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:3(2"*."("8*#$2*+"1,;$-<

G H&)-%&0*-I?(%&$),*1$2-3*%;-*2E)(1&0,*$.*!"#$%"&'$"()#$.*5(8%&03-,

G J;&,*&,*%E5&0(33E*8-.-88-2*%$*(,*K)$)@-I?&3&L8&?1M*1$2-3&)4
− Equilibrium = hydrodynamics

G H&)-%&0*1$2-3,*(8-*&)%-8-,%&)4*&)*%;-&8*$9)*8&4;%N*L?%*(8-*(3,$*?,-.?3*.$8*
2-8&'&)4*I?()%&%&-,*O%8(),5$8%*0$-..&0&-)%,P*?,-2*&)*Q('&-8@R%$/-,N*-%0"

f = f(x, c, t)
<latexit sha1_base64="gco9u+PQAwuR569L0+M/fxJ35a8="></latexit><latexit sha1_base64="gco9u+PQAwuR569L0+M/fxJ35a8="></latexit><latexit sha1_base64="gco9u+PQAwuR569L0+M/fxJ35a8="></latexit><latexit sha1_base64="gco9u+PQAwuR569L0+M/fxJ35a8="></latexit>

@f

@t
+ c ·rxf + a ·rcf =

1

Kn

@f

@t

�����
coll

<latexit sha1_base64="HzrCVpLuElbqhsr9hzl/1GF1clA="></latexit><latexit sha1_base64="HzrCVpLuElbqhsr9hzl/1GF1clA="></latexit><latexit sha1_base64="HzrCVpLuElbqhsr9hzl/1GF1clA="></latexit><latexit sha1_base64="UYn7v+xbgHHuxq1xqMdYUm/1qE4="></latexit><latexit sha1_base64="IoyDrtwGeGG3uD0nsWnvgUFczrE="></latexit><latexit sha1_base64="IoyDrtwGeGG3uD0nsWnvgUFczrE="></latexit><latexit sha1_base64="y2ykzXjQKUs9V4tw/4+fNvnatRU="></latexit><latexit sha1_base64="HzrCVpLuElbqhsr9hzl/1GF1clA="></latexit><latexit sha1_base64="HzrCVpLuElbqhsr9hzl/1GF1clA="></latexit><latexit sha1_base64="HzrCVpLuElbqhsr9hzl/1GF1clA="></latexit><latexit sha1_base64="HzrCVpLuElbqhsr9hzl/1GF1clA="></latexit><latexit sha1_base64="HzrCVpLuElbqhsr9hzl/1GF1clA="></latexit><latexit sha1_base64="UYn7v+xbgHHuxq1xqMdYUm/1qE4="></latexit><latexit sha1_base64="IoyDrtwGeGG3uD0nsWnvgUFczrE="></latexit><latexit sha1_base64="IoyDrtwGeGG3uD0nsWnvgUFczrE="></latexit><latexit sha1_base64="y2ykzXjQKUs9V4tw/4+fNvnatRU="></latexit><latexit sha1_base64="HzrCVpLuElbqhsr9hzl/1GF1clA="></latexit><latexit sha1_base64="HzrCVpLuElbqhsr9hzl/1GF1clA="></latexit><latexit sha1_base64="HzrCVpLuElbqhsr9hzl/1GF1clA="></latexit><latexit sha1_base64="HzrCVpLuElbqhsr9hzl/1GF1clA="></latexit><latexit sha1_base64="HzrCVpLuElbqhsr9hzl/1GF1clA="></latexit><latexit sha1_base64="HzrCVpLuElbqhsr9hzl/1GF1clA="></latexit>

K n =
! mfp

l0
=

tmft

t0
<latexit sha1_base64="k5QZ2qkunpRy1mRqr5LC11rVDrw="></latexit><latexit sha1_base64="k5QZ2qkunpRy1mRqr5LC11rVDrw="></latexit><latexit sha1_base64="k5QZ2qkunpRy1mRqr5LC11rVDrw="></latexit><latexit sha1_base64="UYn7v+xbgHHuxq1xqMdYUm/1qE4="></latexit><latexit sha1_base64="OUJy68SqAFG4iSZM9uo5T47lq4s="></latexit><latexit sha1_base64="OUJy68SqAFG4iSZM9uo5T47lq4s="></latexit><latexit sha1_base64="HeLqPVjAsW1xD0bQ5zn1dULOtMc="></latexit><latexit sha1_base64="k5QZ2qkunpRy1mRqr5LC11rVDrw="></latexit><latexit sha1_base64="k5QZ2qkunpRy1mRqr5LC11rVDrw="></latexit><latexit sha1_base64="k5QZ2qkunpRy1mRqr5LC11rVDrw="></latexit><latexit sha1_base64="k5QZ2qkunpRy1mRqr5LC11rVDrw="></latexit><latexit sha1_base64="k5QZ2qkunpRy1mRqr5LC11rVDrw="></latexit><latexit sha1_base64="k5QZ2qkunpRy1mRqr5LC11rVDrw="></latexit>
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>*#$2*+"1,;$-*#&",5"/-(.1(."*.";,1*#(2$;"?@"23$"
A,88$' BC-(#+8"DACE",/$'(2,'

G B3(,1(*5;E,&0,*%-)2,*%$*(558$(0;*0$33&,&$),*.8$1*%;-*0$33&,&$)3-,,K,&2-M
− Focus is often more on e.g. E-field effects, waves, etc in dilute plasmas

G U,*E$?*&)%8$2?0-*0$33&,&$),*&)%$*E$?8*,E,%-1*%;-E*(8-*8-3(%&'-3E*9-(/

G U.%-8*(*J(E3$8*-F5(),&$)N*E$?*$L%(&)*(*)$)3&)-(8*0$33&,&$)*%-81V:

G U84?1-)%,*1(2-*L(,-2*$)*%;-*,1(33*()43-*,0(%%-8&)4*(,,?15%&$)*4&'-*E&-32*
%$*%;-*.$81?3(,*.$8*%;-*5(8(1-%-8,*&)*%;&,*1$2-3
− No additional kinetic models appear – they jump right to FP

G 7)0-*2-8&'-2N*&%*L-0(1-*%;-*K48$?)2*%8?%;M*.$8*53(,1(*5;E,&0,
− It works well in the regimes where it works well!

! f
! t

!
!
!
!
!
coll

= " ! v á[" F[f ]f + D[f ] á! v f ]
<latexit sha1_base64="pTyves2q0PI9pFWduR/R4jC/4iE="></latexit><latexit sha1_base64="pTyves2q0PI9pFWduR/R4jC/4iE="></latexit><latexit sha1_base64="pTyves2q0PI9pFWduR/R4jC/4iE="></latexit><latexit sha1_base64="XHg0QD3SL2dtlxQm3WEUIaIdzCU="></latexit><latexit sha1_base64="1mfE8DiZdx6x/CVEGpDsc0ADCyo="></latexit><latexit sha1_base64="1mfE8DiZdx6x/CVEGpDsc0ADCyo="></latexit><latexit sha1_base64="r4x/qI3mX8we5IWeq6kSHkxioCI="></latexit><latexit sha1_base64="pTyves2q0PI9pFWduR/R4jC/4iE="></latexit><latexit sha1_base64="pTyves2q0PI9pFWduR/R4jC/4iE="></latexit><latexit sha1_base64="pTyves2q0PI9pFWduR/R4jC/4iE="></latexit><latexit sha1_base64="pTyves2q0PI9pFWduR/R4jC/4iE="></latexit><latexit sha1_base64="pTyves2q0PI9pFWduR/R4jC/4iE="></latexit><latexit sha1_base64="XHg0QD3SL2dtlxQm3WEUIaIdzCU="></latexit><latexit sha1_base64="1mfE8DiZdx6x/CVEGpDsc0ADCyo="></latexit><latexit sha1_base64="1mfE8DiZdx6x/CVEGpDsc0ADCyo="></latexit><latexit sha1_base64="r4x/qI3mX8we5IWeq6kSHkxioCI="></latexit><latexit sha1_base64="pTyves2q0PI9pFWduR/R4jC/4iE="></latexit><latexit sha1_base64="pTyves2q0PI9pFWduR/R4jC/4iE="></latexit><latexit sha1_base64="pTyves2q0PI9pFWduR/R4jC/4iE="></latexit><latexit sha1_base64="pTyves2q0PI9pFWduR/R4jC/4iE="></latexit><latexit sha1_base64="pTyves2q0PI9pFWduR/R4jC/4iE="></latexit><latexit sha1_base64="pTyves2q0PI9pFWduR/R4jC/4iE="></latexit>
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G 7)0-*AB*L-0(1-*K48$?)2*%8?%;MN*&%*
L-0(1-*(553&-2*%$*1()E*,&%?(%&$),*
9;-8-*&%*1&4;%*)$%*L-*'(3&2

G W$9*%$*0;-0/*%;-*(,,?15%&$),X

G Y)*5(8%&0?3(8N*9;(%*-'-)*V&,V*%;-*
,1(33*()43-*,0(%%-8&)4*(,,?15%&$)X*
S;-)*2$-,*&%*L8-(/*2$9)X

G 75-)*QZ>*53(,1(*.$81?3(8EN*&%*
,(E,*AB*&,*K.&)-*.$8*[>*\*!]@6]M
− This is not typical for many kinetic 

plasmas where FP is used
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=3$"J,7-,1?"K,&('*231"*."("+(2+3 B(--"5(+2,'"7.$;"*#"
23$"AC",/$'(2,'

G R$*9;(%*&,*%;&,*[$?3$1L*>$4(8&%;1N*()2*9;-8-*2$-,*&%*(55-(8X

! CDE";;#$D&"F0(&;"50&2#50$;#"$,E&/"$;%,$%;&*0(0G

G J;&,*58-.(0%$8&,*3(84-*.$8*!"#$%&'(")$'*+,#-$.+%/0%/

G J;-8-*(8-*,$1-*&,,?-,*9&%;*%;&,*2-.&)&%&$)*&.*E$?*%;&)/*.$8*(*1&)?%-
− E.g. can go negative, for one

G R--*^-8&0/-N*#?8&33$N*R0;3()4-, OB;E,*Z-'*_N*6]]6P*.$8*1$8-*[>*2-%(&3,*
%;()*E$?*0()*,;(/-*(*,%&0/*(%

G J;-,-*.&F?5,*(8-*1$,%3E*0$,1-%&0*;$9-'-8* + &.*E$?*(,/*%;-*(?%;$8,*OY*;('-P*
%;-E*9&33*%-33*E$?*%;(%*%;&,*&,*`?,%*(*L()2@(&2*%$*%8E*%$*-F%-)2*(*1$2-3*&)*()*
(8-(*%;(%*E$?*,;$?32)M%*-F%-)2*&%"

! ! log(" ! 1/ 2T3/ 2)
<latexit sha1_base64="Llb7axtO2yR8MsrdlG5/lJMBeuM="></latexit><latexit sha1_base64="Llb7axtO2yR8MsrdlG5/lJMBeuM="></latexit><latexit sha1_base64="Llb7axtO2yR8MsrdlG5/lJMBeuM="></latexit><latexit sha1_base64="XHg0QD3SL2dtlxQm3WEUIaIdzCU="></latexit><latexit sha1_base64="Ifh2uOHTwQv2hlvFL1Nx79I/S6k="></latexit><latexit sha1_base64="Ifh2uOHTwQv2hlvFL1Nx79I/S6k="></latexit><latexit sha1_base64="MwllB2Ff4MvSRGIer3n/89KwLCc="></latexit><latexit sha1_base64="Llb7axtO2yR8MsrdlG5/lJMBeuM="></latexit><latexit sha1_base64="Llb7axtO2yR8MsrdlG5/lJMBeuM="></latexit><latexit sha1_base64="Llb7axtO2yR8MsrdlG5/lJMBeuM="></latexit><latexit sha1_base64="Llb7axtO2yR8MsrdlG5/lJMBeuM="></latexit><latexit sha1_base64="Llb7axtO2yR8MsrdlG5/lJMBeuM="></latexit><latexit sha1_base64="Llb7axtO2yR8MsrdlG5/lJMBeuM="></latexit>
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=3$"4,-2)1(##",/$'(2,'"+(#"?$"1,'$"(++7'(2$L"?72"
17+3"1,'$";*55*+7-2"2,"%,'8"%*23

G <$3%=1())*0$33&,&$),

G &,*%;-*!"**+%+)$",-./%(##.#+/$"()

G Y)*53(,1(,N*%;&,*;(,*(*1-,,E*()4?3(8*2-5-)2-)0-*%;(%*0()*L-*%8&0/E*%$*2-(3*
9&%;:*

g = c ! c!
<latexit sha1_base64="1MpSgFnrOgVFwsButQ/U0yN2CBk="></latexit><latexit sha1_base64="1MpSgFnrOgVFwsButQ/U0yN2CBk="></latexit><latexit sha1_base64="1MpSgFnrOgVFwsButQ/U0yN2CBk="></latexit><latexit sha1_base64="1MpSgFnrOgVFwsButQ/U0yN2CBk="></latexit>

c! = c +
1
2

(|g|! ! g) c!
" = c" !

1
2

(|g|! ! g)
<latexit sha1_base64="+Bu/8LQKz1lo4dNXBfddUzFuGFc="></latexit><latexit sha1_base64="+Bu/8LQKz1lo4dNXBfddUzFuGFc="></latexit><latexit sha1_base64="+Bu/8LQKz1lo4dNXBfddUzFuGFc="></latexit><latexit sha1_base64="NUdJviRUChjPYTCgDGG68FAQpC4="></latexit><latexit sha1_base64="J3I1jluf8Nn6mkv4GFMcDNml72E="></latexit><latexit sha1_base64="J3I1jluf8Nn6mkv4GFMcDNml72E="></latexit><latexit sha1_base64="gLXW/E6dYC9cgcnDLWq8vo6XxIc="></latexit><latexit sha1_base64="+Bu/8LQKz1lo4dNXBfddUzFuGFc="></latexit><latexit sha1_base64="+Bu/8LQKz1lo4dNXBfddUzFuGFc="></latexit><latexit sha1_base64="+Bu/8LQKz1lo4dNXBfddUzFuGFc="></latexit><latexit sha1_base64="+Bu/8LQKz1lo4dNXBfddUzFuGFc="></latexit><latexit sha1_base64="+Bu/8LQKz1lo4dNXBfddUzFuGFc="></latexit><latexit sha1_base64="+Bu/8LQKz1lo4dNXBfddUzFuGFc="></latexit>

! f
! t

!
!
!
!
!
coll

=
"

R3

"

S2
|g| " (|g|, g á! )( f (c!)f (c!

" ) ! f (c)f (c" ))d! dc"

<latexit sha1_base64="wUYD1s+0I5idkU/m1Z/VVhFTciI="></latexit><latexit sha1_base64="wUYD1s+0I5idkU/m1Z/VVhFTciI="></latexit><latexit sha1_base64="wUYD1s+0I5idkU/m1Z/VVhFTciI="></latexit><latexit sha1_base64="wUYD1s+0I5idkU/m1Z/VVhFTciI="></latexit>

! (|g|, g á! )
<latexit sha1_base64="RLQUegXvPkkPHqg51tsLCXJf7Fg="></latexit><latexit sha1_base64="RLQUegXvPkkPHqg51tsLCXJf7Fg="></latexit><latexit sha1_base64="RLQUegXvPkkPHqg51tsLCXJf7Fg="></latexit><latexit sha1_base64="xG1Qn9lGfwykDijS3BYY76wKSQI="></latexit><latexit sha1_base64="QuYFmkg3fvHqEZT0YOxAfpvS34Q="></latexit><latexit sha1_base64="QuYFmkg3fvHqEZT0YOxAfpvS34Q="></latexit><latexit sha1_base64="Jx0sBXTpFSMKWGP/bsvStjcnib4="></latexit><latexit sha1_base64="RLQUegXvPkkPHqg51tsLCXJf7Fg="></latexit><latexit sha1_base64="RLQUegXvPkkPHqg51tsLCXJf7Fg="></latexit><latexit sha1_base64="RLQUegXvPkkPHqg51tsLCXJf7Fg="></latexit><latexit sha1_base64="RLQUegXvPkkPHqg51tsLCXJf7Fg="></latexit><latexit sha1_base64="RLQUegXvPkkPHqg51tsLCXJf7Fg="></latexit><latexit sha1_base64="RLQUegXvPkkPHqg51tsLCXJf7Fg="></latexit>

! (|g|, g á! ) ! |g|! 4 sin! 4(" / 2)
<latexit sha1_base64="McQThKzhkNxjLEXvSEnUdO6YgxQ="></latexit><latexit sha1_base64="McQThKzhkNxjLEXvSEnUdO6YgxQ="></latexit><latexit sha1_base64="McQThKzhkNxjLEXvSEnUdO6YgxQ="></latexit><latexit sha1_base64="McQThKzhkNxjLEXvSEnUdO6YgxQ="></latexit>
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G S-*)--2*()*-,%&1(%-*$)*%;-*-88$8*1(2-*9;-)*(558$F&1(%&)4*<$3%=1())*LE*
A$//-8 @B3()0/

G S-*(3,$*)--2*)?1-8&0(3*-'&2-)0-*%$*0$)'&)0-*%;-*AB*08$92*%;(%*9;(%*%;-E*
(8-*2$&)4*1(E*L-*,?,5-0%

G 1!-$%&/2-)$#"$3"#! :*,5-0%8(3*.$81?3(%&$)*$.*%;-*/&)-%&0*-I?(%&$),
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9O$'O*$%P"./$+2'(-"1$23,;."5,'"8*#$2*+"$N7(2*,#.
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Q/$+2'(-"(#(-@.*.",5"4,-2)1(##"-$(;."2,"1,'$"R$55*+*$#2S"
#71$'*+. (#;"("+-$('$'"K(#;(7"-*1*2

G R5-0%8(3*1-%;$2,:*A$?8&-8*%8(),.$81*%?8),*0$33&,&$),*&)%$*(*9-&4;%-2*
0$)'$3?%&$)
− Pareschi + Perthame (1996), Bobylev and Rjasanow (1998), Pareschi and Russo 

(2000)
− Later work by Gamba and Tharkabhushanam (2008)
− An equivalent form for FP also exists

G J;&,*58$'&2-,*(*0$11$)*.8(1-9$8/*%;(%*9-*9&33*?,-*%$*-F(1&)-*%;-*3&1&%N*
()2*4&'-*?,*(*)?1-8&0(3*1-%;$2*%$*L$$%"*

G J;&,*&,*1$8-*(1-)(L3-*%$*)?1-8&0(3*0$15?%(%&$)
− Boltzmann evaluation requires             operations
− FP and some* Boltzmann cases can be reduced to  
− Solutions converge spectrally quickly

O(N 6)
<latexit sha1_base64="2YyKbY3QUZdq/lBPr9ju7wiwNeA="></latexit><latexit sha1_base64="2YyKbY3QUZdq/lBPr9ju7wiwNeA="></latexit><latexit sha1_base64="2YyKbY3QUZdq/lBPr9ju7wiwNeA="></latexit><latexit sha1_base64="2YyKbY3QUZdq/lBPr9ju7wiwNeA="></latexit>

O(N 3 logN )
<latexit sha1_base64="TDcXfkhCMblZgWOH+uar3Y20dwg="></latexit><latexit sha1_base64="TDcXfkhCMblZgWOH+uar3Y20dwg="></latexit><latexit sha1_base64="TDcXfkhCMblZgWOH+uar3Y20dwg="></latexit><latexit sha1_base64="TDcXfkhCMblZgWOH+uar3Y20dwg="></latexit>



!""#$#"!

=3$"%$(8"5,'1"*."23$"8$@"2,"./$+2'(-"1$23,;."5,'"
+,--*.*,#",/$'(2,'.

G RE11-%8&-,*&)*<$3%=1())*3-(2*%$*%;-*4-)-8&0*.$81

G J;-*/-E*,%-5*&,*%$*0;$$,-*E$?8*%-,%*.?)0%&$),*%$*L-*%;-*A$?8&-8*1$2-,

G _F5$)-)%&(3,*;('-*)&0-*58$5-8%&-,N*()2*9-*0()*8-(88()4-*%;&)4,*,?0;*%;(%*
%&1-@&)2-5-)2-)%*,%?..*0()*L-*58-0$15?%-2:

! = (2 " )! 3/ 2e! i k ác
<latexit sha1_base64="GvIsgDslM6EDveSNDKPLiNigZdY="></latexit><latexit sha1_base64="GvIsgDslM6EDveSNDKPLiNigZdY="></latexit><latexit sha1_base64="GvIsgDslM6EDveSNDKPLiNigZdY="></latexit><latexit sha1_base64="GvIsgDslM6EDveSNDKPLiNigZdY="></latexit>

!
! f
! t

"
"
"
"
"
coll

dc :=
!

Q(f )" (c)dc =
! ! !

f (c)f (c! )|g|#(|g|, g á! )( " (c") ! " (c))d! dc! dc
<latexit sha1_base64="oVl+QQ/01tOo8DNDNm2JRH4GJUw="></latexit><latexit sha1_base64="oVl+QQ/01tOo8DNDNm2JRH4GJUw="></latexit><latexit sha1_base64="oVl+QQ/01tOo8DNDNm2JRH4GJUw="></latexit><latexit sha1_base64="oVl+QQ/01tOo8DNDNm2JRH4GJUw="></latexit>

!Q(k) =
"

F (f (c)f (c ! g))( k)
"

|g|! (|g|, g á! )
#

e! i k
2 á( |g |! ! g) ! 1

$
d! dg

<latexit sha1_base64="fft/CF7xqFCVSU6oyIYnY/JKE6I="></latexit><latexit sha1_base64="fft/CF7xqFCVSU6oyIYnY/JKE6I="></latexit><latexit sha1_base64="fft/CF7xqFCVSU6oyIYnY/JKE6I="></latexit><latexit sha1_base64="fft/CF7xqFCVSU6oyIYnY/JKE6I="></latexit>

=
!

F (f (c)f (c � g))( k)G(g, k)dg
<latexit sha1_base64="Nw9yDFoa8Cbq1oX7UVThgsdZSNw="></latexit><latexit sha1_base64="Nw9yDFoa8Cbq1oX7UVThgsdZSNw="></latexit><latexit sha1_base64="Nw9yDFoa8Cbq1oX7UVThgsdZSNw="></latexit><latexit sha1_base64="NDpd/flhafCb79r5apSBfPdGoGc="></latexit><latexit sha1_base64="inv/F7q8R3TKXzQfhRQLIitX7BQ="></latexit><latexit sha1_base64="inv/F7q8R3TKXzQfhRQLIitX7BQ="></latexit><latexit sha1_base64="6ESFBAhGdfiGHDwDIfhv8qTB27E="></latexit><latexit sha1_base64="Nw9yDFoa8Cbq1oX7UVThgsdZSNw="></latexit><latexit sha1_base64="Nw9yDFoa8Cbq1oX7UVThgsdZSNw="></latexit><latexit sha1_base64="Nw9yDFoa8Cbq1oX7UVThgsdZSNw="></latexit><latexit sha1_base64="Nw9yDFoa8Cbq1oX7UVThgsdZSNw="></latexit><latexit sha1_base64="Nw9yDFoa8Cbq1oX7UVThgsdZSNw="></latexit><latexit sha1_base64="Nw9yDFoa8Cbq1oX7UVThgsdZSNw="></latexit>



!%"#$#"!

=3$"+,--*.*,#",/$'(2,'."('$"+,#O,-72*,#."*#"A,7'*$'"
./(+$

G U*.-9*1$8-*&2-)%&%&-,*4&'-,

G J;&,*&,*-(,&3E*(1-)(L3-*%$*)?1-8&0(3*(558$F&1(%&$)*()2*5(8(33-3&=(%&$)N*
%;$?4;*E$?*2$*)$%*4-%*%;-*?,?(3**********************,5--2?5*.$8*0$)'$3?%&$),
− Except in special cases 

!Q(k) =
"

F (f (c)f (c ! g))( k)G(g, k)dg
<latexit sha1_base64="C9ABULEp9z8fxA62uUXfRtZ9ThE="></latexit><latexit sha1_base64="C9ABULEp9z8fxA62uUXfRtZ9ThE="></latexit><latexit sha1_base64="C9ABULEp9z8fxA62uUXfRtZ9ThE="></latexit><latexit sha1_base64="C9ABULEp9z8fxA62uUXfRtZ9ThE="></latexit>

!Q(k) =
"

öf (k ! m) öf (m) !G(k, m)dm
<latexit sha1_base64="jHPYcIBE3YpRqqDI21Wy0ozn5fA=">AAADz3icbZJbixMxGIazHQ9rPWxXL70JFqEFLTOLoDfCgl </latexit><latexit sha1_base64="jHPYcIBE3YpRqqDI21Wy0ozn5fA=">AAADz3icbZJbixMxGIazHQ9rPWxXL70JFqEFLTOLoDfCgl </latexit><latexit sha1_base64="jHPYcIBE3YpRqqDI21Wy0ozn5fA=">AAADz3icbZJbixMxGIazHQ9rPWxXL70JFqEFLTOLoDfCgl </latexit><latexit sha1_base64="jHPYcIBE3YpRqqDI21Wy0ozn5fA=">AAADz3icbZJbixMxGIazHQ9rPWxXL70JFqEFLTOLoDfCgl </latexit>

O(N 3 logN )
<latexit sha1_base64="TDcXfkhCMblZgWOH+uar3Y20dwg="></latexit><latexit sha1_base64="TDcXfkhCMblZgWOH+uar3Y20dwg="></latexit><latexit sha1_base64="TDcXfkhCMblZgWOH+uar3Y20dwg="></latexit><latexit sha1_base64="TDcXfkhCMblZgWOH+uar3Y20dwg="></latexit>



!'"#$#"!

J,#O,-72*,#"%$*&32"5,'17-(."5,'".*1/-$"+',..".$+2*,#.

G U*.-9*,&153-*-F(153-,*

G W(82*,5;-8-,:*

G #(F9-33*1$3-0?3-,:*

G Y,$%8$5&0*08$,,*,-0%&$),*@a*(2`?,%*5$9-8*$)*8*&)*.$81?3(

! = C
<latexit sha1_base64="CoQ6zFNJAb90cDtF4ESOSrhLNSs="></latexit><latexit sha1_base64="CoQ6zFNJAb90cDtF4ESOSrhLNSs="></latexit><latexit sha1_base64="CoQ6zFNJAb90cDtF4ESOSrhLNSs="></latexit><latexit sha1_base64="UYn7v+xbgHHuxq1xqMdYUm/1qE4="></latexit><latexit sha1_base64="A8qWtEPbJ+FqVqQfXxJbRAvt0+s="></latexit><latexit sha1_base64="A8qWtEPbJ+FqVqQfXxJbRAvt0+s="></latexit><latexit sha1_base64="QgcqvykkrODKei8q0mjkSc56ezM="></latexit><latexit sha1_base64="CoQ6zFNJAb90cDtF4ESOSrhLNSs="></latexit><latexit sha1_base64="CoQ6zFNJAb90cDtF4ESOSrhLNSs="></latexit><latexit sha1_base64="CoQ6zFNJAb90cDtF4ESOSrhLNSs="></latexit><latexit sha1_base64="CoQ6zFNJAb90cDtF4ESOSrhLNSs="></latexit><latexit sha1_base64="CoQ6zFNJAb90cDtF4ESOSrhLNSs="></latexit><latexit sha1_base64="CoQ6zFNJAb90cDtF4ESOSrhLNSs="></latexit>

!G(k, m) =
2C

(2! )1/ 2

" 1

0
r 3

#
sinc

#
r |k |

2

$
sinc(r |m !

1
2

k|) ! sinc(r m)
$

dr
<latexit sha1_base64="Po+w9GC0jHUnHIauAPOfhZqS+xY="></latexit><latexit sha1_base64="Po+w9GC0jHUnHIauAPOfhZqS+xY="></latexit><latexit sha1_base64="Po+w9GC0jHUnHIauAPOfhZqS+xY="></latexit><latexit sha1_base64="UYn7v+xbgHHuxq1xqMdYUm/1qE4="></latexit><latexit sha1_base64="auPxEIyEmkHsvwCcS3zD9KzjqmM="></latexit><latexit sha1_base64="auPxEIyEmkHsvwCcS3zD9KzjqmM="></latexit><latexit sha1_base64="8UzHWTya3XF31iHFRzvGygp3kYc="></latexit><latexit sha1_base64="Po+w9GC0jHUnHIauAPOfhZqS+xY="></latexit><latexit sha1_base64="Po+w9GC0jHUnHIauAPOfhZqS+xY="></latexit><latexit sha1_base64="Po+w9GC0jHUnHIauAPOfhZqS+xY="></latexit><latexit sha1_base64="Po+w9GC0jHUnHIauAPOfhZqS+xY="></latexit><latexit sha1_base64="Po+w9GC0jHUnHIauAPOfhZqS+xY="></latexit><latexit sha1_base64="UYn7v+xbgHHuxq1xqMdYUm/1qE4="></latexit><latexit sha1_base64="auPxEIyEmkHsvwCcS3zD9KzjqmM="></latexit><latexit sha1_base64="auPxEIyEmkHsvwCcS3zD9KzjqmM="></latexit><latexit sha1_base64="8UzHWTya3XF31iHFRzvGygp3kYc="></latexit><latexit sha1_base64="Po+w9GC0jHUnHIauAPOfhZqS+xY="></latexit><latexit sha1_base64="Po+w9GC0jHUnHIauAPOfhZqS+xY="></latexit><latexit sha1_base64="Po+w9GC0jHUnHIauAPOfhZqS+xY="></latexit><latexit sha1_base64="Po+w9GC0jHUnHIauAPOfhZqS+xY="></latexit><latexit sha1_base64="Po+w9GC0jHUnHIauAPOfhZqS+xY="></latexit><latexit sha1_base64="Po+w9GC0jHUnHIauAPOfhZqS+xY="></latexit>

|g|! = C
<latexit sha1_base64="7QIaPnaf2ZLNkVzAKQv045uftxI="></latexit><latexit sha1_base64="7QIaPnaf2ZLNkVzAKQv045uftxI="></latexit><latexit sha1_base64="7QIaPnaf2ZLNkVzAKQv045uftxI="></latexit><latexit sha1_base64="7QIaPnaf2ZLNkVzAKQv045uftxI="></latexit>

!G(k, m) =
2C

(2! )1/ 2

" !

0
r 2

#
sinc

#
r |k |

2

$
sinc(r |m !

1
2

k|) ! sinc(r m)
$

dr
<latexit sha1_base64="ssIiurZ8d8FtTjqvouGNbITrNPA="></latexit><latexit sha1_base64="ssIiurZ8d8FtTjqvouGNbITrNPA="></latexit><latexit sha1_base64="ssIiurZ8d8FtTjqvouGNbITrNPA="></latexit><latexit sha1_base64="ssIiurZ8d8FtTjqvouGNbITrNPA="></latexit>



!&"#$#"!

J,#O,-72*,#"%$*&32"5,'17-(."5,'"-$..".*1/-$"+',.."
.$+2*,#.

G A$8*()4?3(83E*2-5-)2-)%*08$,,*,-0%&$),N*9-*;('-*Ô(1L( N*W((0/*6]!bP

G J;&,*&,*1$8-*-F5-),&'-*%$*58-0$15?%-*()2*,%$8-N*L?%*E$?*$)3E*;('-*%$*2$*&%*
$)0-V

bG(m,k) = (2⇡)1/2
Z 1

0
r3

Z ⇡

0

Z ⇡

0
�(r, cos ✓) sin ✓ sin �J0

✓
r

����m� m ák
|k|2

k

���� sin �
◆

⇥
"
cos

✓
r

✓
m� k

2
(1� cos ✓)

◆
á
k

|k|
cos �

◆
J0

✓
1

2
r|k| sin � sin ✓

◆

� cos

✓
rm á

k

|k|
cos �

◆#
d✓d�dr,

<latexit sha1_base64="pFkFxA3W9Otb0uzvjaEDRCihW7Y="></latexit><latexit sha1_base64="pFkFxA3W9Otb0uzvjaEDRCihW7Y="></latexit><latexit sha1_base64="pFkFxA3W9Otb0uzvjaEDRCihW7Y="></latexit><latexit sha1_base64="pFkFxA3W9Otb0uzvjaEDRCihW7Y="></latexit>



!("#$#"!

T71$'*+(-"*1/-$1$#2(2*,#"3(."("5$%"&,2+3(.

G W$9*L&4*%$*%(/-*E$?8*'-3$0&%E*2$1(&)X
− Distribution functions are infinite, computational grids are not
− is a tempered distribution 
− Generally speaking, taking                                            is ‘good enough’ due to 

decay of distributions
− Analysis of cutoff: Alonso & Gamba (2018)
− Numerical analysis of cutoff effects: check accuracy of known moment calculations
− This cutoff also appears in the weight calculation 

G S;(%*&)%-48(%$8,*%$*?,-*%$*58-0$15?%-**************X
− I use prepackaged integrators from the GNU scientific library
− Singularities at integral endpoints require additional treatment

G S-&4;%*,%$8(4-*8-I?&8-,*1-1$8E*(33$0(%&$)*$.*

!G(m, k)
<latexit sha1_base64="J8+KJbCUpwHWVXGjHanawaS5Sxg="></latexit><latexit sha1_base64="J8+KJbCUpwHWVXGjHanawaS5Sxg="></latexit><latexit sha1_base64="J8+KJbCUpwHWVXGjHanawaS5Sxg="></latexit><latexit sha1_base64="J8+KJbCUpwHWVXGjHanawaS5Sxg="></latexit>

L ! 5
p

kbT/m = 5 |v th|
<latexit sha1_base64="zO7wGq985NFaI6NifnzBhUKPHco="></latexit><latexit sha1_base64="zO7wGq985NFaI6NifnzBhUKPHco="></latexit><latexit sha1_base64="zO7wGq985NFaI6NifnzBhUKPHco="></latexit><latexit sha1_base64="zO7wGq985NFaI6NifnzBhUKPHco="></latexit>

!G(m, k)
<latexit sha1_base64="J8+KJbCUpwHWVXGjHanawaS5Sxg="></latexit><latexit sha1_base64="J8+KJbCUpwHWVXGjHanawaS5Sxg="></latexit><latexit sha1_base64="J8+KJbCUpwHWVXGjHanawaS5Sxg="></latexit><latexit sha1_base64="J8+KJbCUpwHWVXGjHanawaS5Sxg="></latexit>

O(N 6)
<latexit sha1_base64="nxAAMoJeYINeP39QygFx6HOkBY8="></latexit><latexit sha1_base64="nxAAMoJeYINeP39QygFx6HOkBY8="></latexit><latexit sha1_base64="nxAAMoJeYINeP39QygFx6HOkBY8="></latexit><latexit sha1_base64="nxAAMoJeYINeP39QygFx6HOkBY8="></latexit>



!)"#$#"!

:$"+(#"$#.7'$"23(2"23$"+,#.$'O$;"N7(#2*2*$.".2(@"
+,#.$'O$;U

G 7)-*$.*%;-*/-E*0$),%8(&)%,c,E11-%8&-,*$.*/&)-%&0*1$2-3,*&,*4"&/-)5%#*"&$+
&,*%;&,*-).$80-2*;-8-X

G S-*0()*-),?8-*%;(%*%;-* '*/4)-#-$ 1$1-)%,*(8-*0$),-8'-2*%;8$?4;*(*,&153-*
$5%&1&=(%&$)*58$L3-1:*4&'-)*%;-*$?%5?%*

G Z-,?3%,*&)*()*-F%8(*58$`-0%&$)*,%-5

G Y)-F5-),&'-*,$3'-*8-3(%&'-*%$*%;-*0$)'$3?%&$)*

NO('9( P*QJ(6>(9J-;J()(' RSSE

!
Q(f )dc =

!
cQ(F )dc =

!
c2Q(f )dc = 0

<latexit sha1_base64="NZ7QwHFl3we2V6lRFnLCOTRJ3to="></latexit><latexit sha1_base64="NZ7QwHFl3we2V6lRFnLCOTRJ3to="></latexit><latexit sha1_base64="NZ7QwHFl3we2V6lRFnLCOTRJ3to="></latexit><latexit sha1_base64="NZ7QwHFl3we2V6lRFnLCOTRJ3to="></latexit>

Find Q = ( Q1, . . . , QM )T that minimizes
1
2

! ÷Q " Q! such that CQ = 0
<latexit sha1_base64="67J/XlyWjDvi7qkSmK7FA3wbMPI="></latexit><latexit sha1_base64="67J/XlyWjDvi7qkSmK7FA3wbMPI="></latexit><latexit sha1_base64="67J/XlyWjDvi7qkSmK7FA3wbMPI="></latexit><latexit sha1_base64="67J/XlyWjDvi7qkSmK7FA3wbMPI="></latexit>

C =

!

"
"
"
"
#

wj

cx
j wj

cy
j wj

cz
j wj

|cj |2wj

$

%
%
%
%
&

<latexit sha1_base64="OqY051ErTtTHZrSvoiRFZQ1tMrc="></latexit><latexit sha1_base64="OqY051ErTtTHZrSvoiRFZQ1tMrc="></latexit><latexit sha1_base64="OqY051ErTtTHZrSvoiRFZQ1tMrc="></latexit><latexit sha1_base64="OqY051ErTtTHZrSvoiRFZQ1tMrc="></latexit>

Q̃ = (Q̃1, . . . , Q̃M ), M = N3
<latexit sha1_base64="7tzGCTTCVXRSJ8GUZ0g27kn3+1A="></latexit><latexit sha1_base64="7tzGCTTCVXRSJ8GUZ0g27kn3+1A="></latexit><latexit sha1_base64="7tzGCTTCVXRSJ8GUZ0g27kn3+1A="></latexit><latexit sha1_base64="7tzGCTTCVXRSJ8GUZ0g27kn3+1A="></latexit>

Q = ( I + C(CCT )! 1C) ÷Q
<latexit sha1_base64="zafT60R8OqPyB71XykFZXm/HfH8="></latexit><latexit sha1_base64="zafT60R8OqPyB71XykFZXm/HfH8="></latexit><latexit sha1_base64="zafT60R8OqPyB71XykFZXm/HfH8="></latexit><latexit sha1_base64="UYn7v+xbgHHuxq1xqMdYUm/1qE4="></latexit><latexit sha1_base64="vtz6ij2IgZigBm/lBotnhzqDnSI="></latexit><latexit sha1_base64="vtz6ij2IgZigBm/lBotnhzqDnSI="></latexit><latexit sha1_base64="+y/97svtX3hc3qOvYeZd/O7kfXM="></latexit><latexit sha1_base64="zafT60R8OqPyB71XykFZXm/HfH8="></latexit><latexit sha1_base64="zafT60R8OqPyB71XykFZXm/HfH8="></latexit><latexit sha1_base64="zafT60R8OqPyB71XykFZXm/HfH8="></latexit><latexit sha1_base64="zafT60R8OqPyB71XykFZXm/HfH8="></latexit><latexit sha1_base64="zafT60R8OqPyB71XykFZXm/HfH8="></latexit><latexit sha1_base64="zafT60R8OqPyB71XykFZXm/HfH8="></latexit>



!$"#$#"!

Q,1$"(-&,'*231*+"./$$;7/"2'*+8.

G <-0(?,-*$.*%;-*,%8?0%?8-*$.**************N*9-*(8-*,%?0/*9&%;************0$153-F&%E
− At least it is embarrassingly parallel

G <?%*&.*9-*%9-(/*%;-*9-&4;%*0$15?%(%&$)N*9-*0()*08-(%-*(*.-9*-F53$&%(L3-*
0$)'$3?%&$),V*

G J;&,*)$9*0$,%,*

G J$*4-%*%;&,*,53&%:*2&,08-%&=-*%;-*9-&4;%*
.?)0%&$)*&)%-48(3,*$)*I?(28(%?8-*
5$&)%,

G Q$%*4$&)4*%$*9$8/*9-33*9&%;*
,&)4?3(8&%&-,

!G(m, k)
<latexit sha1_base64="J8+KJbCUpwHWVXGjHanawaS5Sxg="></latexit><latexit sha1_base64="J8+KJbCUpwHWVXGjHanawaS5Sxg="></latexit><latexit sha1_base64="J8+KJbCUpwHWVXGjHanawaS5Sxg="></latexit><latexit sha1_base64="J8+KJbCUpwHWVXGjHanawaS5Sxg="></latexit>

O(N 6)
<latexit sha1_base64="nxAAMoJeYINeP39QygFx6HOkBY8="></latexit><latexit sha1_base64="nxAAMoJeYINeP39QygFx6HOkBY8="></latexit><latexit sha1_base64="nxAAMoJeYINeP39QygFx6HOkBY8="></latexit><latexit sha1_base64="nxAAMoJeYINeP39QygFx6HOkBY8="></latexit>

NO('9( /*T((A>/*T(-A>/*T-*CRSDGH

O(NpN 3 log(N ))
<latexit sha1_base64="H0cFWzoxVEzA7yUcrGH375bJ2xA="></latexit><latexit sha1_base64="H0cFWzoxVEzA7yUcrGH375bJ2xA="></latexit><latexit sha1_base64="H0cFWzoxVEzA7yUcrGH375bJ2xA="></latexit><latexit sha1_base64="H0cFWzoxVEzA7yUcrGH375bJ2xA="></latexit>

Np = NM, M << N 2
<latexit sha1_base64="V2pRW37YSa65g8Beb+KBJqW2OpI="></latexit><latexit sha1_base64="V2pRW37YSa65g8Beb+KBJqW2OpI="></latexit><latexit sha1_base64="V2pRW37YSa65g8Beb+KBJqW2OpI="></latexit><latexit sha1_base64="UYn7v+xbgHHuxq1xqMdYUm/1qE4="></latexit><latexit sha1_base64="wZnyZHYVqtODrqYusIVfy2mPpMg="></latexit><latexit sha1_base64="wZnyZHYVqtODrqYusIVfy2mPpMg="></latexit><latexit sha1_base64="+qeeuHR5yYoHYWcCPanKCX5fc/I="></latexit><latexit sha1_base64="V2pRW37YSa65g8Beb+KBJqW2OpI="></latexit><latexit sha1_base64="V2pRW37YSa65g8Beb+KBJqW2OpI="></latexit><latexit sha1_base64="V2pRW37YSa65g8Beb+KBJqW2OpI="></latexit><latexit sha1_base64="V2pRW37YSa65g8Beb+KBJqW2OpI="></latexit><latexit sha1_base64="V2pRW37YSa65g8Beb+KBJqW2OpI="></latexit><latexit sha1_base64="V2pRW37YSa65g8Beb+KBJqW2OpI="></latexit>

!G(k, m) !
N p"

p=1

G(1)
p (k)G(2)

p (m)G(3)
p (k " m)

<latexit sha1_base64="/BL3GxmgEq15JfN8i+8Ic7Hmgf4="></latexit><latexit sha1_base64="/BL3GxmgEq15JfN8i+8Ic7Hmgf4="></latexit><latexit sha1_base64="/BL3GxmgEq15JfN8i+8Ic7Hmgf4="></latexit><latexit sha1_base64="/BL3GxmgEq15JfN8i+8Ic7Hmgf4="></latexit>



!*"#$#"!

=3$.$".(1$"*;$(."(-.,"(//-@"2,"A,88$' BC-(#+8L"
'$.7-2*#&"*#"("+,#O,-72*,#"%*23";*55$'$#2"%$*&32.

G J;-*AB*$5-8(%$8*;(,*()*-I?&'(3-)%*&)%-48(3*.$81N*0(33-2*%;-*>()2(?*$5-8(%$8

G Z?)*&%*%;8$?4;*%;-*,(1-*K,5-0%8(3*0(8*9(,;M*()2*$L%(&)

G J;&,*0$)'$3?%&$)*4%&L-*0$15?%-2*&)**********************$5-8(%&$),V*

G S-*;('-*(*,&1&3(8*.$81*.$8*L$%;*$5-8(%$8,*+ ;$9*2$*9-*0$))-0%*%;-1X

QL = log ! rc á
!

|g|! 1
"

I � 1
|g|2

g ⌦ g
#

(f (c" )rcf (c) � f (c)(rcf )(c" ))dc"
<latexit sha1_base64="T1lAfB07E4HmBReOZFbK2xqnCcY="></latexit><latexit sha1_base64="T1lAfB07E4HmBReOZFbK2xqnCcY="></latexit><latexit sha1_base64="T1lAfB07E4HmBReOZFbK2xqnCcY="></latexit><latexit sha1_base64="T1lAfB07E4HmBReOZFbK2xqnCcY="></latexit>

!QL =
"

!GL (k, m) öf (k ! m) öf (m)dm

!GL (k, m) = log !
"

|g|! 3(4i (g ák) ! |g|2|k " |2|)e! i gám dg

k" = k !
k ág
|g|2

g
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− Dashed line: Boltzmann
− Solid Line: Landau
− Corresponds to CL of ~4
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− The angular piece of the collision operator is !"#$%!#&'()*+&
− How do we correct this?
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!
!
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− They decay quite slowly
− But are fairly weak

G S-*(8-*,('-2*LE*()$%;-8*%-81*%;(%*
(55-(8,*&)*53(,1(,:*,08--)&)4*-..-0%,
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− ‘Effective Boltzmann equation’

G S-*0?%*$..*(%

− This corresponds to a minimum angle 
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− In the past this was typically ignored to make life a bit easier
− The usual approximation is to take                                to make this a constant, as it 

makes the usual approximation procedure tractable
− However, this will not be an issue in the spectral approach, so we will leave it in 

place

! (|g|, g á! ) =
!

C1

|g|2 sin2(" / 2)

" 2

1! > ! m

"m = 2 arctan
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− Physically, you can think of this limit as the two operators converging to each other, 

as they both diverge logarithmically

!QB =
"

F{ f (c)f (c ! g)} (k)GB (g, k)dg

GB (g, k) =
"

S2

C2
1

|g|3 sin4(! / 2)
1! > ! m ( |g |)

#
e! i k

2 á( |g |! ! g) ! 1
$
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with              uniformly bounded by                        , and

Then the approximation error made by approximating Boltzmann by Landau is given 
by

Furthermore, we have that 

Giving the rate of convergence of the approximation  

f
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A(k , t)
<latexit sha1_base64="oqb3E0ZqkzlufpIfbhYNNev6Tlg="></latexit><latexit sha1_base64="oqb3E0ZqkzlufpIfbhYNNev6Tlg="></latexit><latexit sha1_base64="oqb3E0ZqkzlufpIfbhYNNev6Tlg="></latexit><latexit sha1_base64="oqb3E0ZqkzlufpIfbhYNNev6Tlg="></latexit>

k0(1 + |k |)! 3
<latexit sha1_base64="kxE35xkS4LUSgX4I0fJ6PhqJSOw="></latexit><latexit sha1_base64="kxE35xkS4LUSgX4I0fJ6PhqJSOw="></latexit><latexit sha1_base64="kxE35xkS4LUSgX4I0fJ6PhqJSOw="></latexit><latexit sha1_base64="kxE35xkS4LUSgX4I0fJ6PhqJSOw="></latexit>

a > 0
<latexit sha1_base64="LJ3lmwDSfvp0Ayk58co7FRiHe18="></latexit><latexit sha1_base64="LJ3lmwDSfvp0Ayk58co7FRiHe18="></latexit><latexit sha1_base64="LJ3lmwDSfvp0Ayk58co7FRiHe18="></latexit><latexit sha1_base64="LJ3lmwDSfvp0Ayk58co7FRiHe18="></latexit>

!
!
! "QB ! "QL

!
!
! " C2! 3/ 2

<latexit sha1_base64="winv/GyXnDO43F+CRHbILUN5DYU="></latexit><latexit sha1_base64="winv/GyXnDO43F+CRHbILUN5DYU="></latexit><latexit sha1_base64="winv/GyXnDO43F+CRHbILUN5DYU="></latexit><latexit sha1_base64="vwziNs8pTgJWJ9zHKK/l5UmFKxk="></latexit><latexit sha1_base64="7n6y/tJjVhk2fKxuFRxFViwdtWY="></latexit><latexit sha1_base64="7n6y/tJjVhk2fKxuFRxFViwdtWY="></latexit><latexit sha1_base64="BGXzQrntFFS3iGz6wHpObJnWdho="></latexit><latexit sha1_base64="winv/GyXnDO43F+CRHbILUN5DYU="></latexit><latexit sha1_base64="winv/GyXnDO43F+CRHbILUN5DYU="></latexit><latexit sha1_base64="winv/GyXnDO43F+CRHbILUN5DYU="></latexit><latexit sha1_base64="winv/GyXnDO43F+CRHbILUN5DYU="></latexit><latexit sha1_base64="winv/GyXnDO43F+CRHbILUN5DYU="></latexit><latexit sha1_base64="winv/GyXnDO43F+CRHbILUN5DYU="></latexit>

!
!
! "QB ! "QL

!
!
! " C

!
!
!
!
!

#

R3
F{ f ! m (c)f ! m (c ! g)}

$ !
!1 ! sin2(! m / 2)

!
!

log(sin(! m / 2))

%
|k|2

|g|
+ |k |3

& '

dg

!
!
!
!
!

<latexit sha1_base64="UL8lXMA0CJmLyeT1mAgfnMdiTkk="></latexit><latexit sha1_base64="UL8lXMA0CJmLyeT1mAgfnMdiTkk="></latexit><latexit sha1_base64="UL8lXMA0CJmLyeT1mAgfnMdiTkk="></latexit><latexit sha1_base64="vwziNs8pTgJWJ9zHKK/l5UmFKxk=">AAADsHicbZPdatswGIbVeD+d123tcU9My6A7CfZOtrMOBmWHLSxtIc6KLH92RPRjJDlLJnQDO91N7JZ6N5OSgFN7ApvX36P3+7GtomFUmzR9PBhFz56/eHn4Kn59FL95++746FbLVhGYEMmkui+wBkYFTAw1DO4bBZgXDO6KxdfA75agNJXiu1k3MOO4FrSiBBsfun44Pk/H6WYlQ5HtxDnarYeT0d+8lKTlIAxhWOtpljZmZrEylDBwcd5qaDBZ4BqmXgrMQc/spk+XvPeRMqmk8pcwySa677CYa73mhd/JsZnrPgvB/7Fpa6rPM0tF0xoQZFuoalliZBKGTkqqgBi29gITRX2vCZljhYnxryaOcwUCfhLJORalzUtn8yZMhJnrM+JZqF9Ulrgn49pSh6mcT7dvqDtDHQz7rJAcauyCYGUYXDKbb2O9nVddlqs+W3Vs5QYNLzu67DurX85WP+xF+mFApI AtywYMGu1zLrHygjIpBiWLrmQxSDzHxmN/t9Ww2UXnXPSdvGO8zzQV4cMYWBnF7ebJ+V876//IQ3H7cZyl4+wmRYfoFJ2hC5ShT+gL+oau0QQRVKLf6E90GUHEtkdgdLA7CyfoyYrEP4nCSBk=</latexit><latexit sha1_base64="jCMfhFQq+p64DMB9ydBDGVHFASs="></latexit><latexit sha1_base64="jCMfhFQq+p64DMB9ydBDGVHFASs="></latexit><latexit sha1_base64="bVAmTccE7UQLJ89e053reYD9lUQ="></latexit><latexit sha1_base64="UL8lXMA0CJmLyeT1mAgfnMdiTkk="></latexit><latexit sha1_base64="UL8lXMA0CJmLyeT1mAgfnMdiTkk="></latexit><latexit sha1_base64="UL8lXMA0CJmLyeT1mAgfnMdiTkk="></latexit><latexit sha1_base64="UL8lXMA0CJmLyeT1mAgfnMdiTkk="></latexit><latexit sha1_base64="UL8lXMA0CJmLyeT1mAgfnMdiTkk="></latexit><latexit sha1_base64="UL8lXMA0CJmLyeT1mAgfnMdiTkk="></latexit>



"*"#$#"!

C',,5P"$0/(#;"(#;"?,7#;"$'','"2$'1.

G _F5()2*%;-*-F5$)-)%&(3*&)*%;-*9-&4;%*.?)0%&$)

G S-*9&33*,--*%;-*>()2(?*9-&4;%,*K5$5*$?%M*$.*%;-*.&8,%*%9$*%-81,N*%;-*8-,%*0()*
L-*L$?)2-2

G
<latexit sha1_base64="+gF9frseSf9rjhT6UghgVdxhgqk="></latexit><latexit sha1_base64="+gF9frseSf9rjhT6UghgVdxhgqk="></latexit><latexit sha1_base64="+gF9frseSf9rjhT6UghgVdxhgqk="></latexit><latexit sha1_base64="vwziNs8pTgJWJ9zHKK/l5UmFKxk="></latexit><latexit sha1_base64="sxASjOnR/3pQqwqZdu/f04nrdAE="></latexit><latexit sha1_base64="sxASjOnR/3pQqwqZdu/f04nrdAE="></latexit><latexit sha1_base64="yIRfOiaOr1qXCm1o3e1BQI2cFzI="></latexit><latexit sha1_base64="+gF9frseSf9rjhT6UghgVdxhgqk="></latexit><latexit sha1_base64="+gF9frseSf9rjhT6UghgVdxhgqk="></latexit><latexit sha1_base64="+gF9frseSf9rjhT6UghgVdxhgqk="></latexit><latexit sha1_base64="+gF9frseSf9rjhT6UghgVdxhgqk="></latexit><latexit sha1_base64="+gF9frseSf9rjhT6UghgVdxhgqk="></latexit><latexit sha1_base64="+gF9frseSf9rjhT6UghgVdxhgqk="></latexit>

GB (g, k) = |g|
!

S2
! m

"
e! i k

2 á( |g |! ! g) ! 1
#

d!

= |g|
!

S2
! m

$

i
%

g ák
2

! |g|
g á!

2

&

!
1
2

%
g ák

2
! |g|

g á!
2

&2

!
ieic

6

%
g ák

2
! |g|

k á!
2

&3
'

d!

:= GB 1 + GB 2 + GB 3
<latexit sha1_base64="aJBOn37ttNkv22i0fcnHjKJXj0I="></latexit><latexit sha1_base64="aJBOn37ttNkv22i0fcnHjKJXj0I="></latexit><latexit sha1_base64="aJBOn37ttNkv22i0fcnHjKJXj0I="></latexit><latexit sha1_base64="vwziNs8pTgJWJ9zHKK/l5UmFKxk="></latexit><latexit sha1_base64="fCCsMstQz4H5WL4Msk8NXHAluvo="> 3/jhlMZHI4UjdOpJDEujYIpAzIB+fgCn2YES3ZrAMIZNb0CPEHmSKUZ8k4HZiQm33DCOYp9BX2tYJrvCDFd57Au59sLlLm7lQZ9ke9KG7nlgrAqCPOCZW5xiwYwP994whQsY7XMk0rlpM7dVNyNbjQ8q9hZvTL4rlUwVl2712CSmJSc0+BIKozmDGUGUJbEDUuvsvQawhMkDW3eKmg2G1WVUb2SVxyvc4LG+cVIciMzroqvfLad+iQ3weVg17F3nS+2tW69tF5ZXcux3lsfrc/WmXVh4Va/dd6CrVF7o73XPij/gtba/Hd4Ya2s9uFvruDnFQ==</latexit><latexit sha1_base64="fCCsMstQz4H5WL4Msk8NXHAluvo="> 3/jhlMZHI4UjdOpJDEujYIpAzIB+fgCn2YES3ZrAMIZNb0CPEHmSKUZ8k4HZiQm33DCOYp9BX2tYJrvCDFd57Au59sLlLm7lQZ9ke9KG7nlgrAqCPOCZW5xiwYwP994whQsY7XMk0rlpM7dVNyNbjQ8q9hZvTL4rlUwVl2712CSmJSc0+BIKozmDGUGUJbEDUuvsvQawhMkDW3eKmg2G1WVUb2SVxyvc4LG+cVIciMzroqvfLad+iQ3weVg17F3nS+2tW69tF5ZXcux3lsfrc/WmXVh4Va/dd6CrVF7o73XPij/gtba/Hd4Ya2s9uFvruDnFQ==</latexit><latexit sha1_base64="rZUhsFqekfwP2s0gGCvhhQVUl64="></latexit><latexit sha1_base64="aJBOn37ttNkv22i0fcnHjKJXj0I="></latexit><latexit sha1_base64="aJBOn37ttNkv22i0fcnHjKJXj0I="></latexit><latexit sha1_base64="aJBOn37ttNkv22i0fcnHjKJXj0I="></latexit><latexit sha1_base64="aJBOn37ttNkv22i0fcnHjKJXj0I="></latexit><latexit sha1_base64="aJBOn37ttNkv22i0fcnHjKJXj0I="></latexit><latexit sha1_base64="aJBOn37ttNkv22i0fcnHjKJXj0I="></latexit>



%+"#$#"!

Q,1$"K$11(.

G 7%)-+6$%$8-00%$9
- Define the Landau weights

- Then we have that

,-&#./$"0$1(""0
− Define     in terms of a pole at   , write in spherical coordinates and integrate in 

azimuthal direction.

GL ! (g, k) = |g|" 3(4i (g ák) ! |g|2|k# |2)
<latexit sha1_base64="tpBIrPohXxitq8jbsbemSRzOS9s="></latexit><latexit sha1_base64="tpBIrPohXxitq8jbsbemSRzOS9s="></latexit><latexit sha1_base64="tpBIrPohXxitq8jbsbemSRzOS9s="></latexit><latexit sha1_base64="tpBIrPohXxitq8jbsbemSRzOS9s="></latexit>

|GB 1 + GB 2 ! GL ! | " C4

✓
|g|" 1|k ||1 ! sin2(! m / 2)|

| log(sin(! m / 2))|

◆

<latexit sha1_base64="550/NbsdhlAXCzqlfJf8kUx1SuY="></latexit><latexit sha1_base64="550/NbsdhlAXCzqlfJf8kUx1SuY="></latexit><latexit sha1_base64="550/NbsdhlAXCzqlfJf8kUx1SuY="></latexit><latexit sha1_base64="550/NbsdhlAXCzqlfJf8kUx1SuY="></latexit>

!
<latexit sha1_base64="5CVlwCzarxlEcHDzCGQdXhnMYtc="></latexit><latexit sha1_base64="5CVlwCzarxlEcHDzCGQdXhnMYtc="></latexit><latexit sha1_base64="5CVlwCzarxlEcHDzCGQdXhnMYtc="></latexit><latexit sha1_base64="vwziNs8pTgJWJ9zHKK/l5UmFKxk="></latexit><latexit sha1_base64="XtRNNX76Ccm02L5ukB4zRlBw4io="></latexit><latexit sha1_base64="XtRNNX76Ccm02L5ukB4zRlBw4io="></latexit><latexit sha1_base64="ETIvAhLoFWI9txgpYHF9BKfLqhQ="></latexit><latexit sha1_base64="5CVlwCzarxlEcHDzCGQdXhnMYtc="></latexit><latexit sha1_base64="5CVlwCzarxlEcHDzCGQdXhnMYtc="></latexit><latexit sha1_base64="5CVlwCzarxlEcHDzCGQdXhnMYtc="></latexit><latexit sha1_base64="5CVlwCzarxlEcHDzCGQdXhnMYtc="></latexit><latexit sha1_base64="5CVlwCzarxlEcHDzCGQdXhnMYtc="></latexit><latexit sha1_base64="5CVlwCzarxlEcHDzCGQdXhnMYtc="></latexit>

g
<latexit sha1_base64="+DCACZgSu1kVyPSqfKHiYpj4Wrw="></latexit><latexit sha1_base64="+DCACZgSu1kVyPSqfKHiYpj4Wrw="></latexit><latexit sha1_base64="+DCACZgSu1kVyPSqfKHiYpj4Wrw="></latexit><latexit sha1_base64="+DCACZgSu1kVyPSqfKHiYpj4Wrw="></latexit>

GB 1 + GB 2 =
|g|

! 2C2
1 log(sin(! m / 2))

! !

" m

" m sin !

"

2i sin2(! / 2)(g ák)

! (g ák)2 sin4(! / 2) !
1
2

|g|2|k ! |2 cos2(! / 2) sin2(! / 2)

#

d!

= |g|" 3

$

4i (g ák) +
(g ák)2(1 ! sin2(! m / 2))

log(sin(! m / 2))
! |g|2|k ! |2 !

|g|2|k ! |2(1 ! sin2(! m / 2))
log(sin(! m / 2))

%

<latexit sha1_base64="B5XXK+Q9uQ4+vjfF4PxF9k6KTZQ="></latexit><latexit sha1_base64="B5XXK+Q9uQ4+vjfF4PxF9k6KTZQ="></latexit><latexit sha1_base64="B5XXK+Q9uQ4+vjfF4PxF9k6KTZQ="></latexit><latexit sha1_base64="B5XXK+Q9uQ4+vjfF4PxF9k6KTZQ="></latexit>



%!"#$#"!

Q,1$"K$11(.

G 7%)-+6$%$8-00%$:
− Under the assumptions of the Theorem, the bound for         is given by

G ;<-#4!$"=$.)""=>

− Combining these Lemmas gives the first estimate of the Theorem

GB 3
<latexit sha1_base64="/4YsEssNiBlQi+OC3a5Xp0xkZkM="></latexit><latexit sha1_base64="/4YsEssNiBlQi+OC3a5Xp0xkZkM="></latexit><latexit sha1_base64="/4YsEssNiBlQi+OC3a5Xp0xkZkM="></latexit><latexit sha1_base64="/4YsEssNiBlQi+OC3a5Xp0xkZkM="></latexit>

GB 3 ! C3
|k|3|1 " sin2(✓m / 2)|

| log(sin(✓m / 2))|
<latexit sha1_base64="NNxQX9AxqVgKc6UPaG4hstEIx/I="></latexit><latexit sha1_base64="NNxQX9AxqVgKc6UPaG4hstEIx/I="></latexit><latexit sha1_base64="NNxQX9AxqVgKc6UPaG4hstEIx/I="></latexit><latexit sha1_base64="vwziNs8pTgJWJ9zHKK/l5UmFKxk="></latexit><latexit sha1_base64="g1kW1cxkCCuRtcqaQJQ+aLKvJsU="></latexit><latexit sha1_base64="g1kW1cxkCCuRtcqaQJQ+aLKvJsU="></latexit><latexit sha1_base64="lk7pP1UKkGjXLrPBYkEVb/yRhKU="></latexit><latexit sha1_base64="NNxQX9AxqVgKc6UPaG4hstEIx/I="></latexit><latexit sha1_base64="NNxQX9AxqVgKc6UPaG4hstEIx/I="></latexit><latexit sha1_base64="NNxQX9AxqVgKc6UPaG4hstEIx/I="></latexit><latexit sha1_base64="NNxQX9AxqVgKc6UPaG4hstEIx/I="></latexit><latexit sha1_base64="NNxQX9AxqVgKc6UPaG4hstEIx/I="></latexit><latexit sha1_base64="NNxQX9AxqVgKc6UPaG4hstEIx/I="></latexit>

|GB 3 | !
5|k |3|g|4

12C2
1 | log(sin(! m / 2))|

! !

" m

" m sin ! sin4(! / 2)d!

=
5|k |3|1 " sin2(! m / 2)|
12| log(sin(! m / 2))|

<latexit sha1_base64="DIR4Wb6Ur/YCkf7UtxhDwFeNS5Q="></latexit><latexit sha1_base64="DIR4Wb6Ur/YCkf7UtxhDwFeNS5Q="></latexit><latexit sha1_base64="DIR4Wb6Ur/YCkf7UtxhDwFeNS5Q="></latexit><latexit sha1_base64="vwziNs8pTgJWJ9zHKK/l5UmFKxk="></latexit><latexit sha1_base64="YzTp0hO4yT1T4zHwm9k9tuZTODE="></latexit><latexit sha1_base64="YzTp0hO4yT1T4zHwm9k9tuZTODE="></latexit><latexit sha1_base64="rdwHSB4B0IfUJredcfty8vqN0ec="></latexit><latexit sha1_base64="DIR4Wb6Ur/YCkf7UtxhDwFeNS5Q="></latexit><latexit sha1_base64="DIR4Wb6Ur/YCkf7UtxhDwFeNS5Q="></latexit><latexit sha1_base64="DIR4Wb6Ur/YCkf7UtxhDwFeNS5Q="></latexit><latexit sha1_base64="DIR4Wb6Ur/YCkf7UtxhDwFeNS5Q="></latexit><latexit sha1_base64="DIR4Wb6Ur/YCkf7UtxhDwFeNS5Q="></latexit><latexit sha1_base64="DIR4Wb6Ur/YCkf7UtxhDwFeNS5Q="></latexit>



%""#$#"!

!//',0*1(2*,#",5"4,-2)1(##" H%3(2"*."23$".1(--"
/('(1$2$'<

G J;-*,-0$)2*-,%&1(%-*&)*%;-*J;-$8-1*&)'$3'-,*%;-*)$)2&1-),&$)(3*5(8(1-%-8
N*%;-*53(,1(*0$?53&)4*5(8(1-%-8

G S-(/*0$?53&)4N*9;-8-************N*&,*%;-*8-4&1-*9;-8-*9-*-F5-0%*>()2(?*%$*
(558$F&1(%-*<$3%=1())*9-33"*

G [$1L&)&)4*9&%;*$%;-8*5(8(1-%-8,*8?))&)4*(8$?)2*%;&,*%(3/N*9-*0()*(3,$*98&%-

()2

!
<latexit sha1_base64="j17aLTJlCVUEjuJ+cQEd859FeBM="></latexit><latexit sha1_base64="j17aLTJlCVUEjuJ+cQEd859FeBM="></latexit><latexit sha1_base64="j17aLTJlCVUEjuJ+cQEd859FeBM="></latexit><latexit sha1_base64="vwziNs8pTgJWJ9zHKK/l5UmFKxk="></latexit><latexit sha1_base64="k6yov74fAyzPC7VZyXSKjJOhgoU="></latexit><latexit sha1_base64="k6yov74fAyzPC7VZyXSKjJOhgoU="></latexit><latexit sha1_base64="0Jk1fZyIerBYoo3cArrD9STpYaY="></latexit><latexit sha1_base64="j17aLTJlCVUEjuJ+cQEd859FeBM="></latexit><latexit sha1_base64="j17aLTJlCVUEjuJ+cQEd859FeBM="></latexit><latexit sha1_base64="j17aLTJlCVUEjuJ+cQEd859FeBM="></latexit><latexit sha1_base64="j17aLTJlCVUEjuJ+cQEd859FeBM="></latexit><latexit sha1_base64="j17aLTJlCVUEjuJ+cQEd859FeBM="></latexit><latexit sha1_base64="j17aLTJlCVUEjuJ+cQEd859FeBM="></latexit>

! =
C0(4/ 3! n)1/ 3

T
<latexit sha1_base64="TaEvFm2ubP3CXRS13gFhpgCQFJI="></latexit><latexit sha1_base64="TaEvFm2ubP3CXRS13gFhpgCQFJI="></latexit><latexit sha1_base64="TaEvFm2ubP3CXRS13gFhpgCQFJI="></latexit><latexit sha1_base64="vwziNs8pTgJWJ9zHKK/l5UmFKxk="></latexit><latexit sha1_base64="wg23/vzlARqoWdiM7/gXcmeVIMo="></latexit><latexit sha1_base64="wg23/vzlARqoWdiM7/gXcmeVIMo="></latexit><latexit sha1_base64="JQHwhZKjjokC19aZYaEGnjLyf6E="></latexit><latexit sha1_base64="TaEvFm2ubP3CXRS13gFhpgCQFJI="></latexit><latexit sha1_base64="TaEvFm2ubP3CXRS13gFhpgCQFJI="></latexit><latexit sha1_base64="TaEvFm2ubP3CXRS13gFhpgCQFJI="></latexit><latexit sha1_base64="TaEvFm2ubP3CXRS13gFhpgCQFJI="></latexit><latexit sha1_base64="TaEvFm2ubP3CXRS13gFhpgCQFJI="></latexit><latexit sha1_base64="TaEvFm2ubP3CXRS13gFhpgCQFJI="></latexit>

! << 1
<latexit sha1_base64="Kkhfo4afuLs7X6HKfM+dQSAtke8="></latexit><latexit sha1_base64="Kkhfo4afuLs7X6HKfM+dQSAtke8="></latexit><latexit sha1_base64="Kkhfo4afuLs7X6HKfM+dQSAtke8="></latexit><latexit sha1_base64="Kkhfo4afuLs7X6HKfM+dQSAtke8="></latexit>

! =
!

4C2
1

3! 2
D |cth |4

" 1/ 3

<latexit sha1_base64="MkYKKDogTAcY9AyCJtJMP/91YAA="></latexit><latexit sha1_base64="MkYKKDogTAcY9AyCJtJMP/91YAA="></latexit><latexit sha1_base64="MkYKKDogTAcY9AyCJtJMP/91YAA="></latexit><latexit sha1_base64="vwziNs8pTgJWJ9zHKK/l5UmFKxk="></latexit><latexit sha1_base64="cQO/RxOVaJUm2V4xV2A4r+GixmU="></latexit><latexit sha1_base64="cQO/RxOVaJUm2V4xV2A4r+GixmU="></latexit><latexit sha1_base64="ofKSwaxr6qiBkJvjfrbkS3ixhaY="></latexit><latexit sha1_base64="MkYKKDogTAcY9AyCJtJMP/91YAA="></latexit><latexit sha1_base64="MkYKKDogTAcY9AyCJtJMP/91YAA="></latexit><latexit sha1_base64="MkYKKDogTAcY9AyCJtJMP/91YAA="></latexit><latexit sha1_base64="MkYKKDogTAcY9AyCJtJMP/91YAA="></latexit><latexit sha1_base64="MkYKKDogTAcY9AyCJtJMP/91YAA="></latexit><latexit sha1_base64="MkYKKDogTAcY9AyCJtJMP/91YAA="></latexit>
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− This CL emphasizes collisions with high relative velocity and de-emphasizes the 

lower energy collisions in the FP framework
− This provides a better approximation to Boltzmann, but it is still an approximation so 

YMMV

G A?%?8-*9$8/
− Can we derive new plasma transport coefficients off of this model to improve NS 

modeling?
− We tossed out some higher order terms, but could they lead to further 

improvements in the FP operator, which has nice numerical properties?
− Investigate of the FP speedup algorithms apply to this new operator.
− Analytical work predicts a convergence to Maxwellian of 2/3, does this model pick 

that up?
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