshold for the minimum eigenvalue or conditioning of JZJ that is
not be exceeded.

Connection between Cost Function and Sensitivity Based ldentifiability. The connec-
tion between sensitivity and identifiability is given by the quadratic cost function for this

design

C) = Colv) = grllve — Fo@I3 = 5 3 (s~ Fu(p)?
seD

with noise free data y, = Fp(px) - this exclude source (III). Linearization of the forward
map Fp at p, provides Cpin(p) = L™ (p — pi)JL J(p — py), i.e. the Hessian of the linearized
cost function reads H,Cy,(p) = L~1JTJ. A full rank structure of JTJ reveals that Cii, (p)
is strongly convex and has a unique global minimum at p,, whereas in case of singularity
of JTJ, the linearized inverse problem contains a non-identifiable parameter | ]-

By the implicit linearization, sensitivity analysis can in general only provide local guid-
ance on identifiability of the non-linear inverse problem. Under sufficient regularity of the
forward map, however, identifiability results are locally transferable:

Proposition 2.11 (adapted from | ). Let a finite design D € P(D) be given and
assume that the forward map Fy(p) is twice continuously differentiable in p and its Hessian
H,Fs(p) € RXQ is Lipschitz continuous w.r.t. a norm ||-||.4 on the admissible set and the
Frobenius norm on Re*Q in a neighbourhood around the ground truth parameter p,, for
all s € D. Then sensitivity based identifiability according to Definition 2.9 is equivalent to
local strong convexity of the quadratic cost C, and implies local square loss identifiability.

The proposition connects sensitivity based identifiability with local strong convexity
of the quadratic cost function, a very favourable property that facilitates the numerical
optimization of the cost function. Note that a global characterization of cost function
convexity is in general hard for non-linear forward maps, because the Hessian depends on
the considered parameter value.

The regularity assumption on F' is rather mild and holds true in many applications, in
particular in many PDE parameter identification problems, where well posedness of the
forward model typically comprises a certain regularity of the solution w.r.t. the parameters
and initial data.

Remark 2.12. Proposition 2.11 can be extended to infinite experimental designs, as studied
in Chapter 8.

To proof the proposition, recall that local strong convexity is equivalent to positive
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definiteness of the Hessian of the quadratic cost function

ROXC 5 HClp) = L' (VpFu(p) @ V,Fa(p) + (ys — Fu(p)) HpFu(p)) (2.16)
seD

for all p in the respective domain, according to Definition 2.2. Noting that the Hessian of
the quadratic cost C evaluated at the ground truth parameter p, reads

H,C(ps) = L Z VpFy(ps) ® VpFs(ps) = L=yt (2.17)
seD

the proof is established by extending its positive definiteness to a neighbourhood of py
through Lipschitz continuity of the Hessian of the cost function, established through Lip-
schitz continuity of all terms appearing in (2.16) by assumption.

Proof. By the above characterization of local strong convexity in terms of positivity of
the Hessian eigenvalues, it is clear that it implies sensitivity based identifiability. Vice
versa, matrix perturbation theory | , Corr.6.3.8] establishes continuity of the minimal
eigenvalue w.r.t. perturbation in the matrix. Moreover, by representation (2.16), local
Lipschitz continuity of the Hessian forward map H,F§ in p translates to the quadratic
cost Hessian H,C, and, therefore, one has for all p in a neighbourhood U of p, that

[Amin (HpC (P+)) = Amin(HpC(p))| < [ HpC(p+) — HpC(p)llF < Cllps — plla, (2.18)

for a constant C' > 0. Hence, if Amin(HpC(px)) = Amin(JTJ) > 0, then one can find a
|| - || a-neighbourhood U, C U of p, for which Ayin(HpC(p)) > 0 for all p € Up,, ie. in
which C is strongly convex. O

Minimal Number of Data. As a simple consequence of sensitivity analysis, a minimum
size of an experimental design can be derived that is capable of rendering the inverse
problem sensitivity based identifiable. Intuitively, it makes sense, that this number has to
be related to the dimension of the parameter p: if only few data is collected, it is unlikely
that this data is sufficient to reconstruct a high dimensional parameter, and the inverse
problem is typically underdetermined. The following proposition suggests collecting at
least as many data points as the dimension of the parameter.

Proposition 2.13. Every (finite) experimental design D for which the corresponding
inverse problem (2.2) is sensitivity based identifiable consists of at least QQ experimental
setups s;. If |D| > @, then a reduced design with @ experimental setups exists for which
the corresponding inverse problem is also sensitivity based identifiable.

This is not surprising, given that sensitivity analysis studies identifiability of the lin-
earized inverse problem, i.e. linear system of equations with () unknowns. A combination
with Proposition 2.11, however, allows drawing conclusions for the nonlinear inverse prob-
lem and local strong convexity of its quadratic cost function.

Proof. If |D| = L < @, then the Hessian H,C(p4), as a sum (2.17) of L tensor products
summands of rank 1, attains a rank of at most L and is thus rank deficient. On the other
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hand, if a design provides more data than the dimension of p € A C R?, ie. |[D| > @, and
leads to a sensitivity based identifiable inverse problem, then one can select a subset of
these experimental setups for which identifiability still holds: Because JT.J € R*€ is of
full rank Q by assumption, so is J € REX? and one can select Q experimental setups s; for
which the corresponding rows of J are linearly independent, and thus the corresponding
Hessian at ground truth is still of full rank. O

Again, the Lemma can be generalized to infinite experimental designs, under the setting
considered in Chapter 8.

2.4.3. Practical identifiability

Even if an experiment can theoretically provide sufficient information, i.e. the inverse
problem is structurally identifiable, parameter identification can fail in practice due to bad
quality of experimental data. One speaks of practical non-identifiability, when the variance

of parameter estimates corresponding to noisy data is 'too high’ compared to the data noise
level [ |. Because the notion of a ’too large variance’ is very problem and method
dependent, no unified definition of practical identifiability exists throughout literature
[ |. Practical identifiability is conceptually related to the stability requirement
2.1(ii).

It might be a consequence of structural non-identifiability (I) or a poor choice of ex-
perimental specification (II), both resulting in a lack of information also in the noise-free
data, or distortion of the data by noise (III). It manifests in (near-) flatness of the cost
function, the likelihood or the Bayesian posterior density landscape. Detection techniques
established in ODE models comprise Monte Carlo simulation of noisy data in order to
evaluate the spread of the corresponding parameter reconstruction, the consideration of
confidence regions based on the profile likelihood function | , | or the Hes-
sian matrix of least squares | , | as well as Bayesian methods [ l. A
review over these and some more methods can be found in | , ].

2.4.4. Dealing with Non-Identifiability.

The way to deal with non-identifiability depends on the purpose of the reconstruction
[ ) ]: if the model is supposed to be used for prediction only in the
specific setting of the experiment and predictions are not affected by the concrete choice of
an optimal parameter, then non-identifiability can be tolerated. If, however, the parameter
itself is the quantity of interest, identifiability of this parameter should be improved. The
following methods are proposed in literature | , |:

e Non-identifiability of source (I) can only be remedied by a change of model structure,
i.e. either another type of data is observed or the complexity of the parameter is re-
duced, for instance by fixation of non-identifiable parts, prescription of a parametric
form of the parameter, reparametrization through parameter pooling or introduction
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of a-priori knowledge.

e A poor choice of the experimental specification (II) calls for improvement through
experimental design.

e Data noise (III) might be reduced by improved measurement quality. Otherwise,
prior knowledge on the parameter could be incorporated through regularization tech-
niques | ].

2.4.5. Literature Survey

Historical development. Identifiability issues in applications such as econometrics | ]
or psychology | | shaded light on this problem early on. The development of a sys-
tematic framework for identifiability analysis in a statistical setting started in the 1950s, in
[ , | and literature therein, with a focus on linear systems and rank conditions.
This was picked up well by the econometrics community | | and further criteria such
as the information matrix criterion were developed | ].

The focus shifted when control theory and systems identification for dynamical ODE
systems provided another access to identifiability analysis | , ]. This ansatz was
widely adopted in subsequent literature and a rich methodology was developed as several
review papers suggest | ) ) ) , ) ,

.

Applications. Applications prompted the development of different notions | ]
and techniques for identifiability analysis, recurring to different requirements in the re-
spective fields such as disease modeling | |, water quality modeling | | or
environmental studies [ , |, for instance. Another large area of applica-
tion is biology, where a limited insight into systems provided by restricted measurement
capabilities often faces complex models with numerous potential influence factors. The
question of identifiability was studied particularly well in systems biology, for instance for

enzyme kinetics | , |, signaling pathways [ , ], metabolic

models | , , ], circadian clock related genetic networks [ ,
], pharmacokinetic models | , |, reaction networks | ],

bacterial growth models | | or oncology models | ], just to mention some.

Structural ODE identifiability. A variety of methods has been developed to test for
structural identifiability for ODE models. Typical techniques involve

e analytical | | or numerical | | direct test,

e Laplace transform | ] for linear models as proposed by | ],

generating series expansion (and identifiability tableaus)| , l,

Taylor series expansion [ , ],

similarity transform and local state isomorphism theorem | , , ,

differential algebra manipulations | , , 1,
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e implicit function theorem | , ]

Several software implementations based on a subset of these techniques exist. An overview
comprising a critical comparison is available under [ ].

PDE identifiability analysis. Despite the large number of PDE inverse problem applica-
tions, the focus of most existing literature lies in the sole verification of falsification of the
identifiability property in Definition 2.1(i) and the development of regularization strate-
gies to compensate non-identifiability or instability. Not many works consider the inverse
problem from an identifiability analysis point of view in order to obtain a more detailed
insight into the sources of (non-)identifiability. A brief overview over existing literature
and methods is given in the following.

The first consideration of PDE identifiability analysis dates back to the late 1970s | ]
and instigated a line of structural identifiability research that has emerged in an aca-
demic context | , , ) , , , , , , ,

, ]. As applications prompted the further development of ODE identifiabi-
lity analysis concept and techniques, the topic reemerged in the 2000s in the context of

PDE applications, most of which can be found in biology | ] such as epidemiology
[ , , , , , , | or the modelling
of cell invasion [ , |, cell cycle | , , ], cell motion
[ ], morphogenesis [ |, protein dynamics [ | or blood-tissue exchange

[ ]. Further applications were found in information propagation in social networks
[ |, food processing | | or environmental sciences | ].

PDE practical identifiability. Given that practical and cost function identifiability does
not directly rely on the underlying model, established methods readily extend to the PDE
context. As such, methods based on sensitivity analysis | , , ,

, , | as well as Monte Carlo methods [ ], Bayesian MCMC
[ , , | or the profile likelihoods [ , , ,
, , , | were successfully applied to different types of PDEs

that emerge in applications, as Table 2.1 illustrates.

Another approach incorporates the PDE into the cost functional in the cost minimization
framework 2.2, which then entails specific PDE based methods for investigation. An
example of this idea is given in | | for the interaction potential reconstruction in the
McKean-Vlasov equation and, more generally, for PDEs | | with linear parameter
dependence with gradient flows as an example.

PDE structural identifiability. Structural identifiability heavily relies on the model and
the data structure. It is thus not obvious which previously mentioned techniques for struc-
tural ODE identifiability analysis generalizes to which type of PDE model | ]. Upto
this point, no unified framework is available | , | and the development of
general PDE structural identifiability techniques is a subject of current research endeavors
[ ]. Literature so far concentrated on the following approaches:

e Identifiability under approxzimation. The so-called identifiability analysis under ap-
proximation studies identifiability of discretized versions of the parameter emerg-
ing from spatial discretization of the PDE by different methods such as orthogonal

24



2.4. Identifiability analysis

Sensitivity | Monte Carlo | Bayesian MCMC Profile likelihood
parabolic 1D 1D | ]
PDE [ I 2D | : ]
multiD

reaction diffu-

sion system

transport
PDE system

1D quasi-hy-
perbolic PDE

Table 2.1.: Practical identifiability techniques applied to PDE models.

polynomials, spectral expansions, finite element (FEM) discretization or finite dif-
ference (FD) schemes. The emerging system of ODEs can be investigated by es-
tablished methods for ODE identifiability analysis such as the differential algebra

approach [

[ ,

has been applied to inverse problems for one- [
| or multi-dimensional |

) )

|, the Laplace transform |

, | or the Taylor series expansion [

) 9

|, direct methods
]. This method

9 I

| linear parabolic PDE models as well as

a one-dimensional nonlinear second order PDE model in |

|. Table 2.2

summarizes which techniques have been applied to which PDE type in literature.

differential Laplace direct method Taylor
algebra transform expansion
1D heat FEM spectral expansion
equation [ , [ |, FEM
] [CR80]
1D linear orthogonal
parabolic PDE polynomials
[ ; B
FD | ]
multiD linear FEM | ]
parabolic PDE
1D non-linear FD
2nd order PDE [ ]

Table 2.2.: Structural identifiability under approximation: techniques, types of PDE mod-

els and spatial discretization.
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e Differential algebra approach. As the differential algebra approach provides a sys-

tematic framework for ODE identifiability analysis studies, where it even allows for
software implementation [ |, there has been considerable attempt to apply it
to PDE models. Several types of PDEs have been investigated in this framework, for
instance models in one space dimension for multi-species linear [ , ]
and semi-linear transport reaction systems | ] emerging from age structured
models, the heat equation [ |, a linear parabolic PDE | ], linear reac-
tion diffusion systems such as the semi-linear autochemotactic Keller-Segel system
[ , |, and a diffusion equation with logistic growth [ |. Iden-
tifiability of one-dimensional quasi-linear parabolic PDEs and reaction diffusion sys-
tems as well as a linear elliptic equation and the wave equation was studied by this
method in | ], as it was for the Euler-Bernoulli beam equation in [ ]
In multiple space dimensions, specific non-linear reaction diffusion systems in epi-
demiology were studied in [ , ]. A first attempt to generalize
the technique to one-dimensional problems of quasi-linear elliptic, parabolic and hy-
perbolic type PDE models was undertaken in | ], before general higher order
one-dimensional quasi-linear equations of a certain form were considered in | ].
The authors of the preprint [ | then extended it to generic non-linear spatio-
temporal evolution systems of very general form. It should be mentioned, that
the size of the algebraic system grows cubically in the number of state variables
[ | and linearly in the number of unknown parameters, making this approach
often computationally infeasible for large systems. Furthermore, the method requires
derivatives of the data which might not be accessible, especially for point wise data.

Model specific methods. Other proofs in the realm of PDE identifiability rely on
model specific methods to transform the identifiability problem in a more tractable
shape. These comprise explicit solution formulas for linear transport equation models
[ , | or a Laplace transformation to study solutions to linear two-species
advection-reaction system | ], both in one space dimension. Identifiability for
a quasi-linear heat equation was studied through construction of a suitable test
function in | ]. This is conceptually similar to the Fredholm integral based
adjoint method applied to a n-dimensional parabolic PDE in | |, which is also
applied to a coupled parabolic system of chemotaxis in a moving fluid environment in
combination with a variation method in | |. A projection method was introduced
for general linear PDEs and applied to a one dimensional heat equation in | ]
as well as linear parabolic PDEs in one space dimension in | , |, for which
transformation into Fourier and Laplace domain proved useful. Both transformations
were combined with a spectral method to study an identifiability problem for the
Klein-Gordon equation, a linear hyperbolic PDE, in one space dimension in | ].
Spectral expansions also proved useful for linear parabolic PDE models | ,

, , , ) ] or the wave equation | ], both in one space
dimension, as well as a multi-dimensional heat equation | |. The same technique
was applied to a generic multi-dimensional linear hyperbolic equation as well as
the Euler-Bernoulli beam equation, a linear fourth order equation, in one space
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dimension | ]. A review over early Japanese works in this line of research
can be found in | ]. Table 2.3 summarizes the techniques that were used in

literature to prove structural identifiability for different types of PDEs.

explicit testing / | projection | Fourier / spectral
solution adjoint method Laplace expansion
domain

1D linear [ ,
transport ]

1D advection [ ]
reaction system

1D linear [ , [ , [ , ,
parabolic PDE ] ] , ,

1D quasi-linear [ ]
heat equation

multiD heat [ ]
equation

multiD parabolic [ ]/
equation / system [ ] (+
variation
method)

1D linear hyper- Klein- wave eq. | 1,
bolic equation Gordon | Klein-Gordon eq.
eq. [ ]

[ ]

1D Euler-Bernoulli [ ]
beam equation

multiD linear [ ]
hyperbolic PDE

multiD linear [ ]
PDE

Table 2.3.: Further methods used to prove structural PDE identifiability analysis.

e Another criterion was proposed in [ |, where identifiability is connected to group
theoretic approaches to establish local injectivity of the parameter to output map.

The concrete choice of method also depends heavily on available measurement infor-
mation, see e.g. | | where a differential algebra approach was used for distributed
measurements, available over the full space domain, and a spectral method was used for
point wise measurements. Finally, it should be noted that the application of identifiability
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methods to other types of models, such as SDEs is an evolving field | , ,

!

2.5. Optimal Experimental Design

The limitations in experimental resources that practitioners face in real world inverse
problems require carefully selecting a finite experimental design to be conducted in re-
ality. As suggested by source (IT) of non-identifiability, its choice can have a dramatic
effect on identifiability and stability of an inverse problem, and a poor choice might entail
collection of redundant or sub-optimal data and inaccurate parameter reconstructions.
The mathematical area of optimal experimental design is thus devoted to the develop-
ment of techniques that find experimental designs whose data is most expressive w.r.t.
the parameter, leading to well behaved inverse problems. In the following, we give an
introductory overview into this area on the basis of the review articles | , ]
For a deeper dive, readers are referred to these or the many other available review articles,
e.g. | , , , |, and references therein.

2.5.1. The Basic Ildea

In noisy data settings, the stochastic behaviour of the data provokes uncertainty in the pa-
rameter estimate p, as observed for instance in the Bayesian framework. An experimental
design D € P(D) is thus regarded as optimal, if it minimizes uncertainty of the param-
eter estimate p associated to the inverse problem with this design D. Different criteria
¢ :P(D) — Rar, some of which are introduced in the subsequent paragraph, have been
proposed to measure this uncertainty, mostly based on notions of variance of the estimate
p. The experimental design optimization problem then reads

in_¢(D).
arg min ¢(D)

Note that the notion of a design here is rather general: the space of experimental setups
D can be discrete or continuous, or, more generally, it can even be infinite dimensional
and attain the form of a functional space. A particular example is the space of measures
over a domain X C R" that might describe a measure valued sensor placement | ,

]. We present the following design criteria for finite designs D, yielding a finite
dimensional data space y € ) C RE, for sake of simplicity, keeping in mind that extensions
to other settings are readily available. Moreover, we assume that the parameter p is finite
dimensional p € A C R? for simplicity of the presentation, even though the theory is
clearly not limited to this case and many criteria can readily be extended to the infinite
dimensional case under mild adaptations [ .
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2.5.2. Optimality Criteria.

Optimality criteria are often equivalently defined for both, the non-Bayesian and Bayesian
formulation | ].

i) In the non-Bayesian regime, they mostly refer to an approximation of the covariance
matrix of the maximum likelihood estimate p in the non Bayesian setting, that is given
through the inverse Fisher information matrix FIM™!(d, D) which - under sufficient
regularity - reads

FIM(pa D) = Ey|p,D[Vp 10g€(y|p, D) ® vp 10g€(y|p, D)] € RQXQa

where ((y|p, D) denotes the likelihood of observing the data y under the parameter
value p and experimental design D, and the expectation is taken over this conditional
distribution.

ii) In the Bayesian framework, criteria utilize the Bayesian posterior covariance matrix.
In a slight abuse of notation, we will also denote the Bayesian parameter estimate,
i.e. the random variable distributed according to the posterior distribution 7%, by p.

Linear Gaussian Regime. Under a linear forward map Fp(p) = Fp - p and an ad-
ditive Gaussian noise model as in (2.3), as well as a Gaussian prior distribution 7wy =
N (Mepriors I'prior) for the Bayesian formulation, then the parameter estimate p is also Gaus-
sian. Its covariance matrix Covp[p] attains an explicit form that is independent of the
ground truth parameter, and given by

i) either the inverse Fisher information matrix FIM™!(p, D) = (FAT;1Fp)~! in the
non-Bayesian setting,

ii) or the Bayesian posterior covariance matrix I'post = (FH0 1 Fp + Tprior) L

It can thus be used as a measures of uncertainty for the parameter estimate p independently
of an unknown ground truth p,, and many optimality criteria only differ in choice of
’scalarization’ of this covariance | , , , ) |:

¢ A-optimality minimizes the average variance over all parameter entries, which trans-
lates to the trace ¢p4(D) = tr(Covp[p]).

e D-optimality minimizes the determinant ¢p(D) = det(Covp|p]) which attains an
information theoretic interpretation as the expected information gain from the prior
distribution to the posterior distribution in the Bayesian setting. Together with
A-optimality, these are the most common criteria.

e E-optimality seeks to minimize the maximum eigenvalue Ap.x of the covariance
matrix ¢ (D) = Amax(Covp[p]).

Amax(Covp [p])

e K-optimality minimizes the condition number ¢x (D) = c(Covpl[p]) = 3 Covrll) -

e c-optimality is a so-called ’goal oriented’ design criterion, that seeks to minimize
the covariance of a linear combination ¢!p of the parameter entries, which might for
instance describe a linear predictor of a quantity of interest, i.e. ¢.(D) = ¢ Covplp]c.
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This list is by far not exhaustive and many more so-called ’alphabetical’ optimality criteria
have been developed for different purposes | , ]

Remark 2.14. Seldom, optimal experimental design is considered on the basis of sensitivity
analysis where optimality criteria based on the Hessian of a cost function C evaluated at
the ground truth parameter p,, which characterizes the size of the ¢ indifference region of
the cost function {p € A | |C(p) — C(p«)| < €} for some small ¢ > 0 | , ]. In
the common case where C is the quadratic cost function and under linearity of the forward
map F', this represents a special case of the Fisher information matrix FIM, where additive
noise follows an i.i.d. normal distribution N'(0,02I) and thus

2
HyC(p.) = L~'J"J = L' FTF = ZFIM. (2.19)

Non-Gaussian Regime. Non-Gaussian distributions of p, occurring for instance for non-
linear forward maps, give rise to additional difficulties in the definition of design criteria:
there exists in general no closed form of the Bayesian posterior covariance matrix and the
inverse Fischer information matrix only locally approximates the maximum likelihood es-
timator covariance, and both matrices vary in the data generating parameter p,. Different
strategies have been suggested to face these challenges | , |, for instance

e designing a ’local’ design through implicit linearization by considering the Fisher
information matrix at a guess of the ground truth parameter - for instance the prior
mean or the MAP point parap | I,

e equivalently, a Laplace approximation of the Bayesian posterior distribution approx-
imates the posterior by a Gaussian and corresponds to the at the MAP linearized
inverse problem | , , ],

e a minimax formulation gets rid of the p dependence by assuming the worst case pa-
rameter value argminp max, ¢(D,p), but leads to a difficult optimization problem,

e an averaging approach averages the design criteria over all unknown values, i.e.
the parameter p, as well as the data y, which might for instance be required for
computing the MAP - possibly weighted by a prior distribution. An example is
the well-known Bayes risk in the Bayesian framework, that measures the averaged
quadratic deviation of the MAP point from the data generating parameter p through

¢Bayes(D) = / Hp _pMAP(y7 D)”Qe(y‘DJ)) dy d7r0(p),

where £(y|D,p) denotes the likelihood of observing data y under parameter p and
design D.

It should be noted that the optimal experimental design framework is flexible include other
design criteria that leverage different utility functions | |, for instance to tailor the
optimization to the specific needs of the considered inversion framework.
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Computational Complexity. The numerical computation of optimality criteria, as well
as their optimization is often challenging due to high computational complexity arising
from high dimensional objects, the need for repeated inversion within the optimization
procedure, and costly PDE forward solvers. Moreover, external restrictions have to be
taken into account, for instance a limited number of sensors to be placed in the domain
that calls for sparsity promoting penalty functions, whose design is non trivial. The
development of suitable computational strategies and methods is thus an own area of
research, with considerable contributions over the past decades, as summarized for instance
in [ , .

2.5.3. Sequential Optimal Experimental Design.

If experiments are conducted sequentially one after another, experimental design can bene-
fit from designing the next experiment adapted to the information, for instance the param-
eter reconstruction, gained in previous experiments | , ]. Two strategies
can be distinguished: Greedy approaches design the next experiment based on feedback
from previous experiments and thus allow application of the previously derived techniques
to continuously updated prior distributions, which reduces computational complexity. In
contrast to that, ’fully’ sequential approaches also take subsequent future experiments
into consideration for planning, and build the design to maximize the total information
collected in all remaining experiments. These approaches are instead based on Markov
decision processes and therefore share similarities to reinforcement learning.
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The Inverse Problem for Chemotaxis

Evolution created biological systems of an immense diversity, and with it an incredible
complexity, expressed for instance in redundancies of systems | , ]. Many
phenomena are not fully understood up to today [ |. This complexity, together with
a lack of fundamental principles, poses a major difficulty in quantitative modelling in
biology. Models often represent simplifications, and model parameters have to be fitted
to observed experimental data, which leads to the realm of inverse problems.

In this first part of this work, we study one particular inverse problem from mathemat-
ical biology, that seeks to reconstruct the coefficient in a PDE that describes the directed
motion of bacteria. We assume synthetic data of sub-optimal type, as often encountered
in real applications due to experimental restrictions or insufficient measurement proce-
dures, and study suitability of this experimental setting for parameter identification. The
constructive proof of structural identifiability that is developed in the next chapter will
allow the application of the 'relaxation of theory’ approach of experimental design, that
is then carried out in Chapter 5, turning this part into an example for this approach.

This chapter serves as an introduction to the model and the associated inverse problem.

3.1. Modelling Chemotaxis

In biology, the ability to move autonomously and react to external stimuli represent two
characteristics of life. Since they constitute an evolutionary advantage for many organ-
isms in many situations, a large variety of distinct reaction systems | ] and motility
patterns have evolved among different species | , ]. Chemotaxis combines both
phenomena and describes the motion of organisms in response to an external (chemical)
stimulus, which occurs, for instance, in the context of food procurement, communication
between cells through self-produced chemicals or avoidance of dangers such as environ-
mental toxins. Applications can be found e.g. in motility of bacteria | | or synthetic
micro-swimmers | | for instance in the context of bioreactors [ | or the spread
and prevention of diseases | |, cancer metastasis | |, biofilm formation [ ,
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tissue engineering [ |, immune response | | or pest control | ], just to

mention some.

3.1.1. Biological Background.

Bacterial chemotaxis is particularly well studied for Escherichia coli (E.coli) bacteria,
which serves as a model system to study the biochemical signalling pathway | ] as
well as for active matter modelling | |; see for instance | ] and references
therein or | ) | for a summary of the history of investigation of bacterial motion.

Bacterial Motility: Run-and-Tumble. Swimming motility of E.coli bacteria is driven by
propellers, the so-called flagella. These organs are long, helical filaments that sit on the
cell surface and can be rotated in two directions by the motors on their roots, steered by
intracellular signals. Counter-clockwise rotation allows the flagella to align and form a
bundle that rotates smoothly, strongly propelling the cell forward along a straight line.
This phase is called 'running’. A change of rotation direction of one or more flagella from
counter-clockwise to clockwise leads to a noisy motion of the bacterium termed ’tumbling’.
It is induced by the change of the rotation direction itself as well as the resulting untangling
of the previously formed flagella bundle. In this process, the bacterium changes orientation.
Switching back to counter-clockwise rotation of all flagella initiates the next running phase.
Since the new direction is chosen at random, the resulting motion describes a random
walk, that can be idealized as non-correlated alternating phases of running and tumbling.
A more detailed presentation can be found in | | and references therein.

[

Figure 3.1.: Run-and-tumble motion of a single bacterium.

Chemoattractant sensing. E.coli reacts to a variety of different chemicals, that either
attract it (sugars, Aspartate, Serine, et cetera (e.t.c.)) or provoke a repulsive reaction
(Acetate, alcohols, low or high pH value, Benzoate, e.t.c.) | ]. Those chemicals are
detected by sensors on the cell surface. Because bacteria are too small to sense gradients
along their length, a temporal mechanism involving an excitation and adaptation pro-
cesses in the internal pathway system is used to memorize a previous concentration of the
chemical stimulus and compare it to the current one | , ]

Chemotactic response. In this way, cells can determine whether they ascend or descend
the chemical gradient in the running phase. This information is passed to the flagellar
motor. In case of a chemoattractant, the tumbling frequency is decreased when the bac-

terium is moving up the gradient, and increased when it is moving down the gradient
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3.1. Modelling Chemotaxis

[

| (and vice versa for chemorepellents). This biases the random walk towards direc-

tions of increasing gradient of the chemoattractant concentration and permits a directed

motility.

Modelling assumptions. Typical approximations in modelling, that will also be adopted

in our framework, are:

(M1)

(M2)

(M4)

(Ms)

All bacteria run with the same constant speed. It can be observed experimentally
[ |, that the speeds of tracked cells stabilize quickly to an almost identical value
after every tumbling event - for wild type E.coli in a homogeneous medium, this
speed is 14.2um/s.

The change in velocity due to tumbling happens instantaneously. This assumption
is justified by the discrepancy in size of run and tumbling times, which are expo-
nentially distributed with means 0.86s and 0.14s, respectively, for wild type E.coli
in a homogeneous medium | .

Runs are straight lines. In fact, collisions with surrounding water molecules result in
random displacement and rotation of the cells. The effect, however, is manageable
for short run lengths, which explains why cells prefer those | ].

A full space setting is considered z € R? of dimension d € {1,2,3}. This cor-
responds to the assumption that the experimental domain, e.g. a petri dish, is
infinitely wide, and is frequently assumed in the context of chemotaxis modelling
[ , ]. It avoids the necessity to deal with boundary conditions, that
might vary between different experimental setups and species. Suitable boundary
conditions could for instance be of reflective | ], Neumann (no flux) | ] or
no-slip [ | type. For the models in this work, the simplification to full space
is justified by the local nature of the considered reconstruction strategies with short
experimental time and compactly localized initial data, in combination with a con-
stant speed of propagation according to Assumption (M1), which bounds the data
away from the boundary.

Birth-death effects are neglected due for a short observation time. In fact, birth
usually does not happen while cells are in motion | | and the cell division
time of around 20min under optimal conditions [ | is large compared to the
chemotaxis time scales as given in (M2).

Moreover, we restrict ourselves to models that satisfy the following additional assumption:

(M6)

The chemoattractant concentration is stationary in time, and bacteria do not inter-
act with the chemoattractant. For short experimental times, as will be considered
in our inversion framework, this can be considered an approximation of models with
bacterial interactions, e.g. through auto-chemotactic behaviour or consumption of
the chemical.
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3. The Inverse Problem for Chemotaxis

In this setting, many perspectives can be taken to model chemotactic behaviour, and
we will focus on the mesoscopic scale. A brief overview over other types of models is given
afterwards in Sections 3.1.3 and 3.1.4. To properly introduce the model, we make use of
the following notation.

Notation. The velocity space V collects velocities v that the bacteria can move into, and
is set to V := S?!  the unit sphere in R%, to reflect assumption (M1) of a constant bacterial
speed. The convention S§° := {£1} in 1D is used. Accordingly, integrals [i, h(v)dv of
a function h over V are considered surface integrals over the sphere S? in dimension
d = 3, line integrals along the unit circle S' in dimension d = 2 and sums h(+1) +
h(—1) in dimension d = 1. For k € Ny U {oo} and p > 0, Lebesgue spaces LP, the
spaces of p-times continuously differentiable functions CP, as well as Sobolev spaces WP
with the usual convention H* = W*2, and the corresponding Bochner spaces, as well as
their corresponding norms on [0, 7], R%, V or their Carthesian products, are defined and
equipped with norms in the typical manner, where 7' > 0 denotes a final experimental time
horizon. A subscript on a function class indicates that a subset is considered, where +
stands for non-negativity, ¢ for compact support and b for boundedness of the considered
functions.

3.1.2. Kinetic Chemotaxis Model

Mesoscopic models study the collective population dynamics of many particle systems
while preserving individual velocity information, allowing the model to capture fine scale
motions. For chemotaxis, the bacteria density f(¢,z,v) at time ¢ € [0, T] is modelled as a
function on the phase space (x,v) € R?xV, and denotes the density of bacteria that moves
into direction v at location x at time ¢. Starting with initial condition ¢ € Li_ﬂLOO (RExV),
that is non-negative a.e.w. in V, the further evolution of f can be described on a statistical
level using a linear kinetic PDE | , , , , ]

Wf+v-Vaof =K(f):=L(f)—af, (Ch)
f(t=0,z,v) = ¢(z,v). (iCh)

This PDE resembles the run-and-tumble behaviour that was described above: The left-
hand side (LHS) of (Ch) describes a movement along a straight line in direction v - this
corresponds to the 'run’ phase. The RHS, on the other hand, accounts for the velocity
jump due to reorientation during tumbling and exhibits a diffusive nature. It is composed
of the two terms given by

L(f)(t,z,v) = / K(z,v,0")f(t,z,v")dv’ and o(z,v) = / K(z,v',v)dv, (3.1)
\% %4
which are determined by the so-called tumbling kernel K (z,v,v’) that encodes the transi-

tion probability of individuals to changes their velocity from v' € V to v € V at location
x € R%. As such, the first term £(f) represents a statistical gain to f(t,z,v) from bacteria
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3.1. Modelling Chemotaxis

from other velocities v' € V, sometimes denoted by the short notation

f, = f(ta xz, Ul)) (32)

that tumbled and attained velocity v afterwards, and the second term —of describes
a statistical loss of bacteria from f(¢,x,v) that tumbled into any other velocity v’. As
suggested by the individual chemotactic response behaviour, the effect of the chemical
stimulus enters into the equation through K by changing the tumbling frequency.

Remark 3.1. Equation (Ch) is a so-called kinetic PDE. These models are often handy when
modelling many particle systems, as they live on the mesoscopic scale, between microscopic
models that trace trajectories of single individuals, and the macroscopic level population
models that lack any individual information. They allow observation of certain micro-
scopic structures of the motion, while avoiding the computational complexity under which
microscopic models suffer for a large particle number. These models find applications in
neutron | ], photon or electron | ] transport, rarefied gas dynamics | ], animal
migration | | or even opinion formation | , ) , ) ].
In comparison to standard kinetic models, such as the Vlasov equation for plasma | ]
or Boltzmann equation in gas dynamics | |, our model does not contain a force term,
because bacteria are assumed to run independently of any external force acting to them,
and the tumbling operator on the RHS is linear in f, resembling the fact that the velocity
change is an individual decision of the bacteria that does not require interaction with a
second individual, as for the collision operator in gas dynamics. There exists a rich litera-
ture on kinetic models, tools for their analysis and numerics, and the interested reader is
referred to | , , , ].

Remark 3.2. The one-dimensional setting d = 1 corresponds for instance to scenarios
where experiments are conducted in tubes | , , |. In this setting,
(Ch) is sometimes regarded as a two species model for the species of forward and backward
moving individuals f*(t,z) = f(t,z,+1), whose reaction term corresponds to tumbling
[ , , , ]. The two species system is also known as the telegraph or
Goldstein-Kac process | ) , ].

Admissible set for K. Throughout this work, we assume the tumbling kernel to be inde-
pendent of time, which is a consequence of a stationary chemical stimulus by assumption
(M6), which, as argued earlier, is a valid approximation of the non-stationary cases, such
as the auto-chemotaxis case, under short observation times. Similarly, temporal changes
in K due to other potential influence factors are assumed to happen on a slower time scale
than the chemotactic behaviour, also allowing for a stationary approximation.

The interpretation as a turning probability motivates the standard assumptions of non-
negativity and uniform boundedness by some constant Cx > 0. Since tumbles with
coinciding incoming and outgoing velocity cannot be distinguished from straight running
by assumption (M2) and have no influence on the solution, the value K(x,v,v) = 0 is
prescribed. In summary, K is supposed to belong to the admissible set

A ={K e LR x V x V)| K>0, |K|oo <Cg, and K(-,v,0)=0VYv e V}.
(3.3)
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3. The Inverse Problem for Chemotaxis

Existence of solutions. Existence of solutions to initial value problem (IVP) (Ch)—(iCh)
is well-established. In literature, the linear case is treated in [ | by semigroup theory.
Mostly the more convoluted case of auto-chemotaxis is studied, where (Ch) is coupled
with an elliptic or parabolic equation that describes diffusion of the chemoattractant and
production by the bacteria. The emerging non-linearity is treated by the vanishing viscos-
ity method in | , |, or a contraction principle in | ] for the 1D models. In
2D or 3D, semigroup theory and a-priori bounds were exploited to provide the respective
results in [ , , ]. All previously mentioned references also provide
preservation of non-negativity in the initial data. This list merely points towards some
relevant literature and has no intent to be exhaustive. A review on existence and blow-up
results for the auto-chemotaxis system can be found in | ].

Because the thus considered model (Ch)-(iCh) is linear, such sophisticated methods
are not necessary and standard arguments suffice: Semigroup theory directly provides
existence of solutions, and preservation of non-negativity of initial data can be shown by
source iteration, in analogy to | , ]. According to the hyperbolic nature of
(Ch), compactness of the z-support of initial data is preserved for f(t). These findings are
summarized in the following proposition and a detailed proof can be found in Appendix A.1
for sake of completeness.

Proposition 3.3. Let T > 0, K € A and the initial condition ¢ € L1 N L>®(R% x V) be
non-negative for almost every (a.e.) v € V. Then IVP (Ch)-(iCh) attains a unique mild
solution f € C°([0,T); L N L>(R? x V)), that is non-negative f(t,z,v) > 0 for all t,z,
for a.e. v €V and bounded by

< oVICK

1f O Lrnzee maxv) Nelliazeo ®asyy- (3.4)

Moreover, if the initial data ¢ has compact x-support a.e.w. in V, in a sense that there
exists a compact set S C RY such that for almost all (a.a.) v one has ¢(x,v) = 0 for all
x € RNS, then f(t) has compact support for all t € [0,T].

Moreover, the solution to (Ch) admits regularity with respect to the tumbling kernel,
which can be established by consideration of difference equations, as explained in Section
A.1.1.3.

Lemma 3.4. The solution f of (Ch)-(iCh) is twice continuously differentiable in K €
Ak, and Lipschitz continuity holds for f and its derivatives holds under the L norm on
Ak, i.e. there exists a constant C = C(T, Ck, |||l p1npemixyy) independent of K such
that, for instance,

Ifx — frlleqomeinpe@ixvyy < CJIK — K||so-

3.1.3. Chemotaxis Models across the Scales

Like many physical phenomena that describe particle dynamics, chemotaxis can be mod-
elled on different physical space-time scales | |. Figure 3.2 summarizes these models,
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3.1. Modelling Chemotaxis

as well as their relations, and serves as an overview over the subsequent paragraphs that
give a brief insight into different modelling regimes for chemotactic motion and the key
ideas how these are related. Rigorous formulations and results can be found in the refer-
enced literature.

\ many particle limit / distribution ———
[Markov Jump Processes | [ ] >[K1netlc Models]

scaling limit | | ] scaling limit | | ]

many particle limit / distribution -
SDE Models : ] >[Macroscop1c Models]

Figure 3.2.: Relation between particle models on different scales.

Individual Based Models

Individual based models, being placed on the microscopic scale where individual cells can
be distinguished, provide very detailed information of potentially very fine motions. They
model the single trajectories z,,(t) € R? n =1,..., N, of a finite, but possibly large number
N € N of individual cells.

Markov Jump Processes. Markov jump processes track the evolution of the current
state of each individual, described in our case by its current location x,(t) and velocity
vp(t) € V. They are the models closest to the microscopic description of chemotaxis in
Section 3.1.1, and explicitly describe the running phase with velocity v, (¢) in (3.5), and
the random change to a new velocity v, at a randomly Poisson distributed jump time Tj
in the tumbling phase in (3.7). New velocities v are adopted according to a probability
measure m on V. One of the simplest model of this type is the following, as proposed in

[RS13, : J:

dzn(t) = vn (1), (3.5)

Tk11
/T 0 (n(t), vn(t)) dt = o, (3.6)
vn(t) = v ~ m, for t € [Tk, Th+1], (3.7)

where (j are i.i.d. random variables with normalized exponential distribution, such that
(3.6) generates jump times (7 )x according to a Poisson process with space and velocity
dependent rate o.

SDE Models. A parabolic scaling can be introduced to place the above Markov jump
process the long time or equivalent frequent jump regime, in which the model converges

41



3. The Inverse Problem for Chemotaxis

in the diffusion limit to an SDE, describing the trajectories z,(t) as biased random walks
of the form

Az (t) = v(t, 2p(t)) dt + 0(t, 2 (1) AW, n=1,.,N (3.8)

where the W™ denote independent R%-valued standard Brownian motions, and v and
6 describe the bias (drift) and random parts (diffusion) of the motion | , ]
Chemoattractant information enters into the drift term ~, to bias the motion towards high
concentration regions. Note that the state variable is now x,(t), and velocity information
has been lost, as the model is placed in the frequent tumble limit where the velocity
constantly changes.

Population Models.

Because the degree of detail that individual based models provide might not be necessary in
many contexts, and to mitigate the enormous computational cost of running these models
for a large number NN of particles, population based models were developed that summarize
the motion of a population by the propagation of its particle density, under the approx-
imation of an infinite number of infinitesimally small particles. These models emerge as
many particle limits N — oo of individual based models. Despite the approximation,
population based models are well capable of capturing significant characteristics of the
motion and show good alignment with experimental data | ) , 1,
if parameters are chosen appropriately.

Kinetic Models. Kinetic models lift the Markov particle models to a statistical level and
describe the temporal propagation of the probability density of the state of the model, in
our case denoting the current location and velocity (z(t),v(t)). The kinetic chemotaxis
model (Ch) thus emerges as the Kolmogorov forward equation from Markov jump process
(3.5)—(3.7), when choosing the velocity turning probability at a given (x, v) as the rescaled
tumbling kernel m = (¢ 'K)(z,v,v")dv’ | , ]. The state density f can be
regarded as the many particle limit of the empirical distribution function of the particles
(Zn, Un)n by the law of large numbers, i.e.

N—o0

Pl({}\rrl) (t,z,v) Z5xn(t) S, (1) (V) B ft,z,v).

Macroscopic Models. Macroscopic PDE models can be derived either as space-time
scaling limits from kinetic equations [ ], or as so-called mean-field limits of SDE
models | |, i.e. as Lebesgue densities of the measures that arise as limits N — oo of
the empirical density

Py (t; ) Z5xn(t)
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of particles (z,(t)), satisfying (3.8). The most well-established model for bacterial chemo-
taxis, the Patlak-Keller-Segel (PKS) model | , , ]

Op—V-(D-Vp)+V-(pI') =0, (3.9)

represents a parabolic PDE and emerges as the diffusion limit of a parabolic space-time
scaling [ ]. It describes an advection-diffusion behaviour with drift term I' and
diffusion coefficient D, that are linked to the kinetic tumbling kernel K, or equivalently
the turning velocity measure m and time rate o in the Markov process (3.5)—(3.7), or the
drift v and diffusion @ in the SDE model (3.8).

By emphasizing the transport part of the kinetic model (Ch) instead of the tumbling,
hyperbolic scaling limits allow to derive macroscopic hyperbolic PDE models for chemo-
tactic behaviour | , , |, which are better suited in certain situations, for
instance when travelling waves occur in large chemoattractant gradient environments.

3.1.4. Refined Models

The modelling of chemotaxis, and related questions have constituted and still constitute
an active area of research. In the following, we mention some directions, without any
intention to cover the field exhaustively. Instead, we direct the interested reader to one of
the many review articles, such as | ) , , .

Auto-Chemotaxis. A frequently studied scenario is auto-chemotactic motion, where bac-
teria themselves secrete the chemoattractant and thus exhibit self-attracting behaviour
[ ]. In this case, the models of bacterial motion are coupled to a model describing
the propagation of the chemoattractant and its production by the bacteria, most com-
monly a Poisson equation or parabolic PDE | , , ]. The chemoat-
tractant sensing in the chemotaxis equation then renders the coupled model non-linear,
and the bacterial self-attraction provokes interesting behaviour, such as finite time blow-up
[ , , |, travelling pulses or waves | , |, as well as pattern
formation | ]

Signalling Pathway. The intracellular signalling pathway describes the protein interac-
tions that govern chemotactic behaviour within one cell, by steering the motors of the
flagella and inducing the adaptation process in gradient sensing. The pathway is particu-
larly well understood for E.coli bacteria, as summarized in the overview article [ ]-
By incorporating an additional internal state variable, the adaption behaviour can be taken
into account in the chemotaxis models | , ], leading to pathway based Markov
velocity jump processes | ], pathway based SDE models | | or pathway based
kinetic models | , ]. Under large chemoattractant gradients, these models
explain observed average drift velocities by a hyperbolic macroscopic limit | ], and
the consideration of noise in the pathway leads to macroscopic fractional diffusion models
[ , | that align with the Levy flights that can be observed experimentally in
certain regimes.
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Interaction of Bacteria and Fluid Environment. A relatively new field studies chemo-
taxis in a dynamic fluid environment, with interactions in both directions: the fluid velocity
drives the bacteria and chemoattractant, but bacterial motion also affects the fluid. This
intricate relationship is typically modelled by coupling an auto-chemotactic PKS model
with a Navier-Stokes equation | , , | which can be shown to suppress
blow-ups of the bacterial concentration under certain conditions | .

Adding more Physics. Finally, some efforts have been undertaken to adjust the modelling
as closely to reality as possible, and avoid some of the simplifying assumptions (M1)— (M6)
at the end of Section 3.1.1:

e unphysical overcrowding in blow-ups under auto-chemotactic behaviour can be avoided
by introducing volume filling or quorum sensing strategies | , I,

e birth/death effects can be incorporated in the model | , ],

e non-local sensing of the chemoattractant is often introduced to account for the adap-
tation process [ , 1,

e non-instantaneous tumbling can be modelled via introduction of a resting phase,
often combined with birth during the resting phase | , ],

e the consideration of multi species models allows studying e.g. competition scenarios

[ ) J

3.2. Inverse Problem for Chemotaxis

In order to run realistic simulations and derive implications on the real world, a realistic
choice of chemotaxis model parameters is essential. These parameters can be influenced
by a plethora of potential factors beyond the chemoattractant, for instance the geometry
of the domain | | or the temperature | | as well as internal factors such as
the type of considered bacteria [ , ]. A lack of general, first-principle-based
descriptions on how the previously mentioned factors interact and translate to concrete
values of model parameters, together with the fact that these parameters are typically not
directly observable, provoke adoption of the inverse perspective in which model parameters
are estimated on the basis of experimental data, and explains the ongoing interest of
biologists and practitioners in model fitting | , , , , ,
, .

In this work, we focus on the mesoscopic chemotaxis model (Ch), where the tumbling
kernel K uniquely determines the law of bacterial motion. Our goal is to study the inverse
parameter identification problem that amounts to identifying K from experimental data on
the bacteria density f as an observable quantity. The underlying experiment is described
below and presented graphically in Figure 3.3.
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3.2.1. Experimental Setting

Forcing data. The lab experiment is started by placing bacteria in an environment with a
fixed stationary concentration of the chemical stimulus. This initial bacterial configuration
is assumed to be tightly controllable by the practitioner and shall be prescribed by a
compactly supported, non-negative initial density ¢ € Lt .1 L*(R% x V) in (iCh).

Experiment and Model. During the experimental time horizon [0, T'] motility takes place.
Mathematically, this is described by the linear kinetic model (Ch) and its solution for a
given initial data ¢ is denoted by ff; € C([0,T); LY. N L>°(R? x V)) according to Propo-
sition 3.3. The sub- and superscripts, explicitly expressing the value K of the tumbling
kernel and the initial data, may be neglected in cases where they are clear from the
context. Adopting the full space setting despite the confinement in real experiments is
justified by the discussion under assumption (M4), which also suggests that the presented
results extend to finite domain problems.

Measurements. Obtaining velocity dependent data on the bacteria density f(t,z,v) is
technically challenging if a large number of individuals is considered, because it would
require tracking of the single cell trajectories in time through video recordings which
requires specifically designed equipment | , , , ], entails high
computational cost and might even distort the data through photo-toxicity [ .
Additionally, such elaborate techniques are barely feasible in some contexts. Instead, our
measurement will be based on the velocity-averaged, macroscopic bacteria density

= [ fav

This density is mostly accessible and can be obtained either from measurements on an
individual level, when reading off a photo by counting individual cells on a grid to obtain
a histogram | ], or on a population level through optical density measurements
[ , )

Localized interior domain data is collected in time by detectors, which are characterized
by their profile, a space-time test function u(t,z) € L'([0,T] x R?), that we assume to
be controllable by the practitioner. The measurement operator modelling this detector
M, : C°([0,T); L N L®(R? x V)) — R is then given by the duality product

T T
M, (f) :/0 /Rd (f) (z,t) p(t,z) do dt :/0 y ft,zv)dop(t,z) dtde. (M)

Remark 3.5. A typical example for the choice of a measurement test functions would be
a characteristic function on a squared domain and a temporal interval. This corresponds
to a pixel reading from a photo with a given exposure time.

Inverse Problem. In summary, the single experimental setup forward operator Fy , :
Ag — R for this experiment takes the form

T
FoB) = M50 = [ [ [ stao)douea) awar. (F)
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To simplify notation, dependencies on ¢, 1 in previously defined operators may be sur-
pressed when the context is clear. As initial data ¢ and the measurement test function u
are supposed to be controllable, the input-to-output map for a fixed value K € Ak reads

ItOk : LY NL®R*x V) x LY([0,T] xRY) = R,  (¢,p) — Fe(K). (1tO)

After fixing a design D C L} . N L®(RY x V) x L'([0,T] x R?) and an admissible set
A’ C Ak, the inverse problem amounts to

find K e Ay such that yp = Fp(K), (Ch™1)

where yp is the experimentally observed data under this design D. The inverse problem is
non-linear by non-linearity of the forward map in K, given that the solution f;é depends
non-linearly on K. Note however, that the input-to-output map is linear in initial data ¢
and measurement test function . Depending on the choice of the admissible set A’ for
K, the problem can be either framed as a non-parametric or a parametric inversion.

Remark 3.6. If several experimental setups s = (¢, ) € D are conducted with the same
initial data ¢, this means that these data can be collected from the same experiment by
using multiple detectors.

Remark 3.7. The difficulty to measure velocity dependent data might seem contradictory
to the possibility to freely prescribe initial data ¢(z,v), also in velocity. But generating
an initial configuration and data measurement are distinct tasks, each bearing its own
challenges. In fact, experimental apparatuses have been developed that can even realize
almost singular in x and v configurations, e.g. micro-confinement in a thin tube was used
with E.coli bacteria [ ] and artificial micro-swimmers [ |. Euglena gracilis
algae were manipulated by polarized light in [ | and the references therein. This
justifies the use of such initial data.

FORCING DATA EVOLUTION MEASUREMENT DATA
4 N O N O N

@

=0 ) (e (0,77 ) (e [tm — €,tm + €]

t
- /
C initial data ¢ ) (, Of+v Vof =Ki(f) @easurement operator M) Fy . (K)

Figure 3.3.: Experimental setup, using the same structure and colour coding as in Fig-
ure 2.1: The initial configuration of bacteria is imposed at ¢ = 0. Chemotactic be-
haviour takes place in the time interval (0,7] and the final configuration of bacteria is
measured by a space-time measurement test function u, for instance compactly supported
in [ty —€,tm + €] in time and the circle in space.
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3.2.2. Research question.

A closer look at (Ch™!) exhibits an intrinsic challenge: The parameter K (z,v,v’) to be
inferred lives on the microscopic level. It describes the probability of a velocity jump and
thus depends on the jump location z, as well as incoming and outgoing velocities v' and v.
In contrast to that, the data is only collected from the velocity-averaged bacteria density
(f) on the coarser macroscopic level that lacks velocity information, i.e. it is non-local in
the velocity. Intuitively, it is not clear how such data can reflect the fine characteristics of
the velocity jump coefficient K. This brings us to the following question :

Can data on the velocity averaged kinetic bacteria density (f) contain enough

information to allow a unique reconstruction of the kinetic tumbling kernel K (z,v,v")?
(Q)

In fact, the non-locality reduces available information in the data, which lives on a lower
dimensional space compared to velocity dependent data, and was shown to introduce major
difficulties that hinder unique reconstruction in a related context, for the inverse problem
of recovering of the scattering coefficient K in the kinetic radiative transport equation
from angularly averaged data [ , , , , , ]. On the other
hand, data on the interior of the domain [0, 7] x R? is richer than, for instance, frequently
considered boundary data, and the possibility to control the initial condition ¢ and space-
time measurement test function u of the single experiments offers a detailed insight into
the chemotactic behaviour of the macroscopic bacteria density. Each of these aspects
on its own already ameliorates the reconstruction, as the previously mentioned literature
suggests, but none could fully remediate the degradation in information due to velocity
averaging. A detailed review of this literature can be found in the literature survey of
Chapter 4.

Before deriving a suitable experimental design, it is thus necessary to study whether
the experimental setting described in Section 3.2.1, combining all these ameliorations, is
at all suitable for the purpose of inversion for K. This naturally calls for identifiability
analysis, and the two major aspects that will be addressed in this work are

(Q.1) suitability of the experimental setting, i.e. of the macroscopic data under the
freedom of choosing initial and measurement data, and

(Q.ii) construction of a suitable experimental design.

This information is fundamental to the inverse problem and should be studied before
inversion. In case (Q) is answered with a 'no’, the principle of 'no free lunch’, or as stated
by Lanczos | ]

“A lack of information cannot be remedied by any mathematical trickery.”,

points out that even regularization methods that can render an inverse problem well-posed
will only generate a result that might not be very informative about the ground truth,
unless the introduced additional information is in good alignment with the properties of
the ground truth parameter.

In addressing (Q.ii) we will lay out the ”relaxation of theory” approach to qualitative
experimental design, which will be based on the theoretical considerations under (Q.1).
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3.2.3. Literature on Inverse Problems related to Chemotaxis.

In the subsequent literature survey, we focus on chemotaxis models of the types described
in Section 3.1.3. We thus exclude inverse or model fitting problems dealing with the
signalling pathway modelling [ ] or other forms of modelling chemotactic behaviour,
for instance through cell boundary deformation [ .

Most literature on inverse problems for chemotactic behaviour refers to the PKS model,
or reads off microscopic tumbling statistics from microscopic trajectory data.

Parametric Inference from Microscopic Statistics. In | , |, for instance,
the authors used the microscopic statistics to infer the parameters of a Markov velocity
jump process model similar to (3.5)—(3.7). A generalization to renewal theory models, that
need not neccessarily be Markovian, can be found in | ) ]. To test accu-
racy of a kinetic model to simulate auto-chemotactic behaviour, the authors in | ]
adopted a parametric form of the tumbling kernel, based on microscopic running statistics,
which could be read off from microscopic trajectory data. Similarly, a 1D macroscopic
PKS equation has been fitted to real data with this technique in | , ]. The
strategy is extended to a PKS model with two chemoattractants in [ | with ap-
proximations for shallow chemoattractant gradients. More recently, this methodology was
applied to fit other types of stimulus induced motility in cells such as aerotactic behaviour
in Burkholderia contaminans bacteria | ] or electrotaxis of fibroblast cells | ]
with application in wound healing.

These examples shed light on the fact that a discrepancy in scale of the measured quan-
tity and the to be inferred parameter often occurs in biological frameworks. In the above
examples, the collected microscopic data lived on a finer scale than the mesoscopic or
macroscopic parameters, allowing a derivation of their parametric forms from the limiting
consideration. | | represents an exception where the authors estimated a parameter
of a microscopic SDE model (3.8) by minimizing the difference of its macroscopic distri-
bution to observed data 1D. The following literature now treats the case where both the
data and the parameter live on the same macroscopic scale.

Parametric inversion for PKS. Many authors focus on fitting the PKS models to var-
ious settings, where the main goal lies in the reproduction of experimental data. The
inverse problem is regularized by complexity reduction through proposing parametrized
expressions for the model parameters with very few specification parameters. The ex-
pressions are obtained heuristically. Reconstruction of the low dimensional specification
parameters from experimental data represents an efficient approach when the proposed
expression is valid. Whereas [ ] used data on the chemoattractant decay to fit
these parameters, most frequently, bacterial density data is used. Examples can be found
in [ , , |, where data on the chemotactic behaviour of E.coli is collected
in different gradient generating chambers and parametrized forms of the drift and diffusion
coefficient are fitted. Different domain geometry and different heuristic formulas are used
in | . In | | the performance of different potential formulas for the chemo-
tactic drift term in the PKS model, that are fitted to data on the phototactic behaviour of
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Euglena gracilis, is compared. Together with the historical development for the heuristic
formula for the drift term as displayed in | |, the last example elucidates that heuristic
formulas are not always available and might not hold in certain regimes or for different
species of organisms. In such cases the results under this approach are questionable.

Non-parametric inversion for PKS.

Auto-Chemotazis. A non-parametric setting is considered in | , | for the au-
tochemotactic PKS model ( in | | with volume filling), where the chemotactic drift
term is reconstructed as a function for which a-priori only mild regularity and structural
assumptions are prescribed. In this rather general setting, the inverse perspective for the
reconstruction of the drift is adopted and unique identifiability is studied theoretically.
Numerical simulations are based on a Tikhonov regularized least squares setting to mit-
igate stability issues and use a finite element discretization of the drift coefficient with a
large number of degrees of freedom, compared to previously mentioned model fitting ap-
proaches. Unique identifiablity of a solution dependent diffusion coefficient of this model
is discussed in [ ].

The authors in | |, instead, point towards the possibility to recover an arbitrary
discretization of the unknown chemotactic drift term as a trainable variable in a neural
network through training. A different access to parameter reconstruction through optimal
control is provided in | ] for identification of a death or equivalently harvesting rate
of cells including numerical evidence by finite differences, or in | | for identification of
boundary data on the chemoattractant equation for autochemotaxis.

Moreover, simultaneous structural identifiability of the per capita consumption rate of
the chemoattractant by the bacteria and the gravitational potential of the fluid in an
autochemotactic PKS Navier Stokes system was shown in | | by a variation method.

Chemotazis for a fized stimulus. An application in cancer research lead to the develop-
ment of numerical algorithms for the ill-posed reconstruction problem of the chemotactic
diffusion and the chemotactic drift in a finite difference discretization of the PKS model in
[ ]. Another methodology [ | exploits assumed radially symmetric geometry
in the PKS model for drift and diffusion coefficient reconstruction by means of a linear
relation to a specific function and functional regression.

Experimental Design for Biological Models. Biological experiments can be very costly,
for instance due to long waiting times for the model to evolve, high maintenance cost or
complex apparatuses. In addition to that, found models and parameter estimates are not
always trusted due to the complexity of certain biological models and the incapability
of modelling all influence factors, which explains an initial hesitation towards optimal
experimental design methods, as well as the desire to balance optimality against robustness
[ , ]. Instigated by the development of identifiability analysis methods in
systems biology, nowadays, optimal experimental design techniques have been applied
and proposed in a number of publications, e.g. | , , , .

As pointed out in more detail in the paragraph on related literature in Chapter 5,
however, experimental design for chemotaxis is so far restricted to the development of lab
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apparatuses and protocols to realize experiments.

Inverse problems for kinetic PDEs. The parameters in kinetic PDESs often describe inter-
action between particles or, as in the case of chemotaxis, decisions of single individuals, or
material properties of the background. It is often challenging to observe these parameters
directly, calling for inverse problems. The most prominent example is optical tomography
in medical imaging, where boundary data is used to infer optical properties, and hence
interior structures, of the body. A rich body of literature on the mathematical treatment
of this topic exists, and here we only guide the interested reader to review articles on
theoretical results | | and their numerical counterparts | , ]

3.2.4. Novelty of this Work and Outline of Part I.

This is the first work to investigate the inverse problem (Ch~!) of reconstructing the kinetic
tumbling kernel from macroscopic data, where the coarser scale of the data in comparison
to the parameter is challenging. On the other hand, this setting allows greater flexibility
in designing the experiments than in optical tomography motivated radiative transport
inverse problems in | | and references therein.

In Chapter 4, based on the publication | |, we give a positive answer to (Q.i) by
proving structural identifiability of the tumbling kernel from velocity-averaged data for the
first time, exploiting all degrees of freedom that this experimental setting provides: time
dependent, interior domain data and the possibility to tightly control the initial data. The
proof borrows a technique developed in the realm of optical tomography that explicitly
constructs a suitable design which is capable of triggering microscopic information. This
framing of singular decomposition results on kinetic inverse problems under the structural
identifiability perspective is also novel. It emphasizes clearly the theoretical nature of the
result, requiring access to the full input-to-output map ItOg.

The remaining two chapters of this part are devoted to study (Q.ii) and describes the
'relaxation of theory approach’ of experimental design on the example of chemotaxis. It
originate from the publication [ ]. The investigation of experimental designs for
their suitability in the reconstruction context is also novel for chemotactic phenomena.
By consideration of macroscopic density data instead of microscopic trajectory data, the
question becomes relevant and can help raising reconstruction quality or decreasing ex-
perimental cost, by improving the sensitivity of data w.r.t. the parameter. Chapter 5
builds up the sensitivity based identifiability framework, that we operate in, and ana-
lytically investigates suitability of two different designs, one of which is designed by the
‘relaxation of theory’ approach, which demonstrates the coexistence of identifiability and
non-identifiability in dependence on the design. The current part of this work is then
concluded by numerical studies on the suitability of different designs in Section 8.3.2 in
one and two spatial dimensions, contrasting the effectiveness of well chosen designs by the
degradation of reconstructions under decreasing data diversity.
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This section aims to answer the question (Q.i) of suitability of the experimental setting as
described in Section 3.2.1 for the parameter reconstruction (Ch™1!). It utilizes structural
identifiability analysis.

4.1. Setting and Main Results.

By postulating continuity of the tumbling kernel K on R? x W, where W := {(v,?) €
V x V | v #v'}, in this chapter, we mildly restrict the admissible set to

At = (K € Ax | K |paxwe C4 (R x W)}, (4.1)

Imposing this additional regularity of K has a regularizing effect on the inverse problem
(Ch~!). However, we regard the assumption of continuity as rather mild in practical
settings.

On the other hand, the choice of the experimental setup (¢, ) € L1 . N L®(R? x V) x
L(]0,T] x RY) will not be restricted, i.e. we assume access to the full, infinite dimensional
input-to-output map, and the non-parametric inverse problem of searching K in the infinite
dimensional function space subset A‘j?“t can be described as

find K € A5 such that WOk (¢, 1) = y(d, ) Y(p,p) €D, (4.2)

where the data y is a function D := L1 .0 L>®(R* x V) x L}([0,T] x RY) — R.
Identifiability of this problem, and with it suitability of the given experimental setting

described in Section 3.2.1, was proven in the publication | | on which this chapter
is based.
Theorem 4.1 (Structural identifiability; [ ). The tumbling kernel K € A"

can be uniquely recovered from the input-to-output map ItOg. In particular, for every
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(z,v,v") € RY x W, a proper choice of ¢, allows to explicitly read off the point value
K(z,v,v") from the measured data Mu(f;z)

This theoretical results provides identifiability in the sense of well-posedness in Defi-
nition 2.1i) for the infinite dimensional forward map F : K — ItOg. Given that the
parameter space A" is infinite dimensional, it makes sense that the data has to share
this property, as suggested also by Proposition 2.13. Together with the fact that access
to noise free measurements y = M, ( f;;) is considered, this avoids source (II) and (III)
of non-identifiability, and allows sole investigation of source (I). Considered experimen-
tal designs will be constructed independently of the a-priori unknown value of K, which

means they are persistent exciting w.r.t. ItOx and A5™ uniformly in K. This is a conse-

quence of transport nature of model (Ch) and the fact that K does not affect the spatial
propagation, but only the value of the density in considered locations.

The proof is laid out in the subsequent subsections 4.2 for dimensions d € {2,3} and in
4.3 for d = 1, where the construction can be simplified due to the discrete velocity space. It
relies on a mathematical machinery termed singular decomposition | , | that was
specifically designed to trigger microscopic information in kinetic equations by a detailed
construction of an experimental design. This technique exploits the transport nature of
kinetic equations using the following key ingredients:

a) The solution is artificially decomposed in terms of regularity.

b) The propagation of induced singular initial data can then be traced in the more singular

terms in this decomposition.

¢) Compatible measurement specifications isolate that term in the decomposition that

shall be used for the reconstruction.

d) The assumption that tumbling is rare underlines the transport nature of (Ch) and

explains why higher regularity terms are negligible.

Intuitively, this methods exploits the fact that the kinetic model describes the distri-
bution of an individual based Markov jump model: the singular initial condition can be
regarded as a particle approximation to the initial density with just one particle. The
propagation with the kinetic equation describes the motion of this one particle in a statis-
tical manner. A compatible measurement procedure filters out the information on those
parts of the solution that correspond to one specific tumbling event and thus allows the
direct read off of the tumbling kernel - encoding the probability of this tumbling event -
from the measurement.

Theorem 4.1 is rigorously proven by an explicit construction of the previously described
experiment through specification of ¢, u. The rare tumbling assumption (d) is implemented
via a small measurement time, defined by the temporal component of u, that leaves no
time for more than one tumbling. It has to be balanced with the singularity in the
initial data to avoid that the measurement only captures the initial data. Then the
experimental geometry enforces that all measured particles must have undergone exactly
one tumbling at a prescribed location and with prescribed outgoing direction. This restores
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singularity in velocity in the measurement, as previously destroyed by velocity averaging
in the measurement.

The small time requirement is in line with the kernel reconstruction for the fragmenta-
tion equation | ] and the use of high frequency data in the radiative transfer equation
kernel reconstruction from velocity averaged data in [ ) ].

The results presented in this chapter emerge from joint work with Christian Klingenberg,
Qin Li and Min Tang that was published in | .

Overview over related literature.

We give a brief overview over literature regarding singular decomposition and structural
identifiability for transport equations, before presenting the novelties of this work.

Singular Decomposition. Singular decomposition is conceptually related to van Neu-
mann decomposition of solutions to kinetic PDEs | | and the Born series expansion
for the wave equation | ]. Driven by applications in optical tomography, it was tra-
ditionally used for inverse problems in radiative transport or photon transport through
tissue, with boundary data. In the following, we give a brief overview over existing liter-
ature. A comprehensive review can be found in | ).

Angularly resolved data: In 1996, the technique was originally developed to study existence
and uniqueness of the reconstruction of the absorption coefficient and the scattering ker-
nel in the radiative transfer equation from outgoing boundary data | , , ].
In the stationary case | , |, results showed non-uniqueness, as the coefficients
are determined only up to a specific gauge transform | , |. Uniqueness can be
restored in sufficiently high dimensions by prescribing simplified dependencies of the pa-
rameters on the variables, e.g. symmetry of the absorption rate in v. The technique was ex-
tended to provide stability results in the cases where uniqueness holds | , |, or oth-
erwise under consideration of the gauge transformation equivalence classes | , ].
Access to time-dependent measurements improves these results: they additionally hold for
a lower spatial dimension [ , ]

Non-linear models were considered in | | by introducing a generic, potentially non-
linear function of the solution to the RHS of a stationary transport equation. This result
was applied to provide uniqueness of velocity independent absorption coefficient and the
scattering coefficient in the linear case of stationary radiative transport. A quadratically

non-linear absorption was reconstructed in an iterative procedure in [ ].  Another
example is provided in | , |, where uniqueness of the collision kernel recon-
struction from boundary measurements for the stationary | | or time-dependent

[ ] Boltzmann equation is shown through linearization and application of singular
decomposition under certain structural assumptions on the kernel.

Angularly Averaged Data. In certain applications, angularly resolved measurements are
not available. This inspired the consideration of angularly averaged data on the outgoing
boundary for the inversion, mostly the outgoing flux. These macroscopic type measure-
ments reduce the dimensionality of the data and hinder the selection of the desired decom-
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position part, which introduces difficulties to the reconstruction | |. In the stationary
setting and with a simplified variable dependence of the parameters, isotropic sources
only allowed regularized reconstructions of the parameter up to a certain error | 1,
whereas uniqueness and stability of these parameters can be shown if the induced singular
source is angularly resolved | ]. Under isotropic sources, the situation is also im-
proved, if time-dependent measurements are available [ , |, and uniqueness and
stability of integral forms of the absorption ¢ and scattering kernel K can be shown. A
similar effect was observed in the stationary case when interior domain data was available

[ J-

For radiative transport in the frequency domain, the asymptotic behaviour of the sin-
gular decomposition parts of angularly averaged boundary data is studied in [ ,
], which suggests better identifiability of the coefficients o, K for high frequencies

and translates to small times in the time domain.

Multi-scale behaviour: Furthermore, the technique was used to study the multi-scale
behaviour of the inversion: the instability introduced by a diffusive scaling was studied
through tracing it in the stability estimates for the reconstruction of the absorption co-
efficient and the scattering cross-section in the stationary radiative transport equation
[ | and explicit, scaling parameter dependent reconstruction formulas were given in

[ J

Structural ldentifiability for transport equations. Available literature on structural
identifiability analysis focuses on inverse problems related to advection equations with
fixed velocities. Driven by concrete applications, the spatial variable is chosen one dimen-
sional and often attains a different interpretation, such as the concentration of a catalyst
for chemical reaction dynamics | |, or an additional age structure of biological agents
that undergo some reproduction process | , , , , ].
Frequently, multi-species systems of transport equations (potentially coupled with ODEs

[ , ]) are considered | ) , , ]. Structural iden-
tifiability of parameters such as the transport speed [ , ], the decay | ,

, , | or reproduction rate | |, or the reaction parameter that
model the changes between the species | , , | is studied either by a
leveraging explicit solution formulas [ |, by a generalized differential algebra approach

[ , , | or a Laplace expansion | , ]

Another branch of literature considers the question from a more classical inverse problem
perspective and studies identifiability in the sense of well-posedness Definition 2.1i). In
[ ], the kinetic model (Ch) is considered on a bounded domain and the reconstruction
of the absorption coefficient from observation of the time evolution of boundary data is
studied. (Structural) identifiability is shown under mild assumptions on the initial data
and symmetry assumptions on the absorption coefficient through Carleman estimates.
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Novelty of this work.

The framework of identifiability analysis is applied to a kinetic model for the first time.
Compared to the transport models in identifiability literature, our model (Ch) couples the
bacteria densities f(t,z,v) for all velocities v € V through the term L(f). For d > 2,
the model does not deteriorate to a multi-species model and thus falls out of the realm
of available results from identifiability analysis [ , ) ]. For d =1, the
consideration of averaged measurements prohibits the use of the differential approach as
in [ , ]. This work shares some properties with techniques used in | |:
it also makes use of a series representation of the measurement, in response to a singular
initial condition, in order to attain insight into identifiability. The way to obtain this
series representation, however, is fundamentally different: In | |, the PDE is solved
by a Laplace transform. For the 1D chemotaxis system, the more complex structure
of the equation, with space and velocity dependent coupling coefficients K (z,v,v’) and
transport in both equations, does not permit this simple solving strategy and we have
to rely on the decomposition according to regularity. This work thus uses the singular
decomposition technique that exploits the characteristic properties of kinetic models and
can thus be regarded as a model specific method. The classification of the results obtained
by singular decomposition in the identifiability framework has not been considered in
previous literature.

Furthermore, angularly averaged measurements are considered, which reduces the infor-
mation in the data and worsens parameter identifiability | , , , ,

]. In this work, this is balanced against the improvement through access to interior
measurements | | with time dependence | |, generated by an angularly resolved
induced singularity | |. The combination of all these remedies has not been studied
in literature, where previous results only included one improvement mechanism. As a
consequence, available results can only guarantee identifiability of the parameters with
simplified dependence on the variables | , , |, whereas similar restrictions
are not required in our result. This is important in the setting of chemotaxis, where
different chemoattractant concentrations generate different tumbling behaviour and thus
different shapes of K.

To provide this detailed picture of K, an additional mechanism is introduced to control
the contribution of the most regular parts: small measurement time reflects the assumption
that tumbling events are rare. It has been shown in | ], that the kernel reconstruction
for the fragmentation equation benefited greatly from the use of short time data. In
a radiative transport setting, this was also observed in the frequency domain for high
frequency, velocity averaged boundary flux measurements | , |. In this work
interior domain data is available, which improves the previous reconstruction results in
the sense that K can be directly read off the measurement. To achieve this, our result
requires a delicate balance between the short measurement time and the singularity in the
initial data, as described earlier.

The described setting makes sense for the chemotaxis inverse problem: especially for
d € {1, 2}, the bacterial motion in the whole interior domain can be observed from above.
A relatively low bacterial travel speed allows time dependent measurements, and experi-
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mental techniques have been developed to control bacteria or micro-swimmers, as described
in Remark 3.7.

4.2. Proof of Theorem 4.1 in Dimension d = 2,3

In dimension d > 2, the velocity space V is continuous, and the tumbling kernel K (z, v, v")
lives on a d(d — 1)? dimensional manifold. Its reconstruction requires a carefully crafted
experimental design, as the following formal motivation shows.

Formal Intuition. A formal consideration demonstrates required properties of the design:
smallness of measurement time, singular measurement and initial data and an adapted
experimental geometry. Subsequently, an adaptation of the intuition in | | to the
chemotaxis model (Ch) is given. Assume a small measurement time ¢, > 0 and sufficient
regularity of f. An evaluation of (Ch) at point (¢ — s,z — vs,v) gives a formula for

—0sf(t — —wvs,v) = —o(x —vs,v)f(t — s,z —vs,v) + L(f)(t — s,z —vs,v),
also referred to as integration along characteristics. A twofold application leads to the
approximation

tm
fltm,z,v) = f(0,x — vty,v) — / o(x —wvs,v)ds f(0,z — vty,v) (4.3)

/tm/Kg:—vsvv)f(Ox—vs—v( $),0)dv'ds  + oft),

where the usual Landau notation is used. Now consider singular initial data f(t =
0,2,v) = 0y, ()0, (v) that is given in terms of Dirac delta functions oy, , 0, which
concentrate at some initial location z;, € R? and velocity vy, € V. Assuming that the
remainder term is still of order o(ty,), this provides

tm
/ fltm,z,v)dv = 0z, (T — Vintm) <1 —/ o(x — Vin$, Vin) ds) + o(tm) (4.4)
tm
/ K (Zin + vin(tm — ), U, Vin) 0, (T — 05 — Vin(tm — s)) dsdv.
It will turn out that the Dirac delta in the integral can be resolved, and for a suitable
choice of the measurement location x, with ||y — Zin|| < tm, one finds a unique tumbling

time tymp € (0,ty) and a unique outgoing direction voyy € V\{vin} with zy = xi, +
Vinttumb + VYout (tm — ttumb) such that

/ f(trm LTm, U) dv ~ K(l'in + Vinltumb, Vout Uin) + O(tm)-
1%

This shows that a point-measurement of fV fdv, taken at small measurement time ¢,
at a specifically chosen measurement location z.,, approximately reflects the value of the
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tumbling kernel at the so-called tumbling location Ziumb := Tin + Vinttumb, With incoming
velocity vy, and outgoing velocity vout. Only information of this one precise travel path is

contained in the measurement.

The goal of the remaining section is to prove this intuition rigorously.

Remark 4.2. Resolving the Dirac delta in the integral in (4.4) can be understood geomet-
rically: For particles that have tumbled exactly once, as the form of the integral suggests,
the tumbling location xtymp and time tiymp, and velocity voyt after the tumble are uniquely
determined by their initial location x;j, and velocity v;, and the measurement time ¢,, and
location xy, with ||, — Zm|| < tm, as Figure 4.1 illustrates. The point-wise measurement
of propagated singular initial data thus only contains information of the tumbling kernel
at one location, namely (Ztymb, Vout, Vin). This allows the point-wise reconstruction.

Figure 4.1.: The ellipse with given focal points zi,, y and fixed radius ¢, determines all
points z with distance ||z — zin|| + || — Zm|| = tm. These are all points where particles
that have started in xj, and tumbled exactly once before they reach x, at time t,, could
potentially have tumbled. As vy, is given, the tumbling point Zyump is the unique intersec-
tion of the half line, starting at zj, in direction v;,, with this ellipse. Due to the constant
speed of motion, the tumbling time tymp, is determined by the length of the line from x;i,
t0 Ttumb and veyt by the direction of the line from xiymp to . Color olive green stands

for prescribed quantities that uniquely determine quantities.

Construction of Initial Data and Measurement Test Function. Explicit design choices
are laid out in this subsection. Let (Z¢umb, Vout, Vin) € R? x W be the point at which the
value K (Ztumb, Yout, Vin) shall be reconstructed.

Geometry. Let the measurement time
tm = €7, for an a € (2,1) and a scaling parameter 0 < £ < Té, (4.5)

become small as € — 0. Then set the initial and measurement location as in Figure 4.2 to

tm

t
ny and T = T (tm) = Toumb + Vous = (4.6)

2

Lin = xin(tm) = Ttumb — Vi

Both are pushed towards the tumbling location xiymp as measurement time t¢,, shrinks
with €. It is important to note that the geometry in Figure 4.2 is sustained, while the

experimental domain shrinks.
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Tin ¢

Figure 4.2.: Geometry of the experiment. The quantities t,, and x,, that belong to the
measurement are depicted in blue and v;, and z;, that describe the initial data in Olive-
Green.

Singularity in initial data and measurement. As Dirac delta initial conditions are not

covered by the existence theory for the forward equation in Proposition 3.3, mollifications
are constructed subsequently. The previously defined geometry describes the concentration
points of initial data ¢° € C°(R? x V') and measurement test functions pu° € C®(RY x
[0,7]) defined as

adaﬁ%d*U (z)x ($—€33in) @Z)v (P_U;E (v)) jP—”in (U), x € ]Rd7 OS V\{—Uin}

07 €T 6 Rdjv == _Uln

tm 1 T - t—t
£ _ vm m m
o) = () e (2 )i (S5 Cunr (45)

for the same scaling parameters € > 0 as used in (4.5) for the measurement time, and
some rate 8 > 1. The test functions ¢,y € Z¢, ¢, € 241 and p; € Z! shall belong to
the spaces

¢ (x,v) = (4.7)

=" ={h € CR";R) | supp(h) C B"(0,1), 0<h<1, h(0)=1and / h(s)ds =1}

n

of non-negative smooth functions on R™ that are compactly supported in the unit balls
B™(0,1) C R™ of dimension n € {d,d — 1,1}, bounded by 1, and attain this value at 0,

and integrate to 1. Furthermore, the constant C, is defined as

in,Vout
Cvim’vout = (1 - <Uinavout>)7 (410)

and P_,._ : S\ {—viy} — R?! denotes the stereographic projection on the sphere with
direction —viy and jp_, (v) = (1 + (v,vm)) @Y its absolute Jacobi determinant. The
projection is described in more detail in Appendix B.1.

Note that the factor (t,,/2)%~! in u vanishes asymptotically as ¢ — 0. This is necessary
to balance the singularities generated by the test functions as € — 0, in the sense that it
keeps the value of the measurement finite, as will become more obvious in Section 4.2.2.

Measurement time vanishes at a slower rate a € (%, 1) than singularities in initial
data and measurement are generated. This means that singularity is produced before
measurement time and with it the experimental domain is shrunk. As a consequence, the
experiment does not deteriorate to simply 'measuring the initial data’ and the experimental
geometry is sustained in the limit.
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Remark 4.3 (Comparison to | ]). In this work, only one scaling parameter is used
with different rates, opposed to the setting in [ | with chosen, where independent
scaling parameters v, n, §, e for measurement location and time, initial velocity and loca-
tion, respectively, were used. We believe this to be closer to practical settings, where
singularity is never fully achieved in experiments.

The different rates of the scaling parameter € determine the relative speed of the gen-
eration of singularities and smallness of measurement time and this order coincides with
with the one used in | |, where the singularity limit in initial velocity, measure-
ment time and location preceded the coupled singularity in initial location and smallness
of measurement time limit. This order and coupling were crucial ingredients of the proof
in | ].

Mixed settings are also possible, where the singularities in measurement location or time,
or initial velocity are generated by independent scalings v, 7, d, as long as the singularity
in these quantities is generated before the singularity in initial location and smallness
of measurement time. Additionally, individual rates 1,82 &P for 8; > 1 for these
singularities could be considered.

The following lemma collects properties of initial data and measurement test function
that will be used multiple times throughout the proof of Theorem 4.1.

Lemma 4.4. Let ¢ > 0 be sufficiently small.

a) The functions ¢°, u° as constructed above in (4.7)—(4.8) are non-negative, smooth and
compactly supported, to be precise

o ¢F € Cé’o(]Rd x V') with supp ¢° C Bd(xin,a) x (Vn Bd(vin,Qaﬁ)), and
o 1f € CX([0,T] x RY) with supp puf C B (tm, %) x B (wm,e?).

b) A change of variables makes the concentration effect on functions h : [0,T] x R? — R
without v dependence and g : [0,T] X R? x V — R with v dependence obvious:

// (t,z)p(t,x)dedt = / / Cinrout M “°“t (tm+56t Ty + PF Vi (%) e (£) da dt,

0 Rd —1B4(0,1)

Ulll( ) £
/0 /]%d/‘\/g(nx’v)gﬁ(d_l) ¢U< )]IP_ ( )d'l) ILL (t,gj) dxdt

1
d—1 ~ .
_/ / / %g(tm—’_‘gﬂt’xm"‘g’%apiim(ffﬂy))%(y) dy 1o (@) e (D) dar .

Proof. a) Non-negativity, smoothness and the support condition for p° directly follow
from the definition. Non-negativity as well as the support of ¢¢ in x is also clear. To
specify the support in v, observe that ¢, (]P’_vin (v) /56) # 0 is only possible if 2% >
IP_y. (v)||* = (1 + (v, —vin))/(1 — (v, —vin)) by Lemma B.1.1a, which is equivalent to
(v,vim) > (1 —%8)/(1+€%P). For such v, one has in particular |[v — v, | = 2(1 —
(v,vim)) < 4628 /(1 + £2P) < 4?8, Smoothness in v follows from smoothness of ¢, and
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P_,, in V\{—vin} and the fact that a neighbourhood of —uvi, is excluded from the
support of ¢¢ by the above considerations for sufficiently small €.

b) The form of the integrand after a change of variables to t = =lm ¢ = Pou, ) and
eh eh

T = =" is clear, given that P_,, is bijective on its support according to Lemma B.1.1a
and —vj, ¢ supp ¢° for small enough . It remains to verify the form of the integration
domain. These can be reduced in consideration of the supports supp p, C B%(0,1),
supp ¢, C B471(0,1), and supp s C [—1,1], that are contained in the domains after
the change of variables & € Ry € R4 ¢ € [ty /e’ (T — tw)/e”] for sufficiently
small ¢, by the fact that t,,/e® =e*# = c0ase - 0duetoa <1< Band T >0
fixed by construction.

O]

Decomposition. In the following, the dependence of f on its initial data ¢ will be ex-
pressed explicitly by writing f = f®. It is decomposed into three parts

Fo =19+ 17+ 1. (4.11)

The most singular part is the ballistic part fg) of f¢ that collects the bacteria that did
not tumble up to time t. Starting to count the tumbling at time ¢ = 0, all particles of
initial condition ¢ fully belong to f{f . The run-and-tumble behaviour from section 3.1
suggests that they run along a straight line in direction v until they tumble for the first
time and statistically disappear from fgS . In summary, fgS solves the following transport
problem with absorption

Of +v -V =—afy,

T
f(?(t:O,:E,v):QS. (To)

The particles that tumbled for the first time reappear as a source term L( f(? ) for ff) , the
fraction of particles of f® that tumbled exactly once up to time ¢. A statistical loss is
constituted by particles that tumbled for a second time, and the propagation of ff’ can be
described by the following transport equation

Off +v VI =—aff + L),

T
ff’(tzO,:U,v):O. (T1)

All remaining particles, i.e. those that tumbled twice or more often, are collected in the
most regular part fo. It solves (Ch) with zero initial condition and an additional source
term to account for the particles that were formerly in f{b and then tumbled for a second
time

OS2y +v- V2 = —0fly+ LU + f25),

T
f§2(t=0,:€,v):0. (T>2)

Existence of solutions for (Ty), (T;) and (T>2) is assured by standard semigroup theory,
as laid out in Corollary A.1.3.
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4.2. Proof of Theorem 4.1 in Dimension d = 2,3

Lemma 4.5. Let ¢ € L N L®(R? x V) be non-negative for a.a. v and let K € Ag.
Then (Top), (T1) and (T>2) attain unique mild solutions fg),ff) and f§2 in the space
CO([0,T); LY . N L=(R% x V)) that are non-negative in a.a. v. Eaplicit formulas for 7e

and ff’ exist and read

fg)(t x,v) =e Jo o(a—vs) dSp(x — vt,v), (4.12)
t z, v / / (z—vT,0) dTK($ — vs, 0, U/)e_ J*S o(z—vs—v'T0') dr (4.13)

d(x —vs — V' (t—s),0") dv' ds,

and fo is bounded by its source term ff through

t
17250 < VICRICK V] /O 1£2(5) oo ds. (4.14)

Proof. Existence and positivity for fg) are direct consequences of Corollary A.1.3 and
Lemma A.1.5a. The same results provide the assertion for ff’ , given that the source term
E(fgj) e C[0, T);LY N LR x V) € LY([0,T); LY . N L=®(R% x V)) is non-negative,
since K € A" is. Existence and non-negativity of f;% follow analogously. The bound
for its norm || f>2(%)||oc is provided by (A.1.6), together with the boundedness of operator
L by ||£]| < Ck|V|. The explicit formulas for f and f{ emerge from a combination of
(A.1.4) and (A.1.7). O

The information on K contained in the three parts has different quality: f(‘f can only
contain information on the integrated version o (x, v) fV (z,v',v) dv’ of K as suggested
by (Tp). On the other hand, particles from f>2 were subject to two or more tumbles, whose
influence cannot be separated. Both quantit_ies do not seem suitable for a reconstruction
of K, which will instead be based on f{b that contains information on exactly one tumbling
event.

Because tumbling has a diffusive effect, the three parts fg) , ff) and fi)z attain different
regularity. This smoothing effect becomes obvious with singular initial data and measure-
ment test functions. The aim of our construction is to exploit this behaviour so to obtain
access to ff) through the measurement

M (%) = Mu(f9) + Mu(f7) + Mu(f25) = Mu(f0),  Mu(f5) = 0= Mu(f2,). (4.15)

Since actual singularity is not realizable, neither theoretically by the smoothness assump-
tions on ¢, u, nor experimentally due to restrictions in measurement precision and prepa-
ration of initial data, the above will hold in the limit as initial data and measurement test
function become more and more concentrated.

Behaviour of the Measurement.
Theorem 4.1 is a direct consequence of the following proposition.
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Proposition 4.6. Let K € AR™ and consider a fized point (Ttumb, Vout, Vin) € RY x W.
Let (¢, 1) be defined as in (4.7)-(4.8) with Tin, Tm,tm given in (4.5)—(4.6) for e > 0.
Then

Eh_% M,us (f¢5> = K(xtumba Vout Uin) .

This proposition describes an explicit relationship between the (sequence of) measure-
ment(s) and the parameter that shall be reconstructed. Its proof is divided into the
subsequent three lemmas, each of which treats the limit for one of the parts of the decom-
position of M, (f¢") in (4.15).

Particles from fg5 travel along a straight line, so singular initial data will be propagated
to the ballistic location

Tp = Zin + Vinlm 7# Tm (4.16)

at time ¢, and will thus not appear in the measurement.

Lemma 4.7. Let K € A™. Given a point (Tiumb, Vout, Vin) € R x W, define (¢, uf)
for e >0 as in (4.7)-(4.8) for Tin, Tm,tm as in (4.5)~(4.6). Then M, (f(‘fs) vanishes in
the limit

: N

lim Mye (f§7) = 0. (4.17)

All particles from ff " in the measurement were subject to the one tumbling at the same
location, time and with the same outgoing velocity, according to Figure 4.1. As t, — O,
this happens instantaneously at the beginning, and the measured particles are only subject
to this tumbling, given that no time for further decay while running is left.

Lemma 4.8. Let K € A™, and let a point (Ttumb, Vouts Vin) € R? x W be given and
construct initial data ¢° and test functions pc as in (4.7)-(4.8) for xiy, Tm,tm as in (4.5)—
(4.6). Then the measurement Mua(ffe) reconstructs K(Ziumb, Vout, Vin), in the sense that

lim M (£77) = K (Ztumbs Vouts Vin) - (4.18)
e—0

The influence of higher regularity parts from ff; is controlled by a small time require-
ment t, = e* — 0 as ¢ — 0. Intuitively, it means that there is no time left for a second
tumbling event.

Lemma 4.9. Let K € A", and define initial data ¢° and test function p¢ as in (4.7)-
(4.8) for a given point (Ziumb, Vout, Vin) € RY X W and @iy, T, tm as in (4.5)~(4.6). Then

lim My« ( &) =o. (4.19)

The proofs of these lemmas are the subject of the remainder of this chapter. Together,
they prove Proposition 4.6.

Proof of Proposition 4.6. Combining the previous lemmas, in the limit, equation (4.15) is
obtained

. (£ — 1 (97 — ‘
;%MM (f ) }:IL%M/L (f1 ) K(xtumbpvoutvvm)-
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4.2. Proof of Theorem 4.1 in Dimension d = 2,3

In the following subsections, the dependence of f on the initial data and the M on the
measurement test function will be omitted, since it is clear that ¢, u° in (4.7)—(4.8) are
considered.

Remark 4.10. Temporal changes in the chemoattractant might induce time dependence
in K. Our strategy can be extended to this case, with some additional effort in the
experimentation: All arguments in the proofs of the three lemmas are local-in-time and
the setting t,,, = €¢* — 0 is considered. They can hence readily be extended to reconstruct
time continuous K (t,z,v,v’), if the initial condition and measurement can be prepared
around any time ¢ > 0. This means that the experiment starts delayed at time ¢, and the
same reconstruction strategy can be used.

4.2.1. The Ballistic Part f

The proof of Lemma 4.7 is based on a comparison of the spatial supports of measurement
test function y and fo, given as balls B(zy,e”) and B(xy,¢) around the measurement
location xy, and the ballistic location x; from (4.16). For sufficiently small supports as
e — 0, there will be no overlap, leading to a vanishing measurement of fy. The idea is
summarized in Figure 4.3.

Figure 4.3.: Propagation of the spatial support of f{f for initial data ¢(z,v) = ()0, (v)
from B(ziy,€) at time 0 (OliveGreen) to B(xyp,€) at time ¢y, ( ), and spatial support
B(m,€?) of measurement test function p = fiz0;, (blue) for small €.

Proof of Lemma 4.7. Using the explicit formula (4.12) for fy, a change of variables makes
the supports and their lack of overlap obvious, which leads to a vanishing measurement.

Step 1: Transformation of variables. Insert the explicit form (4.12) of fy in the
measurement and conduct a change of variables as in Lemma 4.4b to obtain, for small
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enough € > 0,

M ( fo) :/T/Rd/ fo(t,z,v) dvp®(t,z) dz dt

C a1 tm+sﬁt 5P} (Py)s Pl (F ~
= Ztagettm / [ R e GO S0 0, ) ().

—1 B4(0,1) B4-1(0,1)

m@%(

Tm + PF — P:},in (€Py) (tm + €P1) — 4
€

) dy d7 di.

Step 2: Convergence. The above formula indicates that M (fy) = 0 for small enough
€, because the argument of ¢,, denoted by
rm + ePT — P:iin (ePy) (tm + €P1) — 24

a:= ,
5

does not belong to its support B?(0,1). This can be seen, as by the reverse triangle
inequality

lall > e em — vintm — 2l — &2 v = P2y ()| — P HIZ) — 7P, (P y)I[E]

—Vin

1
a—1 . B+a—1 s—1
= ou in . .
> 5 |Vout — Vin|| — 2¢ 2e (4.20)

In the second line, the definition of the measurement geometry (4.5)—(4.6) was exploited,
together with boundedness of ||Z]|,|f| < 1 and P:iin(aﬁy) € S?1, and the fact that
PZ) (Py) = vm + v’ (y) with ||efve” (y)|| < 2e8||yl| < 26 for y € BI1(0,1) by
Lemma B.1.1b. Given 8 > 1 > « and viy # vout, the first summand becomes arbitrarily
large as € — 0, whereas the remaining summands vanish. This shows ||a|| > 1 for € small

enough. O

4.2.2. The One Tumble Part f,

The decay that the particle from f; undergo on their way from z;, to z,, due to too
early tumbling before zymp or a second tumble after xiymn, see Figure 4.4, vanishes with
the measurement time ¢, = ¢ — 0 and Zin, Tm — Ttumb. Only the effect of the one
tumbling event remains. The different scaling of the singularity in ¢°, 4 and the slower
rate of decay of measurement time let the argumentation in Figure 4.1 stay valid, such
that the increasing singularity in ¢°, u* uniquely prescribes the tumbling location
and outgoing velocity vout.

Tin

Figure 4.4.: Propagation of particles from f; from z;, to z,, subject to decay at rate o.
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4.2. Proof of Theorem 4.1 in Dimension d = 2,3

Proof of Lemma 4.8. The Proof of Lemma 4.8 exploits the availability of an explicit for-
mula (4.13) for f;. Convergence to the tumbling kernel evaluation is established through
the dominated convergence theorem and heavily exploits the construction of initial data
¢° and pf in (4.7)—(4.8) and the experimental geometry (4.5)—(4.6). A transformation of
variables is conducted and the integration domains are reduced to € independent domains,
for small enough &, before the dominated convergence theorem can be applied. Some
technical details are sourced out to Lemma 4.11.

Step 1: Transformation of variables and reduction of integration domain.
After inserting the explicit formula (4.13) for f; and the definition (4.7) of ¢¢, the standard
transformation of variables from Lemma 4.4b shows that for small enough ¢ > 0

T
M(f1) :/ /Rd/ filt,z,v) dvp(t,x) do dt
d 1 s -

—1 B4(0,1) [0,tm+ePt]xV B4=1(0,1)

tm+sﬁt_—s

— Bi_ps—P~ 1 B -1 B
K(zm+ 2 —vs,0,PZy (%)) e 0 o(@m+etE—ve—P_y, (FYTP_,, (€79)) dr,

xm-i-aﬁ:?:—vs—]}’:b (ePY) (tm+ePi—s)—xip ~ ~ 17
¢m< ul )% () bz (&) e (£) dly (s, 0) i dF

£

The concentration of ¢, as e — 0 shall be used to derive a unique tumbling point through
specification of (s,v). This requires a change of variables. Write the argument of ¢, as

Ty + €P% — vs — P:im(sﬁy)(tm + &Pt — 5) — wpn
5

=z + R(s),

with R(s) defined as in (4.24) and z := 7;%(51;) given by the transformation

Tlin(s,0) == a — (v — Vin) = T — V5 — Vin(tm — 8) — Tin € RY, (4.21)

where a:= fm(vout — Vin) = Ty — Tp, (4.22)

where x;, denotes the ballistic location iy, + vinty, as in (4.16). A visualization of these
quantities can be found in Figure 4.5 and the behaviour of 7. is studied in Appendix B.2.
Because 7i» cannot be injective in a, the (s,v) integration domain is reduced to U :=
[c1,tm + Pt x {v € V | (v,vm) < 1 — ¢}, with ¢; = ”%ZH and cp = ”1""”2;7”‘“”2 This
is possible, since the integrand vanishes outside U according to Lemma 4.11b. Then
Lemma B.2.1a suggests that 7 » : U — T»(U),(s,v) +— a — s(v — vin) is bijective
with inverse (7,2n)~1(2) = (¢(2),w(2)) given in (B.2.1) and absolute Jacobi determinant
s771(1 — (v, v)). Changing the variables by the full transformation (s,v) + z, and
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4. Structural identifiability: Experimental Setting

Figure 4.5.: Geometry and quantities used in the proof, displayed in 2D. The gray area
depicts the sliced annulus x;, +vs for (s,v) € U, which coincides with the area A in figure
B.2.1a translated by xj,. The same colour coding as in Figure 4.3 is used.

inserting definition (4.10) of C.

Vin,Vout?

thus gives

1

— {Viny Vout) | €6 o (P —w(ez)rin(e2) d
M — O\ TE"T—WI(EZ)T,W(EZ T'
= | c d S e Ll
—1B4(0,1)B4(0,5)B4-1(0,1)
K(zm +e°% — ((e2)w(ez), w(e2), P2, (7y))- (4.23)

- fotmjLEﬂ’g*C(EZ) a(wm-i—eﬂi:—g“(ez)w(az)—IP’:ll)in (sﬁy)T,IP’:ll)in (ePy)) dr

(&

o (2 + R(C(e2))) do (y) po (T) pe (8) dydzdidi,

7;”in (U)
3

where the z integration domain was further reduced to its € independent subset

B0, 5), for small enough &, according to Lemma 4.11c.

Step 2: Convergence. In order to establish point-wise convergence and boundedness
of the integrand, first notice that continuity of w, ¢, their explicit formulas in (B.2.1) and
boundedness of z € B(0,5) suggest that w(ez) — vout and ((ez) — 0, with

%n _ EOé| <a — &z, _Uin> | _ ‘ <% - Eliaza _Uin> ‘ e—0 | <w, _Uin> ‘ B
((ez) la —ez||? | Lon—tin _ gl-az||2 E=NE

by the definition (4.22) of a. This provides boundedness and point-wise convergence of
the fractions in the first line of (4.23) to 1. Point-wise convergence and boundedness of
the remaining factors in the integrand follow from continuity and boundendess of K, ¢,
and P_}  with PZ} (0) = viy by Lemma B.1.1b and the fact that R(((ez)) — 0 by
Lemma 4.11a.

66



4.2. Proof of Theorem 4.1 in Dimension d = 2,3

This lays the ground for the application of the dominated convergence theorem

;E%Muf(fl)

1
= K(xtumba Vout 'Uin)/ / / / ¢x(2)¢v (y),um(:i‘)ut(t) dy dz dz dt
—1JBd(0,1) JB4(0,5) JBi~1(0,1)

= K(xtumba Vout Uin)y

where xy, = Tiumb + %’“vout — Ttumb aS tm = €% — 0 was used, as well as the fact that
> o, M, ¢ iNtegrate to 1. 0
Py v, P, 1 g

The following lemma collects some technical derivations that were used in Step 2 in the
above proof of Lemma 4.8 in the change of variables. The notation from the proof is used.

Lemma 4.11. Let ty, Tin, T be defined as in (4.5)—(4.6) for fived Tiump € R?, vin, Vout €
V' with vy # vout and define a := %“(vout —vin). Furthermore, lett € [~1,1], Z € B4(0,1)
and y € B¥1(0,1).

a) Let e < 1. Then the function R : [0,ty + %] — R?, with

R(s) = (Vin — P:zl;-m (5'By))<tm - 2) +ePi — gﬂf]P’:iin (éﬁy) (4.24)

is bounded uniformly in s by |R(s)|| < 4%, uniformly in y, Z,1.

b) For sufficiently small € > 0, the function

b0 tmt P XV SR, sts.0) = 60 (=) i)
is supported in U = [c1,tm + Pt] x {v € V | (v,vm) < 1 — e} for ¢ = % and
Vout —Vin 2
ey =1 - 2
c) Consider the function
b TIm(U) = R, b(2) = ¢u (2 + R(((22)))

where ( is the s-inverse of T» defined by (4.21), compare Lemma B.2.1a). For suffi-
ciently small € > 0, one has supp v C B4(0,5) C e~ Tn (U).

Proof.
a) The triangle inequality shows

|tm — s

[1R(s)]| < lvin = Py, (€7 | + 7 2] + 7 HHIP T, (Py)| < 46”7

—Vin —Vin

for e < 1, as |tm — 5| < max(e?,e%) < 1, because s € [0,ty, + €°%] and o < 3, and
|vin — P:iin(sﬁy)ﬂ < 268||ly|| < 2 according to Lemma B.1.1b as well as [f],[|Z] <
1= P2 Pyl

—Vin
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llall

b) Let s < ¢; = '3 and v € V. Then the reverse triangle inequality, together with
Lemma 4.11a and ||v — viy|| < 2, shows that

a—s(v—vi)

+R(S)H > HaH —2s _465—1

9 9

Jllall g1 et lWout =il p0
2e 4 ’
for sufficiently small € > 0 by choice of & < 1 < 8 and v, # vout and the definition
(4.22) of a.

Similarly, one has for v € V with (v,vy) > 1—co =1— ””"‘”2;7””” and s € [0, t,, + &P

that
_9.a, /9 llvout—vin|*
ol —2eeyolleel®

e

a— s(v—viy)

1)

3

a—1 |[Vout — Vin| _ 4B

>
Z € 1

>1

for small enough e, where ||[v — vin|| = 1/2(1 — (vin, v)), the estimate s < t,, + 7t <
£ + P < 2¢® and the definition (4.22) of a were applied.

In both cases, the argument M + R(s) is not contained in the support supp ¢, C
B%(0,1) and thus ¥(s,v) = 0.

¢) Because ¢, is supported in B%(0,1) and ||R(((e2))|| < 4¢P~ < 4 by a), the triangle
inequality shows that all z in the support of ¢, (z + R({(ez))) satisfy ||z|| < 5.

The second inclusion follows from an application of Lemma B.2.1b) to U. This shows
that there exists a 1 > 0 independent of ¢ such that a small ball B4(0, ue®) with radius
of order ¢, = €% is contained in 7»(U) for small enough ¢, see Fig B.2.1. Therefore,
e~ 1T (U) contains the ball B(0, ue®1) > B(0,5) for small enough ¢ by a < 1.

4.2.3. The Multiple Tumble Part f-,

As f>9 has vanishing initial condition, the only mass it contains stems from from the
non-negative source in (T>2). The source injects mass over time, and the size of f>
corresponds to a time integrated version of this source term (A.1.5). This additional order
of measurement time t,, will eventually drive the measurement M(f>2) — 0 as ¢, — 0.
Intuitively, there is no time for the source to act, and bacteria do not have enough time
to tumble twice or more frequently.

Proof of Lemma 4.9. Lemma 4.5 provides boundedness of ||f>2(t)|lcc by its source in
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4.3. Proof of Theorem 4.1 in Dimension d = 1

(4.14), which can be used to bound the measurement M (f>2) by
T
M(f>2) = / / / fro(t,z,v) dv pf(t, ) de dt
B 0 JRIJV
T
< [ WOl [ ) drar (4.25)

T rt
< CrlVEMT [ sy ds [ ) ot

Step 1: Boundedness of the source term f;. The explicit form of f; in (4.13), and
the initial data in (4.7) provide

Hfl(s)HLOO(RdXV)

" Ok T—vT = (s—7)—x; 1 Py, (V) . / /
< T in in
> /; Ed ¢iﬂ ( € ) HL‘X’(RdXV) /V gﬁ(d—l) ¢U ( 2B ) j]PLvin ('U ) dv' dr

Ck
—FS
d

<

by boundedness of K € A" and ¢, < 1, non-negativity of o, and the fact that the ¢,
integral in the second line attains value 1.

Step 2: Boundedness of f>,. Inserting the above bound for f; in (4.25) and appli-
cation of the change of variables according to Lemma 4.4b shows

1 T t
M(f>2) < dC’[Q(\V\QeCKW'T/ / sds / ut(t, ) dt de
B € 0o Jo R4

C

< Vin,Vout

2 2 T 1d—1 1
C2 [V PeCxIVIT g
2d 5d -1

(tm + €°1) e (1) / 11 1o (%) dz dt

for sufficiently small ¢ > 0, since || < &% = t,, for small e. The constant C' :=
Coiyvous O [V [2eCKIVIT 12472 collects all constants.

Step 3: Convergence of M(f>2). Non-negativity of M (f>2) by non-negativity of u®
and f>o according to Lemma 4.5 provides the desired result, since a > % was chosen in
such a way that the exponent (d + 1)aw — d > 0 is positive and therefore

0 < lim M (f2)) < Celdtla—d =20, ¢
eB—0 =

4.3. Proof of Theorem 4.1 in Dimension d = 1

In the 1-dimensional setting, the reconstruction procedure can be simplified. Given that
only two velocities v € {£1} = V exist, the absorption parameter o in (3.1) only contains
information on one evaluation of the tumbling parameter

o(x,v) = K(z,—v,v), (4.26)
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as K(z,v,v) =0 for K € AQ™ by definition (3.3). Chemotaxis model (Ch) then reads

atf + 'anf = K($, v, _U)f/ - K(xa _va)fa
f(t=0)=¢(z,v),

where the notation f/(z,t,v) := f(z,t,—v) is used to simplify the presentation. This
shows that information on the decay rate o is actually sufficient for the reconstruction of
K € A" in one space dimension. As observed in the higher dimensional case in (4.12),
decay can already be observed in the ballistic part fy. For this reason, the construction
of designs for the singular decomposition approach can be simplified.

This is not possible in higher dimensions d € {2,3}, because o contains information
of several tumbling kernel values through integration in (3.1), whose influence cannot be
separated. The decay behaviour is not sufficient for the recovery of K in Section 4.2 and
the higher order tumbling part f; had to be consulted.

The reconstruction strategy presented in the following is based on the reconstruction of
o, as presented in Section 3 of | ] in the multidimensional case, and results from
joint work with Christian Klingenberg, Qin Li and Min Tang. This strategy is adapted to
the 1D setting. A detailed comparison is conducted in Remark 4.18

Formal Intuition. The reconstruction process can again be motivated by a formal con-
sideration, as in Section 4.2. Consider (4.3) in the 1D scenario and for initial data
f(t=0,2,v) = 1, (2)1,, (v), where e.g. 1,,, denotes the indicator function! over the set
{vin} C V, and assume that the order of the remainder stays unchanged. Then the point
wise measurement at location = reads

tm

/ ftm, z,v)dv =~ 1y, (T — Vintm) (1 —
v

tm
+ K(z + vin$, —Vin, Vin) Lz, (T + vins — Vin(tm — 5)) ds + o(tm)-
0

K(x — vin$, —Vin, Vin) ds)
0

Choosing measurement location zy, = Zin + Vintm, the second integral term vanishes,
because the indicator function 1., (Zm + vins — Vin(tm — s)) = Lg,, (in + 20ins) attains a
non zero value only on the Lebesgue null set {s = 0}. The measurement simplifies to

tm

/ f(tm, zm,v)dv~ 1 — K (Zin + vinS, —Vin, Vin) ds + o(tm).
1% 0

To obtain the evaluation of K at a specific point, the derivative w.r.t. measurement time
can be taken

8tm / f(tmvxn’uv) d'l) ~— K(xma —Uin, Uin) + O(tm)
1%

'The indicator function 1 4 of a set A is defined as 14(a) =1if a € A and zero otherwise. It is convention
to write 1, := 14y for singleton sets {a} with a € A.
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4.3. Proof of Theorem 4.1 in Dimension d = 1

Construction of Initial Data and Measurement Test Function. The detailed construc-
tion is described subsequently.

Geometry. Let (x4, vin) € R x V be the point at which the value of the tumbling kernel
K (24, —vin, vin) is supposed to be reconstructed. Furthermore, let € > 0 be a small scaling
parameter. For small measurement times, compatible initial and measurement locations
shall be given by

tm € (£,3¢) with t, <7, and (4.27)
Tin = Tin(tm) = Tx — Vintm and Tm = Ty (4.28)
Singularity. Given ¢, fiz, itz € = as defined in (4.9), initial data and measurement test

function with concentration points xi,, vy, and xy,, tn, respectively, are constructed as

g
1 T — Tm t—1tm
Hiw (1,2) = S Ha ( . ) it ( . ) : (4.30)

Given that V' = {£1} is discrete, 1,,, is singular in v. The singularities in initial location

8. (5,0) = 6 (””‘“m)) L (4). (4.20)

and measurement location and time are coupled through the usage of the same scaling
parameter €, that also describes smallness of measurement time ¢, € (¢, 3¢). The following
lemma summarizes frequently used properties of ¢f , ug .

Lemma 4.12. Let € > 0 be sufficiently small.

a) Then ¢f ,pi as constructed above in (4.29)—(4.30) are non-negative, smooth and com-
pactly supported, to be precise

o ¢i (-,v) € CX(R) for all v € V with supp ¢;  C B(Zin,€) X {vin}, and
o uf € CX([0,T] x R) with supp pf_ C B(tm,e) X B(xm,¢).

b) For continuous functions h : [0,T] x RY — R, the following change of variables formula
holds

T 11
/ / h(t,z)p; (t,z)drdt = / / h(tm + et, m + e3) e () o (7) AT dE.
0 JR -1J-1

Proof. Assertion a) clear from the definition of ¢f ,uf . Application of the transforma-

t—tm ~ _ T—ITm
e and ¥ = e

new integration domain is reduced with regards to the supports supp pu, C [—1,1] C R
m T_ m

_t?, Tt]

which are spelled out at the end of the inclusion chains, for sufficiently small € by choice

of tm € (¢,3¢) and fixed T > 0. O

tions t = provides the given form of the integrand in assertion b). The

and supp s C [—1,1] C | They are contained in the transformed domains,

Remark 4.13 (Comparison to the setting in Section 4.2). In this section, a different geom-
etry is constructed with the aim of measuring at the ballistic location zy = xiy + tmvin,
instead of the scattered location x;, + %mvin + %’“Uoup Singularity in the initial location and
measurement time and location is generated at the same rate, as smallness of measurement
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time is. The type of singularity that is induced by the initial data is qualitatively different,
as the former formal intuition showed: in Section 4.2, the initial condition converged to
a Dirac delta in space, whereas it is a characteristic function in this setting. This strong
singularity in initial location was necessary to fix the tumbling location, and required a
balancing by a small multiplicative factors of order t%!, to keep the measurement finite.
In the 1D setting, it is not necessary, since the geometry explicitly prescribes all considered
locations for the ballistic part fy. The weaker introduced singularity in the initial data
will, however, lead to a more complex postprocessing of the data for reconstruction that
involves differentiation of the measurement w.r.t. measurement time, as suggested by the
above formal intuition.

Decomposition. Given that the ballistic term is already subject to decay with the absorp-
tion rate o(z,v) = K(z, —v,v), this term is expected to be sufficient for the reconstruction
of K in the one dimensional case. Thus, the solution of f is decomposed into two parts

f=Jfo+ f>1, (4.31)

where the ballistic part fy solves
6tf85 +U8£Bf0 = —K(.%', _U7U)f((];5a (432)
fit=0)=0¢, (4.33)

and the remainder f>1 solves

Of2) + 00 f2) = K(z,v, —0)((f§) + (f2))) — K (z, —v,0) f2,,
2 (t=0)=0.

In analogy to Lemma 4.5, existence of non-negative solutions fy, f>1 is provided by Corol-
lary A.1.3 and Lemma A.1.5a for non-negative initial data ¢.

Behaviour of the Measurement. The following Proposition proves Theorem 4.1 in one
space dimension by deploying of the formerly constructed setting.

Proposition 4.14. Let K € AQ™ and consider a fived point (x4, vin) € R x V. Let
(%, 15, ) and ty, Tin, Tm be constructed as in (4.27)-(4.30) for e > 0. Then

. e
gl_I)I(l) atm Mllfm (f(zﬁtm) ’thQ&‘: _K(x*7 —Vin, vin)Cd)l,/Jz“LLt 9

with strictly positive, known constant 0 < Cyg, . 1, = f_ll Jg Gz (x — Vint) po () da pe(t) dt.

The strict positivity of Cy, ., ., holds due to non-negativity and continuity of ¢, fiz, pi¢
and the fact they attain value 1 at location 0.

As in the multi-dimensional case, this proposition establishes an explicit relationship
between a sequence of measurements and the parameter. As a result of the simplified
experimental requirements, in particular the weaker introduced singularity in the initial
data, this relationship is more complex compared to the one in Section 4.2.
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4.3. Proof of Theorem 4.1 in Dimension d = 1

The proof is divided in two lemmas that study the different limiting behaviour of the
two parts of the measurement derivative as suggested by the decomposition (4.31):

O M(f) = 01, M (f0) + Ors M (f>1). (4.34)
The ballistic part fy carries the desired information on K.

Lemma 4.15. Let K € AR™. Given a point (x4, vin) € R XV, let ¢, us  be defined as
in (4.29)-(4.30) with ty, Tin, Tm as in (4.27)—~(4.28) for small e > 0. Then

€

. ¢
;1_r>r(1) 8thu§m (fo ™) |tm=2e= — K (24, —Vin, Uin)ccbz,uz,ut-

The contribution of the higher regularity part f->1, instead, vanishes asymptotically. The
reason lies in the short measurement time, that only allows for maximum one tumbling.
One tumble, however, leads to a deviation from the shortest path from z;, to x,, = xp,
and thus a delayed arrival, which excludes these particles from the measurement.

Lemma 4.16. Let K € A?™, and let ¢f_, ps  be defined as in (4.28)-(4.30) with tm, Tin, Tm
as in (4.27)—(4.28) for some € > 0, and an evaluation point (z,,vin) € R x V. Then

£

. o5 _
il_l,"%athu?m( o1") ltm=2:=0.
In summary, this proves Proposition 4.14 in the 1D case.

Proof of Proposition 4.14 in 1D. Inserting the results from Lemma 4.15 and Lemma 4.16
into (4.34) shows

;g% 8thufm (qufm) |tm:2E: _K(x*a —Vin, Uin)cqﬁm,,ux,ut-
]

Remark 4.17. With the same technique as in Remark 4.10, the thus obtained results can
be extended to K with continuous time dependence.

Remark 4.18 (Comparison with | ]). In contrast to the thus presented setting,
the derivations in | ] made use of independent scaling parameters. Singularity in
initial velocity and measurement time was generated independently and the limit was taken
before the coupled singularities in initial and measurement location were generated. Post
processing of the measurement in the limiting case, in particular taking the derivative
after the limit is established, yielded the value of o at the ballistic location zp(ty,) =
Zy+tmUin. In that sense, one initial condition could be used to find all values o (x(tm ), vin),
if the measurement could be taken for all these measurement times ¢, € (O,T ) and the
measurement location xy(ty,) was moved accordingly.

This work uses a setting where all singularities and smallness of measurement time share
the same scaling parameter, and derivation of the measurement w.r.t. measurement time
is taken before the limit. The reason is the same as in Remark 4.3: in reality, only an
approximation to small time and singular initial and test data will be available and has
to be processed. This setting requires small measurement time to bound the effect of the
scattering part f>i, that could be controlled by singularity of the initial and measurement
data in | ].
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4.3.1. The Ballistic Part f

Similarly to the proofs of Lemma 4.7 and Lemma 4.8, the explicit formula of fy and the
construction of ¢f , ug —are exploited in the proof of Lemma 4.15.

Proof of Lemma 4.15. Use the explicit form (4.12) of fy in the 1D setting (4.26) together
with Lemma 4.12b to see
11 ~
M(fo)= / / e " K tei s v vn) sy (5 gy F o Smsvntnrn) g (F) g1y (£) i d,
Z1-1
for small enough € > 0. Because the fraction in the argument of ¢, vanishes Zm—Vintm—Zin —
0 independently of t,, by construction of xy,, xi, in (4.28), derivation w.r.t. t,, shows that

tm-+et K

1 el
O, M (fo) = / / — K(2y + &% — i (tm + €t), —Vin, vin)e 10
1/

o (i' - Uing) M (f) e ({) dz dt.

(Im“rejfvinsy*vin 7Uin) ds .

In ¢, = 2¢, the limit as € — 0 is determined by the dominated convergence theorem, since
continuity and boundedness of K provide boundedness and point wise convergence of the
integrand. In summary, one obtains the assertion

1 1
gg% atm-Z\4(fO) |tm:25 = _K($*7 —Uin, 'Uin)/ / ¢m (j' - 'Uini) Mo (j) Mt (E) dz dt
—-1J-1

= —K(-T*7 —Vin, /UiIl)Cd)x’/Jacu“t '

4.3.2. The Tumble Part f-;

The remainder is further decomposed into parts f; that have undergone exactly one tum-
bling event, and the remainder f>; = fi + f>2, where f; satisfies (T;) and f>o satisfies
(T>2) in the 1D setting i.e. with absorption o given by (4.26). The decomposition trans-
lates to the measurement by linearity

M(f>1) = M(f1) + M(f>2). (4.35)

This is necessary, because smallness of the contributions of both parts is generated by
different mechanisms.

The measurement of f; vanishes in the scaling limit, because these particles cannot reach
the measurement location x,, since tumbling means deviation from the direct route.

Lemma 4.19. Let K € AR™ and ¢5_, p§ be constricted as in (4.27)(4.30).
. 0¥
Then lime 0 O, My (fy ) |, o= 0.

Smallness of M(f>2) follows by choice of a small measurement time which leaves no
time for further tumbling, i.e. no time for the source term f; to introduce mass into f>s.
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4.3. Proof of Theorem 4.1 in Dimension d = 1

Lemma 4.20. Let K € AR™ and ¢f_, 5 be given as in (4.27)~(4.30).
Then lim—o O, Mpz _( itgm) |tm=2:= 0.

This illustrates that the constructed experiment also aims to allow one tumbling event,
but prohibit multiple tumblings, which is again achieved by a small experimental time
horizon. Lemma 4.16 is a direct consequence of the above lemmas and it remains to prove
Lemma 4.19 and Lemma 4.20.

Proof of Lemma 4.19. Similar as in the proof of Lemma 4.15, an explicit form of 9, M (f1)
provides convergence.

Step 1: Explicit form of 9, M(fi1). The explicit form of f; in (4.13) in the 1D
setting and a change of variables according to Lemma 4.12b yield the following form of
M (f1) for sufficiently small e:

11 tm+et
M(fl) = //Mt(g)ﬂz(i') / 6_ f; K(-Z’m+€j+UinT7Uin7_’Uin)dTK(mm + Ej + vins, _’Uir“ 'Uin)'
—1-1 0
e Oth’Sf*s K(acm+s§:+vin(sz),fvin,vin)dr¢x <5£+vins—€vin(6f—s)> ds di df,

where the numerator inside ¢, was simplified by relation (4.28). The derivative w.r.t.

measurement time consists of two parts

1 1
oM = [ @)+ @9) dad

that originate from the differentiation of the boundary of the integral in s and differenti-
ation of the integrand, respectively, and are spelled out below.
Step 2: Convergence of (i). Term (i) reads

tm—+et

fof K(Tm+eZ+0inT,Vin,—Vin) dT ~ (5£+vm(2tm+sf))

(1) =e K (2w + €Z + vin(tm + £t), —Vin, Vin) Oy =

Taking t,, = 2¢, this term vanishes for all ,7 € [~1,1], because the argument of ¢, is
not contained in its support supp ¢, C [—1,1], as an application of the reverse triangle
inequality suggests

S - t -
U@l D) | > 92 |y | — o[ — [E] > 4—1—1=2.
g

Step 3: Convergence of (ii). On the other hand, the term (ii) can be bounded

uniformly in %, by

tm+€£
.. _rs v T _ Fu s—ue (ef—
(712) —/ e fo K(Im+5x+vm‘r,vm, Um)dTK(mm +ex + VinS, —Vin, Uin>¢a€ (%ﬂm(ss)> .
0
_ tm-tet—s ~ . _ oy . - ~,
e Jo K(@mtetton(s=r),=vinvin) d7(_ [ (1 4 e 4 03(25 — b — 1), —Vin, vin)) ds

= O(tm +et) < O(tm + ),

75



4. Structural identifiability: Experimental Setting

by uniform boundedness of the integrand by CIZ(. Choosing t,, = 2¢, this means that
lim._,0(i7) = 0 uniformly in #,%. In summarty, this proves the lemma.

O]

Proof of Lemma 4.20. The formal derivation of this part of the measurement yields

T
/0 /R/V ((3tmf22) pe + fzgatm,ue) dv dz dt (4.36)

< 10w 2l Lo ((0,tmt-e] xRx V) I | L1+ [ F>2 Lo ((0,tm 4] xR V) | Ot 1| 21

|3th(f22)| =

by Holder’s inequality. Note that the time domain in the norm of f>9, 0y, f>2 was reduced
to [0, ¢y, + €] by consideration of the temporal domain of u° and 9y, in Lemma 4.12a.
Dependency on tp, is introduced in f>9 by its source term L(f).

Step 1: L™ bound for f>2. A direct application of Corollary A.1.3 shows

t t
|f>2(t, z,v)| < e2CKt/sup|K(:n,v’,—v')f1(s,x, —v')|ds < e2CKtC’K/sup]fl(s,x,v’)]ds
z,v’ z0
recalling that |V| =2 in 1D. By (4.13), one can bound fi(s,z,v") by
|f1(s,z,v)| < Cks||7, ([ < Cks.
In total, this gives
2
|f>2(t, z,v)| < €2CKtC§<§-

Step 2: L* bound for 0, f>2. First, note that by linearity of the equations
Ot [>2, Ot f1, O, fo solve the same systems (T'>2), (T1), (To) as f>2, f1, fo, but with source
term L£(04,, f1), L(04, fo) and initial condition 9y, ¢f_(z,v) = vine ' ¢}, (2=20) 1, (v), re-

IS
spectively, where ¢! denotes the derivative of ¢,. The same derivation as above yields

12 B 2
Oty f>2(t, x,v)| < GQCKtcf(;HatmﬁmHLw <e lechtC%(§C¢;7

where the derivative ||¢ |~ < Cg < 00 is bounded by construction of ¢, € C°(R).
Step 3: L! bounds for ¢, d;, uf. The standard change of variables from Lemma 4.12b
shows that for small enough ¢

1,1
14 2 o, 1 xRx vy = 2/1/1ux(i)ut(t) dz dt = 2,

where 2 = |V| was used. In analogy, one obtains for small ¢ > 0 that J; p®(t,x) =
—e 3 g (=2 py (i) and with ||| e < C); < oo this is bounded by

1 1
[0t k2 | 1 (0,11 x RX V) = 251/1/1 piz (&) [y (1)] dzdf < 5’140%.

Step 4: Convergence. Inserting everything in (4.36) shows

02
|8th(f22)\ < 6_1(tm + 5)2620K(t"‘+5)7K(2C¢;D + 40/4)

For ¢, = 2¢, this proves the assertion |0, M (f>2)| — 0 as ¢ — 0. O
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Sensitivity Based & Cost Function
Identifiability: Experimental Design

In the previous chapter, structural identifiability of the chemotaxis kernel reconstruction
problem (Ch™!) was shown under access to the full infinite dimensional input to output
map [tOf : LL N L®(RY x V) x LY([0,7] x R?) — R. In real or numerical experiments,
this is typically a too strong assumption: only a finite number of experiments can be
conducted, with only a finite number of sensors each. This reduces the data space to
finite dimension, and the inverse problem requires a new balancing: the dimension of
the admissible set has to be reduced accordingly, to sustain injectivity of the forward
map. The tighter controlled form of the parameter adds a-priori knowledge in order to
leverage the reduced information available in the data. The precise manner in which the
experiment compresses the parameter information in the data, and with it the required
form of induced a-priori knowledge on the parameter, is dictated by the specific choice of
the experimental design, as anticipated by source (II) of non-identifiability. Vice versa,
designs are typically constructed in adaptation to a given admissible set to maximize the
information on the parameter in the data. This intricate interplay between admissible set,
design and identifiability is, however, far from obvious, and it is not immediately clear
which data are required to reconstruct a parameter of a prescribed form.

This chapter is thus devoted to the analytical investigation of this balance between
a-priori knowledge in the admissible set and demonstrate the 'Relaxation of Theory’ ap-
proach to experimental design for the chemotaxis inverse problem (Ch™!), in the frame-
work of sensitivity based identifiability. First, equivalence of strong convexity in the
quadratic cost function and a sensitivity based criterion [ , | is estab-
lished. Then, this criterion is used to characterize experimental designs for their suitability:

(i) Degeneracy of the inverse problem is shown, if the data is not sufficiently diverse, in
the sense that two out of a minimal number of experimental setups are asymptoti-
cally close. This makes sense intuitively, because the two respective measurements
asymptotically coincide and carry the same information on K. By minimality of the
data dimension, the inverse problem thus becomes underdetermined.
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(ii) In contrast to that, one experimental setting is carefully crafted, for which identifi-
ability is proven analytically in the 1-dimensional case. It represents a relaxation of
the construction of the singular decomposition experiments in Section 4.3, which is
possible by a suitable choice of the admissible set. This demonstrates existence of a
minimal data experimental design that renders the chemotaxis inverse problem least
squares identifiable and provides a direct connection between the theoretical infinite
dimensional and the practical finite dimensional setting.

The analysis demonstrates capabilities and limitations of the inverse chemotaxis setting:
it gives insight, which type of parameter information can be reconstructed from a given
number of data, if these data are well-prepared. This presents a valuable information in
applications where real experimentation is expensive and a traded off between experimen-
tation cost and reconstruction accuracy is typical. It should be mentioned, that even for
higher data dimension, a poorly chosen experimental design can still prohibit a successful
reconstruction, for instance if the problem is nonetheless underdetermined.

The presented analysis is set in a noise-free setting where data is generated by a ground
truth parameter in the admissible set, and no regularization is applied in the cost func-
tion, in order to focus only on the sole effect of the experimental design in the dimension
reduction process. Noise can be incorporated in the analysis of cost function analysis as
demonstrated in | ] which brings the analysis closer to the framework of Bayesian
optimal experimental design for linear inverse problems, as breifly introduced in Sec-
tion 2.5.

This chapter is based on a joint work with Christian Klingenberg, Qin Li and Min Tang

[ J:

Remark 5.1 (Difference to [ ). A major difference to | ] is the explicit
explanation of the derivation of the sensitivity based identifiable experimental design from
the theoretical results of the previous chapter. More emphasis is put on the connection of
the results to the identifiability framework, and the analysis is adapted to the framework of
this work, where the measurement operator is described by spatio-temporal test functions
in instead of a point wise measurement at a prescribed measurement time in | ]
Moreover, the non-identifiability results under (i) are studied in a generalized setting where
the admissible set prescribes an arbitrary fixed basis element expansion in an arbitrary
spatial dimension, and closeness is generalized to simultaneous closeness of initial data
and measurement test function. An alternative proof allows us to remove the small time
assumption. By proving sufficient regularity of the forward model (Ch)—(iCh) in the
parameter, the local boundedness assumption on the measurement Hessian in [ ,
Thm3.2] could be removed and equivalence of sensitivity based identifiability and strong
convexity of the least squares cost is shown to hold. The suggested design under (ii) is
extended to spatial dimension d = 2 of the model, with the obvious extension to higher
dimension d = 3.

Related Literature. Literature on experimental design for chemotaxis mostly belongs to
the realm of biology, biophysics and related areas, where it focuses on designing suitable
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experimental apparatuses, so called chemotaxis assay chambers, through which chemotac-
tic behaviour can be studied in a controlled environment, and statistics on the microscopic
behaviour or density information can be extracted. Designs are for instance compared by
experimental data reproducibility [ ], or the effects of different experimental se-
tups such as the initial data preparation are investigated experimentally [ ]. The
latter already represents a step towards comparing experimental designs via sensitivity
analysis. A model based approach in this direction was applied in [ ] for an
autochemotactic Keller-Segel model, where the influence of different choices of certain
constants in a parametric form of the chemotactic drift coefficient on the data was inves-
tigated. Sensitivity of the model w.r.t. these constants and thus their identifiability was
derived heuristically from comparisons of numerical forward simulations.

A more structured framework of sensitivity analysis was applied to a microscopic recep-
tor model for chemotaxis in [ |. The sensitivity matrix was used to detect important,
i.e. highly sensitive, parameters, and non-identifiability could of some coefficients could
be revealed.

Moreover, regularization based cost function identifiability was shown for an inverse
problem of determining the chemotactic sensitivity in the auto-chemotactic Patlak Keller
Segel model, as a non-linear function of the chemoatractant concentration, from noisy
data, assuming access to the macroscopic bacteria concentration [ |, or the bacteria
and chemoattractant concentration | | for all space-time.

Novelty of this Work. Studying (optimal) experimental design is novel for inverse prob-
lems related to chemotactic behaviour. In comparison to previous literature, designs in
this work are characterized by a finite number of localized measurement test functions,
which reduces the experimental measurement effort. Sensitivity analysis is used to test
suitability of different designs, and a specific design is constructed for which local identi-
fiability can be proven analytically. Similar constructions have not been proposed yet in
the realm of chemotaxis.

The construction relies on the relaxation of theoretical findings and constructions in
Chapter 4 and emphasizes the importance of the choice of the admissible set for exper-
imental design. The idea of transferring the theoretical identifiability or well-posedness
proof to the practical finite data level through a relaxation is not frequently adopted in
inverse problems so far, but it has the potential to connect theory and numerics of inverse
problems. It should be mentioned, however, that the thus presented construction largely
benefits from the constructive nature of the theoretical proof in the singular decomposition
approach.

5.1. General Setting

This section introduces the finite dimensional inverse problem under investigation and
motivates the choice of the sensitivity based identifiability criterion by its connection to
local strong convexity of the cost function which guarantees favourable properties of the
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numerical optimization based reconstruction.

Admissible Set. The finite dimensional admissible set is chosen to prescribe a fixed ex-
pansion form of the parameter, that might for instance emerge from discretization of a
continuous function. It allows more flexibility in comparison to a parametrized form based
on physical insight | , , , ], which might not always be avail-
able. The choice of the discretization will later be specified when a specific experimental
design is constructed in Section 5.2.2 to provide well-posedness. It should be mentioned,
that for applied contexts, the choice of the discretization is also limited by the experimen-
tal capabilities, for instance the pixel size of the camera that takes the photograph of the
cell density or the accuracy up to which an initial condition can be generated, that limit
the available data and thus its reconstruction potential.

To construct the admissible set, consider a fixed finite set of linearly independent basis
elements b, : R¥xV xV — R that are uniformly bounded in L> by a constant ||by||oc < Cj
for all ¢ =1, ..., Q and satisfy by(-,v,v) = 0 for all v € V. Then the admissible set consists
of all nonnegative K that attain an expansion into these basis elements:

Q
Al = {Ak 3> K(z,v,7") Z (z,v,v") for some K, € R} (5.1)

Note that a K € A?(n is uniquely determined by the @ scalar coefficients K, € R, and .Af}}“

is of dimension Q.

Remark 5.2. In comparison to A", continuity of K is exchanged for its expansion form to
guarantee a certain structure of the admissible set. This allows for instance also piecewise

constant K.

Experimental Data. A finite number L € N of synthetic, noise free data of form (M) is
generated by a ground truth parameter K, in the interior of .Af}{n, and a predefined set of ini-
tial data ¢; € L} . N L°(R? x V) and spatio-temporal test functions y; € L'([0,T] x RY),
forl=1,...,L,ie.

= My(fx.) = M, (f), 1=1,..,L. (5.2)
Denote by Cy,C,, > 0 constants that uniformly bound all ¢, p;, respectively
[l 1L @ixvy < Co, ltall e o,ryxmey < G foralll=1,..., L. (5.3)
This ensures existence and uniform boundedness of f% by Proposition 3.3

[¥ag Ol rane ®axyy < elVICxtcy, (5.4)

Inverse Problem. The inverse problem consists in finding the Q values (Kj)q=1,.. o that
determine K € A?(“:

find K e A such that (y); = FI(K) := (M;(fx)); € RE. (5.5)
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Using the quadratic cost function, its minimization form reads

L
Jmin,  C(K) =min 5o 35 (M) — )’ .

subject to  (Ch) and (iCh).

Strong Convexity of the Quadratic Cost. The convexity of C describes how strong
the measurement changes in comparison to the data, when the parameter is varied. It
thus resembles the expressivity of the data in terms of the parameter and is dictated by
the experimental design (¢, 147)1=1,....1., given that structural identifiability of the inverse
problem (Ch~!) has already been established in Chapter 4. It will be used as a measure
to compare suitability for different designs, and existence of both, identifiable and non-
identifiable designs, will be established in the subsequent Section 5.2.

Strong convexity of the cost function, at least locally around the ground truth parame-
ter K., is particularly favourable: because K, is by definition of the noise free data (5.2)
a minimum of C, strong convexity would guarantee its uniqueness locally around K, and
thus provide local square loss identifiability of K from the respective forward map. Fur-
thermore, optimization of a convex problem (5.6) is significantly easier than in the non
convex setting and reconstruction, even by simple gradient-based methods as described
for instance in Section 2.2.1, is guaranteed to converge to the ground truth [ ] - given
that the starting value is chosen in the convexity neighbourhood of K,. Given sufficient
regularity, strong convexity of C expresses in the fact that the eigenvalues of the Hessian
are bounded away from 0.

This regularity is established in the following lemma, and allows application of gradient
based optimization methods. For the chemotaxis inverse problem (5.5), it is a direct
consequence of the regularity of the forward model solution fx w.r.t. K as given in
Lemma 3.4, and linearity of M;.

Lemma 5.3. The quadratic cost function C from (5.6) and the measurements M;(fx) are
twice continuously differentiable in K. The Hessian of the cost function, given by (2.16),
18 Lipschitz continuous in K w.r.t. the L norm.

Note that this in particular implies local C'f7-smoothness of C.

Connection to Sensitivity based Identifiability. The previously established regularity of
the cost function establishes equivalence of local strong convexity of the quadratic cost
and sensitivity based identifiability for inverse problem (Ch~!) through Proposition 2.11.
This facilitates the testing and comparing of different experimental designs, as the Hessian
needs to be evaluated only at one point.

Proposition 5.4. For inverse problem (5.5), sensitivity based identifiability is equivalent
to local strong convexity of the quadratic cost function around the ground truth. It implies
local square loss identifiability.
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Computing the Sensitivity Matrix. To compute the entries the sensitivity matrix (2.15),
different strategies can be employed, each one offering its own advantages and disadvan-
tages:

e Difference approximations of the () partial derivatives offer an easy reconstruction
formula, but might be inaccurate if the parameter difference ¢ is chosen too large.
Furthermore, they are computationally costly, as they require at least () + 1 forward
computations, if one-sided approximations

Mi(fr+ee,) — Mi(fK)
g

Ok, Mi(fx) = (5.7)

with unit vectors e, in the direction of basis element b, were used.

¢ By independence of the measurement operator from K, alternatively, the derivative
can be pulled inside the measurement which leads to the still fairly simple formula
Ok, M (frx) = Mi(0k,fr). The @Q partial derivatives of fx can be computed by
solving their corresponding evolution equations (A.1.11), and one additional com-
putation of fx by (Ch)-(iCh) to compute the source term. In total, this amounts
again in () + 1 PDE solves.

e A very efficient way of computing the gradients is given by the adjoint gradient
method that requires solving only two PDEs, namely for the chemotaxis inverse
problem the forward model (Ch)—(iCh) and the adjoint equation corresponding the
to [-th measurement

7atg/1l —v- VQM = ’C*(guz) — (5-8)
gt =T,2,v) =0,

with adjoint tumbling operator given by

K*(gu) = /V K (0,0 0) (g (12,0 — gy (£,2,0)) Ao, (5.10)

Existence of mild solutions g,, € C°([0,T]; LY(R%; L' N L°(V))) to this equation is
established in Lemma A.1.9 and uniform boundedness follows from uniform bound-
edness of the y; in (5.3) as

19,0 ()l 1 Ry < [V]eTVIT0C,. (5.11)

The partial derivatives Ok, M;(fx) are then computed by means of a more involved
and model dependent formula, as given for the thus considered inverse problem in
the following Lemma.

The representations of the gradient entries, i.e. the partial derivatives, for the latter
two cases are summarized in the following lemma.
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Lemma 5.5. Denote by fx, Ok, fx and g,, the mild solution to the forward model (Ch)-
(iCh), the partial derivative evolution equation (A.1.11) for variation in the g-th unit vector
n = eq, and the adjoint model (5.8)—(5.9), respectively. Then, the partial derivatives can
be represented as

IM(fr) _
oK, //[O,T]XRd /V Orcyfrc dv pu d ) 12

B //// by(w,0,0) f (g, = gpu) At 0,0). (5.13)
[0,T]xRexV xV

where the short notation from (3.2) was applied in the last line.

Proof. The representation in the first line is a direct consequence of the Leibnitz integral
rule [ , Thm. 2.27], whose application is justified by uniform boundedness of the
partial derivative 9, fx € C([0,T]; L' N L®(R? x V)) by Lemma A.1.7 and finiteness of
the measure dt p; d(¢, z).

The proof of the second line representation follows from a calculation-of-variation argu-
mentation and can be found in Section 5.3.1. The low regularity of the mild solutions f
and g, does not allow a standard application of integration by parts and specific attention
has to be paid when deriving the adjoint equation.

O

5.2. Qualitative Experimental Design

Ideally, an experimental design leads to data that contains information on all aspects
of K and for which changes in the parameter are reflected in the data. This requires
a sufficiently high dimension of the data, initial data that triggers all different aspects
of K and measurement specifications p; that capture the respective triggered aspect of
the parameter. Suitability of designs can be tested by the previously studied sensitivity
identifiability criterion, under which Proposition 2.13 suggests to measure at least ) data
points.

5.2.1. Non Identifiability for Close Measurement Specifications

Even if a sufficient number of data is collected, the inverse problem (5.5) can still be
non-identifiable in the sensitivity sense, if this data does not represent the kernel K well.

An example is provided by the following theorem. It studies the minimal data setting
and shows that identifiability degenerates when two experimental setups become asymp-
totically close, leading to a decay of diversity in the data. This is not surprising: Intuitively,
it makes sense that if two experimental setups almost coincide, they offer almost the same
information and the data lacks one degree of freedom to specify K. Asymptotically, one
data point is redundant and the inverse problem becomes underdetermined.
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Theorem 5.6. Consider a minimal design consisting of L = @ experimental setups
((é15 ))i=1,...,.- Then sensitivity based identifiability of the corresponding inverse problem
(5.5) and with it local strong convezity of the cost function (5.6) around K, decay as the
first experimental setup approaches the second one, in the sense that ¢1 — ¢o strongly in
L' N L2 R x V) and py — p weakly in L'([0,T] x R?).

Convergence in the measurement test function holds in a distributional sense:

Definition 5.7. A sequence pu(™ of L'([0,T] x R?) functions is said to converge weakly
to u € L([0,T] x RY), if for any test function h € L>([0,T] x R?) the duality product
converges fOT Jra W™ (¢, 2)A(t, ) do dt — fOT Jra p(t, x)h(t, z) dz dt.

Remark 5.8. Similar weak notions of closeness are required when working with lower reg-
ularity measurement test functions such as measures, e.g. represented by Dirac delta
function corresponding to point wise measurements. It is expected that the result gener-
alizes to this pointwise measurement case, if additional regularity of the forward solution
f is established to provide sufficient measurability.

In the limiting case, convergence of gradient descend methods to reconstruct K, can then
no longer be guaranteed. In fact, a significant decay of their reconstruction can already
be observed in the case where two measurements are close but distinct, as numerical
experiments in Section 6.2.2 demonstrate.

It should be mentioned that the result does not prove non-convexity of the quadratic
cost. In fact, local strict convexity and thus cost function identifiability could still hold
in certain cases. In this case, gradient descend methods would still converge to the true
parameter, however, convergence would be slowed down by the vanishing eigenvalue of the
Hessian at the ground truth parameter. To be precise, convergence would hold at linear
instead of an exponential rate | , Thm.3.3]. Numerical experiments in Section 6.2.2,
however, demonstrate actual degeneracy in the sense that the cost function becomes flat
in one direction.

The proof of Theorem 5.6 is laid out in Section 5.3.2. It amounts in proving the increas-
ing alignment of the gradients Vi M;(fx,) with VxMs(fk,) with the help of formula
(5.12), which results in the Hessian at ground truth

L
HiC(K,) =L "I =LY VieM(fx,) ® VeMi(fx,),
=1

by (2.17), lacking at least one rank and thus a collapse of the objective function landscape.

The results of the previous two subsections are not surprising and apply to many other
inverse problems. Often they are understood as common knowledge and not rigorously
justified.

5.2.2. An ldentifiable Design in Dimension d = 1

In contrast to the previous section where non identifiability even under a sufficient number
of data was considered, in this section one minimal data (L = Q) design is constructed
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that generates an identifiable inverse problem for a compatibly chosen admissible set. This
proves existence of identifiable minimal designs.Together with the previous Theorem 5.6
on non identifiability, this demonstrates that the preparation of the experiment, in com-
bination with the choice of the admissible set, is crucial to the reconstruction success.

The construction of the design is based on a relaxation of the singular decomposition
construction in the theoretical identifiability proof from Section 4.3. In this section, the
d = 1 dimensional case is considered, that allows for a simplified design based on the
ballistic part of f, which facilitates the analytical identifiability analysis.

Relaxing the Design from Section 4.3.

Recall that in the proof of structural identifiability in Section 4.3, point values of K
were reconstructed by a sequence of increasingly singular initial data and spatio-temporal
measurement test functions centered around the ballistic location xp = i, + Vintm, With
asymptotically vanishing measurement time t,. Asymptotically, the the experimental
geometry, i.e. initial and measurement location, concentrate at the reconstruction location,
such that the data only experienced the value of K at that location.

This is not feasible experimentally, where a finite number of experimental setups (¢, ul)lL: 1
with positive measurement times and bounded bacterial density needs to be considered.
Under such designs, only a finite dimensional version of K will be sensitivity based iden-
tifiable according to Proposition 2.13.

The choice of the parametric form of K will be informed by the theoretical results
in Section 4.3: To allow a relaxation of the short time singular design, the idea is to
extend the domain in which K attains a certain value by choosing a piecewise constant
form. This way particles can travel for a short time while still only observing one value of
the tumbling kernel. Note that this form of K emerges naturally when approximating a
continuous function by a step function.

Admissible set. As the velocity space V = {£1} is already discrete, it remains to dis-

cretize K in space. To do so, prescribe a partition of R = Uf:_ol I, into R € N intervals
R-1

R= U I, with [y=(—o00,a1),I, = [ar,ar+1) for fixed a; < ... < ap—1 < ag = oc.

r=0
(5.14)

We then restrict ourselves to tumbling kernels K (x,v,v") that are piecewise constant in
space in these interval and denote their constant value on I, by KV = K (z, —v',v') for all
x € I, v' € V. The admissible set collects all such K that are non-negative and uniformly
bounded by a constant C'k:

R—-1
AP={K e Ax | K(z,v,v) = Z 1y, (2)1_y ()KL (V) + KM (v) (5.15)
r=0

for some Kril € [O,C'K]}

where 1 4 again denotes the characteristic function of a set A. Note that K has @Q = 2R
free parameters K! € [0, Ck]. This choice of APYC represents a special case of .Af;(n for
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the choice of basis elements

by(x,v,0") =17, (2)1_y(v)Li1(v') withg=1+2r+(1+1)/2. (5.16)

Experimental Design. This piecewise constant form of K allows sufficiently singular
initial data to travel for a small positive time within the domains I,. still only experiences
the local value of K. This is the basic idea behind the following design:

Design (1D). Consider the partition of R from (5.14) and define the middle points
Uy 1 1= Wr# forr=1,...,R—2 and the grid size min := min,—1__ p—2(ar+1—ay) and
set ay = ay — v and ap_y/p = ag—1+ “§=. Furthermore, let ¢y, € L' N L®(R) be
nonnegative, symmetric functions that are monotonously decreasing in |x| and compactly

supported in the domain [—¢e, €| for some € > 0. Then consider an experiment consisting
of 2R sub-experiments with

e initial conditions ¢, (x,v) = Vu(T — ay41/2) € L},_ N L>®(R) supported in a,,1/5 +

[—¢,¢], and

* 2 measurement test functions pi(t,x) = P¢(t — twm)Ve(z — ari1/2 F tm) that are
centered in time around a measurement time ty, and in space around the ballistic

locations xztﬂ, = Qpy1/2 T tm, each,
forr=20,....,R—1, where € is balanced against t., through the relation

Qmin

0<4de<tm<T—e and tyn+2< 5 (5.17)

This represents a minimal design, as the dimension of the data 2R coincides with the
dimension of the parameter K € AP, Figures 5.1 and 6.1 visualize the geometries of
Design (1D).

Typical choices of 9., 1; include characteristic functions as pixel readings, hat functions
or cut-off Gaussians to mimic a detector profile.

The connection to the design in Section 4.3 is rather obvious:

e Localized initial data and measurement test functions approximate the singular data
in the singular decomposition construction.

e A small time 0 < t;, < *3™ — 2¢ is fixed around which the temporal component of
the measurement test function centers. By t,, < T — ¢, its domain is fully contained
in [0,77.

e Prescribing the smallness of the support of the initial data and measurement test
function in comparison to the measurement time 4e < t,, by (5.17) ensures that the
ballistic data has traveled at least a distance of 2¢ away from the spatial support of
the initial data, before it is measured. It has the same effect as the slower speed at
which measurement time vanishes in comparison to the generation of the singularity

in Section 4.3. Transport and thus tumbling is required to collect information on K.
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e The measurement location is set to the ballistic location x; = xin + Vintm. This indi-
cates that the ballistic part fy of f is measured, which contains enough information
to recover K in the 1D scenario according to Section 4.3.

¢ Finally, by putting the initial location in the middle of I, and choosing %, small
according to (5.17), the constant speed of propagation in (Ch) provides

supp f¥(t,-,v) C arp1/2 +—e—tie+t]C L, forallt <ty+eveV, (518)

as explained in detail in Lemma A.1.5b, i.e. the data measured by uF has in fact
not interacted with values of KF! from any other interval Iy with s # r, and mea-
surement is taken at the location where we want to recover K. This also justifies
why boundary conditions can be neglected. Moreover, it shows that the experiment
lives on a finer spatial scale than the parameter discretization.

Remark 5.9. Obvious generalizations of Design (1D) include the choice of unequal lengths
of the supports of measurement test functions and initial data, as well as individual designs
on every interval I, for instance through different choices of initial data, measurement
test functions or measurement time, as long as the these are reasonably balanced through
an analogon of (5.17).

Inverse Problem. The inverse problem then reads

find K e AP suchthat (y.),—1,..p=F"P(K) = (M (f%))r=0,.r1. (5.19)
ie{+,—} ie{+,—}

Properties of Design (1D)

Because each datum yf = Mu?[( ;;’;) is only affected by the values of K in I,., the recon-
struction of KTil only relies on these two data points. The experiments and the reconstruc-
tion of the 2R values of K is thus decoupled into R smaller cell problems of reconstructing
2 the local value K in the intervals I,. This opens the door for parallelization in exper-
imentation as well as in the computation. The simplification in the inversion comes with
the cost of prescribing very detailed experiments, involving tightly controlled initial data
and very fine measurements, in dependence on the discretization scales of K through the
size of the intervals I,.. Proposition 5.10 describes this property mathematically.

Proposition 5.10. Let v',v" € V = {£1} and r,s € {0,..., R — 1} be distinct. Under
Design (1D), the reconstruction of K}’/ is decoupled from that of K;’N, in the sense that
measurements taken in interval I, are not sensitive to parameter values KX' in other in-
tervals I;. All entries of the gradient VKMM/ (f;?") vanish, except for those two correspond
to the values KF'.

Proof. By choice of the basis by in (5.16), the gradient formula (5.13) reduces to

8M +
aKvK //OTW FOr(ta,0) (g, (t2,0") = g (8, =) d(t, @) (5.20)
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For s # r, then (5.18) shows that f®" is not supported in I, for ¢ < t,, + ¢, and 9,x (t)
vanishes for t > ¢, +& by Corollary A.1.10, i.e. the respective gradient entry vanishes. []

This provokes a block diagonal structure in the sensitivity matrix, whose rows are exactly
the gradients, and in the Gauss-Newton HgC(K,) according to (2.17).

Corollary 5.11. Under Design (1D), the sensitivity matriz J and the Gauss-Newton
Hessian HrgC(K,) attain a block diagonal structure. The 2 x 2 blocks of the sensitivity
matriz are given by the sub-sensitivity matrices

Jre, = (Vi, My, Vie, M, )" (5.21)

Most importantly, Design (1D) ensures local identifiability of inverse problem (5.19), if
the measurement times ¢, are chosed sufficiently small.

Theorem 5.12. Consider the inverse parameter identification problem (5.19) of finding
K € AV from measurements generated by Design (1D), for which

Yo =t =1, (5.22)
Ck(tm+e¢) <1, and (5.23)

3¢~ (I +CK, — 19 — 32 max(1, 26) (t + €) ;o lnFE) (1_chm+e> + 1) > 0. (5.24)

Then inverse problem (5.19) is sensitivity based and least squares identifiable and the
quadratic cost function is locally strongly convex around the ground truth parameter K.

Because the proof is based on the sensitivity matrix, only local square loss identifiability
can be guaranteed. However, the proof shows that local identifiability holds uniformly
over the admissible set, which means that the design is uniformly persistently exciting.
Numerical experiments in Section 6.2 even suggest global identifiability.

Remark 5.13 (About assumptions (5.22)—(5.24)). Characteristic functions for ¢, 1, are
considered purely for readability of the proof. The result generalizes to other forms of
test functions 1, ¥, when the assumptions (5.22)—(5.24) are adapted accordingly, as the
derivations in | | show.

Assumption (5.23) explicitly expresses smallness of ¢, in comparison to Cx. This poses
the model in the rare tumbling regime and serves to control the high regularity parts of
the forward and adjoint solution in the gradient according to (5.13), in analogy to the
theoretical proofs in Chapter 4.

The complicated form of assumption (5.24) originates from estimation in the proof,
where it eventually guarantees positivity of the minimal eigenvalue of J”.J and thus iden-
tifiability. It relates t.,,e and C'ix and postulates smallness of the measurement time ty,,
as a limiting consideration shows: consider ¢ that is a fixed fraction € = Aty of the mea-
surement time for some A € (0, 1) as suggested by (5.17). Then the left hand side of (5.24)
is of order

— Mt C
b (3e7(FVOK — 193 = 32 mas(1, 200) (1 + )25 (e + 1))

— (3 — 122 + O(tm))
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as tm — 0. With A < %, this shows that (5.24) holds for small enough ¢,,. One suitable
choice is for instance given by t,, < 0.020;(1 and € < min(%, 0.1ty,).

The rough estimation that we used in the the proof lets us expect that the bound (5.24)
can be improved. This path is not followed in this work in order to concentrate on the
main arguments and in favour of readability of the proof.

By Proposition 5.4, proving Theorem 5.12 amounts in proving sensitivity based identi-
fiability J7J > 0, which is equivalent to the fact that J attains full rank @. The block
diagonal structure of J according to Corollary 5.11 suggests that this is equivalent to the
fact that all 2 x 2-blocks Jg,, 7 =0,..., R — 1, in (5.21) are of full rank. By symmetry in
the design, the remaining proof concentrates without loss of generality (w.l.o.g.) on Jk,.

Proposition 5.14. Under assumptions (5.22)—(5.24), Design (1D) generates a full rank
sub-sensitivity matriz Ji, .

It is easy to see that Jk, is full rank if its entries satisfy the following inequalities

OM,+ (f)|  |0M,+ (f72) OM,—(f) | |OM,—(f2)
T > — an T < —
oK, 0K, oK, 0K,

(5.25)

It is thus the goal of the proof of Proposition 5.14 to verify these inequalities. The
symmetry in Design (1D) suggests that it is sufficient to study the first inequality.
Figure 5.1 helps building an intuition why this inequality should be true: in formula
(5.20) for the partial derivative, consider for a moment only the ballistic parts fo of f!
and gg of 9yt that solve, respectively, (4.32) with initial condition fo(t = 0) = ¢1, and

—0g0 — v0p90 = —K (2,0, v)go — pf, go(t =T) = 0. (5.26)

Existence of fy and gg is established in Lemmas 4.5 and 5.18. Then the ballistic part of
the first inequality in (5.25) reads B > 0 with

B :=

T
[ ] #)00(e) = oo | -
0 I

T
/0 f fo(0)(go(v) — go(v')) dz dt| (5.27)

for (v,v") = (—1,+1). Positivity of B can be anticipated by a comparison of the supports
of fo and go, as depicted in Figure 5.1: the supports of fy(v') and gg(v') overlap initially
and due to the same direction and speed of transport, they overlap for the whole travel
time ¢ € [0,t, + €] until go(v') vanishes. In contrast to that, fo(v’) overlaps with go(v)
only for a very short period of time when ¢ = t,, whose length is determined by . Due
to positivity of fg, go, the value of the first summand is thus supposed large. In contrast
to that, considering the second summand, the spatial supports of fo(v) and go(v) never
overlap, and only a small contribution of the product of fy(v) and go(v') is expected, given
that their supports overlap only for a short time at the beginning when t &~ 0, determined
again by €. The size of the second summand is thus expected to be small, which shows
positivity of B in total, if measurement time and the support parameter € are sufficiently
balanced to control the contribution of oppositely facing fy and gg. It remains to show
that the remaining non ballistic parts do not destroy this positivity.
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values

[ ——

T, (t)

Figure 5.1.: Motion of the ballistic parts fy(t = 0,v) (cyan, dashdotted) centered around
art1/2 t0 fo(t = tm,v = +1) (blue, dotted) and fo(t = t,v = —1) (blue, dashed) centered
around the ballistic locations xiT = Gp41/2 £ tm and (orange, dotted)
and (orange, dashed) to go(t = ti,,v) (red, dashdotted).

This intuition is made rigorous in Section 5.3.3, first proving that the difference of
the ballistic parts of the partial derivatives B is bounded away from zero, before the
contribution of the remaining high regularity part is bounded smaller than this distance.

5.2.3. Extension to d =2

In higher dimensions, for demonstration d = 2, the same relaxation strategy can be applied
to construct a design in analogy to the theory presented in Section 4.2. The strategy can
readily be extended to d = 3.

Admissible set. The reconstruction of K in Section 4.2 is point wise in space and in
the velocities, therefore, we adopt a piecewise constant form of K in space x, and in the
incoming and outgoing velocities v’, v to relax the singular design.
Hence, prescribe partitions
e of S = U;V:”O_l S; into uniform segments S; = {(cos(,sin¢) | ¢ € 27TNLU+[—22TWU, )}
of the unit circle, as well as
e of R? = Ui,_rlgzo A(ry ry) Into, for simplicity, two dimensional intervals A, ;)
I, for intervals I, described by a fixed partition —oo < a1 < ... < ar—1 < ar = ©
of R as in (5.14).

=1, X

The admissible set is then constructed as

Ny—1 R-1
APV = {AK 5 K(z,0,0)= > > Kiilg (v)lg, ()1, (x) ‘ 0< Kl < CK}.
4,j=0 r1,r2=0
r=(r1,r2)

(5.28)
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Experimental Design. The following design is inspired by the singularity inducing con-
struction in Section 4.2.

Design (2D). The middle points a(y, y,)+1/2 = (@r +1/2, ar2+1/2)T of the intervals Ay, r,
shall be defined through the one dimensional interval middle points a, 1/o as defined in
Design (1D), for 0 < ri,72 < R — 1, and let again oumin = miny—1__r—2(ary1 — ar)
be the grid size. Furthermore, let v; be the middle point of segment S;. Consider non
negative, radially symmetric functions ¥, € L' N L>®(R?) and ¢y € L' N L®°(R) that
are monotonously decreasing in ||z| and supported in the balls B®(0,¢) and BV (0,¢) of
dimension 2 and 1, respectively, for some € > 0.

Then define forr = (r1,r2) € {0, R—1}2 andi € {0, N,—1} the (r,1)-th sub-experiments
through

e an initial condition ¢t (x,v) = W, (z — ary1/2)Lg,nB@ (v;,6) (V) for some 6 > 0, that is
centered around the middle points a, of the 2D intervals A, in space and in velocity
around the middle points of the velocity range S;, and

e measurement test functions

. t t . .
pt(t,x) = Y(t—tm) Vs <a; — <a7-+1/2 + ?mvi + ;nvj>> , for j € {0, N,—1}\{i}
centered around the measurement time ty, and in space around the scattered location
Ay ro)+1/2 + B vi + By,

where ty, € and § satisfy
0<be<tm+e<T and tm + 2 < ar;m, and (5.29)

B (e () (5 (1-eos(5)) ~2tm+20) > 422 (5:30)

Typical choices for ¥,, 1, are again characteristic functions, hat functions, or cut off
Gaussians of the corresponding dimension. Unlike Design (1D), Design (2D) prescribes an
initial direction of travel for the particles by the velocity dependency of the initial data.
This becomes necessary in the two dimensional setting, where the velocity space V = S!
is continuous.

Assumption (5.29) shares the same purpose as (5.17) in the one dimensional case: Note
in particular, that smallness of ¢, w.r.t. the grid size ami, in the second inequality again
ensures that the measured data in the r-th experiment does not leave the domain A, of
constant value of K, due to the finite speed of propagation in Lemma A.1.5b

suppf‘z’i‘(t, v) C B(Q)(ar+1/2,€+t) C A, forall t <tyn+e,veVyie{0,.. Ny,—1}.

(5.31)
This entails the same local decoupling of the inverse problem, as observed already for
Design (1D) in Proposition 5.10 and Corollary 5.11.

Proposition 5.15. Under Design (2D), the reconstruction of K is decoupled from that
of KM for all r # s and i,7,k,l € {0, ..., N, — 1}, in the sense that measurements taken
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inside A, are not sensitive to parameter values KFin other areas As. All entries of the
gradient VKMui,i(f}’?) vanish, except for those correspond to the values KM for distinct
k.l € {0,....N, —1}.

Hence, the sensitivity matriz J and the Gauss-Newton Hessian HxC(K,) attain block
diagonal structures, where the Ny(N, — 1) X Ny(N, — 1) blocks of the sensitivity matriz
are given by the sub-sensitivity matrices Jg, = (VKTM#JT;Z');‘Q.

In contrast to Design (1D), the measurement location of Design (2D) centers around
the scattered instead of the ballistic location. Together with the additional assumption
(5.30), this excludes the ballistic part fy of the solution f(f’i from the measurement, as
shown in the subsequent Lemma 5.16. This is necessary in the higher dimensional case,
where fy does not contain sufficient information for the recovery of the tumbling kernel,
as explained in Section 4.2, but could distort - especially numerical - reconstructions, as it
exceeds the size of the desired one tumbling part f; by one order of magnitude in TCx|V|.

Lemma 5.16. Consider Design (2D) and choose r € {0, ..., R—1}? and i € {0, ..., N, — 1}
arbitrary, but fized. Then the ballistic part fy of f¢r does not contribute to any measure-
ment in the (r,i)-th sub-experiment, i.e. Muj,i(f()) =0 for all j # 1.

The argument is based on a lack of overlap of the supports of the ballistic part fy and
the measurement test function, just as the proof in Section 4.2.1.

Proof. Recall that by construction of Design (2D),

supp (i’ = [tm — €,tm + €] x B®) (ar+1/2 + énvi + gmvj, 5> ;

supp fo(t,-,v) = B(2)(ar+1/2 + tv, €), fort>0,ve SN B(Q)(fui,é), and
fo(,v) =0, for v ¢ SiﬂB(Q)(vi,é),

by the explicit formula (4.12) for fy. The spatial supports of ,url and fy do not overlap
for any t € [ty — €,tm + €], given that for all v = v; + w € S; N B(Q)(vi,é) with ||w]| < 4,
the Cauchy Schwarz inequality shows

2

2
tm tm
= HQUi + —vj; — t(v; +w)

tm
- Vi — (g2 +tv)

2 2
t t t t

|05 )] (J(e5) 5] 20)

t

() (o) ) e

by assumption (5.30). In the last line, it was used that (v;,v;) < cos(27/N,) for ¢ # j,
and thus by a simple minimization

=) e ol = = )7+ ()7t (o= o (3) 2 3 (1 co0 ().

O

Im
Ari1/2 + 71}2’ +

Y

v
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5.3. Proofs of this Chapter

Tuples ty,, €, § that satisfy the assumptions (5.29)—(5.30) exist: approximating small § ~
0, (5.30) becomes ty, (1 — cos(27/N,)) > 4e. Therefore, after fixing ¢,, and ¢ accordingly,
0 can be chosen sufficiently small such that (5.30) is fulfilled.

The similarities to Design (1D) and the construction in Section 4.2, as well as numerical
experiments in Section 6.3, let us conjecture that Design (2D) might also yield a locally
or even globally identifiable inverse problem, potentially under complementing the above
assumptions by further smallness requirements on ¢, w.r.t. Cg in order to place the
experiment in the rare tumbling regime.

Analytical proofs of identifiability in analogy to Theorem 5.12 are left for future work,
as derivations are expected to become even more technical, given that the design is based
on measuring the one-tumbling part f; instead of the ballistic part fy. The proof can
again take advantage of the block diagonal structure of .J, in the sense that the full rank
property has to be established only for one block. Then a decomposition of the forward
and adjoint solutions according to regularity may provide a similar size structure in the
partial derivatives 0 JzM iy where the construction of Design (2D) in analogy to the

construction in Sectlon 4. 2 suggests that BKJ ZMMJ ; will be the dominant entries.
1

5.3. Proofs of this Chapter

This section collects the proofs from the previous chapter that were postponed.

5.3.1. Proof of Lemma 5.5

Because the first representation (5.12) of the partial derivative of the measurement w.r.t.
the parameter is a direct consequence of the Leibnitz integral rule, only the adjoint gradient
representation (5.13) is proven in the following.

Proof of representation (5.13). Consider the [-th data as a measurement of a generic func-
tion f, under the constraint that f = fx is the mild solution to (Ch)—(iCh), i.e. that
(A.1.8) holds. The corresponding Lagrangian function is defined as

L: AR xC0,T);LY ,n LR x V)) x LY([0,T] x R x V) — R,

L(K, £,h) = M (f) + <h £t 2,0) - ()6 — / (t - )k f)()d> ,
where the notation Kx := £ — o explicitly expresses the K dependence, (T(t)): is the
transport semigroup from Lemma A.1.2 such that the right hand side of the duality bracket
(s )t.z0 W-I.t. integration in variable ¢, z, v describes exactly the mild solution form for f.
Choosing f = fx as the mild solution to (Ch)—(iCh), one obtains L(K, fx,h) = M;(fk).
The gradient at a point K can thus be expressed as

dM;(fk) _JL oL dfk

dK |K—K_ 0K JI";:fI;i af K= K dK Kef
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The multiplier h = h will be chosen such that second summand vanishes, and one is left
with
<h JET(t = )k (f)(s) ds>

K=K f=fz, 0K, K=K, f=fg,
h=h h=h

OM;(fx) _ OL
0K, |- OK,

t,x,v

By the definition of the transport semigroup (T(¢)); from Lemma A.1.2, a change of
variables in z and in the order of integration in s and ¢ shows

(= [ 7= orunis as)

t,x,v
////KZL‘UU (s,2,0 /ht:n—l—vt—s) v) — h(t,z + ' (t — s),v")dtdsd(z, v,v)

RixV xVO0

s ([ v

where (T*(t));>1 denotes the backward transport semigroup from Lemma A.1.9, and K
dependence of the adjoint tumbling operator £* from (5.10) is explicitly expressed. For-
mula (5.13) then follows from the second line by using the form of K prescribed by the
admissible set in (5.1) and denoting g(¢, x,v) ft (s,x +v(s—1t),v)ds.

It remains to compute such ¢ Correspondlng to h, for which OL/8f | F=f g K=K h=h= 0.
From the last manipulation, one sees that

oL 0 YA
af af<fm+h K3 (/t T*(s t)h(s)ds>>tw.

This always vanishes, if h = h satisfies

h(t) = K </tT T*(s — £)h(s) ds> .

Existence of such h € L'([0,7] x R? x V) can be established by a similar argument
as in the proof of Lemma A.1.4, by proving that the source iteration is a contraction
mapping w.r.t. the weighted norm ||h| := [e*“xIVIth|| 1 on LY([0,T] x RY x V). Then
g is continuous in time by regularity of h € L' because [|§(t + ¢) — §(t)l| 12 (rixr) =
I fttJrC h(s,z +v(s —t),v) ds|| L1 (raxyy — 0 for ¢ — 0. Furthermore, g satisfies

itz 0) = /tT T*(s — 1)h(s) ds = /tT T*(s — 1) (/c;( </T T*(r — s)h(r) d7> —m> ds
= [T 0K )~ o)) s

Lemma A.1.9 thus indicates that § is in fact the mild solution to the adjoint problem
(5.8)-(5.9). O
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5.3. Proofs of this Chapter

5.3.2. Proof of Theorem 5.6

From (2.17) it is clear that HxC(K,) shares the same rank as J, which is determined
by the number of its linearly independent rows V g M;( f¢z)_ In a minimal setting where
L = @, an increasing alignment of two gradients Vg M (f?') — Vg Ma(f??) hence results

in a loss of strong convexity.

Proposition 5.17. As the first experimental setup converges to the second such that p; —
po weakly in LY([0,T] x RY) and ¢1 — ¢ strongly in L' N L>®(R% x V), the corresponding
measurement gradients converge in the Fuclidean norm VM (fr) — Vi Ma(fx) for all
K e Afin,

Then Theorem 5.6 follows from the continuity of eigenvalues w.r.t. matrix perturbations.

Proof of Theorem 5.6. Let VM (fk,) = Vi Ms(fk,) in the Euclidean norm. To show
that the Hessian at K, degenerates asymptotically, rewrite (2.17) as

Q
JTJ = <2VKM2®VKM2 + ZVKMz@JVKMl) +H(VE M@V My — VM@V g M),
=3 =:B

=:A

in the short notation M; := M, (f?). The matrix A has a rank of at most Q — 1
and thus it has at least one vanishing eigenvalue: \;(A) = 0 for some j. Furthermore,
|Bllr — 0 due to ||V Mi(fk,) — VkMa(fk,)||2 — 0. Continuity of the j-th eigenvalue
w.r.t. perturbation of matrix A by B | , Corr.6.3.8] then provides

A (HrC(EL))| = |X(HKC(KL) = A (A)] < [|Bllr = 0, as VkMi(fx,) = VieMa(fx, )

This shows that asymptotically the Hessian looses one rank, it thus lacks positive definite-
ness, and the strong convexity of the cost function around K, decays. O

The increasing alignment of the gradients can be anticipated, as it is well known that the
duality bracket of elements of a weakly convergent sequence 11 with elements of a strongly
convergent sequence ¢; in its dual space yields a convergent sequence in R | , Prop.
3.5], and the strong convergence of ¢; translates to f%! by (A.1.12).

Proof of Proposition 5.17. Using representation (5.12), one obtains

OML(f*) — OMs(f*?)
oK, oK,

- ‘/// (O, fO ) 1 + Ok, f2?) (1 — p2) d(t, z,v)
[0,T]xRexV

//[O,T]de /v(aK"f%) dv (p1 — p2) d(t, z)

by Hélder’s inequality. As ¢; — ¢ strongly in L' N L>®(R? x V), then (A.1.12) shows

< V[l105, f 7 ool 11 +

10k, 2% oo < 2[V[VIKTT Y1 — 6ol 1o ascry = O-
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Moreover, ||u1]/1 as a weakly convergent sequence is bounded by the uniform boundedness
principle, compare for instance | , Prop. 3.5, Cor. 2.4]. In total, this shows that
the first summand vanishes asymptotically. The same holds true by Definition 5.7 for the
second summand, given that [, 8qu¢’2 dv € L>(]0,T] x R?) by regularity of aqud’Q S
C([0,T); L 0 L=(R4 x V)) from Lemma A.1.7. O

5.3.3. Proof of Proposition 5.14

Existence of a mild solution gy to the ballistic adjoint equation (5.26) is ensured by
Lemma A.1.9 and an explicit formula can be obtained from representation (A.1.16).

Lemma 5.18. The ballistic adjoint equation (5.26) attains a unique mild solution gy €
CY([0,T); L*(R? x V)) that is explicitly given by

T —t
go(t,z,v) = / e~ Joolator) (s, x + (s —t))ds. (5.32)
t
The approximation of the measurement gradient by its ballistic part then allows esti-
mation of the gradient difference by
OM,(fRt)]|  |oM,(f2)

H +1 -1
_ > B— R - |R7Y,
OK oK - (B — 1R

where B as in (5.27) collects the ballistic part of the gradient difference and

, OM +(fk,) (T
R = “1711, —/ fo(@)(go(v') — go(—v")) d dt, v ev
OK? o Jn
are the remainders. The proof of the first inequality in (5.25) then consists in showing
that B is sufficiently large such that its positivity is not destroyed by the remainders.

Lemma 5.19. Denote (v,v") = (=1,+1) and consider an experiment under the Design
(1D) with 1 = 1_. o as in (5.22). Then B from (5.27) satisfies

B> e (mte)Ck3c2y 1923,

Lemma 5.20. In the framework of Design (1D) and under (5.22)—(5.24), the remainder
RY is uniformly bounded in v' € V by

U/ C m
[RY'| < 4(22)? max(1, 2¢) (tm + ) 1258 (ot 1),

Proposition 5.14 is a direct consequence of these bounds and inequality (5.25).

Proof of Proposition 5.14. By symmetry, it is sufficient to verify the first inequality of
(5.25). Using the bounds from Lemma 5.19 and 5.20, one obtains

oM+ (fr)|  |OM,+(fK.)
oK oK

> B — 2max |R"|
U/

> &2 (3¢~ (nt900 8, — 126 — 32 max(1, 2¢) (tm + ) 125D (o d s 1)) >0,

by choice of t,, and ¢ that satisfy (5.24). O
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It remains to prove Lemmas 5.19 and 5.20. The proof of the former is based on a
consideration of the overlap in the supports of the ballistic forward and adjoint solution,
as described after Proposition 5.14.

Proof of Lemma 5.19. Explicit representations of fy and gy are available in (4.12) and
(5.32). Setting (v,v") = (—1,+1), the first summand in B can be estimated as

T
i1 —/ fo(v")go(v') dx dt

s—t
/ /I/ e — [y ola—T,+1) dT]l%/er[ ez—:]( t)]lthr[fs,s](S)eifO o(z+7,+1)dr,
1

]1a3/2+tm+ —e,€] ((L’ + (S - t)) dsdzdt

. c tm+e€ tm+€
Z 6_( m+€) K A /IY / a3/2+t+([—€,€]m[tm—S—E,tm—3+5])(x) dS d.ﬁv dt
1

ax(t,tm—¢)
= ¢ (Im+e)Cr g2y

In the second to last row, the fact that go(t) = 0 for ¢ > t,,, +& was used, together with the
form (4.26) of 0 = K(x,v',v) in 1D, to bound the exponential functions. Furthermore,
the indicator function in s was evaluated. In the last row the integral was evaluated by a
case-by-case consideration, keeping in mind that az/,+[—¢,e]+t C I for all t € [0, +d,]
by choice of t,, and ¢ in (5.17). Similarly, one obtains

T
_/ folw')go(v) da dt

s—t
/ /[ / e fooa: 7,+1) dr]la3/2+[ 55]( _t)ﬂtm—i-[—a,a}(s)e_fo o(z—7,—1)d7,
1

]1a3/2+tm+[ €€l (x - (3 - t)) dsdxdt

tm+e tm+e
/ / / a3/2+([t7€7t+€]m[tm+37t787tm+87t+€]) (:L’) dsdz dt
I Jmax(t,tm—¢)
tmte tm+e 3
/ / a3/2+t+[—a,a] (x) dsdx dt _ 6
—1.5¢ Il maX t tm E

In the last row, t > t;;, — 1.5¢ was set since the integrand vanishes for all ¢ < t,,, — 1.5¢ and
s > tm — € and x, by an empty support of the characteristic function, as

t+e<tym—0be<tn+s—t—e.

Furthermore, the third summand vanishes

T
0 <is —/ fow)go(v) dz dt

s—t
/ /I / - [y o(z+7,— l)dT]la3/2+[ &€ (x+ t)]lt"‘+[ . a]( s)e” Jo o(z—7,—1)dr
1

Loy jpttm+—c.] (x—(s—t))dsdxdt

tm—+e tm+e
/ /I / a3/27t+([fe,e]ﬂ[s+tm75,s+tm+€}) (1’) dsdxdt =0,
1

max t tm—s

97



5. Sensitivity Based & Cost Function Identifiability: Experimental Design

given that the integrand vanishes for all s > ¢, —¢, because the domain of the characteristic

function is empty, since
§+tm—¢€>2(tm —€) > 6¢

by (5.17). Finally,
T
_/ fo@)go(v') da dt

/ /1 / _f00x+7—1)d7]1a3/2+[ e (@ + )y, e (s)e it o (et 1) dr
1

Loy pttmt-cc (@ + (s — 1)) dsda dt

tm+e tm+e
/ \/I / a3/2+([7t75,7t+5]ﬁ[t75+tm75,t75+tm+5]) (HZ) dsdzdt
1

max t s tm— 5

< 63
because the integrand vanishes for ¢ > 1.5¢ for all s < ¢, + € and z, since
t—s+tm—e>1be—c—e=—-0.5e > —t+e.
In summary, this shows

B Z ’i1 - ’iQ - i3 - i4 Z Ci(tm+€)cK3€2tm - 12&‘3.

O
To prove Lemma 5.20, RV is further decomposed by regularity as
T
kZO / i) = gu)drdt + [ [ 000 0) = gznia(e) de
’rL+k‘>1
n Z / Fors1 () (gn(0') = ga(v)) da dt, (5.33)

for some N € N where fi, f>n+1,9n and g>n41 are defined as follows:

e In extension to (4.11)—(T>2), the f collect all particles that have tumbles exactly
k € N times until time t. They satisfy

Oufr +v-Vafe =L(fk—1) — o fr, fe(t=0)=0. (Tx)

The remainder f>n41 collects all particles that have tumbled more than N times

and evolves according to

Orf>Ny1+v-Vafonyr = LN+ font1) — of>Nt1, font1(t=0)=0.
(T>n41)

Again, the diffusive effect of tumbling leads to an increasing regularity of fj in k.
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5.3. Proofs of this Chapter

e Similarly, the g, solve
_8tgn - 'Uaazgn = —0gn+ E*(gn—l)v gn(t = T) =0, (534)

and represent that part of the adjoint solution that has been affected by exactly
n € N tumblings after time ¢, on their way of being transported backwards in time
from the final condition. The remaining part is collected in g>n41 that satisfies

—0tg>N+1 — V029>N+1 = —0g>N+1 + L*(gn) + L*(g>N+1), g>Nn+1(t =T) =0,
(5.35)

where one has 0 = K(z, —v,v) by (4.26) and L*(g)(t, z,v) := K(z, —v,v)g(t,x, —v)
in 1D for the operator £* = K* 4+ o. The regularity of the g, also increases in n.

Existence of fx, f>n41 and their smallness follows in analogy to Lemma 4.5 and
Lemma A.1.9.

Lemma 5.21. Let K € A} and consider Design (1D) with i = 1(_. . as in (5.22). Then
(Ch)~(iCh), (Tx) and (T>n+1) attain unique mild solutions f, fi, f>n+1 € CO([0,T]; LN
L>®(R x V)) for all N € N and k € {0, ..., N}, that are bounded by

£ oo ®xvy < e“%lmax(1, 2¢),
I fxll oo ([0, xRx V) < (Cgt)* max(1,2e), and
N+1

| f>N+1llLoe (0, xRX V) < eCH(Cet)N T max(1, 2¢).

Proof. An iterative application of Corollary A.1.3 provides existence of fi, f>n41 and the
recursive bounds

| frll oo (o, xmx vy < N fkll oo (o,;01nnee mxvy) < Crtll f—1llpee(o,;01nL=®xv)),  and

o N1l Lo (o, xrxv) < €SXPCRH| | oo (0.4, 01N L (RxV))»

when using the tighter bound ||£|| < Ck in 1D. Similarly, the bound (3.4) for f can be
improved to ||f(t)]|co < eCKtH(;SHleLoo(RXv). The bounds in the lemma then follow by
iteration and the fact that || follze(jo,:01nze@xvy) < 10l LinLeemxy) = max(1,2¢) by
(4.12) for Design (1D). O

Existence and smallness of solutions g, g>n+1 to (5.34) and (5.35) is established in
Lemma A.1.9.

Lemma 5.22. Let K € A} and consider Design (1D) with 1 = 1_. 4 as in (5.22).
Then for all N € N, unique mild solutions g, and gn+1 to (5.34) and (5.35), respectively,
exist in CO([0,T]; LY(R%; L>(V))) for all n € {1,...,N}. They vanish for t >ty +¢ and
satisfy

gl 2 (0.t e} xR Lo (v)) < 2(Cr(tm + €))" (tm +€)(26)*,  and

95 N+1(E) | £ (oo (vy) < 2€7K T (O (i + )V (26)2.
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Proof. Lemma A.1.9 and iteratively obtained regularity of g,_1 € C([0,T]; L*(R% L' N
L*>(V))) yield existence, uniqueness and the recursive bounds

gnllL1((0,tm+e) xRsLoo (V) < NgnllL1((0,tm+e] xRN Lo (V)

< Cr(tm + &)l gn—1llL1([0,tmte] xRLINL= (V)5 and

(

19> N+1(D L1 ;oo (v)) < eCx tm+8_t)CKHgNHLl([O,tm—&-s}xR;LlﬂLOO(V))>

by the improved bound ||£*]| < Ck, because g, and g>ny1 vanish for t > ¢, + ¢ by
Corollary A.1.10. The absolute bounds follow from (A.1.14) by

901l 21 ((0,tmt e xR L2 AL (1)) < (b + T L2 (0,4t xRsL 100 (v)) < 2(Em + €)(22).

O]

Note that g> 1 vanishes strongly in L! as N — oo, due to Ck (tm +¢€) < 1 by assump-
tion (5.22). Lemma 5.20 then follows from the previously derived bounds on fi, f>n+1, 9n
and g> 1.

Proof of Lemma 5.20. The parts in R are estimated separately by Holder’s inequality.
Noting that g,(t) = 0 = g>n41(t) for t > ¢, + ¢ by Corollary A.1.10, then representation
(5.33) in connection with the previous two Lemmas yields

N

IRY| < 2( D il oo (,tm+elxmxv) 19l 1 ([0 4] xR 2o (1))

n,k=0
n+k>1

tm+€
+ /0 LF O e e 19531 (8) 23 e (v

N
+ Z | f>n+1 HL°°([O,tm+s]><R><V) ”gnHLl([O,tm-i—e]x]R;LOO(V)) )

n=0
N
< 4(2¢)? max(1, 2¢) (tm + 5)< > (Crltm +2)"™F + O ImtE) (O (ty + €)) V!
gszzol
N
+ Z eCK(trrl+5) (CK(tm + 6))N+1+n>
n=0

< 4(2¢)% max(1, 26)(tn + €) (1_051%:35) CE—))

+ eOxtmte) (Cpe (b 4 €) )N T (1 + m) >

where we estimated ZnNzo(CK(tm +e)" <3 o (Crltm +6)" = m by the
geometric series formula, justified by Cx(tm +¢) < 1 by (5.23). Because this estimate
holds independently of N € N, letting N — oo shows the desired bound. O
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Numerical experiments

In this chapter, we present numerical evidence to support the theoretical results from
the previous chapter on identifiability of the kinetic tumbling kernel K € AR from
macroscopic data. To study and compare the identifiability behaviour of inverse problems
corresponding to different experimental designs, the cost minimization inversion framework
is implemented numerically, and the convexity of the cost function (5.6) is studied.

Inverse Problem. The inverse problem under investigation in this chapter coincides with
that of the previous chapter, with admissible set chosen as AP from (5.15) or (5.28),
according to the considered spatial dimension d. For a prescribed experimental design
(@1, 1)1=1,...,1, the noise free synthetic data is generated by forward computations as in
(5.2), and the inverse problem is posed as the cost minimization (5.6).

While several literature exists on computing the forward kinetic autochemotactic chemo-
taxis model | , , , |, this work thus represents the first nu-
merical treatment of an inverse problem related to the kinetic chemotaxis model.

The following numerical results represent adaptations of the numerical experiments in
1D in | ] to the setting where measurement is distributed in space and time through
a space-time test function. The framework is extended to 2D, where identifiability of the
inverse problem related to Design (1D) is shown.

QOutline. After a short introduction of the numerical framework in Section 6.1, then
identifiability of Design (1D) and the decay of identifiability as two experimental setups
become close are discussed in spatial dimension d = 1 in Section 6.2, and a design is inves-
tigated that provides local but not global convexity of the cost function to demonstrate the
local nature of Proposition 5.4. In Section 6.3, identifiability of Design (2D) is numerical
demonstrated. The chapter is concluded in 77.



6. Numerical experiments

6.1. Numerical Setting

In order to keep the focus of this chapter on demonstrating identifiability, questions of
computational efficiency and high accuracy will not be addressed. Instead, results are
based on a simple fixed step size gradient descend method for the inversion through cost
minimization (5.6) and an easy first order explicit finite difference solver for the forward
and adjoint equations in the gradient computation. Details of the numerical techniques
are placed in Appendix C.

It is worth mentioning that more sophisticated methods can readily be integrated in the
inversion framework. Possible adaptations are discussed in Section 6.1.3.

6.1.1. Optimization by Gradient Descent

If local strong convexity of the cost function C around K, is given, then a simple gradient
descend method with a suitable step size 1, € R is guaranteed to converge to K,, if the
initial guess K9 is sufficiently close to K. A brief introduction into the gradient descend
method can be found in Section 2.2.1. The iterative reconstruction step reads

K0+ = g g VC(K™). (6.1)

Choice of Step Size. A constant step size 1, =n = ﬁ is used in the numerical exam-
ples, where A\ ax is the maximal eigenvalue of HxC(K,). This step size guarantees conver-
gence of the gradient descend method locally under strong convexity by Proposition 2.3
and | |, because Lipschitz continuity of of HxC(K) in K according to Lemma 5.3
ensures that this step size falls below the upper bound n < 2, where M denotes an upper
bound on the eigenvalues of HxC(K) in a sufficiently small neighbourhood of K.

6.1.2. Calculation of the Gradient

To solve (5.6), a first optimize, then discretize approach is adopted. In the thus considered

framework, this means that the formula for the gradient is derived for the continuous vari-
able model. The numerical gradient update is then computed as the numerical analogon
of this formula, using the numerical solutions to the forward and adjoint equations.

Gradient Formula. In analogy to Lemma 5.5, the gradient VC(K,) can be computed
by a calculus of variation method via the augmented Lagrangian. This yields the formulas

oz = [, Fbm =) gt n, )t ) for d = 1, and
r T %I,

ac.i = //// ft,x,0")(g(t,x,v") — g(t,z,v))d(t, z,v,0), for d = 2,
0K} [0,T)xArxS;xS;
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6.1. Numerical Setting

where g denotes the solution to the adjoint cost equation

—0g—v-Vag =K*(g9)— 1 Lo(Mi(fx) — v,

g(t=T,z,v) =0. (6.2)

Note that g is a linear combination of the adjoint measurement functions g,, solving (5.8)—
(5.9) by linearity of the PDE, and existence of a mild solution g € C°([0,T]; L*(R%; L' N
L*>(V))) is established in Lemma A.1.9.

PDE Discretization. In dimension d = 1, the velocity space is already discrete V- = {+1}.
For dimension d = 2, a discrete ordinate (Sx) method with equidistant quadrature points
is employed to discretize the velocity domain V = S', which aligns well with the piecewise
constant in velocity tumbling kernels in A% in the 2D setting in (5.28), as further ex-
plained in Appendix C.1.3. The resulting system of coupled equations for the forward and
adjoint model are then solved by the first order explicit finite difference schemes (C.1.7)
and (C.1.8) that are based on a Lax Wendroff discretization for the transport part and
treat the tumbling operators and source terms explicitly. A detailed derivation can be
found in Appendix C.1.3.

6.1.3. Integration of Advanced Methods.

More sophisticated methods can readily be integrated in the presented inversion frame-
work. Some possible adaptations include:

Velocity quadrature. The choice of more advanced quadrature rules, for instance Gauss
quadrature, for the discrete ordinates method could improve accuracy of the velocity
integral approximation in the numerical measurement procedure as well as the numerical
evaluation of the tumbling operator. Thus would entail adaptations in the structure of the
admissible set, by adjusting the domains of constant parameter value to the new velocity
quadrature points.

Improved Inversion Mechanisms. Convergence of the parameter reconstruction can be
improved by the choice of more sophisticated optimization techniques. Starting with
integrating a line search for the gradient descend step size | |, there exists a vast
range of possibilities [ , ]. In the realm of gradient based inversion mechanisms,
for instance, the Landweber Kaczmarz method | | or stochastic gradient descend
methods | ], as well as the Gauss-Newton method | ], the method of augmented
Lagrangian and (quasi-)Newton methods | | were successfully implemented for kinetic
inverse problems. Sequential quadratic programming | , , ] or the
conjugate gradient method [ | present further possible choices.

Numerical forward and adjoint solvers. The development of numerical methods to solve
kinetic PDEs constitutes an own area of research, where the main goals are improving
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6. Numerical experiments

the approximation accuracy and computational efficiency. In the realm of chemotaxis,
two second order finite difference schemes were developed for the autochemotaxis system
[ , |, and a semi-Lagrangian method | | as well as a Monte Carlo
individual path based simulation | | were proposed.

Such approaches can readily be incorporated in the inversion framework, as long as
forward and adjoint schemes are chosen in a compatible fashion w.r.t. the ”first optimize,
then discretize” gradient computation | , .

First discretize, then optimize. On the other hand, the order can be changed and a ”first
discretize, then optimize” approach brings advantages such as automatic compatibility of
forward and adjoint solvers | , |, at the cost of a reduced flexibility in the choice
of discretization of the adjoint | | and the potential introduction of additional

difficulties, such as spurious oscillations in the optimized parameter | ].

6.1.4. Computational Setting.

The following settings are adopted for all subsequent computations, in both dimension
d=1and d=2.

Admissible set. The piecewise constant form of the parameter K € AY’ is described by

the choice of Cx = 1 and a partition of the spatial domain R, which is chosen as a, = %
. : 1 -1

and yields the intervals Iy = (—oo, é), I, = [%, %) and In_1 = [%, o0). In case d = 2,

the two dimensional intervals A, are the Cartesian products of these intervals.

Experimental Designs. The spatial test functions v, and ¥, are chosen as cut off 1-
and 2-dimensional Gaussians to minimize spurious oscillations of the numerical scheme,
whereas the temporal part ¢, is chosen as a characteristic function for simplicity. They
are the building blocks of all considered experimental designs. Furthermore, all measure-
ments share the same temporal component ¢;(t — t,,), with ¢, and € that satisfy (5.17).
Assumptions (5.23)—(5.24) will not be enforced for Design (1D).

Experimental Data. The entries of the ground truth parameter K, to generate synthetic
data y; = M;(fxk,) are chosen randomly, following independent uniform distributions in
[0, Ck], unless stated otherwise.

Temporal computational domain. Designs will be constructed such that the temporal
support of all considered test functions is bounded by T = t,, + ¢, and the temporal
domain is set to [0, 7.

Spatial computational domain. The discretization of the spatial domain is chosen a lot
finer than the spatial discretization of the parameter K, to resolve fine structures as those
generated by Design (1D).
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6.2. 1D Numerical examples.

The spatial computational domains for f and g are set to the d-dimensional intervals
[0,1]% and [~ (tm +¢€),1 + (tm + €)]%, respectively: For any initial datum ¢ prescribed by
Design (1D) or Design (2D), (5.18) or (5.31) and the choice of t,, + ¢ show that [0,1]%
contains the support of all considered forward solutions f?(t) for ¢ < t,, +& of (Ch)—(iCh).
Similarly, by Corollary A.1.10 the adjoint solution g is supported in the extended domain
supp g(t, -, v) C [~ (tm +&), 1+ (tm +&)]% for all t € [0,T],v € V. Other considered designs
will share these properties and computational domains.

Zero boundary conditions are imposed, as the boundary will not be reached by the finite
speed of propagation.

Space-time discretization. The spatial computational domains are discretized by equidis-

tant points of grid size N%; = ﬁ in the 1D experiments and N%D = ﬁ for the 2D
experiments, to reduce the computational cost. To obey the stability constraint of the

numerical schemes (C.1.7) and (C.1.4), a time step 7 = T/[T'd*/%2N,] is chosen.

6.2. 1D Numerical examples.

Numerical experiments provide insight into the identifiability of the inverse problems cor-
responding to different experimental designs.

6.2.1. Well-Posedness of Design (1D).

Theorem 5.12 analytically proves local identifiability of the inverse problem related to
Design (1D) and local strong convexity of the cost function. In this section, numerical
evidence is presented that even suggests global strong convexity and identifiability. This
in particular shows that the reconstruction of K € AP from velocity averaged data is
possible, if a suitable experimental design was chosen, i.e. structural identifiability holds
in the parametric setting. Uniform strong convexity even indicates possible stability of the
parameter reconstruction: in the sense of practical identifiability with noise, the confidence
intervals related to the parameter reconstruction are finite. A more detailed investigation,
including noise in the data, is left for future investigation.

The geometry of Design (1D) in the first interval Ij is summarized in the two panels
of Figure 6.1. The experiments in the remaining intervals are constructed symmetrically.
The left panel shows the propagation of the bacteria density fV fdv in time from t,, — € to
tm + € in comparison to the stationary value of /ﬁ in this time interval. The ballistic part
is the most dominant, and it decays over time due to tumbling. In order to observe this
effect, R = 2 was chosen in this computation to allow for larger measurement times t,, by
(5.17). As the right panel suggests, the ballistic trajectory of the data passes through the
support of the measurement test function and they perfectly overlap at ¢t = t,,, indicating
that the ballistic part is measured well in this design.

In what follows, R = 20 is chosen to demonstrate the flexibility of the reconstruction
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Design (1D) Design (1D)
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Figure 6.1.: Propagation of the bacteria density data [, f dv (blue) and the test functions
pg (red) and pg (green) in the first interval Iy under Design (1D), for R = 2. Left panel:
Function values at times ¢, — € and t¢,, + €. Right panel: space time propagation.

setting to cope with high dimensional (@) = 40) parameters. By the modular construction
of Design (1D), the considered properties are supposed to hold independently of the precise
choice of R.

Marginal Strong Convexity. Local strong convexity of the quadratic cost C(K) with
noise free data around a ground truth parameter K, as suggested by Theorem 5.12,
can be observed in numerical experiments. These experiments not only show positivity
of the minimum eigenvalue, but even exhibit a good conditioning of the Gauss-Newton

L= % ~ 0.791 close to 1, which

Hessian, with an inverse condition number ¢~
guarantees a weak eigenvalue decay of the sensitivity matrix J and thus well posedness of
the linearized inverse problem.

Moreover, marginal (global) strong convexity of the cost function is observed: Figure 6.2
displays the marginal cost functions that fix all but two parameters of K to the ground
truth values of K, and vary only the two remaining parameters, i.e. for prescribed r, s €

{0,..., R — 1} and i, € {£1} one considers the cost function

C(Kp py) with K!=Fk, KJ =k and K(Iil = Kjt; for the remaining values. (6.3)
Global strong convex throughout the full parameter domain ki,ke € [0, 1], suggests
marginal convexity.

To obtain further insight into the shape of the full 2R = 40-dimensional cost landscape,
its values C(K) on lines

{Kx= K, + v, € R} (6.4)

through K, in a randomly chosen direction w € S? are plotted in the subsequent Figure 6.3
against the distance \ of K to K. Because only those line segments inside the parameter
domain [0, 1]° are considered, the lines start and end at different A values by randomness
of the direction w. It can be observed that the cost function is almost uniformly convex in
each direction, starting at K. This is also indicated (locally) by the very weak eigenvalue
decay of the Hessian HxC(K,), expressed in the high inverse condition number of 0.791.
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0.01 0.010
0.00 0.005
19 0.000
g 0.0, 00
™9, 04 06 08 10 4’2‘-40_5 0.6%%
0.0 gp 02 ™ K 508 1008 T3S

Figure 6.2.: Strong convexity of the marginal cost function landscapes under Design (1D).

Cost function values on lines through K
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Figure 6.3.: Values of C on lines through K, in 100 randomly chosen directions under
Design (1D).

Moreover, marginal strong convexity can be observed as strict positivity in the minimum
eigenvalue landscape of the Hessian. To speed up the computation, a smaller setting with
R = 2 is considered and the ground truth parameter is set to Kf} = 0.5 for all r for an
simpler visualization. In this setting, the minimal eigenvalue Amin(HxC(K)) is plotted
against two varying parameters, which are denoted on the axes in Figure 6.4. If the
remaining parameters of K are set to the values of the ground truth (left panel), then
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this describes the minimal eigenvalue landscape of the marginal cost as in (6.3). In the
right panel, these remaining parameters are chosen at random. Positivity even in this case

strongly suggests global strong convexity, as to be further investigated in Section 6.2.4.
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Figure 6.4.: Minimum eigenvalues of the Hessian H KC(f( ) for Design (1D) at varying
values of K, where all entries apart from those on the z and y axis are fixed to either the
ground truth, whose value is marked by the green dot (left panel), or randomly selected
values (right panel).

Parameter Reconstruction. Iterative reconstructions K™ by the simple gradient de-
scent scheme (6.1) attain exponential convergence towards the ground truth parameter
K., independent of the randomly chosen the initial value K, as predicted by Proposi-
tion 2.3. Figure 6.5 shows this convergence for all 40 entries K! of K when R = 20 in
linear and logarithmic scale, as well as the cost function.

Parameter convergence
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Figure 6.5.: Convergence of the values KM of K (solid lines) to those Kf} of K, in
linear (left panel) and logarithmic scale (right panel) under Design (1D). The red dashed
line depicts the cost of the chosen parameter K™ in the n-th iteration.
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6.2. 1D Numerical examples.

6.2.2. lll-conditioning for Close Experimental Setups

In this section we study the behaviour of the reconstruction as two measurement test
functions that share the same initial data become asymptotically close. The following
family of designs is constructed, in dependence on a closeness parameter s € [—1,1]:

Design (Close®). The designs coincide with Design (1D), except for the first measure-
ment function: pg is evchanged for ug(t, ) = (t — tm)Y(x +tm - 5 — ayy2) for a fived
value s € [—1,1].

For s = —1, this yields the original Design (1D), whereas u§ — ug in L([0,7] x R)
as s — 1. Figure 6.6 shows Design (Close®) for two values of s € {0.9,0.97}. The
measurement test function p? is close to ug but still distinguishable, whereas u8'97 almost
overlaps MS_ . The experiments in the remaining intervals are constructed in analogy to the

first interval of Design (1D), as displayed in Figure 6.1.

Design (Close®?) Design (Close®?)

1259 & i data(ty, — €) tm+ € “—
[ t
1.00- H --- data(ty, +¢) tm _"‘g_
0.75] 1 Ho
S —_— 00
050 |} i ° =
o
0.251 '}
I
0.00{ = 0 ~
0 0 1/R
X X
Design (Close®?7) _ 0.7
T Design (Close®”-?")
1259 4 & e data(ty, — €) tm+€ I—
oo t.
1.00 :l: - da+ta(tm+£) t -2 |
0.75{ I Ho
R 0.97
0.50 :": Ho =
Pl
0251 Il
[
000_ L\ 0 v
0 0 1/R
X X

Figure 6.6.: Propagation of the ballistic parts of the bacteria density fv fdv (blue) and
the test functions pg (red) and pf (green) in the first interval Iy from ty, — € to ty +¢ (left
panel) and in the full space-time domain (right panel) for Design (Close®) with s = 0.9

(upper row) and s = 0.97 (lower row).

Loss of Convexity. Theorem 5.6 suggests that the rank structure of the Hessian de-
teriorates as pg — ,uar . This is observed numerically in Figure 6.7 by plotting the mini-
mum eigenvalue Amin(HxC(K,)) as well as the inverse condition number ¢~ (HxC(K,)) =

% of the Hessian of the cost function at the ground truth parameter K, against

S.
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Deterioration of the Hessian HxC(K . )
1072 ;

0.8 0.85 0.9 0.95 1
s

Figure 6.7.: Deterioration of the minimum eigenvalue Ayin (HxC(K,)) of the Hessian of the
cost function at ground truth (blue), and of its inverse condition number ¢~} (HxC(K,)) =

% (orange, dotted), as s — 0 in Design (Close®).

This is a consequence of a loss in sensitivity of the cost function w.r.t. parameter K .
Figure 6.6 shows that the negative velocity part of f%0 in Design (1D), previously measured
by pg , is not captured well by any sensor. This part was mostly affected by the decay due
to tumbling with K. The lack of sensitivity expresses through flatness of the marginal
cost functions in Figure 6.8, for fixed s = 0.9, as well as the small minimal eigenvalue of
Amin(HrC(K,)) 2 0.00036 and inverse conditioning ¢! ~ 0.0033.

0.0125
~ 0.0104
=0.0075
0.0050
0.0025
0.000

Figure 6.8.: Flat marginal cost functions w.r.t. change in K, and one further parameter
under Design (1D) with s = 0.9.

The sensitivity w.r.t. other parameters of K is not affected, as Figure 6.9 shows. This
makes sense, given that the relevant sensors were not moved by Design (Close®) in com-
parison to Design (1D).
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Figure 6.9.: Examples of marginal cost functions that do not vary the parameter K under
Design (Close®) with s = 0.9.

The existence of very flat directions in the cost landscape can also be observed in a plot
of C(K) along random lines through K, as defined in (6.4), in Figure 6.10.

Cost function values on lines through K,
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Figure 6.10.: Values of C on lines through K, in 100 randomly chosen directions, under
Design (Close®) with s = 0.9.

Failure in Parameter Reconstruction. The decay of convexity and flatness of the cost
in certain directions provokes a significant slow down in the parameter convergence of
gradient based minimization methods, such as the thus applied gradient descend scheme
(6.1), as can be observed in Figure 6.11. The slow convergence expresses most prominently
in the parameter convergence of K ! the direction in which the cost function is flat. For
s = —1, the design equals Design (1D) and reconstructions converge very fast, and after
only 5 iteration steps a parameter accuracy of 1073 is reached, compare Figure 6.5. For
s = 0.9, instead, Figure 6.12 shows that convergence is so slow that after 1000 iteration
steps of the gradient descend scheme, though reaching accuracy 1073, the parameter error
is still larger compared to the 5-step accuracy with Design (1D). This behaviour is even
worse for s = 0.97, where the value of K(()n)’_1 is improved only very mildly towards K:é
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within the first 1000 iterations, and convergence is not clear. In the underdetermined
case s = 1 where uj = ,uar and one measurement is redundant, the parameter K 1is not
updated by the gradient scheme after step 4 and remains far away from the true value.

The reconstruction of other parameters K*! in intervals I, # Iy is not affected by the
deterioration, as they do not rely on the measurements inside Iy by Proposition 5.10.
Neither is the minimization of the cost, which explicitly expresses that the measurement
is not sensitive w.r.t. KO_I.

1
0.7 1 _ 0.8
uol u8.97 K«,O
0.9 1
0.6 1 Ho Ho 061
5051 =4 :
92 v 0.41 /
04 02{ | — pgt  — w7 — Ka
0.9 1
0.31 Ho Hg
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iteration n iteration n
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04{ - s
: — K. 8
0'2- N -
0 10 20 30 40 50 10 isgratio?’lon 40 >0
iteration n

Figure 6.11.: Comparison of the convergence behaviour of reconstruction of the parameters
K, ! (solid lines) and K, (dashed lines) with » € {0,1,8} and the cost under Design
(Close®) with different values s € {—1,0.9,0.97,1}, in the first 50 gradient descend steps.

|
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Figure 6.12.: Convergence of reconstruction of Ky under Design (Close®) with different
values s € {—1,0.9,0.97, 1}, for 1000 gradient descend steps.
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6.2.3. A Locally but Non-Globally Convex Design

Proposition 5.4 ensures local convexity, if sensitivity based identifiability holds. The result
cannot be improved to imply global convexity, as the following design demonstrates.

To study global convexity of the cost function, a simplified setting with R = 2 different
values of K in space is adopted, which reduces the dimension of K to 4. This facilitates the
Hessian computation and allows plotting the minimum Hessian eigenvalue Apin(HgC(K))
at a large variety of K values. Furthermore, the ground truth is placed in the middle of
the domain by setting Kfﬁ = 0.5 for better observability in the plots.

Even in this reduced setting, a design can be constructed that leads to local convexity of
the cost function around the ground truth, but that is not globally convex. Its geometry
is depicted in Figure 6.13

Design (Convy,). With the same choice of tm,e,T and Y., as in the previous
designs, choose

e one velocity independent initial datum ¢(x,v) = .(x — o) + Y(x — x1) centered
around the positions xg = 0.5 — %, x1 =0.5+ %, and

e measurement test functions pr(t,x) = Ly tme) ) — (2 £ (tm — 1Y), for
r=20,1.

Note that the initial data is not located in the middle of intervals Iy, I1, but shifted
towards their joint boundary such that the data starting in one interval will cross the
border at time % The ’inner’ measurement test functions ,u('f and pj are located in the

respective other interval and do not capture the ballistic parts of the data well.

Design (Convigc)

]
0d ey R R e data(ty, — €)
' --- data(ty, +¢)
0.5 Z"
—_— -
0.04_- , “1
0 . M1+
X
. Design (Convigc)
m+E
LN | | . |
-
0.33T1 .
0 —
0 Xo 0.5 x1 1
X

Figure 6.13.: Geometry of Design (Convy,.) and propagation of the ballistic part of fv fdv
from ty, — € to ty + € (upper panel), and in full space time (lower panel).

The cost function related to Design (Convy,.) is not globally convex, as can be observed
in Figure 6.14, where the eigenvalues of the cost function Hessian become negative at
certain marginal parameter values K, as defined in (6.3). At the ground truth param-

eter (green dot), positivity of the minimum eigenvalue suggests local identifiability and
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convexity of the cost, and as predicted by Proposition 5.4, one can find a neighbourhood
where this remains true.

1-°1

UIUJY
o N W&

0.00 ) 0.00
0.25 0.00 0.25
0.50 50 0.50

42 075 0.75 o 0 0.75
1.00 190~ ¥4 1.00 1.00 Ko

Figure 6.14.: Minimum eigenvalues of the Hessian H KC(K ) for Design (Convy,) at varying
values of K, where all entries apart from those on the z and y axis are fixed to the ground
truth. The ground truth parameter is marked by the green dot.

It should be mentioned, however, that the thus observed non convexity was so mild that
it could not be observed with bare eye in marginal cost function plots in Figure 6.15. In
all numerical examples, it belonged to a saddle point and numerical reconstructions still
converged, even if initial values are taken in the corresponding region of non convexity.
This is not surprising, given the well-known fact that first order methods, such as gradient
descend, tend to avoid saddle points almost surely [ ]. An example is shown in
Figure 6.16, where the peaks in the logarithmic parameter convergence plot in the right
panel in Figure 6.16 originate from changes in the sign of the parameter difference.

It should be mentioned that although Design (Convy,.) is convex by positivity of its
minimum eigenvalue of order 10~!, the quality of convexity is very low, as the minimum
eigenvalue, as well as the inverse conditioning of order 1072 are very small. Precise values
can be found in Table 6.1. Especially in numerical contexts, where positivity of the Hessian
is exchanged for small positive lower bound, this design might not be considered convex
anymore.

Figure 6.15.: Marginal cost function landscapes under Design (Conv,).
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Figure 6.16.: Convergence of the values Kﬁn)’i

of K™ (solid lines) to those Kf} of K,
in linear (left panel) and logarithmic scale (right panel) under Design (Convy,.). The
red dashed line depicts the cost of the chosen parameter K™ in the n-th iteration. The

number of iterations was increased for the logarithmic plot.

6.2.4. Comparison of the Convexity of considered Designs.

To compare the convexity of the cost functions corresponding to the thus considered
Designs (1D), (Close®) and (Convye.), the setting of the previous subsection is adopted,
where R = 2 and Kitrl = 0.5 for all r = 1,2 is fixed.

Local Strong Convexity. Proposition 5.4 suggests to study local strong convexity of the
cost function around the ground truth by means of the eigenvalue structure of the Gauss-

Newton Hessian HxC(K,), in particular by consideration of its minimal eigenvalue as a
1 _ AminHKC(K*)

- )\maxHKC(K*)
gives insight into the rate at which the experiment compresses information on the parame-

theoretical indicator of convexity. Moreover, the (inverse) conditioning ¢~

ter and thus well-posedness of the inverse problem, and affects the convergence of numerical
minimization schemes, as described in Proposition 2.3.

Comparing the cost function plots Figures 6.2, 6.8 and 6.15, it is obvious that Design
(1D) attains the best local strong convexity, underlined by the largest minimum Hessian
eigenvalue and a conditioning close to 1. Design (Convy,.) and Design (Close®) both adhere
very flat directions, as indicated by very small inverse condition numbers and minimal
eigenvalues in Table 6.1, which anticipates worse identifiability properties, especially with
noisy data which might easily perturb the flat cost landscape.

Global Convexity. To study global convexity of the cost functions corresponding to the
three considered designs, the minimal eigenvalues and inverse conditionings of their Hes-
sians are plotted for 1000 randomly sampled parameter values in the 4 dimensional pa-
rameter space A} in Figure 6.17.

Strong positivity of the minimal eigenvalues and a conditioning close to 1 in all consid-
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Design Design (1D) | Design (Close®) with s = 0.9 | Design (Convy,)
Amin(HrC(Ky)) 69.093 0.30028 0.13165
c ! 0.79703 0.0029271 0.0098018

Table 6.1.: Local convexity of the cost function related to different designs, expressed
through the minimal Gauss-Newton Hessian eigenvalue and its inverse conditioning.

ered points suggests that Design (1D) in fact yields a globally strongly convex quadratic
cost function. The conditioning for Design (Close®) with s = 0.9 is much smaller. By
positivity of the minimal eigenvalue, minimization algorithms will still converge, but at
very much slower rates. This could also be observed in Figure 6.12. Design (Convy,.),
instead, also attains negative eigenvalues and thus non-convexity of the cost function in
certain regions of the K domain, as observed already in Figure 6.14. It can be noticed
that the eigenvalues are nicely aligned on one line, which indicates that the maximum
eigenvalue of Design (Convy,.) does not vary (much) throughout the parameter space.

Design (1D) Design (Close®?) Design (Conviec)
0.031
0.080 1
0.021
0.075 1
- = 001
U 0.0701 o
0.001
0.065 1
~0.01 1
0.060 1 s
60 65 70 75 58 60 62 64 66 0.0 02
Amin(HkC(K)) Amin(HkC(K)) Amin(HxC(K))

Figure 6.17.: Minimum eigenvalue and inverse conditioning of the cost function Hessian
corresponding to Design (1D), Design (Close®) with s = 0.9 and Design (Convy,.) at 1000
randomly sampled values of K in the parameter space.

6.3. Extension to 2D

The effects of close measurements and the local nature of the well-posedness result have
been extensively studied in the 1D case, such that this section is restricted to the demon-
stration of well-posedness of Design (2D).

The 2D setting comes with increased computational complexity in connection with the
higher dimensional z and v space, and the following computational setting shall considered:
a N, = 4 velocity model is considered under R = 2, i.e. the spatial domain is divided
into R? = 4 intervals in which the tumbling kernel is spatially constant. Note that this
setting already amounts in a R?N, (N, — 1) = 48-dimensional parameter K. The spatial
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6.3. Extension to 2D

discretization is reduced to Niz = ﬁ, to speed up the computations. As before, it is
expected that the numerical results of this section generalize to finer discretizations by
the modular construction of Design (2D).

The geometry of Design (2D) is summarized in Figure 6.18. In the left panel, the full
data fV f‘f’9 dv is shown for all intervals A, simultaneously. The ballistic part dominates
and the first order tumbling part fv f1dv becomes only visible once the ballistic part is
cut out in the right panel. Three rays correspond to the three directions of tumbling in
the N, = 4 velocity model. The corresponding densities fi; are measured by test functions
that centre around red dots, marking the scattered locations a, /2 + %’“vo + %‘“vj.

Design (2D): Data
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Figure 6.18.: Distribution of the full data (left panel), and the data where the ballistic
part is cut out (right panel) for ¢¥ under Design (2D) with R = 2 and under simultaneous

Design (2D): f;
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experimentation in the 4 spatial domains of K. The red dots mark the scattered locations
ary1/2 + %mvo + %mvj at which the measurements are taken.

Convexity of the Cost Landscape. Marginal cost landscapes can be defined in a similar
manner as in (6.3) by fixing all but two parameters of K to the ground truth. Their
strong convexity all over the parameter domain in Figure 6.19 again suggests marginal
strong convexity the the cost function associated to Design (2D).

; 0.6
“2(, 0.4 6
o‘b 0.2 0.2
2 00 00

Figure 6.19.: Three marginal cost landscapes under Design (2D).

Similarly, the marginal strong convexity can be observed by plotting the value of C(K})
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6. Numerical experiments

on lines (K ), through the true parameter, as in (6.4), in Figure 6.20.

Cost function values on lines through K
0.30
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Figure 6.20.: Value of C on lines through K, in 30 randomly chosen directions under Design
(2D).

Parameter Reconstruction. As in the 1D case, a cost function minimization succeeds
to reconstruct the true parameter in very few steps, with exponential convergence. The
convergence of the single parameters is displayed in Figure 6.21 in linear and logarithmic
scale. As in Figure 6.16, the peaks in the logarithmic plot originate from changes in the
sign of the parameter difference during convergence.

Parameter convergence ¥ Parameter convergence (log scale)
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Figure 6.21.: Convergence of the values K,Sn)’j " o those K,E?T)’j "’ of K, in linear (left panel)
and logarithmic scale (right panel) under Design (2D). The red dashed line depicts the
cost of the chosen parameter K™ in the n-th iteration.
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Conclusion of Part |

In this part, we laid out the approach to derive an experimental design from a theoretical
proof on a concrete example, the inverse problem of recovering the kinetic chemotaxis
tumbling kernel from macroscopic data which has not been considered in literature before,
underpinned by numerical examples.

Non-Parametric Structural Identifiability. After introducing the kinetic forward model
and the inverse problem under investigation, structural identifiability of the non-parametric
kernel K € A®™ from the corresponding input-to-output map is established, where, for
the first time, unique identifiability of the kinetic kernel from macroscopic data could be
shown without further simplifications on K, owed to the tight control over the experimen-
tal setup. Based on the singular decomposition framework, a rigorous, constructive proof
could be given which relied on the detailed construction of a sequence of experimental se-
tups with increasing singularity in the initial data and measurement test function and a si-
multaneously vanishing measurement time, under a specifically designed geometry. These
setups triggered microscopic information on K in the measurement, and allowed reading
off the value of K at one design-determining evaluation point (Ztumb, Vouts Vin) € R x W
from the data.

Finite Data Parametric Setting. Because it is not feasible, neither experimentally nor
computationally, to run a sequence of vanishing time singular input data experiments for
each evaluation point of K, the next project studied the simultaneous reduction of the
data dimension and the dimension of the admissible set to a finite data parametric setting.
A delicate balancing between the loss of information on the parameter in the data and
the additional injection of a-priori knowledge through the admissible set is required to
sustain identifiability over this process, and we laid out how the theoretical proof guided
our choices: the pointwise reconstruction suggested adopting a locally constant form of
K which allowed relaxing the singularity and short time requirements for the designs.
This discretization form of K is more general than frequently encountered physical insight
based parametric forms and directly connects the infinite data non-parametric inverse
problem with its finite dimensional parametric counterpart. Similar techniques as in the



7. Conclusion of Part I

non-parametric identifiability proof allowed us to analytically demonstrate sensitivity of
the found design w.r.t. the parametric K in dimension d = 1, entailing local strong
convexity of the quadratic cost function and thus good numerical reconstruction results.
This was contrasted by studying the deterioration of the inversion setting under a decay
of data diversity analytically and numerically, demonstrating the need for well chosen
experimental designs.

Comments and Further Directions. The presented application of the "relaxation of the-
ory” approach to experimental design benefitted greatly from the constructive nature of
the theoretical proof based on the explicit construction of experimental designs. It em-
phasized the duality between the discretization of the admissible set and the experimental
design, which should be constructed such that the information in its data compliments
the remaining degrees of freedom in the parameter.

While an analytical proof of this sensitivity of the proposed relaxation based Design
(2D) w.r.t. the parameters in AL is remains open for higher spatial dimensions such
as d = 2, its similarities to Design (1D), together with numerical experiments, make us
confident that such a proof can be established as an extension of the 1D proof under mild
additional efforts.

The shown analysis and numerics were presented in a noise free setting, which allowed
us to isolate the influence of the experimental design on the compression of the infor-
mation on K, and its relation to the admissible set. However, practical inverse problem
typically suffer from data noise which can distort the cost landscapes and challenge pa-
rameter reconstruction. This entails the investigation of stability of the inverse problem.
On a theoretical side, it amounts in a characterization of the admissibly type of noise
in the data, and a quantification of its amplification by the inverse problem through
suitable norms, which can also be approached by the singular decomposition technique
[ , |, assuming again access to the infinite dimensional input-to-output map as
data. This can be complemented by the numerical application of practical identifiability
techniques | , | to study the influence of noise on the reconstruction with a
fixed experimental design, as briefly discussed in Section 2.4.3. Investigation of the rela-
tion of infinite dimensional designs and their finite counterparts in terms of stability could
lead to further insight into the behaviour of well-posedness under the transition to the
finite dimensional problem.

In contrast to the presented approach to experimental design, the Bayesian optimal ex-
perimental design framework | | automatically embeds data noise by constructing
designs that minimize the uncertainty in the parameter reconstruction under noisy data.

Moreover, noisy data may require more advanced inversion techniques to mitigate
computational artifacts. The flexibility of the inversion framework, as discussed in Sec-
tion 6.1.3, supports such adaptations.

Another interesting question when dealing with inverse problems related to kinetic for-
ward models refers to their multiscale behaviour. As described in Section 3.1.3, the ki-
netic forward model (Ch) is linked to other types of descriptions of the chemotaxis phe-
nomenon, for instance the PKS model on the macroscopic scale through a scaling limit
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[ , ]. It has been shown in [ | that this limit translates to the
Bayesian reconstruction of the kinetic tumbling kernel K, however, as shown for the sta-
tionary radiative transport equation in | , , ], the limit might still be
ill-posed, and a thorough investigation of the limiting problem remains open. Moreover,
the multiscale limit is expected to also affect experimental designs, which were clearly
based on the finite speed of propagation and rare tumbling so far, both of which is no
longer true in the diffusion limit. Especially if the true scaling is unknown, this raises the
question for asymptotically sensitive experimental designs.

Having chosen the experimentally easier accessible macroscopic data for the reconstruc-
tion of the chemotaxis tumbling kernel, we hope that eventually our work lays the foun-
dation of reliable estimation of the kinetic dynamics from real data. The insights into
experimental design and its interplay with a-priori assumptions, together with the de-
velopment of a basic reconstruction algorithm to produce the numerical results, provide
a first step in this direction. Nonetheless, it is still a long route to apply the inversion
strategy to real experimental data: the realizability of the proposed experimental design
in the lab setting would have to be checked and potentially adjusted, and the robustness
of the inversion algorithm w.r.t. measurement noise should be investigated and possibly
improved through regularization techniques. These steps require detailed insight into the
practical procedures, and call for a close collaboration between mathematicians and prac-
titioners. Ultimately, reconstructing the parameter under different factors of influence
might lead to biological insight into first principles on how bacteria react to these factors
on a quantitative level.
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Experimental Design through Sampling

A typical approach to solve inverse problems is to minimize the quadratic deviation

Co(p) = |Fp(p) — I3

of the synthetic measurements Fs(p) from the experimentally observed data ys for all
experimental setups s in the design D, in which case local strong convexity of this cost
function around the ground truth parameter is a particularly desirable property, as de-
scribed in Section 2.2.

Structural identifiability, i.e. identifiability under access to the full input-to-output map,
often implies this local strong convexity - or equivalently sensitivity based identifiability ac-
cording to Proposition 2.11 - under access to a large, possibly infinite number of noise-free
data {ys}scprn, generated by a large experimental design D! € P(D). If the parameter
to be reconstruction only attains Q << |D™!| degrees of freedom, it seems reasonable that
such a large number of experiments might not be necessary for reconstruction, as suggested
for instance by Proposition 2.13, nor may it be feasible, neither experimentally nor com-
putationally. Selecting a small finite number L > @ of informative experimental setups
81, ..., 81, such that the inverse problem corresponding to the finite design Dy, = {s1,...,sp.}
is still locally cost function identifiable, is thus a core challenge when designing real world
experiments, that is classically addressed by optimal experimental design techniques, as
introduced in Section 2.5.

In this chapter, we relax the optimality condition and our goal is to propose a design
mechanism in the realm of sensitivity based methods, that yields a sufficient experimental
design in the sense that it ensures local strong convexity of the quadratic cost function.
Through regarding the design process as a down-sampling task to select D C Dl
the main question is how to choose the sampling distribution in order to preserve cost
function convexity under a small number of experimental setups L. By translating local
strong convexity into positivity of the Gauss Newton Hessian H,Cpmn(ps) = J1J of the
quadratic cost function by means of Proposition 2.11, we find the answer to this question
in the seemingly unrelated area of Randomized Numerical Linear Algebra (RNLA), that
was originally developed to analyse large data that exceed RAM capabilities and make big
data applications feasible | , , , ]. A matrix sketching algorithm
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[ , | leverages importance down-sampling of rows of J, encoding in our case
the experimental setups s € D"l to approximate the matrix-matrix product J7J. Its
quantitative guarantees on the approximation quality translate to identifiability guarantees
under high probability.

Practical application then requires invoking a sampling algorithm, and we propose to
adopt algorithms from Bayesian posterior sampling, given that the same difficulties as
described in Section 2.3.1 arise in the design sampling context. In particular, ensemble
based methods are deployed for their efficiency in a numerical example for the sensor
placement problem related to the Schrodinger potential reconstruction, which illustrates
the capability of our method to greatly improve convexity of the quadratic cost landscape.

In contrast to the very model specific approach and techniques that were exploited in
the previous Part I to construct an identifiability guaranteeing experimental design for the
kinetic chemotaxis kernel reconstruction problem, this approach uses the model as a black
box and requires no deep insight, making it applicable to a large class of inverse problems.

This project emerged from a collaboration with Christian Klingenberg and Qin Li,

summarized in the preprint [ |, which has been submitted to peer review.
Remark 8.1 (Difference to | ]). The method presented in this work extends the re-
sults from | ] to settings where the full data experimental design D™ describes

an infinite set of experimental setups, possibly even a subset of an infinite dimensional
function space, as frequently encountered as the domain of the input-to-output map. In
this sense, the starting point of this method is put even closer to the structural identifia-
bility setting. On a technical side, we introduce a (probability) measure on D! in order
to reasonably define the quadratic cost function. The above mentioned adaptations then
require an extension of the randomized matrix multiplication algorithm to quasimatrices.
Moreover, the theoretical guarantee on sensitivity under a sufficiently large sample size
is slightly extended to additionally guarantee a conditioning close to the full data set-
ting. Numerically, the example for the Schrédinger potential reconstruction is extended
to a sensor placement and source term design problem to demonstrate the capabilities
of the method to sample also forcing data and work in contexts where the full sampling
distribution as well as its normalization constant are not available.

Outline. The subsequent quick review of related literature is followed by the extension
of the matrix sketching algorithm from RNLA to quasimatrices in Section 8.1. This serves
as a prerequisite for setting up the general design sampling program in Section 8.2, that
is initiated by describing the starting point of a sensitivity based identifiable inverse prob-
lem corresponding to a large, noise-free data set in Section 8.2.1, followed by the idea
to consider experimental design as a sampling task, and a translation of the importance
sampling strategy and its theoretical guarantees to the design sampling context in Sec-
tion 8.2.3. The general program is concluded by practical considerations around the choice
of sampling algorithms and the addition of a greedy mechanism in Sections 8.2.4 and 8.2.5.
The potential of the developed program to improve cost function convexity is illustrated on
the sensor placement problem for the inverse Schrodinger potential reconstruction prob-
lem in Section 8.3, where importance sampling distributions are studied in Section 8.3.1,
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before the improvements in cost function convexity are demonstrated in Section 8.3.2. An
extension of the setting to the sensor placement and forcing data design problem verifies
applicability of the method when the full sampling landscape is not available. The chapter
is concluded in Section 8.4.

Novelty of this Work. The main contribution of this work lies in the change of per-
spectives: instead of searching the optimal design, we search for a sufficient design, that
describes the inverse problem comparably as well as the full data setting. This allows
us to relax the methodology from optimization to sampling. The choice of an efficient
sampling strategy is key to render even a low number of experimental setups and, hence,
low experimental cost, sufficient and we propose a model-informed importance sampling
strategy that optimally preserves the convexity properties of the full data cost in the
down-sampled problem. Sampling from these non-standard distributions then requires
more sophisticated samplers, and we propose a pipeline to apply our strategy in practice.

Related Literature. After highlighting similarities to standard optimal experimental de-
sign techniques, we collect literature connecting experimental design with randomized
linear algebra approaches.

Optimal Fxperimental Design. Our approach is rather ’qualitative’ in comparison the
‘quantitative’ optimal experimental design methods in literature that determine a design
as the minimizer of certain optimality criteria that measure uncertainty in the reconstruc-
tion by means of the conditioning of the Fisher information matrix or Bayesian posterior
variance matrix | , , , , |, as described in Chapter 2. For
a review, the reader is referred to | , ]

By (2.19) the Hessian H,Cpsu(ps) = JTJ coincides (up to a constant) with the Fisher
information matrix FIM for the linearized inverse problem under an additive i.i.d. Gaus-
sian noise model, and therefore our objective is to preserve - instead of optimize - its
conditioning through sampling, as it encodes the convexity of the cost C.

Moreover, the implicit linearization of the inverse problem through sensitivity methods
is also in line with the approach to study the linearized problem for design questions, or
equivalently a Laplace approximation of the Bayesian posterior around the maximum a
posteriori point | , , , |, yielding locally optimal designs,
so to circumvent the challenges of optimal experimental design for non-linear problems.

Random Matriz Sketching and Inverse Problem Design. The application of random ma-
trix sketching to design tasks in inverse problems is currently at its fancy. In compressed
sensing literature, the usefulness of sparse, model-independent random measurement ma-
trices to recover a low rank signal in a generic basis has been known for a long time, as
summarized in [ ].

Model dependent sampling strategies were used in | ] for design selection in
electrical impedance tomography based on sketching the input-to-output map. Model
based information entered the sparse uniform random sketching through part-wise sketch-
ing on the basis of a specific rank structure decomposition, and the strategy was con-
structed in such a way that a subsequent matrix completion step could successfully re-
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construct the input-to-output map, yielding astonishing numerical reconstruction results.
In [ |, a sparse random mask for MRI data acquisition was constructed, based on a
data- and model-adapted design parameter. This design significantly improved posterior
images in Bayesian reconstructions, as compared to hand crafted designs.

Moreover, a branch of operator learning research investigates the learning of elliptic
solution operators from random input-solution pairs | , ], based on a random-
ized singular value decomposition, and a hierarchical low rank structure of the solution
operator, as exploited already in [ .

More generally, random matrix sketching finds numerous applications in enhancing the
efficiency of solving linear inverse problems through preconditioning, for instance for wave
form inversion | . In | | and | |, the authors highlighted advantages
of choosing a structure of the random sketching matrices that is consistent to the forward
matrix when solving the linear inverse problem or a constrained least squares optimization,
respectively. As the sketching matrices in these examples were non-sparse, no further
implications on the experimental design could be drawn.

Another application of sketching to inverse problems was developed in | | in a
setting very similar to this work, where the authors also utilize positive definiteness (and
the conditioning) of the Gauss-Newton Hessian of the quadratic cost in the noise free
setting to study well-behavedness of the inverse problem. Assuming a fixed experimental
design with fewer data than the dimension of the parameter to reconstruct, their starting
point differs significantly from ours, and therefore the goal of their work is to gain insight
into the dimension of a random subspace reduction of the admissible set which yields
a convex cost minimization problem - instead of the experimental design, they sketch
the admissible set. As this reduction can be expressed as a random sketching of the
underdetermined full-admissible-set Gauss-Newton cost Hessian, RNLA methods allow
them to give high probability bounds on the conditioning of the reduced-admissible-set
Gauss-Newton Hessian, and numerical examples validate their approach.

8.1. Prerequisites: Randomized Quasimatrix Multiplication

In this section, an extension of the randomized matrix multiplication algorithm from
randomized linear algebra [ , ] to quasimatrices, with possibly an infinite row
dimension, shall be derived. This is necessary to justify our sampling approach in case of
an infinite full data design D!,

Quasimatrices. Quasimatrices are linear operators between a finite dimensional vector
space and an infinite dimensional vector space. As such, they generalize tall but skinny ma-
trices. For a given domain D, a probability measure p on D and a natural number @), the
(D, 1) x Q quasimatrices J is of the form J = (ji, ..., jg) € (L*(D; w))? with L?(D; i) func-
tions 7, in its columns and possibly an infinite number of 'rows’ Js = (j1(s), ..., jo(s)) € R%,
denoting the evaluation of J at a fixed s € D. Many matrix operations can be generalized
to quasimatrices through exchanging the column scalar product by the L?(D;u) inner
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product. For instance, the quasimatrix product J7J is defined as

RC3JNT = ({1 dm) 2 (i) )fmzl = /D Js ® Jsdu(s), (8.1)
and the Frobenius norm can be defined via
170 = [ 121 duto).
D
A short introduction to quasi matrices may be found in | , , ].

Generalizing Radomized Matrix Multiplication to Quasimatrices. In what follows, we
extend the derivations in | , | to approximate the matrix product JTJ for a
tall matrix J through row sampling, to the quasimatrix context. These approaches exploit
the structure of J7.J as an integral over the tall’ direction of the quasimatrix on the RHS
of (8.1).

Standard Monte Carlo. A standard approach would be to apply a Monte Carlo method
and draw i.i.d. samples r; of a random variable i according to the distribution w, and
approximate the matrix product by the uniformly weighted sum

L
1 U
JLJ :/ Jr @ Jpdp(r) = Epep(Jy @ Jy) = — E I ® Jry = JTJ, (8.2)
D L =1

for some L € N, justified by the law of large numbers, where J denotes the sketched
random matrix whose [-th row is given by jl; =LY 2Jrl. This method typically requires
a large number of samples for good accuracy.

Importance Sampling. Importance sampling often requires a smaller sample size to
achieve the same accuracy as standard Monte Carlo | ]. The basic idea behind this
approach is to transform the sampling measure through introducing a density p € L'(D, i)
with [;, ps du(s) = 1, that vanishes in s only if J, = 0, such that

L

_ _ 1 B S

T = / (ps s ® Js)ps du(s) = ECNPM(IOC IJC ®J) = ZpSzljsl ® Jy = JTT
D L=

by the law of large numbers, where the I-th row of sketched random matrix J reads
Jp. = (pSlL)_l/QJsl fori=1,...,L, and random draws S| ~ pp. (8.3)

This allows more flexibility in sampling, and a clever choice of p as the relative size of the
s-th 'row’

5. = (Al
S T
1711

(8.4)

minimizes the expected quadratic deviation E(||JTJ — JTJ||%) of JTJ from its mean
E(JT.J) = JTJ, in complete analogy to the finite dimensional case [ , ]. Simi-
larly, an application of concentration bounds yields closeness in Frobenius norm with high
probability:
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Theorem 8.2 (Extension of | , Thm.7]). Let J be a (D;p) X Q quasimatriz with
finite Frobenius norm ||J||p < oo, and fix a natural number L << |D|, and consider a
probability density p on D with fD psdu(s) = 1 such that there exists a positive number
B € (0,1] for which

Ps = BPs for p almost all s € D, (8.5)

and let J be constructed as in (8.3). Then JTJ approzimates JLJ with high accuracy,
with high probability: For any failure rate § € (0, 1),

1+ +/88 1log(6—1)
VBL

P(HJTJ—jTjIIFS IIJ\%> >1-0.

Note that the optimal sampling density is given by p = p, where § = 1 minimizes the
error sampling error in Frobenius norm. It suggests biasing the sampling towards those
elements s € D for which the evaluation of .J in s attains a big norm ||Js||3 /5 in relative
terms - in a finite dimensional setting this means a big relative row size. Introducing
smaller 3 allows for more flexibility in the choice of the sampling distribution, at the cost
of accuracy, sample size or occurrence probability. The order y/log(6—1)/L of the sampling
error in L could be anticipated from the central limit theorem.

8.2. General Program

In this section we present the sampling strategy at the core of this project. Starting with an
over-sampled setting for which identifiability holds - for instance established in structural
identifiability studies -, experimental design can be regarded a down-sampling task to select
the meaningful designs, and the sampling distribution is derived from a sketching algorithm
for the Gauss-Newton Hessian encoding the cost function convexity. The program is
completed by practical considerations about the choice of sampling algorithms, and the
suggestion to combine the method with a greedy selection mechanism to further improve
cost convexity.

8.2.1. Starting Point

Consider a finite dimensional admissible set A C R? for the inverse problem

find ped s.t. (ys)seD = (Fs(p))sED (8'6)

associated to an experimental design D. The sensitivity analysis framework, as introduced
in Section 2.4.2, can be extended to potentially infinite experimental designs D, when
defining the cost by means of a fixed probability measure y on D as

Coule) = 51P0) = lan, = 5 [ (o) = 0 dn(s).
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If Cp,, attains sufficient regularity, then, in analogy to the finite design setting, its Hessian
RP*Q 5 H,Cp u(ps) = JTJ = / Js @ Jsdpu(s),
D

where J is a (D, p) x @ quasimatrix and Js = V,Fy € R€ denotes its value at experimental
setup s € D, is informative about local strong convexity of Cp ,, as an obvious extension
of Proposition 2.11 shows. Again, a global characterization of the landscape is hard for
nonlinear inverse problems.

Remark 8.3. The measure u(s) might for instance indicate the difficulty of preparing the
an experimental setup s, or its likelihood of appearance. For finite designs D, the uniform
measure ji(s) = ﬁ will be deployed without further specification. A probability measure
is taken for notational convenience, but the theory below still holds true for non-zero finite
measures, when normalization is conducted where necessary.

We pose the following assumptions to further characterize the setting of our inverse
problems (8.6).

Assumption 8.4. Assume that there exists a (possibly infinite) design D!, called full
data design, and a probability measure x on D! such that

(A1) the noise free data y = F(p,) is generated by an underlying ground truth parameter
p, under design DI,

(A2) the single experiment forward maps Fi are C2 in p in a small neighbourhood of p,,
with uniformly continuous Hessians H,C,y for all s € D and

(A3) the Hessian of the full data cost C'!(p) := Cpsun ,(p) at the global optimizer is
positive definite, i.e. HpCfuu(p*) = 0.

Assumption (A1) summarizes the setting that we operate in: to study solely experimen-
tal design according to source (II) of non-identifiability, noise is excluded at this point of
consideration. Moreover, it ensures that the true parameter p, is a global minimum of the
cost function.

As discussed below Proposition 2.11, regularity assumptions on F' and continuity of
the Hessian in (A2) are rather mild and often satisfied, in particular for PDE inverse
problems, where forward well-posedness often includes regularity of the solution w.r.t. the
parameters, which then translates to regularity of the quadratic cost function and thus its
Hessian, as shown in Lemmas 3.4 and 5.3.

Positive definiteness of the Hessian at the ground truth in assumption (A3) ensures
sensitivity based identifiability, if the full data under D™ is accessed. This implies local
structural identifiability and excludes the worst case scenario, where any data is uninforma-
tive about the parameter. Vice versa, if structural identifiability holds, i.e. the parameter
is identifiable from the input-to-output map, then chances are good that a probability
measure 4 on the (possibly infinite dimensional) domain of the input-to-output map, the
set D of all considered experimental designs, can be constructed such that (A3) holds. As
we do not want to dive into the technicalities of infinite dimensional probability measures,
we keep this discussion on an intuitive level.
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Together with (A2), a straightforward extension of Proposition 2.11 for possibly infi-
nite designs in the realm of quasimatrices then ensures local strong convexity of the cost

Cfull

function at py.

8.2.2. Experimental Design as Sampling

In this setting, the question of experimental design can be approached through search-
ing a small subset of experimental setups D; C D™ of finite size L > @Q, according
to Proposition 2.13, that still generates a sensitivity based identifiable inverse problem.
Experimental design thus becomes a down-sampling problem, with the goal to preserve
positivity (or alternatively the conditioning) of Gauss Newton Hessian of the quadratic
cost

H,CM (p,) = Jo @ Jodpu(s) = 0.
Dfull

The main challenge remains to define a sampling distribution that achieves preservation
under a small number L of experimental setups.

Remark 8.5. Our approach is can be regarded as a generalized preconditioning strategy:
In case of a finite D™, we are searching a sparse preconditioning matrix M € R X‘Dm”,
with only one non-zero entry in each row, for which the preconditioned cost || M (Jp —y)|/3
attains a similar local convexity structure as the unconditioned problem. This shape
of M extracts single rows of J and allows linking the preconditioner to experimental
setup selection. Statistical methods allow us to build M efficiently and to generalize to
quasimatrices.

8.2.3. Importance Sampling and Matrix Sketching

The quasimatrix sketching approach from Section 8.1 suggests to sample s; from a dis-
tribution pp where p approximates the relative size importance density p in (8.4), so to
obtain the approximation

L
full _ -1 ~ -1
Hpc (p*> N /Dfull (ps JS ® JS)pS du(S) - L z_: JSl ® JSZ B H C(p*)

Note that the sample sum on the RHS can be regarded as the Gauss-Newton Hessian of
the weighted quadratic cost

L
Z ps) H(Fs,(p) —ys,)?  associated to design Dy, = {s;}}; with s; ~ pp.

(8.7)
Hence, if Hpé(p*) is sufficiently close to HpCf“H(p*) > 0, then Lipschitz continuity of
eigenvalues w.r.t. matrix perturbation | | ensures positivity of Hpé (p«) = 0, i.e. local
strong convexity of cost function C and sensitivity based identifiability of the respective
inverse problem.
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Theoretical guarantees on the matrix approximation quality with high probability under
a sufficiently high number L thus translate to local identifiability guarantees for experi-
mental setups in our context, as summarized by the following adaptation of Theorem 8.2.

Theorem 8.6. Consider an inverse problem (8.6) that satisfies Assumption 8.4. More-
over, assume that J is bounded in Frobenius norm |J||p < oo, and consider the cost
function C from (8.7), where Dy, is sampled from D™ by i.i.d. draws with a sampling
distribution pp on DM, whose density p satisfies fouH pdp =1 and

(A
17117

p>Pp=7 (8.8)

for some B € (0,1]. Then, if L is sufficiently large, the data under Dy is sensitive to
the parameter and C is locally strongly convex at the ground truth parameter p, with high

probability.
full )\full c

min> Amaxs full nd Amin, Amax; C the minimal and max-

To be more precise, denoting by A
imal eigenvalue and condition number of HpCfuu(p*) and H,C(p,), respectively, then for

any failure probability 6 € (0,1) and accuracy € € (0, X)), a choice of

min
1+ +/8Blog(6-1))?
Be
is sufficient to ensure that with probability at least 1 — &, the cost function C is locally
strongly convex at p, with minimum Hessian eigenvalue Amin > )\f}ﬂ}] —¢e > 0 and the

condition number of its Hessian is close to the full data setting é < (M + Afilﬂ] )(1—@)_1.

The importance density p o< ||Js||2 = ||V pFs(px)||2 suggests that the sampling distribu-
tion is skewed towards favouring those experimental setups s, that are the most sensitive
w.r.t. the parameter locally in py, in the sense that their gradient is large and thus a
small deviation in the parameter, in a suitable direction, will have a relatively big impact
on the forward map. With this and Assumption (A3) in mind, it makes sense that the
down-sampled inverse problem is also likely to be sensitive to the parameter entries, if a
sufficient number of experiments can be conducted.

Although this theorem provides an explicit bound for this number L, the bound is of
full

limited use in practical applications, where typically || J|| 7 as well as A are unknown due
to the high computational effort linked to their computation. Furthermore, the bound on
L is a worst case bound, and we expect that a significantly lower number of samples will
already perform well in many cases. In this sense, the result must rather be understood
as an ’existence’ result. This is good news for applications where the number of sensors is
frequently constrained by the experimental restrictions or economical considerations.
Again, approximating p by some p > Sp with § < 1 is possible, but might entail a

higher sample size, i.e. a larger number of experiments, or a smaller success probability.

Proof. By an extension of Proposition 2.11, local strong convexity of C follows from
H,C(p,) > 0. Again, continuity of the eigenvalues w.r.t. matrix perturbation | ]
provides the lower bound

)\min > )\fu_ll - ‘)\fu]l - xmin‘ > )\full - HHpCf““(p*) o Hpé(p*)HF )

min min min
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8. Experimental Design through Sampling

Positivity of the first term on the RHS holds by Assumption (A3) on the positivity of
HpC'full (p«) = 0, and it remains to bound the Hessian difference term. By construction of

C, Theorem 8.2 can be applied and it shows that with probability at least 1 — §

u . ~ = 1+ +/88 1log(o—1
IHC ) = ) e = 1077 = T < HEVED Oy,

The bound for L then follows from bounding the above by € so to achieve S\min > Af}l‘ﬂl—s >
0, and the bound for the condition number ¢(H,C) follows by analogous estimations for

the maximal eigenvalue S\max. O

Note that another viable way, as suggested by the Monte Carlo method, is to sim-
ply draw i.i.d. random samples r; € DM from the distribution p, and approximate
the Hessian through (8.2). This approach leads to a quadratic cost function Cp, (p) =
% ElL:1(Fn (p) — yr,)?. However, the method typically requires a large number of samples
for similar accuracy of the Hessian approximation under the same probability, and hence
to ensure local identifiability. Keeping in mind that experimentation is often expensive,
we base our analysis on importance sampling that often requires a smaller sample to at-
tain the same approximation accuracy, as described in Section 8.1 - at the cost of a more
complex sampling distribution that then requires sophisticated sampling algorithms.

Remark 8.7. So far the cost function did not involve any regularization term R(p). A
regularized cost function of the form Cr = C(p) + R(p) will lead to similar results, with
small modifications, as long as the regularizer R attains sufficient regularity.

8.2.4. Choice of Sampling Algorithms

In the practical context, drawing samples from non standard distributions is challenging.
Hence, we share some practical considerations about the implementation of sampling.

Sampling from an Approximate Distribution. Theorem 8.6 leaves flexibility of using an
approximation p to the optimal sampling density p with 8 < 1. In certain situations,
insight into the forward model might allow the derivation of an approximation p. If, for
instance, one was able to show that the ||Js||2 are uniformly bounded from above by a
moderately large constant, this would suggest a uniform density as a suitable approxima-
tion. As could be observed in our numerical test in Figure 8.6, this can yield satisfactory
results. In general, however, these simple densities might not capture a complex p well,
and deriving a good approximation with reasonably large S might be challenging itself
and require model insight, as well as analytical manipulations. Sampling will still require
calling specific sampling algorithms for more complex approximation distributions ppu,
depending on their specific properties.

Sampling from the Importance Sampling Distribution. The alternative is (to attempt)
direct sampling from the importance sampling distribution g := pu. Because this distri-
bution is typically highly non-standard and very model dependent, as can be observed in
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Figures 8.2 and 8.3, this requires more sophisticated sampling techniques. We propose the
application of samplers developed for Bayesian posterior sampling, as briefly introduced
in Section 2.3.1, for two simple reasons:

e The structure of the sampling distribution i = pu resembles that of a Bayesian
posterior distribution in (2.7), and

e the same challenges as for Bayesian posterior sampling arise: the computation of
the density p o |[Jsll2 = ||VpFs(p«)||2 requires solving the forward (and adjoint)
model, and is often expensive - especially for PDE models, which restricts computa-
tional capabilities to a few evaluations, and suggests avoiding the calculation of the
normalization constant ||J|| ¢, calling for solvers that satisfy (P1)-(P2).

Both, classical MCMC methods as well as the newly developed ensemble samplers can
be deployed, and the concrete choice of the sampling algorithm is usually affected by
many other factors in addition to their advantages and disadvantages in computational
cost and theoretical convergence guarantees, as described in Section 2.3.1. For instance, a
discrete or function space structure of D™ would require specific extension of the standard
algorithms that were originally developed on continuous domains, as available for MCMC
methods in | , ], for instance. Moreover, external factors such as the desired
balance between computational cost of the experimental design sampling and experimental
cost might provide guidance, whether a cheaper but possibly less accurate computation
with gradient-free, ensemble methods should be favoured over expensive MCMC methods
with well established theoretical high accuracy guarantees.

Although the presentation of the ensemble samplers in Section 2.3.1 allows direct appli-
cation to our design sampling strategy in case of a probability measure u(s) = q(s)ds
on a continuous D! with sufficiently regular Lebesgue density ¢ by setting ®(s) =
—log(|| Js||3q(s)), it should be mentioned that the approximation of the gradient by the
difference term may not be very accurate, if J; is not almost linear in s or the sample size
is small. Due to the lack of exhaustive non-asymptotic convergence results, convergence
of the sample distribution to & can in general not be guaranteed.

However, sampling most accurately from f in order to obtain high alignment with
the original Gauss-Newton Hessian is not our primary goal, but rather improving the
convexity of the weighted quadratic cost C. In that sense, ensemble methods might still
yield satisfactory results in numerical experiments as observed in Section 8.3.2. Intuitively,
these cases can be understood as examples where the approximate sampling distribution pu
in Theorem 8.6 is generated through (non optimal) sampling by the ensemble methods,
whose target distribution is still somewhat informed by the model, even if it does not
coincide with the optimal & = pu.

8.2.5. Greedy Sampling

In order to leverage the previous thought, the samplers will be combined with a selec-
tion process that accepts or rejects newly proposed samples according to a criterion that
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Figure 8.1.: Evolution of the minimal eigenvalue Ay, (solid lines) and deviation of the
down-sampled Hessians to the full Hessian ||H,C — H,C™||r (dotted) of inverse problem
(8.10) for designs Dy, generated by three different sampling strategies: EKS (blue), CBS
(orange) sampling, as well as repeated random sampling from the initial normal distri-
bution (green), without (left panel) and with (right panel) greedy mechanism. All three
sampling methods share the same initial configuration.

measures cost function convexity. Similar rejection mechanisms are well established and
have been successfully implemented to improve certain quantities of samplers, for instance
to remove the bias in MCMC samples by adding an additional Metropolis-Hastings step

[ J

For the purpose of this work, we choose another criterion that evaluates convexity of the
down-sampled cost function, and update the sample only if the newly proposed sample
improves local convexity, measured for instance in terms of the minimum eigenvalue or the
conditioning of the Gauss-Newton Hessian - in analogy to the E- or K- optimality criteria
of optimal experimental design in Section 2.5. Numerical examples show that this minimal
additional effort significantly improves the convexity of the down-sampled cost function,
up to a degree where it even exceeds the full data setting in Figures 8.5, 8.6 and 8.9.

This mechanism can be regarded an early stopping mechanism for the sampling algo-
rithm at favourable configurations, to cope with the oscillations in the eigenvalue structure
introduced by the random samplers, as observed in Figure 8.1.

8.3. Application to the Schrodinger Potential Reconstruction

The performance of our method will be demonstrated on a specific example: the inverse
problem of reconstructing a non negative potential p € C°(X) from pointwise evaluations

of the solution u,, to the steady state Schrodinger equation on the quadratic spatial domain
X = (~1,1)2 Cc R%
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8.3. Application to the Schrodinger Potential Reconstruction

(A +plu, =~ forzeX, (8.9)
up, =0 onz € 0X.

Vanishing boundary conditions and a constant source term v = 10* complement the PDE.

The large size of v is chosen to facilitate readability of subsequent values, and smoothness

of p is chosen for convenience.

This model describes diffusion of a density u, and decay according to a (reaction)
rate, given by the potential p. The source term corresponds to a continuous injection of
mass into the system. The model belongs to the broad class of reaction diffusion models
that describe various phenomena, for instance the chemical concentration dynamics in a
chemical reaction process | ], the spread of diseases [ ], or the propagation of a
population density, e.g. of bacteria, under reproduction and death [ ], each of which
attains its own interpretation for the parameter p.

Existence of a unique solution u, € C°(X) to (8.9) that is positive u, > 0 in X follows
from standard elliptic theory [ , ]. Details are placed in Proposition A.2.2 in
Appendix A.2.

The inverse problem thus reads

find p € A, such that Fo(p) == up(z) =y(xz) forallze D, (8.10)

where the design D C X collects all locations at which wu,, is tested, and A, denotes the
chosen admissible set.

Lemma 8.8. The inverse problem (8.10) is structurally identifiable, even for large admis-

sible sets such as A, = C°(X).

Proof. If u, can be observed on the full domain, i.e. D = X, then its derivatives can

y+Aup
Up

be built and p can be reconstructed point wise by the simple formula p = , where

positivity of u, holds according to Proposition A.2.2. O

Challenges arise when only a finite number of measurements of u, are available, in which
case only a finite dimensional parameter can be expected to be recovered, as suggested for
instance by Proposition 2.13. Naturally, the choice of measurement locations determines
identifiability: measurements on the boundary where u, = 0, for instance, do not carry
any information on p. The goal in this section is thus to find good measurement locations
for a prescribed form of the admissible set.

Parameter discretization. Given a finite set of smooth basis functions {b, : X — R}?;&,
the admissible set for the parameter p collects their linear combinations that attain non
negative values on X

0-1
A, = {p X >Ry, z= (wl) — p(x) = qubq(xl,xg) for some p, € R}.

T2 =0
(8.11)
In numerical experiments, this basis will be fixed to
-1
{bg1 g2 (z1, 22) = cos(qimz1) cos(qzﬂ'xg)}ﬁ?:o . (8.12)
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Experimental Setup. Noise free data {y(x) = F,(p«) = up, (x)}zep shall be considered
that was generated by a ground truth parameter p, € A,, reflecting Assumption (Al).

The selection of a suitable design then translates to defining the number L = |Dy| and
locations Dy, C X of sensors to be placed in the domain, with the goal to obtain a locally
strongly convex associated cost function.

Space Discretization. The solution to (8.9) will be accessed on an equidistant Cartesian
grid X = {x,,n = 1,..., (N + 1)}, where N, cells are placed in every direction.

Full Measurement Setup. Define the full data setup as pointwise measurements on all
interior vertices D™ = X\0X, which amounts to a total number of | D] = N = (N, —1)?
measurements. The cost function reads

cill(p) = % Z Jup(z) — y(@)|” .

e Dfull

Computation of J;. Application of sampling algorithms, such as the EKS or the CBS,
require evaluation of the negative log density ®(2) = — log(||Jz||3) of 5 from (8.4), which
in turn amounts in computing the gradient J; = V,F;(p«) = Vpup, (2) at different & € X.
An adjoint gradient method, as spelled out in Section 8.5, provides an efficient approach
that computes the ¢-th entry of the gradient as

[Jfﬂ]q = 8pqup* () = <95c,bqup*>L2(X)a

where g; solves the adjoint equation corresponding to point wise measurement at location
zTeX

—Ag; +pgz = —0; in X, and gi; =0 on0X. (8.13)

The singularity in the source reflects the singular point wise measurement of w,. It reduces
regularity of solutions and requires introduction of a new solution concept. Existence of
solutions g; € L'(X) to (8.13) in the sense of Definition A.2.3 is established in Proposi-
tion A.2.4 in Appendix A.2.

Numerically, the forward and the adjoint Schrodinger equation (8.9) and (8.13) will
both be solved by a finite element method with nodal basis defined on the equidistant
Cartesian grid X. More details are provided in Appendix C.2.

8.3.1. Importance Sampling Distributions.

The optimal sampling distribution ji = N ' describes good positions for the sensors. It
will be investigated numerically numerically, by plotting it on a fine discretization of the
spatial domain X. In the four subsequent examples, the dimension of the parameter is
fixed to @ = 9, and the parameter values (g, g)q1,02=0,1,2 that characterize the chosen
ground truth parameters corresponding to the basis (8.12) are displayed in Table 8.1.
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8.3. Application to the Schrodinger Potential Reconstruction

Figure 8.2 demonstrates that the optimal sampling distribution f admits significant
dependence on the underlying ground truth parameter. Qualitative differences in the
shapes of the sampling distributions are clearly observable.

System | ground truth parameter System | ground truth parameter
13.6 10 10 11 8889 7.778

A pi=110 10 10 C p{ = [ 6.667 5.556 4.444
10 10 10 3.333 2.222 1.111
5.856 0.103 3.168 10 0 0

B pB =]3.7441 2493 1.124 B pE=10 0 0
0.9902 3.803 0.846 0 00

Table 8.1.: Scenarios under which the optimal sampling strategy fi is studied. The (¢, j)
entry of the matrix encodes the coefficient p; ;.

Potential p. Potential p. Potential p. Potential p.
105 24 56
90 21 48
75 12 05 40
60 32
12 < 0.0
45 9 24
30 6 —05 16
15 3 8
0 0 0
-0.5 0.0 05 -0.5 0.0 05
X1 X1
H 0.0028 H 0.0032 H 0.0032 H
0.0024 0.0028 0.0028
0.0020 0.5 0.0024 0.5 0.0024 0.5
0.0020 0.0020
0.0016
< 0.0 0.0016 ' 0.0 0.0016 ' 0.0
0.0012
: 0.0012 0.0012
0.0008 ¢ 0.0008 _gos5 0.0008 _o5
0.0004 0.0004 0.0004
0.0000 0.0000 0.0000
-0.5 0.0 0.5 -0.5 0.0 05 -0.5 0.0 0.5 -0.5 0.0 05
X1 X1 X1 X1

Figure 8.2.: Four different ground-truth media p, (top row), ordered alphabetically by

pd, pB p¢, pE

distribution i (bottom row).

from right to left, lead to four different corresponding optimal sampling

To test whether these qualitative differences originate from the qualitatively different
shape of the ground truth parameters p,, the latter are scaled by a scaling factor a €
{0.1,1,10} that varies their amplitude, and the respective fi landscapes are plotted in
Figure 8.3. Even under the same qualitative shape of p,, the sampling distribution f
varies significantly. It is striking that [ is more centered in the middle of the domain when
Py« values are small, whereas interesting patterns, also reaching towards the boundaries,
evolve for large scaling values.

139

10

0.0056
0.0048
0.0040
0.0032
0.0024
0.0016
0.0008
0.0000



8. Experimental Design through Sampling

[ under 10p¢

{1 under p<

[ under 0.1p¢

0.0040 0.0032
0.0035 0.0028
0.5 0.0030 0.5 0.0024 0.5
0.0025 0.0020
< 0.0 0.0020 ' 0.0 0.0016 ' 0.0
0.0015 0.0012
05 0.0010 ~05 0.0008 -05
0.0005 0.0004
0.0000 0.0000
-05 0.0 0.5 -05 0.0 0.5 -05 0.0 0.5
X1 X1 X1
(a) System C.
1 under 0.1pE 1 under pE (1 under 10pE
H P 0.0056 H P 0.0056 H P
0.0048 0.0048
05 0.0040 05 0.0040 05
0.0032 0.0032
< 0.0 2 0.0 2 0.0
x 0.0024 X% 0.0024 X%
_05 0.0016 _05 0.0016 _05
0.0008 0.0008
0.0000 0.0000
-05 0.0 0.5 -05 0.0 0.5 -05 0.0 0.5
X1 X1 X1

(b) System E.

Figure 8.3.: Optimal sampling distributions f for scaled ground truth parameters ap, with
a = 0.1 (left), & = 1 (center) and o = 10 (right), where the ground truth parameters p,
from System C and E from Table 8.1 are taken.

8.3.2. Effect of Sampling

In the following, we deploy the thus developed design sampling strategy for the recovery of
good sensor locations in the inverse Schréodinger potential reconstruction (8.10) as a proof
of concept. Local convexity of the respective cost landscapes will be examined through the
minimal eigenvalue of the Gauss-Newton Hessian, as well as its inverse condition number

cinv(H) = f\‘z;i((g)) As an updating criterion for the greedy strategy, we chose an increase

in the minimum eigenvalue.

Effect on Sensor Locations and Hessian Eigenvalues. To study the effect of sampling
of the sensor locations, from now on, the ground truth parameter of system C in Table 8.1
will be fixed. The numerical discretization is set to N, = 30 cells in each direction.

The starting point is marked in Figure 8.4: the red dots mark all N = (N, — 1)? = 841
sensor locations in the full data design D!, against the optimal sampling distribution /i

in the background. The minimal eigenvalue of the Gauss Newton Hessian in this setting is

full

min = 0.8 > 0 and the inverse condition number is 8.18 - 104, indicating

strictly positive A
that the problem is locally strongly convex. Given that Q = 9, it can be suspected that
not all N = 841 sensor locations are required, and our down-sampling strategy shall be
applied to find a representative subset, for which we allow only L = 18 = 2@ sensor
locations.

An initial guess Dil%it of narrowly centred, normally distributed sensor locations in X
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Full data design
=0.8, clul' = 8.18e-04

inv. —

Aful
guic 0.0032

0.0028
0.5 0.0024
0.0020
0.0016
0.0012
—05 0.0008
0.0004

0.0000

-0.5 0.0 0.5

Figure 8.4.: Full Data Design D™': Measurement locations (red dots) are located in all
grid points. The optimal importance sampling distribution f is drawn in the background.

performs poorly, as the minimal eigenvalue and the inverse conditioning of Gauss Newton
Hessian degrade to 1.29 - 10~% and 1.26 - 1077, respectively.

Running greedy versions of the EKS in | | and the CBS from | |, as de-
scribed in Sections 2.3.1, 8.2.4 and 8.2.5, to sample from the optimal sampling distribution
i1, instead, demonstrates the potential of our method to significantly improve this initial
sample: after running 25 iterations, the sensor location sample has moved around the do-
main and the suggested locations are shown in Figure 8.5. This leads to an increase in the
minimum eigenvalue and the conditioning of the corresponding Gauss Newton Hessians
to AEES = 0.99 and ¢ZKS = 1.12- 1073 and \9P5 = 1.63 and (P = 1.75- 1073, where

min min
the superscript denotes the sampling method.

Both methods are compared to a repeated greedy sampling strategy w.r.t. the initial
guess distribution, to observe the influence the importance sampling distribution f. This
strategy, though improving convexity up to a minimum eigenvalue and conditioning of the
Hessian of )\ﬁﬁld =1.83-1072 and cfgf,‘d = 1.92-1075, clearly falls behind the performance
of EKS and CBS, which confirms that the narrow centered Gaussian is not a good ap-
proximation to the importance sampling distribution g as depicted in the background of
Figure 8.5.

It is remarkable that the minimum eigenvalue, as well as the inverse condition number
for the down-sampled Hessian, using our proposed strategy, even exceed that one of the
full dataset D', This indicates that a large number of data might in fact hide more
important data points and dilute the information on the parameter, hence diminishing
the convexity of the cost landscape. Moreover, a better conditioning typically comes
along with improved stability properties.

The evolution of the minimal eigenvalue, and the Hessian approximation error along
the sampling iterations follows the behaviour in the right panel of Figure 8.1, that in
fact originated from this setting (under an increased number of iterations). The resulting
convexity measures of all considered designs are summarized in Table 8.2.
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- Initial design nprmal random design: normal
Alnit =1.29e-04, ¢nt=1.26e-07 0.0032 Aland =1 83e-02, clad= 1.92e-0£‘6_0032
0.0028 0.0028
0.5 0.0024 0.5 0.0024
0.0020 0.0020
< 0.0 0.0016 < 0.0 0.0016
0.0012 0.0012
—05 0.0008 —05 0.0008
0.0004 0.0004
-0.5 0.0 0.5 00000 -0.5 0.0 0.5 00000
X1 X1
EKS design CBS design
AEKS =0.99, cES=1.12e-03 ASBS =163, ctBS =1.75e-03

0.5

-0.5

-0.5 0.0 0.5
X1

0.0032 0.0032
0.0028 0.0028
0.0024 0.5 0.0024
0.0020 0.0020
0.0016 < 0.0 0.0016
0.0012 0.0012
0.0008 _05 0.0008
0.0004 0.0004
0.0000 o5 00 05 0.0000
X1

Figure 8.5.: Different designs and the convexity measures of their cost functions: sensor
locations are depicted by red markers on the optimal sampling distribution in the back-
ground. Considered designs are the normally distributed initial guess (upper left panel),
a greedy repeated sampling from this initial distribution (upper right), and the EKS and
CBS samples from fi (lower left and right), each after 25 iterations.

Design D Amin Cinv

full data D! 0.8 8.18-10*
normal initial guess 1.29-107* 1.26-1077
EKS sample 0.99 1.12-1073
CBS sample 1.63 1.75-1073
greedy normal sampling 1.83-1072 1.92-107°
uniform initial guess 1.17 1.24-1073
EKS sample 2.34 2.54-1073
CBS sample 2.41 2.1-1073

greedy normal sampling 2.73 3.07-1073

Table 8.2.: Comparison of convexity measures of the cost function landscape associated to
different designs. Rows below an initial guess refer to sampling starting from this initial
guess.
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Interestingly, in this scenario, uniformly distributed sensor locations, as depicted in Fig-
ure 8.6, already perform very well: the initial guess attains a minimum Hessian eigenvalue
of At = 1.17 and a conditioning of c¢Pi® = 1.24-1073. This can be anticipated, observing
that the optimal importance sampling distribution ji is bounded from above by 0.0031.
Comparing the value to a uniform distribution % ~ 0.0012, then a choice of § = 0.383 in
(8.8) shows that the uniform distribution is a good approximation to [, potentially even a
better one than the approximation generated by the EKS and CBS under a poorly chosen
initial distribution and a non-Gaussian target. Starting from this uniform initial guess, a
greedy sampling with the EKS and CBS from i, and repeated uniform sampling for 25
iterations further improve the minimum Hessian eigenvalue to 2.34, 2.41 and 2.73, and

inverse condition numbers 2.54 - 1073, 2.66 - 10~2 and 3.07 - 1073, respectively.

Initial design uniform random design: uniform
Anit=1.17, clnit=1.24e-03 0,005 Aland =273, cfand = 3.07e-03 0.0052
0.0028 0.0028
0.5 0.0024 0.5 0.0024
0.0020 0.0020
< 0.0 0.0016 < 0.0 0.0016
0.0012 0.0012
-0.5 0.0008 —0.5 0.0008
0.0004 0.0004
-0.5 0.0 0.5 0:0000 -0.5 0.0 0.5 00000
X1 X1
EKS design CBS design
AEKS =2 34, cEKS =2.54e-03 0.0032 ASBS =241, ctBS =2.66e-03 0.0032
0.0028 0.0028
0.5 0.0024 0.5 0.0024
0.0020 0.0020
< 0.0 0.0016 < 0.0 0.0016
0.0012 0.0012
05 0.0008 05 0.0008
0.0004 0.0004
-0.5 0.0 0.5 0.0000 -0.5 0.0 0.5 00000
X1 X1

Figure 8.6.: Convexity measures for cost functions, corresponding to four different designs,
whose sensor locations are depicted by red markers on the optimal sampling distribution
in the background: a uniformly distributed initial guess (upper left), and three designs
originating from greedy random sampling, either w.r.t. this initial distribution (upper
right), with the EKS (lower left) or the CBS (lower right) from /i, after 25 iterations each.

Effect on the Cost Function. In the previous paragraph, local convexity of the cost
function around the ground truth, and its improvement by the proposed design sampling
strategy, were explored by means of the minimum eigenvalue and the inverse conditioning
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of the Gauss Newton Hessian. In the following, this effect shall be visualized globally in
the parameter space. To plot the ()-dimensional cost function landscape, a reduced setting
with a two dimensional admissible set

A, ={p: X — Rg | p(z) = p1 cos(mz1) + pa cos(mxe) + 12}

shall be considered and the ground truth parameter is fixed to p,(x1,22) = 1cos(z1) +
10 cos(xz) + 12. Its profile as well as the corresponding optimal importance sampling
distribution fi are plotted in Figure 8.7. The different scaling of p, in x1 and x5 direction
leads to a stronger sensitivity of p, w.r.t. xo, which is also reflected in the sampling
probability.

Potential p. Sampling distribution fi

0.004

0.002

Figure 8.7.: Shape of the ground truth parameter p, (left) and the optimal importance
sampling distribution f (right) in the two-dimensional setting.

The cost function landscape under the full data design D as plotted in Figure 8.8,
which demonstrates global strong convexity. In analogy to previous examples, the con-
vexity is significantly reduced under an initial guess of L = 6 = 3 narrowly centred,
normally distributed sensor location, which expresses through flatness of the cost function
in one direction. An application of greedy greedy sampling from g with the EKS and
CBS clearly improves the global convexity of the cost landscape, as can be observed in
Figure 8.9. Repeated greedy random sampling with the initial distribution also improves
convexity a little, but fails to reach the full data configuration, and the flatness in the
diagonal direction can not fully be mitigated.

8.3.3. Extension to Controllable Source

With a second example, we leave the well observable setting of a fixed constant source term
10%, and instead consider a controllable function y(x) = yiz1 + Yox2 + 10, with additional
design parameter (v1,7v2) € [~2,2]?. By a slight abuse of notation, we identify the source
function y(z) with its parameters (y1,72) € [~2,2]? and denote both by 7. Then writing
u, for the solution to (8.9) under the respective source v, the inverse problem associated
to an experimental design D C [—2,2]? x X reads

findp e A, such that Fs(p) :==u)(z) =ys foralls=(y,z) € D, (8.14)

144



8.3. Application to the Schrodinger Potential Reconstruction
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Figure 8.8.: Cost function landscapes (upper row) for different sensor locations (lower row):
full data setup D™ (left) and normally distributed initial sensor locations Dt (right).

with admissible set A, as in (8.11), and where the data ys := up, (z) shall again be
generated by a ground truth parameter p,, that will be chosen as scenario C in Table 8.1.
Lemma 8.8 still provides structural identifiability of this inverse problem.

Choosing the same spatial discretization setting as previously, we can consider the full
data setting D! = [-2,2]2 x X\0X. Because accessing a large number of data with
many different values of v, each of which entailing a separate forward computation, is
computationally costly, the computation of ||.J||% shall be avoided. Instead, we base the
application of our sampling strategy on the unscaled sampling measure ji'(s) = ||Js||3.
This also means that the displayed minimal eigenvalues refer to a scaled version of the
cost function C(p) = ||.J | 52C(p), and the performance of designs can not be compared to
the unavailable full data setting.

Remark 8.9. Admittedly, this setting is somewhat exaggerated for the easy toy problem,
given that Lemma 8.8 already suggests that access to all spatial measurements for only one
source term y(x) = const > 0 is sufficient for the reconstruction. This additional model-
based insight shall not enter our construction of D! or the further sampling strategy,
assuming an agnostic access to the inverse problem, and instead demonstrate how the
algorithm can be applied, if H,C™"!(p,) is not available.

Figure 8.10 compares four designs and their convexity measures, where the source term
parameters 1, y2 are encoded as the colour and size of the dots, respectively, and their lo-
cation reflects the corresponding measurement location. The considered designs comprise:
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Figure 8.9.: Cost function landscapes (upper row) corresponding to different sensor loca-

tions, marked by red dots in front of the sampling distribution in the background (lower

row), that were obtained from sampling according to greedy EKS (left) or CBS (middle)

from i and greedy repeated normal sampling (right) with the right panel of Figure 8.8 as

initial setup.

e an initial guess of narrowly centered normally distributed sensor locations for ex-

periments with randomly uniformly chosen v € [-2,2]2.

It attains a very small

minimum eigenvalue and inverse condition number of the Gauss Newton Hessian,

compared to the other designs.

e a design derived from repeated greedy random sampling according to the initial guess

distribution, which improves both convexity measures by an order of 103, or

e designs obtained from sampling with the EKS or the CBS according to the measure

', which yields an improvement of convexity measures by five orders of magnitude,

compared to the initial guess. Noting that the scale invariant inverse conditioning of

the Hessian is then of the same order 1072 as for the full data Gauss Newton Hessian

for the fixed constant source term in the previous examples in Section 8.3.2, and

knowing that fixed constant source term knowledge is sufficient for reconstruction

by Lemma 8.8, this suggests that the found designs might already exhibit very similar

local cost function convexity properties, and thus reconstruction performance, as the

full data setting.

In total, 60 iterations were used for each sampling algorithm. The precise values of the
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8.4. Conclusion

convexity measures for these designs, as well as the same experiment with uniformly
distributed initial sensor locations are summarized in Table &.3.

Design D )\gin ciDnV

normal initial guess 2.95-107Y 3.27-107°
EKS sample 9.34-107% 1.24-1073
CBS sample 6.22-107* 8.4-107*
greedy normal sampling  4.02-107¢ 4.82-10°¢
uniform initial guess 4.06 -10~* 5.38-1074
EKS sample 1.6-107%  2.06-1073
CBS sample 9.18-107* 1.15-1073

greedy uniform sampling 2.06-1072 2.75-1073

Table 8.3.: Comparison of local convexity measures of the cost function landscapes under
different designs. Rows below an initial guess refer to sampling starting from this initial
configuration.

8.4. Conclusion

In this chapter, we proposed a mechanism to transition from a well identifiable parametrized
inverse problem with much more data than parameters to reconstruct, to a small data in-
verse problem, by leveraging a sampling strategy to select informative data points. A shift
of paradigm from searching an optimal experimental design to a sufficient one allows us to
change the methodology from optimization to sampling. By leveraging the Gauss-Newton
Hessian in a quadratic cost minimization framework as an indicator of identifiability, its
specific structure allows adopting a well-studied matrix sketching algorithm from RNLA
to propose an importance sampling distribution that selects experimental setups whose
data is particularly sensitive w.r.t. the parameter. Via extending RNLA results to infinite
dimensional quasimatrices, theoretical identifiability guarantees under high probability
can be stated. To execute sampling from the model-informed importance sampling dis-
tribution in applications, we propose Bayesian posterior sampling algorithms, if no easy
approximate distribution can be found, in combination with a greedy mechanism. This
strategy is applicable to a broad class of experimental design tasks in inverse problems,
and does not require deep model insight. Its power has been illustrated in numerical
examples for the Schrédinger potential reconstruction problem.

We expect that the performance of our method can be improved when introducing
advanced cooling schemes for hyperparameters or stopping rules for iterative samplers
instead of the heuristically chosen values in our example, or more advanced samplers, for
instance the polarized CBS | | which is able to cope with multi modal distributions.
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Initial guess normal random design: normal
init — init — random — random —
Amih=2.95e-09, ¢y =3.27e-09 Alh =4.02e-06, ¢ =4.82e-06
Y2 1.5 Y2 15
® - 165 « -1.65 10
0.5 1 ® 161 1.0 0.5 1 ° ® 161
o o © 0.5 ° ) '0. 0.5
< 0.07 : 00 ¢ < 0.0 00 <
‘e 0.5 °® @ ~0.5
~0.5- -1.0 -0.5 o © 10
-1.5 1s
-05 00 05 05 00 05
X1 X1
EKS design CBS design
EKS _ EKS _ CBS — CBS _
Agin =9.34e-04, Cinv. = 1.24e-ZQO3 Amin = 6.22e-04, Ciny. = 8.40e-04
[ ° Y2 -0.6
° [ ° 15 .20
0.5 ° 1.0 051 o . e 06 -0.8
® ) ® 1.0
) 0.5 [ ) ° -1
°
' 0.0 ° 00 £ & 00{ g ° -12 ¢
° ‘. -0.5 -1.4
—0.5 - Y2 -1.0 —0.5 - ° ¢ -1.6
o -157
® 176 o o -1.5 . -1.8
: . . -2.0 . : : -2.0
-05 0.0 0.5 -05 0.0 0.5
X1 X1

Figure 8.10.: Four different designs, with sensor locations given by the dot locations,
and 1,72 values encoded in colour and size of the dots, and their convexity measures:
normally distributed initial sensor location guess with uniformly distributed ~1, 72 (upper
left), greedy repeated sampling w.r.t. this distribution (upper right), greedy EKS (lower
left) and CBS (lower right) w.r.t. &/, after 60 iterations each.

The practical advantage of these methods should be evaluated while keeping in mind that
optimal sampling is not the main focus of this project, but rather improving the cost
function convexity.

A challenge in the application of our method to real inverse problems lies in the depen-
dence of the sampling distribution i on a usually unknown ground truth parameter p;.
Because this is a commonality among all experimental design tasks, several strategies have
been proposed to solve this problem | , , , ], as described in
Section 2.5, the easiest being to derive the design based on the MAP point. Alternatively,
designs are often based on a mean design criterion which is averaged over the parameter
space possibly weighted by a prior distribution, or on a constantly updated parameter
reconstruction in sequential optimal experimental design. We expect these strategies to
be transferable to our design sampling setting, and even see synergies between a greedy

sequential approach and the sampling algorithm: because sampling requires computation
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8.5. Derivation of the formula for Vyu,(z)

of the gradient J; = V,Fs(p4), anyways, performing one gradient descend parameter up-
date after each design iteration is basically for free and can readily be integrated in the
design process.

Additionally, the relation between our sampling approach and existing methods should
be further investigated, where we see similarities to

e classical optimization based design methods that utilize similar optimality criteria
as deployed in the greedy mechanism, which already adds a certain portion of opti-
mization to the method - for instance E- or K-optimality investigating the minimum
eigenvalue or conditioning, respectively,

e measure based optimal experimental design that seeks to optimize a sensor location
measure | ] which might be related to the transition from p to i = pu, and

e least squares preconditioning, as mentioned in Remark 8.5.

Furthermore, it is worth mentioning that measurement noise is naturally taken into
account in Bayesian optimal experimental design contexts, whereas an addition to our
context is more involved, and only intuitively suggested in the spirit of sensitivity analysis,
where a good cost function convexity leads to small confidence region for the parameter.
A detailed investigation is left to future work.

Finally, we hope that our strategy can help bridging the gap between inverse problem
theory, where structural identifiability analysis assumes access to the full input-to-output
map, and practical finite data implementation: after discretizing the parameter, the found
experimental design suggests which experiments shall be conducted for a successful recon-
struction. A combination with a parameter sketching idea, as adopted in [ ], might
yield the missing step from an infinite dimensional non-parametric to the finite dimensional
parametric admissible set to achieve an efficient sketching of the whole input-to-output
map. This approach could then be compared to the strategy proposed in [ ],
and complemented by a similar matrix completion step to further improve numerical re-
construction.

8.5. Derivation of the formula for V,u,()

Application of the EKS and CBS, as well as other sampling algorithms, requires computa-
tion of the log density ®(z) = —log(]|J;
Vpup, (). An adjoint based formula will be derived in the following, in analogy to the

2) = —log(||Vpup, (2)||13) and hence the gradient

proof of Lemma 5.5 in Section 5.3.1.

For a fixed & € X, the Lagrangian considers the measurement u,(Z) as a measurement
of a generic function u € C*°(X) at & under the constraint that v = u, solves (8.9). The
corresponding Lagrangian function can be defined as

L : A, x C%(X) x L'(X) = R, Li(pu, g) = w(&) + (9, —Au + pu — 7) 11(x), L (x)
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8. Experimental Design through Sampling

with Lagrange multiplier ¢ € L'(X), and where (-, )1 (x),z¢(x) denotes the duality
bracket on L'(X)xL*>(X). By (8.9), inserting u = u,, yields the measurement Lz (p, uy, g) =
up(&). The chain rule then shows

OL;
ou

Oy (2)
Opg

B 0L
p=p Ip, q

Oup

p=p 8pq
u=uz

p=p —5
u=up p=p

for arbitrary g € L'(X) and ¢ = 0,...,Q — 1, in particular for such g = § for which
0Lz /0u = 0. Using the parametric form of p according to (8.11), the partial derivative
then becomes

aup(i) 8L§: a<gvpu> azq’ pq/ <97 bqu> <g b u >
— = P— B 3 D 1 oo .
apq p=p apq up:_é; apq p:_’lff, apq up:_ﬁpﬁ L (X)’L (X)
9=4 9=g 9=4

In order to assemble the gradient according to the above formula, it remains to compute

g that satisfies
0

0= —L;
ou "
According to Definition A.2.3, the inner bracket vanishes for all u € C*(X), if § = gz

is the unique solution to the adjoint equation (8.13), with Proposition A.2.4 showing its

0

=3 [w(Z) + (g, —Au + pu)].

9=g

existence.
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Discussion

In inverse problems, reducing the amount of data, for instance when going over from the
theoretical input-to-output map to a practically feasible finite experimental design, is a
delicate business, and a careful selection of the ’important’ data, potentially combined
with a compatible injection of a-priori knowledge on the parameter to bridge the missing
information in the data, is necessary to sustain identifiability properties. The problem
is classically treated by first choosing a parametric form of the model parameter and
then applying methods of optimal experimental design [ , ] to find that
experimental design that minimizes uncertainty in the parameter reconstruction.

In this work, we laid out two further approaches to sustain sensitivity based identifi-
ability in the finite data setting, when the infinite data inverse problem is structurally
identifiable.

Relaxation of Theory Approach. The first approach implemented the full transition from
the non-parametric input-to-output map to the parametric finite experimental design, and
emphasized the benefits of a compatible construction of the parameter discretization in
the admissible set and the experimental design, as derived by a relaxation of a suitable
theoretical structural identifiability proof.

Such a proof was developed for the inverse problem related to the kinetic chemotaxis
model, where the tumbling kernel shall be reconstructed from macroscopic measurements.
Following the singular decomposition technique, a delicate construction of sequences of ex-
perimental designs allowed to directly read off the tumbling kernel from the measurement
and thus provided structural identifiability of a non-parametric tumbling kernel under ac-
cess to the full input-to-output map. The design injected singular initial data to trigger
the microscopic information in the system, which could then be tracked by a suitable sin-
gular short time measurement strategy, allowing the direct reading of the point evaluation
of the tumbling kernel evaluation from the respective measurement.

In order to transfer identifiability to the finite data setting, we leveraged this construc-
tion to build a suitable experimental setting, consisting of a compatible pair of a finite
dimensional admissible set, and a finite experimental design. Inspired by the point-wise
reconstruction of the tumbling kernel from the experimental design that becomes locally



9. Discussion

concentrated in the reconstruction point, we discretized the shape of K to a step function
in space and velocity, reducing it to a finite dimension. The point wise value K (z,v,v") to
be recovered was hence attained at a larger area, leaving more space for the experimental
setup to develop, and softening the requirement to reach the singular initial datum and
vanishing measurement time limit. Moreover, a similar strategy as deployed in the the-
oretical structural identifiability proof allowed us to analytically prove sensitivity based
identifiability for this design. Numerical examples quantified the sensitivity of this design
at a high level through the strong convexity of the corresponding quadratic cost function,
leading to fast and accurate reconstructions.

Despite the mathematical elegance in the unified treatment and methodology in both,
the non-parametric theoretical inverse problem, as well as the parametric finite data set-
ting, this approach, in general, suffers from the requirement for a constructive proof that
already indicates an experimental design construction. In many cases, this is out of reach.
We thus proposed another approach, which treats the model as a black box and requires
not further insight, and is thus applicable to generic parameter identification problems.

Sampling Approach. The sampling approach assumed that the parametric form of the
parameter to be inferred has been fixed beforehand, as adaptation to the model is not
possible without further insight. Then, being rooted in the sensitivity based identifiabi-
lity framework, local identifiability was expressed in terms of positivity or conditioning of
the Gauss-Newton Hessian of the quadratic cost function. Its matrix product structure
allowed utilizing a matrix sketching algorithm from RNLA to derive an importance sam-
pling distribution of the experimental setups, encoded as rows of the sensitivity matrix,
according to their sensitivity, and theoretical high probability guarantees on sensitivity
and conditioning of the Gauss-Newton Hessian of the thus down-sampled design under a
sufficiently high number of data carried over from RNLA theory. To realize sampling from
these non-standard distributions, we proposed Bayesian posterior samplers in combination
with a greedy strategy based on sensitivity measures, which proved very effective for of
sensor placement (and source design) problem for the Schrédinger potential reconstruction.

Conclusion. In summary, these two techniques both represent a perspective onto exper-
imental design construction that differs from optimal experimental design, as it relaxes
the objective of obtaining an optimal design to finding a sufficient design that provides
identifiability. Numerical experiments underline that both approaches describe viable al-
ternatives.

The first approach is in line with the wide-spread mentality to discretize a problem
as late as possible, and instead base theory and the setup of methods on the infinite
dimensional setting | , ]. This ensures that the finite parametric inverse problem
attains a reasonable limit, as the discretization becomes arbitrarily fine, and renders our
found design adaptive to the parameter discretization, at the cost of potentially very fine
measurement requirements. As mentioned before, this approach suffers from a lack of
availability of suitable theoretical results to be relaxed, and the derivation of constructive

proofs, if possible, may entail significant additional efforts | ].
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The second approach, instead, is applicable to a large class of inverse problems, in
particular those with non-constructive uniqueness proofs. It is closer to the optimal ex-
perimental design setting, as the parametric form is prescribed a priori, which allows an
efficient 'black box’ application. However, this hides the intricate balance between a pri-
ori information in the admissible set and the experimental design, which - if designed
compatibly as in the first approach - might yield even more powerful inversion settings.

Outlook. We see many possible directions for future research: a combination of the
design sampling strategy with a sketching of the parameter information, as proposed in
[ ], would lift the method to a sketching of the full infinite-to-infinite dimensional
input-to-output map for a non-parametric model parameter and could establishing the full
link between the theoretical non-parametric and the parametric finite data setting for this
approach. Because the design sketching depends on the sensitivity and thus on the chosen
parametric form of the model parameter, this might lead to automatic compatibility of
admissible set and experimental design. Executing the sampling and the derivation of
theoretical guarantees, however, can become very involved. We leave this for future work.
The resulting sketching mechanism can then be compared to the strategy proposed in
[ | for the electrical impedance tomography problem, and, as suggested in this
publication, be combined with a matrix completion algorithm to build the bridge back
from the finite setting to the non-parametric inverse problem and improve reconstruction.

A shortcoming of the thus presented methods is their dependence on the typically un-
known ground truth parameter - where independence of the found designs (1D) and (2D)
follows rather coincidentally from the transport nature of the model, and will in general
not hold for other types of models. For the sketching approach, well-established strategies
from optimal experimental design [ | can be applied to tackle this problem, whereas
it is obvious how to proceed in the model-based relaxation approach.

Undoubtedly, the numerical methods in this work leave room for further improvements:
the implementation of the sketching approach could benefit from samplers with better
capabilities to sample from multi modal distributions [ , |, improved criteria
for the greedy mechanism, or hyperparameter tuning might. On the other hand, conver-
gence of the reconstruction algorithms, even under weak convexity, can be improved when
more advanced optimization methods are invoked. However, referring back to Lanczos
[ |, even the most sophisticated methods cannot cure intrinsic ill-posedness of the
problem, suggesting that these methods can never replace experimental design to procure
an informative data.

In addition to that, it should be noted that both considered approaches did not take
measurement noise into account, but solely select designs according to their sensitivity.
Optimal experimental design, instead, naturally embeds measurement noise through its
consideration of uncertainty of the reconstruction as an objective. Nonetheless, sensitivity
is in some sense related to the robustness of the reconstruction against noise, for instance
by consideration of standard quadratic confidence intervals. Elaborating this connection
for the presented approaches might help understanding the relation of the design sampling
approach to the optimal experimental design methodology could reveal additional insight
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9. Discussion

into how stability is propagated to the finite dimensional setting under the 'relaxation of
theory’ approach.

Finally, we hope that experimental design - be it qualitative or optimal - will lead
to more interaction between the experimenters and mathematicians involved in inverse
problem solving, to disseminate a holistic perspective on inverse problems and instigate a
collaborative design process where a-priori parameter information and data information
is well balanced and takes measurement restrictions into account, to obtain meaningful
reconstructions of the parameters and gain deeper insight into the world that we are
surrounded by.
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Existence Theory

A.1. Existence Results for the Kinetic Chemotaxis Equation via
Semigroup Theory

This section provides existence theory of the forward and adjoint equations, through
application of semigroup theory. For a detailed introduction, the reader is referred to
[ , |. For both equations, the solution concept of mild solutions will be adopted.

Definition A.1.1 (Mild and classical solutions; [ ]). Consider the inhomogeneous
abstract Cauchy problem with initial data € X in a Banach space X and inhomogeneity
he LI([0,T}; X)

I~
—~
~
~
I

Au(t) + h(t) for t € [0,T], (ACP)

where the operator A : D(A) — X generates a strongly continuous semigroup S(t) : X —
X on X and is defined on D(A) := {z € X | Az € X'}. Then the function u € C°([0,T]; X)
defined by

u(t) :=S(t)x + /0 S(t — s)h(s)ds (A.1.1)

is called the (unique) mild solution to (IACP). If, additionally, z € D(A) and h €
Wh([0,T]; &), then u € C1([0,T]; X) N C°([0,T]; D(A)) is called a classical solution to
(1ACP).

Note that for classical solutions u, their derivatives appearing in the equation (iACP)
exist in X, whereas they might not be well-defined for mild solutions. The concept is
transferable to final value problems with negative in time propagation.



1. Existence Theory

A.1.1. Forward Problem Existence

Consider the kinetic initial value problem
Of+v-Vof =aLl(f)—of+h, for(t,z,v)el[0,T]xRIxV,

; (A.1.2)
ft=0,2,v) = ¢(z,v), for (z,v) € R* x V,

where a € {0,1} and £ and o are defined as in (3.1) for K € Ak as in (3.3). Let a source
term h and an initial condition ¢ be given.

In this section, the proof of existence of a solution to (A.1.2) is presented and it is shown
that the solution preserves positivity of initial data and source term. These results are
well-established in literature and can be found e.g. in | ) ]. Their derivation
by standard arguments is described in the following for sake of completeness.

A.1.1.1. Existence

The proof of existence is based on semigroup theory. Two decompositions of the full
differential operator A = —v -V — 0 + aL describing (A.1.2) will be used, defined by the
operators

T :ur —v-Vou—ou and L:u— L(u), and (A13)
T:u— —v-Vyu and Ko :ur— —ou+ al(u). o

The operators T, 7T : D(T) — X account for transport and transport with decay at rate

o, respectively. In contrast to that, the operators £, K, : X — X account for the gain due

to tumbling into the given velocity, and the overall effect of tumbling, respectively. The

first decomposition A = T + aL provides advantages for bounding the solution f, whereas

the second one A = T 4 K, is beneficial when the influence of the tumbling kernel K shall

be separated, as in Chapter 5.

Lemma A.1.2. Fiz 1 < p < oo and consider X := LP(R%x V). The operators (T,D(T)),
(T,D(T)) generate strongly continuous semigroups (T(t))¢>0, (T(t))i>0 on X defined by

T) : u(z,v) = u(z—uvt,v), and T(t):u(z,v)— e Jo o(@=vs,0) dsy(z—vt,v) (A.1.4

)
that are bounded || T(t)||, || T(#)|| < 1 in operator norm. The operator (A =T + aL,D(T))

generates a strongly continuous semigroup (Sqo(t))t>0 on X that is bounded by ||Sq(t)] <
604|V|0Kt.

Proof. The semigroup properties of T(t), T(¢f) and their boundedness by 1 are obvious.
Strong continuity translates from the dense subset C}(R%; LP(V)) to X. Furthermore,
they are generated by T, T by the difference quotient form of weak directional derivatives.
Linearity of the operator £ and its boundedness

1) = H [ Ko <oVilly = el < v
1%

X

by Jensen’s inequality then allow application of the bounded perturbation theorem | ,
Th. III.1.3] to see that T + oL generates a strongly continuous semigroup (Sq(t))¢>0 with
ISa(®)]] < eI, O
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1.1. Existence Results for the Kinetic Chemotaxis Equation via Semigroup Theory

Existence and boundedness of a mild solution to (A.1.2) in C°([0,T]; LP(R? x V)) im-
mediately follows by construction [ , Cor. 1V.7.6]

f(t):Sa(t)¢+/0 Sa(t — s)h(s) ds. (A.1.5)

In fact, this solution lives in C°([0, T]; L' N L=®°(R? x V)) under sufficiently regular data.

Corollary A.1.3 (Forward Existence). Let T > 0 and initial data ¢ € Y := L*NL>®°(R% x
V) and a source term h € L*([0,T);Y) be given. Then initial value problem (A.1.2) attains
a unique solution f € C°([0,T];Y) in the sense of (A.1.5), that is bounded by

1F@)ly < eelVicn (HéHy - uh<s>\yds) | (A.16)

If additional regularity of initial data ¢ € Dy(T):={u €Y |v-Vu €Y for a.a. v € R}
and source term h € WHL([0,T]; ) is given, then f is the classical solution of (A.1.2)
and attains additional regularity C1([0,T]; V) N CO([0,T]; Dy(T)).

Proof. Hélder’s inequality gives ||ull, < [Ju|ly and thus Y € LP(R¢x V) for all 1 < p < 0.
From the previous considerations it is clear that the mild LP(R% x V') solution f defined
in (A.1.5) satisfies the uniform bound

t
IF Ol o @asvy < VI glly +/0 VIO n(s) |y ds.

For p = 1 and as p — oo, this provides (A.1.6). Existence of a classical solution follows
similarly, by extending LP bounds to L. O

Because the semigroup (S, (t)) has no explicit form, it will be convenient in various
contexts to work with implicit forms of f in terms of T(¢) and T(¢). They originate as
fixed points of the source iteration maps

.8 :CO(0,TY) - C°0,T}:Y), ®w) =f,  and  B(u)=]
that maps u, respectively, to the mild solutions of

{@szf—i—lCa(u)—i-h, i {8tf:7'f+a£(u)+h,

f(t=10)=¢, f(t=0)=¢.

Lemma A.1.4 (Implicit forms of f, source iteration). In the setting of Corollary A.1.3,
f € C%0,T);Y) is the mild solution to (A.1.2), if and only if it satisfies one of the two
equivalent implicit forms

ft) = T(t)qb + /0 T(t —3)(h(s) + aL(f)(s))ds, or (A.1.7)

f&)=T{t)p+ /0 T(t—s)(h(s) + Kal(f)(s))ds. (A.1.8)

Moreover, f is the limit of any source iteration through ® and ® as defined above, i.e.

f=1limy 00 O™ (u) = limy, 00 (1) for any u € Y.
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Proof. =: This representation follows directly from semigroup theory and the fact that
the strongly continuous semigroup (Sa(t))icpo,7] of the sum A =T + aL of the generator

T of another strongly continuous semigroup (T(%))sefo,r) and a bounded linear operator
al can be expressed as

So(t)u = T(t)u + /0 T(t — 5)aL(Sa(s)u)ds

forue )| , Cor. II1.1.7]. Inserting this into (A.1.5) and using the linearity of T and
L and time independence of a.L to retrieve f in the argument of the operator £ yields the
representations (A.1.7). Formula (A.1.8) follows analogously by boundedness, linearity
and time independence of the operator ICy.

«<: Obviously f is a fixed point of ®, ® by (A.1.7)-(A.1.8) and thus satisfies (iIACP) in
a mild sense.

By proving that @ is a contraction in a suitable norm, Banach’s fixed point theorem
then guarantees that the fixed point is unique and every source iteration sequence (i’”(u))n
converges to f. Spell out

~ t ~
O:u— T(t)p+ /0 T(t —s)(h(s) + aL(u)(s)) ds,

and define - in analogy to [ ] - the weighted norm ||ully = [[e”*ul|co(o77,3) on
C°([0,T); ), and set A\ := 2||aL| = 2aCk|V|. By norm equivalence, the completeness
of C°([0,T};Y) w.r.t. || -y is inherited from || - [|co(o,r1,3)- Furthermore boundedness of
IT@)|| <1 and [|al| < 2 on Y follows from uniform in p boundedness of both operators
on LP (Rd x V') and provide the contraction property of P, as

ORI Sl — u)(s) ds

A

t
< sgpe”/o aCK]V|e)‘Se*’\SH(u—u’)(s)Hyds
1 t
< Sup/ A ds flu — |5
2 ¢ Jo
1
< Z|luw— 5.
< 2||U u'l|

The contraction property for ® is shown analogously.

A.1.1.2. Properties of f

Besides boundedness in (A.1.6), f also preserves non-negativity and compactness of the
spatial support of initial data ¢ and source term h. Intuitively, non-negativity of f makes
sense by its interpretation as the particle density and the fact that particles are only
transported, absorbed with a certain rate o, or produced by a positive source h and may
(a = 1) or may not (o = 0) reappear after a change of velocity. Because the evolution
of f is governed by a kinetic equation, the speed of propagation in space is finite - to be
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precise, it is 1 by choice of V = S?1. This means, that a compactly in  supported initial

condition evolves to a compactly in x supported density f, given that the source term h

does not introduce any non-compactly supported contributions.

Lemma A.1.5. Consider the setting of Corollary A.1.5.

a)

b)

Consider non-negative initial data ¢(z,v), h(t,z,v) > 0 for all t € [0,t],z € R4, v €
V.Then the solution f to (A.1.2) is non-negative f(t,z,v) >0 a.e.w. in R x V, for
all t € 10,T).

Equation (A.1.2) has constant speed of propagation 1.

In particular, let h be zero and consider ¢ that is compactly supported in x a.e. in
V, in the sense that there exists a compact subset S of R® such that for a.a. v € V
one has ¢(x,v) = 0 for all x € S¢. Then one has for a.a. v that f(t,z,v) = 0 for
all t € [0,T] and a.a. x with FEuclidean distance d(x,S) > t, i.e. f(t) has a compact
essential support in x, that is contained in the closed ball B(S,t) around S with radius
t, for every t € [0,T].

The proof follows the arguments of | | by source iteration.

Proof. By Lemma A.1.4, f is the pointwise a.e. limit of the source iteration (f(™), with
) = §(f(M) and starting value f(©) = 0.

a)

Because 'T'(t) sustains non-negativity of ¢ and h, one has

FO) = FO@) = fO @) = T(t)d + / t T(t—s)h(s)ds>0  aew. in R x V.
0

Because £(g) > 0 if g > 0 a.e.w. in R? x V, one iteratively obtains
t
(SO0 — fN (8@, 0) = a/ T(t—s)L(f™ = f)(s)ds > 0
0

which provides fV) = S°V o(f+) — f(M)y > 0. This translates to the f = limy f0V)

n=
by point wise convergence a.e.w. in x,v.

An induction shows that f((t,z,v) = 0 for a.e. v € V and all = with distance
d(x, S) > t. The assertion is clear for f(© = 0 and follows for all n € N from the
recursive definition of

FOD (2 0) = S(F) (¢, 2,0)
t —s
— e~ fot o(z—vs,w) ds(ﬁ(l‘ — vt, U) + / e~ fot U(z—vT),’U)O[L‘/(f(n))(s7 T — U(t _ S), ’U) ds.
0

For z € R¢ with d(ac,S) > t, then d(z — vt,S) > 0 and thus ¢(x — vt,v) = 0 for
a.a. v. Due to d(x —o(t —s), S) > s, the induction hypothesis yields for a.a. v’ that
f™ (s, —v(t —s),v") = 0, which shows £(f™)(s,z —v(t —s),v) =0 for all s < t. In
summary, this gives for a.e. v that f (”+1)(t, x,v) = 0 for these x, which concludes the
induction. The assertion follows again by point-wise a.e.w. in z,v convergence of f(™
to f.

O
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A.1.1.3. Regularity in K

Regularity of the solutions of PDEs to their coefficients is frequently encountered and
sometimes even included in the definition of well-posedness. In this section, it shall be
verified for the solution fx to (Ch)—(iCh), in order to prove Lemma 3.4 on twice continuous
differentiability. In fact, one can show that fx is smooth in K by further iteration of the
arguments in the proof. For the purposes of this work, however, C? is sufficient.

The desired regularity is established iteratively, starting with Lipschitz continuity of f.

Lemma A.1.6. The solution f to (Ch)—(iCh) is Lipschitz continuous w.r.t. K
I = Frlleqomcinpe®ixvy < CIK — Kl for K,K € Ak (A.1.9)
for some C' = C(T, Ck, |9l L1L(raxvy) independent of K, K.

Proof. Consider the difference f := [z — fx of two solutions to (Ch)—(iCh) corresponding
to two distinct tumbling kernel values K, K € Ag. This is a solution to the difference of
the PDEs and thus satisfies

Wf+v-Vof =Kr(f) +Ki_x(f) (A.1.10)

with vanishing initial condition. By regularity of fz in Proposition 3.3, the source
K5 (fz) belongs to L*(0,T; L' N L>(R? x V)), which allows application of the solution
bound in Corollary A.1.3 and boundedness of fz in (A.1.6) yields

t
1F) L anme iy < SVl /O 1K ke )8 Lo sy ds

<2 Ky — K|V 620K|V|tH@f’HleLoo(Rdxvy
]

Directional derivatives can be obtained as limits of difference quotients and their Lip-
schitz continuity provides continuous differentiability. In the following, an admissible
variation for a given K € Ag describes an n € L®(R? x V x V) such that K +en € Ax
for small enough € # 0.

Lemma A.1.7. The solution f to (Ch)-(iCh) is continuously differentiable w.r.t. K.
The directional derivatives 9, fx € C([0,T); L' N L>=(R? x V')) for admissible variations
n € L®R% x V x V) are solutions to the kinetic equations

000 f +v - Voo f = Kic (9, f) + Kn(fx), (A.1.11)
877-]£(t = O) = 07

they are Lipschitz continuous in K and bounded by

100 fx ()l L1nee raxyv) < 2’V|||7I||oo€2|V|CKttH¢||LlnLoo(Rde)- (A.1.12)
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Proof. Let n € L®(R% x V x V) be an admissible variation for the considered K € Ag.
Then by (A.1.10), the difference quotient &y f := e Y (frren — fi) satisfies

OO + v Vabof = Kic (05 1) + K(ficpen)

with vanishing initial condition. As ¢ — 0, the directional derivative 9, f of f in direction
n then satisfies (A.1.11). It is thus well defined in C°([0, T]; L' N L>®(R? x V)) and satisfies
the estimate (A.1.6) by regularity of the source K, (fx) € L*([0,T]; L' N L>®(R? x V)) and
Corollary A.1.3. Inserting the estimate (3.4) for fx then yields formula (A.1.12). Taking
the limit in the equation is a standard procedure. For sake of completeness, it is rigorously
justified once in the following: Define the difference f := 0y f — Oy f, then its propagation
is determined by the difference equation

at.f"" v - vxf: ’CK(f) + ICU(fK+ET] - fK)
Then Corollary A.1.3 shows that

t
Hf(t)HleLOO(Rde) < €|V|0Kt/0 1o (fE+en — fK)(S)HleLOO(]RdXV) ds

t
< G'V'Cm/o 2V nllooll (Frc4en — Fr) () L1npoe R xv) ds
< e2|V|[ln|f3, t VI,

where the Lipschitz continuity of f in K with Lipschitz constant C' from (A.1.9) was
applied in the last row. As e — 0, this shows that 67 f — 0, f, i.e. [ is directionally
differentiable in K.

Lipschitz continuity of the directional derivative is established in analogy to the proof
of Lemma A.1.6. O

Lemma A.1.8. The solution f to (Ch)—(iCh) is twice continuously differentiable w.r.t.
K and the second order directional derivatives are Lipschitz continuous in K.

Proof. Let 0, € L®°(R? x V x V) and K € Ak such that K 4 &(n + () € Ag for small
enough ¢ > 0. Similarly as in the proof of Lemma A.1.7, one obtains from consideration
of the difference quotient §z9, f = e YOy fryec + O frc), that the second order directional
derivative 5?,nf € C([0,T); L* N L>®(R? x V)) is the unique mild solution to the equation

atagmf tv- vl’agmf = ]CK(agmf) + K¢(Onf) + Ky (¢ f)-

Lipschitz continuity w.r.t. K follows analogously by Lipschitz continuity of 9, f and O f.

O
A.1.2. Adjoint Problem Existence
For the adjoint problem, consider the final value problem
—0g—v-Vyeg=—0g+al*(g)+ pu, for (t,z,v) € [0,T] x R x V,
1 g g (9) +n (t,z,v) €10, T] (A1.13)

gt = T,2,0) = ¥(a,v), for (z,v) € R x V.,
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where a € {0,1}, £*(g) := [}, K(z,v',v)g(t,z,v") dv' for some K € Ag and pu € L*([0,T]; X)
and ¢ € X with Banach space X := Ll(]Rd; L' N L>(V)).

Semigroup theory provides existence of mild solutions, in analogy to the results in
Subsection A.1.1.1.

Lemma A.1.9. The final value problem (A.1.13) with final data ¢ € X := L*(R% L' N
L>(V)) and source term pu € L*([0,T); X) attains a unique mild solution g € C°([0,T]; X)
that vs bounded by

T
lo(@lle < M (fple+ [ uto)lleds). (A1)
Furthermore, g coincides with the unique solutions in C°([0, T); X) of the implicit equations
T
g(t) =TT -t} + / T (s = t)(u(s) + K5(9(s))) ds, (A.1.15)
t
T
g(t) =TT —t)y + / T (s —t)(u(s) + aL*(g(s))) ds, (A.1.16)
t

with adjoint tumbling operator K := —o + aL* and the semigroups (T*(t))¢ and (T*(t));
on X corresponding to backward transport and backward transport with decay given by

T(t) : w(z,v) — u(z +ot,v), and T(t):u(z,v)—e — Jg ola+oro) Tz + vt v).

Proof. Through a transformation of variables t — T — t, x — —z, the final value problem
(A.1.13) can be transformed into an initial value problem of the form of (A.1.2)

—

OG+v-Vj=—3G+al*(§) + i

. A1.17
gt =0) =1, | )

where the notation k(t,z,v) := h(T —t, —z,v) is used for quantities in the forward trans-
port equation.! It then follows in analogy to Lemma A.1.2 and Corollary A.1.3, that the

full operator T + aL* generates a strongly continuous semigroup on LY(R%; LP(V)) that
is bounded in operator norm by e®I£*lIt = ¢CxlVIt for all p and thus (A.1.17) attains a
unique mild solution § € C([0,T]; L' (R%; LP(V))) that is uniformly in p bounded by

t
G001 oy < @€V <||¢||X ; /0 IIH(S)led8> .

An analogous argumentation as in Lemma A.1.4 shows that § € C([0,7]; X) and it solves

—

) = T+ [ T(t =90 + Ko@) s, and
i) = T+ [ Tt =9 + L @) ds

'n particular, it does not mean that the considered quantity is vector valued, as in other literature.
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-

where (T(t))e>0 and (T(¢))s>0 are given by (A.1.4) and denote the strongly continuous
semigrogps on X that are generated by the transport and transport with decay operators
Tand T :=T -3, respectively. Vice versa, any solution to either of these equation in
CY([0, T); X) coincides with the mild solution to (A.1.17) and is thus unique. Transforming
back to original variables yields (A.1.15) and the bound (A.1.14). O

By transforming (A.1.13) into (A.1.17), it is clear that g shares certain properties with
f, in particular the constant speed of propagation 1. Furthermore, g vanishes for times
bigger than the upper bound of the temporal support of p, if the final condition v vanishes.

Corollary A.1.10. Let g be the solution of (A.1.13) with = 0 and u € L'([0, T]; L*(R%; X))
with p(t) =0 for t € [b,T] for some 0 <b<T. Then g(t) =0 fort > b and

lg®)llx < VIO 1y 1y,

Proof. By (A.1.14), it follows that ¢(t) vanishes for ¢t > b and the bound on g¢(¢) for ¢ < b
follows by setting T' = b. O

A.2. Existence Results for the Stationary Schrodinger Equation
via Elliptic Theory

In this section, existence of solutions to the forward and adjoint Schrédinger equation (8.9)
and (8.13) is established through standard elliptic theory | , ]. Some attention
is required in the applications of standard results, given that the domain X = (—1,1)? is
not C'. In the following, consider the stationary PDE

—Au+pu=f inX =(-1,1) and u=0 on 0X, (A.2.1)

with non negative potential p € C°(X) and a source term f.

A.2.1. I? Data

If f € L?*(X), the weak formulation of (A.2.1) can be derived by testing with a test
function ¢ € HE(X) and application of integration by parts, assuming sufficient regularity
of the solution u:

(f, ¢>L2(X) = (—Au+ pu, ¢>L2(x) = (Vu, V¢>L2(x) + <U7p¢>L2(x) . (A.2.2)

Note that the boundary terms vanish due to ¢ = 0 on 0X. This formulation allows for
weaker regularity of solutions. Setting the solution space to H}, boundary conditions can
be taken into account.

Definition A.2.1. Let f € L?(X). A function u € H}(X) is called weak solution to
(A.2.1), if it satisfies (A.2.2) for all test functions ¢ € HZ(X).
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Existence of weak solutions to the forward Schrédinger equation (8.9) follows from
standard elliptic theory | , |. Higher regularity of the source and the parameter
then translate to the solution, turning weak solutions into a classical one, that satisfied
(A.2.1) point wise.

Proposition A.2.2. Let p € C°(X) be non negative and f € C*(X), then (A.2.1)
attains a unique solution u € C°(X). Moreover, if f > 0 is positive somewhere inside X,
then v > 0 in X.

A short proof, as can be found in | ], is included for sake of completeness.

Proof. Define the bilinear form B : H}(X) x H}(X) — R according to the RHS of (A.2.2)
by
Blu, ¢] = (Vu, V) 12 x) + (1, 0P) 2 xy -

It is continuous |B[u, ¢|| < max(1, HPHOO)HUHH(} ||¢||H(} and coercive due to non negativity
of p and Poincaré’s inequality | , Cor.9.19] [Ju||2, < C||Vul|?, for some C > 0, as

1 1
Bluu] = [Vul + Iypul}, > [ Vul% > § (nwniQ " Cnunia) > Blul

for § = min(1/2,1/(2C)) > 0. The Lax Milgram theorem | , Cor.5.8] hence provides
existence of a unique solution u € HE(X) to the weak formulation Blu,$] = (f, ®) L2(X)
of (A.2.1) in (A.2.2). Higher regularity u € C*°(X) then follows from Theorem 6.3.3 in
[ |, and positivity for positive f from the strong maximum principle, compare | ,
Thm. 6.4.4]. 0

A.2.2. Dirac Data

Regarding the adjoint Schrodinger equation (8.13), the singularity in the source term re-
quires a new solution concept. Following | |, we may introduce the following notion
of solutions to the Schrédinger equation with measure data, in the spirit of the Defini-
tion A.2.1 of weak solutions:

Definition A.2.3. Denote by M(X) the set of finite Borel measures on X. A function
u € L'(X) will be called a solution to (A.2.1) with measure valued data f € M(X), if it
satisfies

—/ ulA) d$+/ put) dz :/ df(x) (A.2.3)
X X X
for all continuous test functions ¢ € C. N W2°(X) that vanish on the boundary 0.X.

An adaptation of the proof of Proposition 3.2 in | | to the Schrodinger equation,
involving the additional potential term, shows existence of solutions to (8.13).

Proposition A.2.4. For every # € X, there exists a unique solution gz € L'(X) to (8.13)
in the sense of Definition A.2.3.
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Proof. Fix 2 € X. Through mollification, there exists a sequence (f,), C C°(X) that
converges weakly in the sense of measures to d; € M(X), i.e.

lim U fndr = / P diz(x) for all ¥ € C.(X),
with limy, oo || fallzrx)y = [102llmx)y = [02[(X) = 1, and thus || ful/z1(x) is bounded.
Denoting by g, the corresponding solution to (A.2.1) with source term f,, € C°(X) then
in analogy to Corollary 4.3 in | | one can show boundedness of g, in VVO1 (X)) by
| full L1 (x) for some ¢ € (1,2). The compact embedding of this Sobolev space in L' (X) by
the Rellich Kondrachov theorem | , Thm.6.2] allows us to extract a weakly convergent
subsequence (gy, )k, whose limit shall be denoted by g € L'(X). Together with weak
convergence of f,, — J; in the sense of measures, this ensures that the limit is a solution
to (8.13) in the sense of Definition A.2.3: For all ¢ € C, N W?>(X) one has

_/ gA¢dx+/ pgydx = lim <—/ gnkAdex+/ pgnkwdm>
X X k—o0 X X

= lim ( /X fnkqux> = /X oz ().

Uniqueness of g, and thus g = gz, then follows from uniqueness of the zero solution to
(A.2.1) with RHS f =0 € C*(X) according to Proposition A.2.2. O
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Transformations on the Sphere

This section collects several transformations and their characteristics that were used during
Chapter 4. In Appendix B.1, the stereographic projection is explained in more detail and
its Jacobi determinant is derived. Then, in Appendix B.2, the behaviour of transformation
7,0 as applied in the proof of Lemma 4.8 is investigated.

B.1. Stereographic projection

The stereographic projection Py is a well established tool from differential geometry [ ,

] that projects the sphere S™1\{N} in R? with exception of the north pole N =
(0,...,1)T, onto R4! bijectively for d = 2,3. Every point v = (vq,...,vq) € STI\{N}
is projected onto the unique intersection of the line through N and v, with the plane at
vqg = 0, as displayed in Figure B.1.1 in 2D.

Figure B.1.1.: Stereographic projection in 2D.

An explicit formula for Py in Cartesian coordinates reads

Py(v) = (14, ..., H=1)T.

The stereographic projection can also be defined for another point w € S% ! than the
north pole by setting Py, (v) = Py (Ryv) for v € ST\ {w}, where R,, is a fixed rotation
that maps w onto V.



2. Transformations on the Sphere

In Section 4.2, the stereographic projection is used to define closeness of points on
the sphere. A change of variables via P, requires its bijectivity and its absolute Jacobi
determinant.

Lemma B.1.1 (Stereographic Projection).

a) The stereographic projection Py, : ST "\{w} — R4 for a fived w € S is smooth and
2 _ 1+{ww)
"= =)

bijective. Its image has norm ||Py,(v) and its absolute Jacobi determinant

s given by
. 1
Jp, (v) = (1= (v, w))d1°

b) Its inverse Pyt : R — S4=1\{w} is smooth and reads Py (y) = Ryt - (Py (v))i)dy,
with

2y; _ o
P=1(y)), = Uittty t=1.d=1,
( N (v)i = —1+yd+.+y32_ i—d

I+yf+..4y2 |’

For \ € R it satisfies P, (\y) = —w + M (y) for some v*(y) € RY that is bounded
independently of X by ||v*(y)| < 2|yl

The proof of this lemma is an easy calculation exercise. It is displayed for the sake of
completeness.

Proof. Bijectivity follows from the existence of a well-defined inverse. Smoothness of P,
and its inverse is a result of smoothness of the entries, because the denominator cannot
vanish, as

(Rv)q = (Rv,N) = (Rv, Rw) = (v,w) # 1 (B.1.1)
for v € SN\ {w}.

a) Using R,v € S and thus Z?:l(va)? =1, as R is a rotation matrix and thus an
isometry, the formula for the norm of the image follows from (B.1.1)
d—1
(Ryv)? 1= (Ruv)} 1+ (n,w)
IPw ()= 7= = Tm o =TT
(1= (Rwv)a)* (1= (Rwv)a)? 11— (v,w)

i=1
To compute the absolute Jacobi determinant, we use polar or spherical coordinates.

e In 2D, a change to polar coordinates gives Py (¢) = (@) and therefore the

T—sin(¢)
polar coordinate Jacobi determinant
_ —sin(¢)(1 —sin(¢)) + cos*(¢) 1
O (¢) = (1= sin(9))? N0
and with the relation
; . 1
Jpy (v) dv = jpy (v()) do = ?2(@ do,

1
1—v2

one obtains jp, (v) =
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e In 3D, the relation

Jey (v) dv = jey (0(,0)) sin(0) d(¢, 0) = | det Dy g[Pn(v(¢, 0)]] d(¢,0)

describes the change of variables to spherical coordinates v(¢, ) =

(sin(#) cos(¢), sin(#) sin(¢), cos(#))T. With

. . . T
det Dy g[P (v(9,0)] = det Dy, [(“?”25;}2@7 ) }

— sin(#) sin(¢ _ é ) .
— det Slf(co)ss(e)( : 17(2?5((9)) o Sln(@) . Sln(G)
a )

cos(¢) sin(6 —sin - _ 2 _ 2
1(_¢():)os(0() ) l—cos(g;) (1 COS(G)) (1 U3(¢7 0))

one obtains jp, (v) = W

W for d € {2,3}. For the stereographic projection from

a general w € ST! one then has

In summary, jp, (v) =

70 (0) = | det(D[PN)(Ryv)Ry)| = | det(D[Px](Ryv)) det(Ry)| = jey (Ruv)
_ 1
- (1_(va)d)d71 ’

given that the determinant of a rotation matrix is £1. The given formula arises when
inserting (Rv)q = (v, w).

b) Using the explicit formula for ]P’:,Ll,in, one sees that
] T
-1 _ p—1 2y, —14A2 21;11 y7l2
P O0) = Ry ((1“‘2 i y?)i:l g1 W EL Y

T
- 2)\y; X254 1,2 A\

— RN 22y i=1 Y3 — w4+
w T\\este ), e + (),

by linearity of the inverse R of the rotation matrix R,, that maps w ++ N and thus
RY(N) = w. Moreover,

w
T
d—
fu)‘(y) — R-1 2y; A Y]
w N e? ) e

is bounded by 2|y|| independently of A, since R;;! is an isometry and thus
d—1

A2 — dy? OO ) D W 2
1P =3 Grsirae + woestter =~ tovstte < A

i=1
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2. Transformations on the Sphere

B.2. On the transformation 7"

In the d € {2, 3}-dimensional setting, let a constant ' > 0 as well asaw € S¥ ! and a € R
be given and consider the map T.* : [0,#] x S*™1 — RY (s,v) = a — s(v — w). It first
transforms the points by S : (s,v) — s(v —w) and afterwards applies a point reflection
at the origin and a shift by a. Obviously, all points (s,w) as well as all points (0,v) are
mapped to a. Excluding these points from the domain, however, one obtains an injective
map that maps inner points onto inner points. The behaviour of 7, is summarized by
the following lemma, and can be understood when considering Figure B.2.1 that focuses
on the first transformation S™.

Lemma B.2.1. Fizt' >0 and w € S* ! and a € RY.

a) For all ¢y € (0,t') and ¢y € (0,1), the map T* : U — S¥(U), (s,v) — a — s(v — w)
defined on U := [c1,t'] x {v € ST | (v,w) < 1—ca} is bijective with continuous inverse

la — z|)? a—=z

Ma—zwy| " <R

and absolute Jacobi determinant jyw(s,v) = s%71(1 — (v, w)).

T = ) = ). em@. B2y

b) Furthermore, let (3 = M\',) € (0,t') x STI\{w} be arbitrary with 1 > X\ > 0 and let
a=§w—w). If e, =&t for a ép < X and ca < M1 — (w,w)), then there exists a
p = pu(w,w, N, é1,c2) that does not depend on t' such that the ball B(0, ut') around the
origin with radius of order t' is contained in T (U).

—wt!

(a) Sliced annulus A. (b) Perturbation of U by S*.

Figure B.2.1.: Transformation S in 2D:

(a) For any point $w (red) in the interior of the sliced annulus A = {sv | (s,v) € U}
(gray), a neighbourhood in A in form of a slice of the annulus (yellow, dotted) can be
constructed as the area between the arches of two circles.

(b) In the image of U by S¥ (gray), each point in vs € A is translated by —ws. The image
of the yellow dotted slice of A (again yellow dotted) is bounded by the same arches of the
circles, whose centres are shifted in direction —w by the amount of the radius such that
they touch 0 at angle w. It contains the image S“(8§,w) (red) as an interior point, as well
as a ball around @ whose boundary is depicted by the red circle. The radius of the circle
can be chosen as a fixed fraction ut’.

174



2.2. On the transformation 7,"

Proof. a) The inverse (B.2.1) is well defined, since for every z = a — s(v — w) € T*(U),
the denominators are positive due to

| (a —z,w)| =s(1 = (v,w)) >c1(1 — (1 —c2)) =ciea >0, and
la — z||? = s%(2 — 2 (v, w)) > 2c¢3cy > 0.

This also assures continuity of {,w. Bijectivity thus follows from the existence of an
inverse. In order to compute the absolute Jacobi determinant j7w, in 3D a change to
spherical coordinates ¢, 6 with v(¢,8) = (sin 6 cos ¢, sin sin ¢, cos §)” yields

j%l (s,v)dsdv = j%l (s,0(¢,0))sin(0) dsd(¢,8) = |det Dy 40[7,"(s,v(9,0))]| ds d(¢,8),

where the Jacobi matrix of 7,*(s,v(¢,0)) w.r.t. s,,0 is given by

w) —sinfcos¢ ssinfsing —scosfcoso
Ds 40[7."(5,v(,0))] = | wy —sinfsing —ssinfcos¢p —scosfsing
w3 — cos 0 0 ssinf

and has determinant
det DS,QS,Q[EUJ(S? U(¢’ 9))] = —sin 082 </U(¢’ 9) - w, U(¢7 0)> = —sin 982(1 - (’U), U(¢7 9)>)
In 2D, polar coordinates v(¢) = (cos ¢, sin ¢) similarly give

G (s,v) ds dv = jF) (s, 0(¢)) ds dd = | det Dy [T (s, v(¢))]] ds dp
<w1 —cos¢ ssing )
det

wo —Sing —scos ¢

dsdo = s (v() — w,v(¢)) dsdo

— 5(1 - (w,0(¢)) ds d.

b) To prove the last assertion, let § = At’, 0, a, ¢; and c2 be as in the Lemma. Consider
an element z € B(0,ut") with p := min(d||la/t'|,d| (a/t', w) |, A(1 — (b, w)) — c2) for
some 1 > § > 0 such that

(1-9)% _ . (1+4)?
> A
110 - 1-6

—6)? 2 . .
Such § exists due to the monotone convergence of %, % to 1 and the restriction

<1

on ¢1. The definition of a shows that a/t’ is in fact independent of ¢’ and therefore, so
is . Our aim is now to show that the preimage of z by (,w is contained in U. Using

2||<|Z‘z>| = M’ and the (reverse) triangle inequality as well as the Cauchy-Schwartz
inequality, one has
_ -I? _ 2 2
C(z) = lo—2” o (el == > _Ual — pt) /
2[(a—z,w)| — 2(|{a,w) |+ [(z,w) [) — 2(| (@, w) | + pt')
2 _ 52 52
ST T
2| (a,w)| 1+ 146
2 "2 2 2
C(2) (lall + 11=1)) < _Ueal+p#)” ol A +0)7

~ 2, w) [ = [{zw) [) T 2(H @, w) [ = pt') T 2[{a,w)| 16
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Moreover, by definition of ¢,w in (B.2.1), it holds that

()2 =0 + 21w, 2=zl ey

’ =14 4|(w 7|| >‘2 (Sgn(( ’H ”>)_|_1> 1,

where sgn(x) denotes the sign of a quantity x. It is negative for the considered scalar
product, since

(a—z,w) = (a,w) — (z,w) <N —w,w) + pt’ =t (u— A1 — (b, w))) < —t'ey <0

by the Cauchy-Schwartz inequality and the definition of p. Finally, the above as well
as the bound ((z) < t' show

a2z —cot’
(w(z),w) = <w+ Ok >—1—|—<(1z)(w,a—z)<1+ 22— 11— .

This shows that (((2),w(2)) € U.
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Numerical Schemes for PDE Discretization

This chapter introduces numerical schemes to discretize the PDEs that we encountered
during the main part. For the kinetic equations, a simple finite difference scheme will be
laid out in Appendix C.1, whereas Appendix C.2 displays the finite element schemes that
were used for the elliptic stationary Schrédinger equation.

C.1. Finite Difference Schemes for Transport Equations

This section starts with a brief overview over the central concepts of accuracy, stability
and convergence for finite difference schemes. After motivating the derivation of the Lax
Wendroff scheme, the schemes for discretizing the forward and adjoint kinetic chemotaxis
equations (Ch) and (6.2) are derived. For more detailed introductions to numerics of
PDEs, the reader is referred to literature, for instance | , .

C.1.1. Review on Properties of Numerical Schemes.

Fundamental properties of numerical schemes are their capability to approximate the
original PDE, computability in the sense that errors do not propagate in an uncontrolled
fashion and make the solution explode, as well as the convergence of their solutions to the
PDE solution. In the following, denote the PDE by

Pu=0on (0,T] x X, (C.1.1)

for some spatial domain X C R? and let it be complemented by suitable initial and
boundary conditions. Finite difference schemes rely on a pointewise discretization of the
domain [0,7] x X.

Space-time Discretization. After grid sizes k > 0,7 > 0 for spatial and temporal domain
have been fixed, the computational domain [0, 7] x X of a space and time dependent PDE



3. Numerical Schemes for PDE Discretization

(C.1.1) can be discretized to T x X, where X := {X 2 x,,, = ”Z?:l mie; | m = (my;); € 79}
denotes a set of equidistant points in space, described by the linear combinations of unit
vectors e; € R? with entries (e;); = 1;(j), and the temporal equidistant grid T := {t" =
nt|ne{0,1,.., L] =N}}

One Step Schemes. In the following, denote by P,, the numerical one-step update
scheme u(t"*1) = P, ;u(t") defined on the space-time grid T x X with time step size 7 > 0
and spatial step size k > 0, corresponding to the PDE (C.1.1) with solution wu.

Accuracy. The order of accuracy of a numerical scheme measures how well it approxi-
mates the temporal update through the evolution equation, in relation to the time step
size T.

Definition C.1.1 (] , ]). Assume that u is smooth and define the local trun-
cation error as FE..(t,x) := u(HT’X);PT’”u(t’X).
consistent, if ||E, -(t)|| — 0 for all t € T in a suitable norm (typically the discrete L'(X)

or L?(X) norm) as 7,k — 0, and accurate of order p in time and ¢ in space, if for any

Then the numerical scheme is called

smooth solution u(t, x), corresponding to a compactly supported initial condition wug, one
has | E. +(t)|| = O(7P) + O(k?). Accurate schemes with orders p,q > 1 are consistent.

Stability. Numerical stability ensures that errors, introduces for instance by rounding
values to computer precision, do not accumulate over time in an uncontrolled fashion

which might eventually dominate the true behaviour of the solution. Through bounding

n

the operator norm of P},

one can ensured that errors, that have been introduced in the
initial condition and propagated by the scheme up to time t", stay bounded and the

computation does not diverge.

Definition C.1.2 (] , ). A numerical time update scheme P, is stable in a
stability region A, if for every time 7" > 0, there exists a constant Cr such [P} [ < Cr
for all n7 < T with 7,k € A, where || - || again refers to a suitable operator norm.

Convergence. Ideally, the numerical solution should converge to the true solution point
wise, as the grid size becomes arbitrarily small.

Definition C.1.3 (][ ]). A numerical scheme u(t"™!,x) = P, ,u(t" x) for the PDE
(C.1.1) is convergent, if the numerical solution u(t”, x,,) — u(t,z) for (t",xp) — (¢, )
and ug(xy,) — up(z) as 7,k — 0.

For finite difference schemes that are linear in the previous time solution, the above
properties are linked.

Theorem C.1.4 (Lax-Richtmyer Equivalence Theorem [ ). A consistent and linear
finite difference scheme corresponding to a well-posed initial value problem is convergent
if and only if it is stable.
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3.1. Finite Difference Schemes for Transport Equations

C.1.2. The Lax Wendroff Scheme

The Lax Wendroff scheme | ] is a second order finite difference scheme for the advec-
tion equation in R% with constant velocity v

ou+v-Vyu=0 with initial data u(t = 0) = up. (C.1.2)

It updates point values of the solution on the space grid, based on the Taylor approximation
2
u(t +7,2) = u(t, ) + TOult, ) + %&tu(t, )+ O(r%) (C.1.3)

for sufficiently regular u. Using (C.1.2), the time derivatives can be exchanged for spatial
derivatives

d d
Ou(t,x) = —v - Vyu = — Zm@miu, and  Ouu(t,z) = (—v - Vy)2u = Z ViV Oy U

i=1 ij=1

The spatial derivatives can then be approximated by centered finite differences according
to the Taylor expansion

Bxiu(t, z) = u(t,ac—l—nei)Q—Hu(t,ac—nei) + O(FL2) _. dgiu(t,a}) + O(RQ),
axixiu(ta l’) _ u(tztres)—2u(t,z)+u(tz—re;) + O(K)Q) —. g® u(t, .Z') + O(HQ), for i € {1’ ...,d},

K2 TiTi

6mizju(t, JJ) _ u(t,ac—l—/@(ei—i—e]-))—u(t,x—i—n(ei—e‘jz;;;g(t,a:—l—n(ej—ei))—&-u(t,x—m(eﬁ-e‘j)) + O(FLZ)

=t dy, u(t,z) + O(x?), for i # j.

If one considers points z = x € X and t = t” € T on the grid and neglects higher order
terms, then the computations involve only values of u on neighbouring grid points at the
previous time t™ to update to u(t" ! x). Inserting the approximations into (C.1.3) then
yields the Lax Wendroff time update formula for the point values on the grid

d 9 d
T LW
u(t™x) = u(t"x) - 7Y vidfu(t"x)+ 5 > vivjdf, u(t",x) = PRV, u(t", x),
i=1 i,j=1
(C.1.4)

where u denotes the numerical solution and PLY., : u(t™) — u(t"') the one step finite
difference update operator with velocity v. The scheme can be used to propagate an initial
condition ug(x) = ug(x) through the time grid to obtain the solution on every space time

grid point in T x X.

Properties of the Lax Wendroff Scheme. The above derivations show that the local
truncaiton error is or order 7 (u(t + 7) — PEY. u(t)) = O(k?) + O(72) in L?(X), because
the order of approximation of the spatial derivatives by finite differences holds uniformly
in x for sufficiently smooth and compactly supported u by Taylor’s theorem. An obvious
extension of the original proof by Lax and Wendroff | | in two space dimensions
provides stability of scheme (C.1.4) in general space dimension d and the Lax-Richtmyer

theorem provides convergence.
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3. Numerical Schemes for PDE Discretization

Lemma C.1.5 ([ ). The Lax Wendroff scheme (C.1.4) for the advection equation
(C.1.2) is consistent, second order accurate in space and time, and stable in the discrete
L2(X) norm if for T max; [v;| < d~%/2 in which case [PEV., || < 1. Fizing the ratio T = Ak
that satisfies the stability condition, the scheme is convergent for k — 0.

C.1.3. Finite Difference Schemes for the Forward and Adjoint Chemotaxis
Equations

In order to apply a Lax Wendroff type scheme to numerically compute solutions to the
forward and adjoint equations, a discretized velocity space is considered that turns the
kinetic PDEs into a system of coupled transport equations. Note that no discretization is
necessary in spatial dimension d = 1, with velocity space V' = {£1}, where the forward
and adjoint models (Ch), (6.2) can be regarded as a two-species model.

In higher dimensions d = 2 the choice of the admissible set AR in (5.28) proposes the
use of the discrete ordinate method (Sy) to discretize the velocity space V = S'.

Discrete Ordinates Velocity Discretization for d = 2. The discrete ordinate method is
based on a quadrature rule of the velocity integral, and the solution is only computed at
the quadrature velocities, and only those values of the tumbling kernel at the quadrature
velocities enter the further computation.

The method thus nicely aligns with the piecewise constant in velocity tumbling kernels
prescribed by AR: by choosing a simple quadrature rule based on an equidistant step
function representation of the integral in polar coordinates, the quadrature points can be
set to V.= {v; = (cos(27mj(Ny),sin(27j/Ny)) | j =0, ..., N, — 1}, the middle points of the
segments S; defined by the admissible set AP, and the coefficient values K correspond
to the values of K at the quadrature velocities v;, v;. Weights are uniformly set to |V'|/N,.

The method then exchanges every integral in v by the quadrature rule, and computes the
solution only in the quadrature points on V. This transforms (Ch), and analogously (6.2),
into a system of transport equations for the densities corresponding to the quadrature
velocities v that are coupled through the discretized tumbling operator on the right hand
side, and can be regarded as a multi-species model:

Of(t,x,v)+v-Vuf(t,z,v) :E‘\j‘ Z K(z,v,v)f(t,z,v') — K(z,v',v)f(t,x,v) (C.1.5)
Y vev

=K(f(t,x)), and

—0g(t,x,v) —v-Vgg(t,z,v) :|]‘\2| Z K(x,v',v)(g(t,z,v") — g(t,z,v)) (C.1.6)
1v EZ
-7 D4 (f) =yt ),
=0 1 5
:Z’C*(Q(t, x)) - Z Z(Ml(f) - yl)/“(tv x)v
=0
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3.1. Finite Difference Schemes for Transport Equations

where K, K* and M;(f) := fOT Jra ¥ Vi 1> ey f(tz, v (t, ) do dt describe the discrete ve-
locity forward and adjoint tumbhng operators and measurement operator, respectively.
Initial and final data f(t = 0,z,v) = ¢(x,v) and g(t =T, z,v) = 0 are defined point wise
in velocity.

Remark C.1.6. An alternative approach to discretize the velocity space is given by the
spherical harmonics (Py) method that works with an expansion of the function into finitely
many basis functions on the sphere. This non local discretization seems less suited for the
purpose of this work, given that a spherical harmonics expansion form of the locally
discretized tumbling kernel K € .prC would have to be constructed for the computation,
introducing an additional level of error. For more details on the Py and Sy methods, the
reader is referred to [ , , ].

Finite Difference Schemes for the Forward and Adjoint Equation. The Lax Wendroff
scheme can be extended to deal with the systems for velocity discretized forward and
adjoint equations (C.1.5) and (C.1.6). We propose a scheme that uses a Lax Wendroff dis-
cretization for the transport part and, for simplicity, treats the discrete tumbling operators
and source terms explicitly:

£(£" ) xw) = PRV (67, %, v) 4 7K (8) (67, 3, v) =: P E(E", x,v), (C.L.7)
g(t" " x,v) = P g(t",x,v) + TK* () (67, x,v) + Tm(t", x,v) = PXg(", x,v),
(C.1.8)

for all x € X, v € Vand n < N in the forward scheme (C.1.7) and n > 0 in the backward
adjoint scheme (C.1.8). The discretized source term reads m(t",x,v) = = >,_; L(M(f) —
y)pu(t™, x) where Mj(f) = TL‘;‘,U > nmj T(E", %m, V) (", %) now denotes the fully dis-

crete analogon to the measurement operator M;. Boundary conditions are neglected, as

computations will involve only compactly supported initial data, and the computational
domain can be chosen large enough such that its boundary will not be reached, according
to Lemma A.1.5. This yields consistent, stable and convergent schemes.

Proposition C.1.7. Let K € A, Then the proposed schemes (C.1.7), (C.1.8) to numer-
ically approximate the velocity discrete forward and adjoint chemotazis equation (C.1.5)
and (C.1.6) are accurate of order 1 in time and 2 in space, and therefore consistent in the
discrete L*(X x V) norm. Furthermore, they are stable for 7/ < d=3/2. If a ratio of T and
K that satisfies the constraint is fized, then they are convergent as k — 0.

Proof. The proof only refers to the forward scheme (C.1.7). The result for the adjoint
scheme (C.1.8) follows analogously.
Accuracy. For smooth f the Taylor theorem provides

f(t + T,X,V) - P%}Z (t,X,V) - T’C(f)(taxav)

:% O f(t,x,v) — JZIVZVJ 2ia; (6, %, ) +0(1?) 4+ O(K?)
= 2 (=0 VaK(f) + K(=0Vaf +K(£) + O(r%) + O(x?) = O(r) + O(s?),
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and thus consistency of the scheme. In the second to last line, a twofold application of
(Ch) showed

Ouf = —v-Va(0uf) + K(Osf) = (v- V)2 f —v - VoK(f) + K(—=v - Vof + K(f)).

Stability is given, because the scheme is derived from the Lax Wendroff scheme under
addition of a bounded in norm linear operator K with L?(X x V) operator norm ||| <
2Ck|V]] , Corollary 2.2.2]. In particular,

||(P$_h:m)n|| < HP hemHn < (1 +2CK|V|7_)TL < 62C’K\V|7—n < GQCK\V\T'

C.
T,K
Convergence is provided by the Lax-Richtmyer theorem. 0

One order of accuracy in time is lost in comparison to the Lax Wendroff scheme due to
the first order in time explicit treatment of the tumbling operator, as can be observed by
the fact that the tumbling part in the second order in time derivative is not taken care of.

C.2. Finite Element Scheme for the Stationary Schrodinger
Equation.

In the following, a Ritz-Galerkin method with nodal basis will be applied to discretize the
forward and adjoint Schrédinger equation (8.9) and (8.13). For an exhaustive introduction
to finite element methods, the reader is referred to standard literature, such as | ,

9y ) ]'

Weak formulation. The finite element approach is based on the weak formulations of
the equations that, in analogy to (A.2.2) and (A.2.3), read

(Vup, v¢>L2(X) + (pup, ¢>L2(X) = (7, ¢>L2(X) ) (C.2.1)
- <gi7) AQzZ)>L1()()7L<>O()() + <Pg;i, ¢>L1(X),L°°(X) == _1/1(1%) (022)

for test functions ¢ € H}(X) and ¢ € C. N W2 (X), where (-, ) L1(x),Lo(x) denotes the
LY(X), L>®(X) duality bracket.

Ritz Approximation. After choosing a finite set of basis elements {¢,}"_; of the solution
spaces Hj(X) and L'(X), the method then searches for the solution to the equation in
the finite dimensional subspace Vjy generated by this basis. This is achieved by expanding
the solutions u,(z) = 3, u™¢,(z), ga(z) = 3, g™, () and testing (C.2.1) and (C.2.2)
with ¢ = ¥ = ¢, respectively, which yields the linear system

Si=F,
Sj =G,
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3.2. Finite Element Scheme for the Stationary Schrédinger Equation.

where @ = (u™)M_; and g = (™), collect the coefficients of u, and gz, the stiff-
ness matrix S = (Smn)%,n:1 is given by Smn = (Vom, Vén) + (Dm, ¢n) - assuming
sufficient smoothness of the basis elements - and the loads are F = ({7, ¢m))N_, and
G = (—¢m(#))N_,. The linear systems can be solved by inverting S.

Accuracy. Cea’s lemma | , Thm.2.4.1] bounds the approximation error of the finite
element solutions u,, gz at order of the projection error of u € H(X), g, € L*(X) over
Vi, the subspace generated by the chosen basis, stating that accuracy of the scheme is

solely determined by the choice of the basis.

Choice of Basis. To ensure compatibility of the forward and adjoint computation in the
"first optimize, then discretize” setting, we use the same basis will be used for u, and g;.

A nodal basis will be deployed. It is based on a discretization of the computational space
(Nz+1)?
n=1

by an equidistant Cartesian grid X = {z,} with NV, € N cells in every direction and
a criss triangulation that connects the lower left vertex with the upper right one in every
grid cell. The nodal basis functions ¢,, for interior points x,, € X\ 0X are then defined as
the unique piece wise linear functions that attain values 1 in x,, and 0 in z,,, for m # n, i.e.
¢n(Tm) = Ly (m). Because boundary points are excluded due to the vanishing boundary
condition, N = (N, — 1)? basis functions are considered, and w.l.o.g. they are numbered

from 1 to N.

Computational aspects. Because computing the gradient V,u,(Z) requires repeated
solves of the adjoint equation, it makes sense to prepared the stiffness matrix beforehand
and store it. Analytic forms of the nodal basis elements can be leveraged.

If p changes, for instance due to updating through an adaptive version of the design
sampling method, certain parts of the p dependent stiffness matrix can still be pre-
computed: By the prescribed form of p € A, in (8.11), the scalar products in Sy, =
(Vm, Vén) + >, Pq (bgdm, ¢n) can be precomputed and the new stiffness matrix can be
reassembled through cheap matrix summation.
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Glossary of Abbreviations

a.a. almost all. 40, 61, 161, 163
a.e. almost every. 40, 163

a.e.w. almost everywhere. 19, 38, 40, 163
CBS Consensus Based Sampler. 1315, 136, 138, 141-144, 146-149

E.coli Escherichia coli. 36, 37, 43, 46, 48
e.g. for example. 5, 12, 17, 27, 28, 35, 37, 44, 46, 49, 53, 70, 84, 137, 160
e.t.c. et cetera. 36

EKS Ensemble Kalman Sampler. 13, 136, 138, 141-144, 146-149

FD finite difference. 25

FEM finite element. 25

i.e. that is. 2, 6-8, 10, 11, 13-17, 19-22, 29, 30, 40, 42, 47, 51, 60, 74, 79, 80, 82, 85, 87,
88, 92, 93, 105, 106, 116, 125, 131-133, 137, 161, 163, 165, 169, 183

i.i.d. independent and identically distributed. 13-15, 30, 41, 127, 129, 133, 134
IVP initial value problem. 40

LHS left-hand side. 38

MAP maximum a-posteriori point. 11, 15, 17, 30, 148

MCMC Markov Chain Monte Carlo. 12, 24, 25, 135, 136
ODE ordinary differential equation. 1, 18, 22-26, 54

PDE partial differential equation. 1, 2, 6, 7, 12, 20, 24-27, 31, 35, 38, 39, 42, 43, 50, 53,
55, 82, 103, 131, 135, 137, 164, 167, 177, 178, 180

PKS Patlak-Keller-Segel. 43, 44, 48, 49, 120
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RHS right-hand side. 15, 38, 39, 53, 129, 132, 134, 168, 169

RNLA Randomized Numerical Linear Algebra. 125, 126, 128, 147, 154
SDE stochastic differential equation. 13, 14, 28, 41-43, 48

w.l.o.g. without loss of generality. 89, 183

w.r.t. with respect to. 1, 3, 7, 8, 11-13, 18-21, 28, 50, 52, 70, 72-75, 79, 81, 91, 93-95
104, 110, 112, 120, 121, 131-133, 141, 143, 144, 147, 148, 162, 164, 165, 175
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