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Outline: schemes and their structure preserving properties

GOAL: preserving at discrete level
the physical properties of the continuum model

@ Lagrangian schemes (ALE) — Galilean and rotational invariance
Better track of contact discontinuities and material interfaces, reduced
errors on convective terms

Applications: geophysics, magnetohydrodynamics, continuum mechanics

@ Well balanced schemes (WB) — Equilibria preservation
More accurate simulation of small perturbations

Applications: astrophysics from Newtonian E+4G to relativistic GRMHD
and FO-CCZ4

e ALE + WB
Applications: Euler equations with gravity (E+G)
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Research domain: mathematical context

Hyperbolic partial differential equations

xQ+V-F(Q+B(Q)-VQ=5(Q), xc QCR? tcRy

Q=1(g91,9,.-.-,q,) € Qo —  vector of conserved variables
(densities, velocities, magnetic field, energy, ...)

F=(f,g,h) —  non linear flux

B =(B;,B;,B;3) —  non conservative terms

S —  non linear source term

Multiphysics:

Shallow water, Euler (HD), multiphase, magneto-hydrodynamics (MHD),
unified models for continuum mechanics (GPR),

general relativity : GRHD, GRMHD, Einstein field equations (CCZ4) ...
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Research domain: numerical context

Direct ALE WB FV-DG for hyperbolic PDEs

Well balanced Arbitrary-Lagrangian-Eulerian Finite Volume and
Discontinous Galerkin schemes for nonlinear hyperbolic equations

Q=(91,4,.-.-,q9,) € Q —  vector of conserved variables
(densities, velocities, magnetic field, energy, ...)
F=(f,gh) —  non linear flux
B =(By,B,,B3) —  non conservative terms
S —  non linear source term
Multiphysics:

Shallow water, Euler (HD), multiphase, magneto-hydrodynamics (MHD),
unified models for continuum mechanics (GPR),
general relativity : GRHD, GRMHD, Einstein field equations (CCZ4) ...
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Research domain: numerical context

Direct ALE WB FV-DG for hyperbolic PDEs

High order Finite Volume and Discontinous Galerkin schemes
unified framework — FV robustness + DG resolution

Q=(91,¢,---,9,) € Qo —  vector of conserved variables
(densities, velocities, magnetic field, energy, ...)

F=(f,gh) —  non linear flux

B =(By,B,,B3) —  non conservative terms

S —  non linear source term

Multiphysics:

Shallow water, Euler (HD), multiphase, magneto-hydrodynamics (MHD),
unified models for continuum mechanics (GPR),

general relativity : GRHD, GRMHD, Einstein field equations (CCZ4) ...
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Research domain: numerical context

Direct ALE FV-DG for hyperbolic PDEs

Direct Arbitrary-Lagrangian-Eulerian schemes
reduce convective errors + interface tracking + higher quality meshes

Q=(91,4,.-.-,q9,) € Qo —  vector of conserved variables
(densities, velocities, magnetic field, energy, ...)

F=(f,gh) —  non linear flux

B =(By,B,,B3) —  non conservative terms

S —  non linear source term

Multiphysics:

Shallow water, Euler (HD), multiphase, magneto-hydrodynamics (MHD),
unified models for continuum mechanics (GPR),

general relativity : GRHD, GRMHD, Einstein field equations (CCZ4) ...
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High order ALE FV-DG

Moving domain discretization
Dir ALE FV cheme

Voronoi meshe th topo

ALE methods: moving domain discretization

Unstructured moving meshes: made of triangles or polygons
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Moving domain discretization
Dir ALE FV cheme
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High order ALE FV-DG

ALE methods: moving domain discretization

Unstructured moving meshes: made of triangles or polygons
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Moving domain discretization
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High order ALE FV-DG

ALE methods: moving domain discretization

Unstructured moving meshes: made of triangles or polygons
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Moving domain discretization

High order ALE FV-DG

3 11 g 15 9
connected in space and time
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High order ALE FV-DG

changes

ALE methods: moving domain discretization

Degenerated crazy control volumes

Change of shape, new and dead elements
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High order ALE FV-DG

Direct ALE FV-DG scheme

The governing PDE is reformulated in a space-time divergence form
V-F=S| with V= (09,0, 0) and F = (F, Q)

and is integrated in space and time against a set of test functions ¢

/ 0V - F dxdt = / ok S dxdt
cr cr
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Moving domain discretization
i ALE FV-DG scheme

mesh vith topology changes

High order ALE FV-DG

Direct ALE FV-DG scheme

The governing PDE is reformulated in a space-time divergence form

with ¥ = (04, 8y, 0, 0)7 and F = (F, Q)

and is integrated in space and time against a set of test functions ¢
/ 0V - F dxdt = / ok S dxdt
cr cr

Then using the Gauss theorem

ALE FV-DG scheme i.e. ALE PyP) scheme

/ ok F - A dSdt —
acy

Vo - F dxdt :/ 0k S dxdt

G G
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High order ALE FV-DG

Moving domain discretization
Di

ALE G scheme

ith topology changes

Direct ALE FV-DG scheme

/ o F - i dSdt — wk-f:dxdt:/ ok S dxdt
acr @4

cr

/ 0rQi" M dx = /gokQ,-"dxf/ o« F(ay ,qy) - i dSdt

T+l T;" 8C(.7

—|—/€g0k . |~=(qh) dxdt

cn

i

+/gpk§(qh) dxdt

c o

Geometric conservation law (GCL) respected by const
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Moving domain discretization
Direct ALE G scheme

Voronoi mes| ith topology changes

High order ALE FV-DG

Direct ALE FV-DG scheme

/ o F - i dSdt — wk-?dxdtz/ ok S dxdt
acr cr @4

/ o QMM dx = /gokQ,'-'dxf/ o« F (a, ,qy) - A dSdt
s Tr acy
—&-/@ka . I~:(qh) dxdt

cn

i

+/ka§(qh) dxdt

cn
ok =1, Q; = constant — FV
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Moving domain discretization
Direct ALE G scheme
Voronoi mes| ith topology changes

High order ALE FV-DG

Direct ALE FV-DG scheme

ALE FV-DG scheme

/ ok F-ndSdt— | V- Fdxdt = /godexdt
acr cr

n
i

/ ok QM dx = /g@kadx—/ o« F (a, ,qy) - A dSdt
s T’ acy
—&-/@cpk - F(qn) dxdt

cr

i

+/ka§(qh) dxdt

cr

nnl ~n/n+1
i = poly, Q" Zso()u/f+ — DG
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Moving domain discretization
Direct ALE G scheme

ith topology changes

High order ALE FV-DG

Direct ALE FV-DG scheme

/ ok F - i dSdt — wk-?dxdtz/ ¢k S dxdt
8CI-" Cin

cr

i

| oartax= [oaax- [ o 7 (a
ot T acy
—&-/@ka . IE(qh) dxdt

cn

i

+/<pk§(qh) dxdt

cn
;
ALE Numerical Flux: Riemann solver
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High order ALE FV-DG

ALE numerical flux

]—"(q;, q;f) N represents the ALE numerical flux between two
neighbors across the intermediate space—time lateral surface 8CI§7

Example: Rusanov —type ALE scheme

_ . 1 /= P o 1 -
Flay ar)-i=5 (Flar) + Fa,)) - iy = 5 Amax (a) — )

@ AY(Q) is the ALE Jacobian matrix w.r.t. the normal direction in space,
i.e.
———\ [oF (i, )7
\' _ 2 2 N A _ x5y 'y
A.(Q) = (\/nx + ny> [78Q n—(V-n) I] , n= Wi 7

with | representing the identity matrix and V - n denoting the local normal
mesh velocity.
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Moving domain discretization
Direct ALE G scheme

ith topology changes

High order ALE FV-DG

Direct ALE FV-DG scheme

/ o F - i dSdt — wk-?dxdt:/ ok S dxdt
acr cr @l

/ o QMdx = /gokadx—/ ok F(ay,,q,) - idSdt
T T acy
—&-/@cpk - F(qs) dxdt

cr

i

—&—/np;ﬁ(q;,) dxdt

cn
High order polynomial in space and time
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g domain dis:
Direct ALE FV-DG scheme

Voronoi meshes with topolog

High order ALE FV-DG

FV high order in space: CWENO

High order polynomial in space

impose integral conservation on each CWENO:

element of the stencil one central big stencil and

1 s " . < several smaller stencils
T" wl(x)wlv’i = j’ VT/ G 5’
7] S

and compute their nonlinear combination *

W) = Zwsﬁl"’s with ws nonlinear CWENO weights
S

1i»
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ing domain discreti

High order ALE FV-DG

DG high order in space

N
DG Q) — up(x,t") = > pu(x, t)ii] J\f:dl JJIUERS

=1 " k=1

©(x, t) — Modal basis : hierarchical Dubiner-type high order polynomial
functions in space and moving in time

(2
< I™\\
(/ gokgo/dx) ajtt = (/ tpknp/dx)ﬁ," - /(Pk]'- (a, ,ay) - fi dSdt
Tin+1 T acp
+/V<pk~F(qh) dxdt + /S(qh) dxdt -
cn cn
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Moving domain discretization
Direct ALE

Voronoi me: v ology changes

High order ALE FV-DG

High order in time: ADER

High order in TIME — ADER one-step local Galerkin predictor
L
qn(x, t) = ZG,(X, t)aj; — Picard iteration
I=1

Integral version of the PDE

00
/ 9k(CIh—Wh)—/ afkq/ﬂ-/ 9kV'F(Qh):/ 0xS(an)
7" cr Ot cr cr

i i i

‘k
@ 0/(x,t) — modal basis functions
in space and time
o L= IIli(M+k)
A
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Moving domain discretization
Direct ALE
Voronoi me: v ology changes

High order ALE FV-DG

High order in time: ADER

High order in TIME — ADER one-step local Galerkin predictor
L
qn(x, t) = ZG,(X, t)aj; — Picard iteration
I=1

Integral version of the PDE

o0
/ Ou(an—up) — | ZZan +/ 0kV - F(an) = / 0xS(an)
" cr

cr Ot
‘k
@ 0/(x,t) — modal basis functions
in space and time
o £L=LTI{1(M+k)
A

Elena Gaburro High order ALE FV-DG 13



. Moving domain discretization
High order ALE FV-DG v ALE FV-DG sche
Voronoi mest 0

High order in time: ADER vs RK
ADER: one-step predictor
@ Completely local procedure suitable for efficient parallelization
¢ . _ At
Ax

(c=V2)*(c+V2)?

Error analysis: Modified equation 0:q + a0.q = ), er 5%, ¢ = At <1
Runge-Kutta 04

ADER 04
Axt o 2 2 Ax?
e1,234=0, &= 31;(() (C —1)(C _4) e1234 =0, &s = a12)5
_aAx® 2 2 _ aAx® 5
€& = i (c*=1)(c"—4) e = 5-c
oo Ry
° o ? o
° o ? 0
° b ? 9
|4 0 4 0
o o ¢ 0
i o d <]
0o o S o
Time< 002 %szm Time = 0.02
High order ALE FV- 14
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Moving domain discretization
Direct ALE FV—DG sche

Voronoi mest

High order ALE FV-DG

DG: A posteriori sub-cell FV limiter

Problem — close to discontinuities Gibbs phenomenon occurs

Solution — use FV in their vicinity without destroy the sub-cell
resolution, and keep high accuracy everywhere else

@ Projection DG — FV

u;, (%)
@ A posteriori ad-
missibility criteria

374 5 67 '8
V), piecewise subcell constants

@ FV scheme on
troubled cells

_

W, DG polynomial of degree 7

@ Reconstruction Neubeells < (2N + 1)4

FV — DG because CFLpg < evie CFLFvsubcells < 1

2N+1)
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Moving domain discretization

High order ALE FV-DG Direct ALE FV-DG scheme

Voronoi meshes with topology changes

Elena Gaburro

Degenerated and sliver
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-2 je—dgs el P o4 * 15t step: Build
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< 4° [~~~ _ ond - Ad
// .\.25.\.\/\ ) ¢ step: apt
patsvd 3\ 2 1 o9 PnPu scheme
P N\ Pt sl :
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t “~L o7 o Corrector
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Moving domain di tization

High order ALE FV-DG Direct ALE FV-D heme

Voronoi meshes with topology changes

Degenerated and sliver
elements

% 15t step: Build
space—time connectivity

* 2" step: Adapt
PnPum scheme

@ Predictor

@ Corrector
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Moving domain disc

High order ALE FV-DG Direct ALE FV-DG

Voronoi meshes with topology changes

Degenerated and sliver
elements

—> % 15t step: Build
space—time connectivity

* 2" step: Adapt
- T~ PnPup scheme

> @ Predictor

@ Corrector
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Moving domain di tization

High order ALE FV-DG Direct ALE FV-D heme

Voronoi meshes with topology changes

Degenerated and sliver
elements 1
/f\‘\\
e _
e | P } +
e \. ._.\ 7 *
/g./ \ __ o // ]
< \o—./’ ] \/0/.7 % 15t step: Build
tn+\1\<\\ 0,—’;"/‘\// space—time connectivity
~e ) %
E "I
< . * 2" step: Adapt
/// —& \o\/‘\; PnPy scheme
’_—. ¥ // .
¢ A ./\‘\T/ .7 @ Predictor
ng \\(\\\0/°\/’ @ Corrector
=S s
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Consecutive sliver elements
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High order ALE FV-DG D /-DC 1

Voronoi meshes with topology changes

Sliver elements: high order in time
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g domain
Direct ALE FV-D ]
Voronoi meshes with topology changes

High order ALE FV-DG

Sliver elements: high order in time
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90, P
- b ae ps 8
_/ 9 5 + Ok (a, —ay)-f < W
cn t acn L e "~
I I ’/;.\/ /\: /\'x g
% e
q; — blue sub volumes, known i §
Tl 7

q, — red sub volume, unknown

Space—time predictor for sliver elements

_ 00 N e . _
~fa G+ [ be@i—ap) i+ [ 0v-Fa) = [ 8is(a)
cr acr cr cr
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High order ALE FV-DG

Voronoi meshes with topology changes

Sliver elements: flux update

@ Quadrature points
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High order ALE FV-DG

Sliver elements: flux update

@ Flux computation
(from blue to red)

@ Flux redistribution
(from red to 1% blue)
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High order ALE FV-DG zation

Sliver elements: flux update

@ Flux computation
(from blue to red)

@ Flux redistribution
(from red to 1% blue)

ToQE = | 7210 - F (a5 af ) -
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High order ALE FV-DG

Sliver elements: flux update

@ Flux computation
(from blue to red)

@ Flux redistribution
(from red to 1% blue)

0-Qzl=0-Q¢-7F(af.af) @

Elena Gaburro High order ALE FV-DG 19



High order ALE FV-DG

Sliver elements: flux update

@ Flux computation
(from blue to red)

@ Flux redistribution
(from red to 1% blue)
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High order ALE FV-DG

heme

Sliver elements: flux update

@ Flux computation
(from blue to red)

@ Flux redistribution
(from red to 1% blue)

0 = 0 —f(qf,qﬁ)-ﬁ
I T/HHQIT = |TP1QF — F (a, a5 ) -
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High order ALE FV-DG

Sliver elements: flux update

@ Flux computation
(from blue to red)

@ Flux redistribution
(from red to 1% blue)

0 = 0 —]:(QE;CI;F)'F'
T = | TPIQ) - F (ah,a7) -
= T7QET = TPIQ) - F(aj.af) A - F (a5, af) -
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. Movi
High order ALE FV-DG I‘)nn(t \LE 2va

Voronoi meshes wnth topology changes

High order Lagrangian trajectories for generators
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Moving domain di
Direct ALE FV-D
Voronoi meshes with topology changes

High order ALE FV-DG

High order Lagrangian trajectories for generators

Generators trajectories

n+l __ _n n
Xgen - Xgen + Atv(xgen)

Integrated with high order of accuracy by a Taylor expansion

dx At?2d’x At d®x  At* d*x

n+1 — x At— e ) —_— 5
Xgen = Xgen T dt + 2 dt? + 6 dt3 + 24 dt* +005),
where

@ spatial derivatives are replaced, via the Cauchy-Kovalevskaya
procedure, using the trajectory equation

dx

— = v(x(t

= v(x(2)),

@ and v is recovered from conserved variables represented through

high order modal polynomials

Elena Gaburro High order ALE FV-DG 20



High order ALE FV-DG

Mesh optimization techniques - in brief

Ingredients

@ High order Lagrangian position xZf!
= optimal in following the flow of the fluid

@ x; prescribed by a smoothing technique (Lloyd-like smoothing or
Laplacian smoothing) = optimal in the sense of mesh quality

At
)A(gjnl =(1-p) xg:nl +pxg, with g = min <1, UAs ]—')

@ U, maximum of fluid velocity
@ At timestep size, As min of mesh size,

@ F nondimensional smoothing parameter: fixes smoothing strength
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. \Y g domain dis
High order ALE FV-DG Direct ALE FV-DG sc

Voronoi meshes with topology changes

High order on Voronoi elements - Shu vortex

Initial conditions:

Euler equations: 5T =~ 1
stationary rotating vortex K 1
p=1+4+dp, dp=(1+0T)7 1 -1
. -2
Domain: [x, y] € [-5,5] x [-5,5] U= 0+du, du=—y iel -
Data: 6:5,’y:1.4,r:\/>ﬁy2 v:0+8v,3v:x§e#
p=1+0p, dp=(1+0T)7 1 —1
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\ ing domain discretization
LE FV-DG scheme
V. meshes with topology changes

High order ALE FV-DG

Other Lagrangian methods dealing with vortical flows

o Shashkov & Morgan - USA My network before top. changes

@ Standard ALE approach

@ Standard ALE + Voronoi

£ O

Elena Gaburro High order ALE FV-DG 23




domain
ALE FV-DG scheme
Voronoi meshes with topology changes

High order ALE FV-DG

High order on Voronoi elements - Shu vortex
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Moving domain d
Direct ALE FV-D

High order ALE FV-DG -
e
Voronoi meshes topology changes

High order on Voronoi elements - Shu vortex
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High order ALE FV-DG

Moving domain disc
Direct ALE FV-D

Voronoi meshes with topology changes

High order on Voronoi elements - Shu vortex

FV
POP1 — 02 POP2 — O3 POP3 — 04 POP4 — 05
he  elp), O he e(p)y, ©O h¢ elp), O h¢ e(p)y, O
3.8E-01 3.1E-02 - 3.8E-01 2.9E-02 - |1.9E-01 1.6E-03 - | 4.7E-01 4.0e-02 -
2.0E-01 6.2E-03 2.4 | 1.9E-01 4.6E-03 2.8 |1.3E-01 4.1E-04 3.4| 3.8E-01 1.4e-02 4.8
1.3E-01 2.4E-03 2.4 | 1.3E-01 1.4E-03 2.9 |9.9E-02 1.4E-04 3.8 | 1.3E-01 2.5e-04 3.8
9.9E-02 1.3E-03 2.3 | 9.9E-02 6.1E-04 3.0 |7.9E-02 6.0E-05 3.9 | 9.9E-02 6.7¢-05 4.6
8.0E-02 7.8E-04 2.2 | 7.9E-02 3.1E-04 2.0|6.7E-03 3.0E-05 3.8 | 7.9E-02 2.4e-05 4.7
DG
P1P1 — 02 PQPQ — O3 P3P3 — 04 P4P4 — 05
he  elp)y, O he ep)y, Of he  elp)y, O] he  elp)y, O
7.5E-01 6.3E-03 - 7.5E-01 1.4E-02 - |6.1E-01 1.4E-03 - | 1.4E-00 1.1e-02 -
6.1E-01 4.2E-04 1.9 | 6.1E-01 7.2E-03 3.4 |5.2E-01 7.4E-04 3.7 | 1.0E-00 2.0e-03 5.9
3.2E-01 9.9E-04 2.2 | 3.2E-01 9.3E-04 3.2 |4.7E-01 4.1E-04 5.9| 9.8E-01 1.6e-03 4.7
2.2E-01 4.4E-04 2.0 | 2.2E-01 2.8E-04 3.0 |3.2E-01 7.7E-05 4.4 | 8.9E-01 9.0e-04 5.9
1.6E-01 2.5E-05 2.0 | 1.6E-01 1.2E-04 3.0 |2.2E-01 1.6E-05 4.0 | 8.5E-01 7.0e-04 5.1

Table: Isentropic vortex. The Lj error norms refer to the variable p at time t = 0.5.

Elena Gaburro
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High order on Voronoi elements: Sedov test case

Time =0.20 Time =1.00

oGom 06 000 -EUL
T l
Sk
4 [h
g /
/
T ‘J -
oL
1 05 1 15 1 05 1 15
v v
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Triple point problem

- 7com -

-—‘lcrn—-l

P=0.1
p=0.1
P=1.0
p=1.0 3cm
P=0.1
p=1.0
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Triple point problem

Time = 3.0
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Triple point problem

Time = 5.0
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Rayleigh-Taylor instability (adding a gravity source term)
FVO@3), M, DGO(2), M, DGO@B), M  DGO(2), M

Time =10.0

o 1.4 Time =10.0 Time =10.0

Time =10.0
Ap

01 02 03 0 01 02 03 04 05

Time =12.5
1.4 =

. b

Time = 12.5
4

0 01 02 03 04 05

03 04 05

0 01 02

gh order ALE FV-

01 02 03 04 05

0 01 02 03 04 05

30
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Moving domain discretization
Direct ALE FV-DG scheme
Voronoi meshes with topology changes

High order ALE FV-DG

High order on Voronoi elements: MHD equations

9:Q + V -F(Q) =5(Q)
P pu pv
pu pu?+ (p+ 1B2)+% PUV*%
pv puv — Bif* P2+ (p+ &B2) + &

Ot | PE [+ x| u (pE+ p+ £B?) — VB) + 9y v(pE—i—p—i—lBZ)—w =0

Bx BxU—UBx-l-(D Bxv — uB,
By Byu — vBx Byv —vB, + &
® c?Bx c2B,

p=(y—1) (05—1(u2+v2)—3*2) =0

2 8w

p density, u = (u, v) velocities, p pressure, E total energy,
B magnetic field, ® additional variable, ¢, divergence cleaning speed
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High order ALE FV-DG

High order on Voronoi elements: smooth MHD vortex

Initial condition:
V(x,0) = (1,1+ 6u,1+6v,0,14 dp,0B«,6B,,6B;,0),

with év = (du, év, dw), 6B = (6Bx, 8By, 0B;) and

6v:2ie%(1”2)ez><r 5B:2ﬁe%(1*’2)ezxr, 5P=64(17 3 (Mz(l—rz) —4&277) =
iy i Y

Data: e, = (0,0,1), ¢, =1, g = % k=1 p=+4nr DG 3™ order

Time= 0 Time = 0 Time= 0 o | Time= 0
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Moving domain

High order ALE FV-DG Direct ALE F -

Voronoi meshes topology changes

@ Statistics
Method |timesteps slivers restarts|Mesh% PpyPu st% on sliver%
DG O(4) | 62741 21369 3 0.17 97.39 7.5E-4

@ Density and pressure scatter profiles after 3 turns

+.00001 - Time = 70 1.005 [ Time= 70

1.00001 [

rho
T
i
|
P
-

0999995 -

039399 L L L 0s8 s s s
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FV

High order ALE FV-DG

Moving domain disc
Direct ALE FV-D

Voronoi meshes with topology changes

High order on Voronoi elements

POP1 — 02

POP2 — O3

POP3 — 04

PoPy — O5

he  e(p)r,

9]

he e(p)r,

he e(p)1y

he e(p)Ly

9]

4.6E-01 3.3E-02
3.9E-01 1.6E-02
2.4E-01 8.9E-03
1.9E-01 5.3E-03
1.6E-01 3.4E-03

1.8
23
2.4
2.5

3.2E-01 1.0E-02
2.4E-01 5.5E-03
1.9E-01 2.7E-03
1.6E-01 1.5E-03
1.4E-01 1.0E-03

2.3
3.3

2.9

4.7E-01 2.1E-02
3.2E-01 6.0E-03
2.4E-01 2.0E-03
2.2E-01 1.3E-03
1.9E-01 8.1E-04

3.2
3.9
3.6
4.8

6.0E-01 3.6e-0.2
5.8E-01 3.0e-0.2
5.6E-01 2.7e-0.2
5.5E-01 2.3e-0.2
5.2E-01 1.8e-0.2

5.8
3.6
5.9
4.8

DG

PP — O2

P2P2 — O3

P3P3 — 04

P4 P4 — O5

he  elp)y

o

he e(p)L,

o

he e(p)r,

O

hr e(p)Ly

o

4.7E-01 8.5E-03
3.2E-01 3.2E-04
2.8E-01 2.1E-04
2.4E-01 1.6E-04
1.9E-01 9.7E-05

25
2.9
2.0
2.4

6.1E-01 2.8E-03
4.7E-01 1.3E-03
3.8E-01 7.3E-04
3.5E-01 5.6E-04
3.2E-01 4.1E-04

2.8
2.7
3.6
3.0

8.8E-01 1.1E-03
7.5E-01 6.2E-04
6.1E-01 3.1E-04
5.5E-01 1.9E-04
3.2E-01 2.3E-05

35
34
4.3
3.9

1.6E-00 6.9e-0.3
6.1E-01 1.3e-0.4
5.2E-01 4.7e-0.5
4.9E-01 3.1e-0.5
4.7E-01 2.4e-0.5

4.1
5.8
8.1
5.3

Table: MHD vortex. The L error norms refer to the variable p at time t = 1.0.

Elena Gaburro
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High order on Voronoi elements

MHD rotor problem

Rapidly rotating fluid of high density embedded
in a fluid at rest with low density, both subject
to an initially constant magpnetic field

p=10, w=10if0<r<0.1
p=1w=0 otherwise
P=1

B = (2.5,0,0) tr = 0.25

FV O(4), PyP3, coarse

IC:

Time =0.25 o Time =0.25 Time =0.25 M
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High order on Voronoi elements

MHD rotor problem

Rapidly rotating fluid of high density embedded
in a fluid at rest with low density, both subject
to an initially constant magnetic field FV O(4), PyPs, fine

p=10, w=10if0<r<0.1
p=1w=0 otherwise
P=1

B =(2.5,0,0) tr = 0.25

IC:

Time =0.25 3 Time =0.25 Time =0.25 M
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High order on Voronoi elements

MHD rotor problem

Rapidly rotating fluid of high density embedded
in a fluid at rest with low density, both subject
to an initially constant magpnetic field

p=10, w=10if0<r<0.1
p=1w=0 otherwise
P=1

B = (2.5,0,0) tr = 0.25

DG O(3), P>P», coarse

IC:

Time =0.25 o Time =0.25 ‘ Time =0.25 M

Elena Gaburro High order ALE FV- 34




High order on noi elements

MHD rotor problem

Rapidly rotating fluid of high density embedded
in a fluid at rest with low density, both subject
to an initially constant magnetic field DG O(3), PPy, fine

p=10, w=10if0<r<0.1
p=1w=0 otherwise

IC:
P=1
B=(25,00) t =025
Time =0.25 B Time =0.25

Time =0.25

Snermana 3

Elena Gaburro High order ALE FV-DG 34



WeII balanced schemes
on nonconforming moving meshes

Well Balanced Path Conservative schemes .
preliminary results

Direct ALE FV scheme with nonconservative products

ALE FV-DG scheme
/ (|"= + ) A+ / =/ S
oy cnocy cr

[ - /o—/f+ (a7 af) -

Tn+1 ()C”

+ [Blas) - Q@)
+ [ 8

i
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. on nonconforming moving meshes
Well Balanced Path Conservative schemes .
preliminary results

ALE numerical flux: nonconservative part

(aj,,4;) - fi represents the well balanced ALE numerical

F+
flux between two neighbors across 8C,§?

Osher—type ALE scheme
(0050 4 o )

° well balanced way to write the nonconservative terms

@ A (Q) is the extended ALE Jacobian matrix
_ (AT

AV"(Q):< ﬁ§+ﬁ§) [(%4— )-n—(V-n)l], n NCEY

Elena Gaburro High order ALE FV-DG



Well balanced schemes

WB Eu vity on nonconforming moving m

Well Balanced Path Conservative schemes . .
ivity - preliminary results

F + D defined in terms of a family of paths ®(s,q=,q"), s € [0,1].

@ According to [3], Lipschitz continuous family of paths
®(s,q7,q"), s € [0, 1] satisfying

®(0.97,9") =q", ?(1,qiq+) =q", ®(s,q,q9)=q,
_ 0o _
and 2/3(¢(s;q ")) 5o (sia .a")ds
0

[3] G. Dal Maso and P.G. LeFloch and F. Murat, J. Math. Pures Appl., 1995,
[2] C. Parés, SIAM Journal on Numerical Analysis, 2006
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Well balanced schemes

WB for Euler w gravity on nonconforming moving meshes

Well Balanced Path Conservative schemes v . ..
WB for gene relativity - preliminary results

F + D defined in terms of a family of paths ®(s,q=,q"), s € [0,1].

@ According to [3], Lipschitz continuous family of paths
®(s,q7,q"), s € [0, 1] satisfying

®(0.97,9") =q", ?(1,qiq+) =q", ®(s,q,q9)=q,
_ 0o _
and 2/B(¢(s;q ")) 5o (sia .a")ds
0

@ According to [2]:

A sufficient condition for a well balanced scheme

(IN:,-J- + )(qE, qt) =0, if gz and gf lie on the same stationary sol

[3] G. Dal Maso and P.G. LeFloch and F. Murat, J. Math. Pures Appl., 1995,
[2] C. Parés, SIAM Journal on Numerical Analysis, 2006
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Well balanced schemes

. B for Euler y on nonconforming moving meshes
Well Balanced Path Conservative schemes ) ‘

y - preliminary results

Well balanced path

Standard path (segment): ®(s;q7,q7)=q~ +s(q" —q7)
2" order accurate, but not well balanced for general profiles

Elena Gaburro High order ALE FV- 38




Well balanced schemes
for Ei on nonconforming moving meshes

Well Balanced Path Conservative schemes .
for gene E y - preliminary results

Well balanced path

Standard path (segment): ®(s;q7,q7)=q~ +s(q" —q7)
2" order accurate, but not well balanced for general profiles

Proposed path: equilibrium + fluctuation

®(s,q7,q") = ®°(s,qz,qf) + (s, a7, qf)

° CDE(s,qE,qJEr) reparametrization of the stationary solution that
connects the state gz with qf

©q; =q —qg andqf =q" —qf

o ®(s,q;,9;) =a; +s(af —a;)

Elena Gaburro High order ALE FV-DG 38



Well balanced schemes
W r Euler w on nonconforming moving meshes

Well Balanced Path Conservative schemes .
eliminary results

27 order well balanced reconstruction

MUSCL-Hancock method
AQ"

AXI (X — X,') + 8tQ,'(1.' — t”)

We introduce a reconstructor operator defined as

Q?(Xa t) = QEi(Xa t) + 'Pf,'(X, t)a X € I,‘, te [tna thrl]

Pi(x.t) = Q7 +

@ QF Smooth stationary solution

@ P’ Standard reconstruction operator over the fluctuations

Elena Gaburro High order ALE FV-DG 39



Well balanced schemes
uler with gravity on nonconforming moving meshes

Well Balanced Path Conservative schemes . -
r general relativity - preliminary results

Euler equations with gravity

Euler equations of gasdynamics with gravity - Polar coordinates

2Q + V- F(Q) - S(Q)
rp rpu pv 0
2 Gm 2
rpu rpu® + rP uv —p ==+ P+ pv
at P aF 8r ’ ate 8y p2 - ’ r p
rpv rpuv pv-+ P —puv
rpE ru(pE + P) v(pE + P) —pu%

Equilibrium properties:

0
u=0, Y _y, :
Jy
oP G
r+p< ms—pv2>:o
or r ) '
High shear flow
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Well balanced schemes
WB uler with gravity on nonconforming moving meshes

Well Balanced Path Conservative schemes iybes 5 ..
WB for general relativity - preliminary results

Nonconservative system

19:Q+V-F(Q)+ =0

+ path-conservative scheme with a particular path

Euler equations of gasdynamics with gravity - polar coordinates

0:Q + V- F(Q) 4+ B(Q)-VQ =5(Q)
rp rpu pv 0
rpu rpu2 puv r% +p (% = v2) %
Ot | rpv |+ Or rpuv +0,| pv*+P |+ puv% =0
rpE ru(pE + P) v(pE + P) pusms o
r 0 0 0
r — radial direction, y — angular direction or or
u — radial velocity, v — angular velocity ot O 1
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. ity on nonconforming moving meshes
Well Balanced Path Conservative schemes 3 Y . € €
WB for g 3 ativity - preliminary results

WB for Euler equations with gravity

2d Equilibrium - up to machine precision

Domain: [r’ 410] 6 [17 2] X [07 27('] Discontinous equilibrium
Data: r,=15G=1ms=1

Initial conditions:

p=1 ifr<rm,

p=0.1, ifr>rm, i

u=20 JL

v =4/ G’:’S

P=1 points 20 x 40
time 01 02

10 7.32E-13  4.20E-13
40 2.83E-12 8.18E-12
80 3.92E-12 1.72E-11
100 2.25E-12 1.99E-11
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Well balanced schemes
WB for Euler with gravity on nonconforming moving meshes
WB for general rela y - preliminary results

Well Balanced Path Conservative schemes

Keplerian disk: transport of a higher density quantity

Equilibium  pp =1, ug =0, vp = /&2 P=1
Perturbation p=2 in (x — 1.5)2 + y? < (0.15)?

Initial condition - Cartesian coordinates | Initial Condition - cylindrical coordinates

6k

sk

phi

Elena Gaburro High order ALE FV- 43




Well balanced schemes
WB for Euler with gravity on nonconforming moving meshes

Well Balanced Path Conservative schemes o o N
WB for general relativity - preliminary results

Keplerian disk: transport of a higher density quantity

Elena Gaburro High order ALE FV- 43




Well balanced schemes
WB for Euler with gravity on nonconforming moving meshes
eneral relativity - preliminary r

Well Balanced Path Conservative schemes

Keplerian disk: transport of a higher density quantity

Exact, time = 10 ALE -WB, time = 10

43



uler with gravity on nonconforming moving meshes
y - preliminary results

Well Balanced Path Conservative schemes

Kelvin-Helmholtz instabilities

ili i 3d 2 1C rho profil Y
Equilibrium view: IC tho profie

PE = po + p1tanh (%)

ug = 0
VE = Grrns
PE =
Parameters:
G=1,ms=1,py=1, p1 =0.25, Initial condition:

rm=1.5and o0 = 0.01
(r—rm)2

p = pe + Apo sin(kp)exp (7 -

Domain: ring sector r € [1,2], ¢ € [0, 7/2 Ry
.2 [0.7/2] u = ug + Asin(ky)exp (—@)

Boundary conditions: v=Vvg
exact solution r = 1,2 — pe + Asin(kp)ex (_ (r—rm)z)
periodic boundary conditions ¢ = 0, 7/2. P=pe w)exp s

with A=0.1, Kk =8, s = 0.005
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Euler + gravity: Kelvin-Helmholtz instabilities

Our Well Balanced ALE FV Osher-Romberg scheme

34 view:IC tho profie 1,

Well-balanced Arbitrary-Lagrangian-Eulerian finite volume schemes on moving nonconforming
meshes for the Euler equations of gas dynamics with gravity
Publication: E. Gaburro, M.J. Castro, M. Dumbser, MNRAS (2018)

Elena Gaburro High order ALE FV-
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Kelvin-Helmholtz instabilities - comparison

Ours Vs not WB - not ALE:

Ours Vs PLUTO:

AR

Elena Gaburro High order ALE FV-DG 45




Well balanc
WB for Eule ty on nonconforming moving meshes

Well Balanced Path Conservative schemes .
WB for general relativity - preliminary results

GRMHD: general relativistic magnetohydrodynamics

([ aQ+v.FQ@+B@Q va-0 |

(p7Vj7P7Bj,¢7Oé,BJ‘,"3/m), j:17273; m:1,...76,

V=
Q = (ﬁD, \/’Vsja ﬁ77 ﬁBj7 d)a Q, ﬂj7 :Ym>

. . 0
P 1} (U0 b 0 - 50,9
w(s' D) gin 7 (S0j0 — ST*B O — Tio)8')
Fimp|@V=B) BV =F) B go uq.| —Ho(1E)+arivoe
8 v 2ackd; (V%Bj) - oo
0
0 0
0

Publication: &) Fambri, Dumbser, Képpel, Rezzolla, Zanotti, MNRAS 2018
Elena Gaburro High order ALE FV-DG 46



CCZA4: Einstein field equations (hyp. order 1,

oK — pFok  +
2.0 — ko0 —
ot — gho i+

bt — spho b =

gk 2Dk,/ +FB + Bl — 2/37;Bf — 20 ( - 1/3'yutrA) G ETY
55 = as(a)(K - Ko — 200),
5,8 Bk + sfb'

B8P +1/3 (aK - B,f) ,

2[7 ViVia+a (R,-j+v-z-+v-z')] + 1/37” [7 VAV o + a(R + 2V, Z5)
Ak,B +Ak_] - 2/3A Bk + aA; ij(K —20c) — 2aA,,'y Amj -1 Fij trA,
v'v; a — a(R+2V; iZ' ) = aKé — 20c¢) — 3ak1(l+ k2)©

1/2a®(R +2V,2') = 1/2ae? (2/3Kk2 — A /i"f) — aOKc — Z'aA; — ary(2+ k)0,

4/3057 0K — 2074 8,0 — 550, By — 51/35% 0By — 5205 5" Oy Ao

2/3F'Bf — F*Bl + 20 (Fj'-kA"k — 3AY Pj) — 205" (04 +2/3KZ}) — 20 A1 A
—4s aﬁ,"‘Dk"’"An," +2n3 (2/3«7’72]3,’; - :y’ijBk) - 2ar177Z;
s (0:F7 — BXoufT — b’ |

with the following PDEs for the auxiliary variables

0eA — B'oAc +

a8l —sploB,  —
I
Ot Dyjj — B 01Dy

8Py — B8Py

ag(a) (9K — 9 Ko — 2¢8O) + sag(a)3"™" O Anm

+25 ag(a)D, "™ Apm — aAy (K — Ko — 20¢) (g( Q) + ag’(a)) +BL A,

s (forb’ + a?u s (9P — 9jPy) — o2 575" (9, Dy — ale]-,,)) =Bl B,
~1/25mi O Bf] — 1/27m;®, de +1/3%;0, kBm)) + ad Ay — al/3%;5" O Anm

By Dy + B}Dk,, + B, Dyj — 2/3B{Dyj — 02/35;0, "™ Anm — a A (Aj — 1/35;trA) ,

1/3adyK + s1/39 B}y — s1/3a5"" O Apm

1/3aALK + BLP, — s2/30 D, "™ Apm.

Publication: &L Dumbser, Fambri, Gaburro, Reinarz, J. Comput. Phys. 2020
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Il balanced

WB for Euler with / on nonconforming oving meshes
WB for general relativity - preliminary result

Well Balanced Path Conservative schemes

WB for GRMHD - TOV neutron star

Equilibrium: numerical solution of the
Tolman-Oppenheimer-Volkoff (TOV) equation

Perturbation of the order of 5e-2 on density and pressure

Initial condition:

0.0015 0.0002 -

L Equilibrium Equilibrium
Perturbation | Perturbation

\ 0.00015 |-

0.001 |

_g 0.B901 -

< L

0.0005 [

5E-05 |-

o
=)
T
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vity on nonconforming moving meshes
WB for general relatlwty preliminary results

Well Balanced Path Conservative schemes

WB for GRMHD - TOV neutron star

Numerical results: WB vs NOWB at time = 10000

0.0015
L — Equilibrium
wB
L — — — - NOWB
0.001 |-
(=]
° L
=
0.0005 -
[0} =
)
5 10 15
r
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/ell balanced
for Euler with y on nonconform moving meshes

Well Balanced Path Conservative schemes S .
WB for general relativity - preliminary results

WB for CCZ4 anticowling - TOV star

Equilibrium numerical solution of the
Tolman-Oppenheimer-Volkoff (TOV) equation

Gaussian type perturbation on the metric variable K (extrinsic curvature)

t=20 t = 1000
r 0.0002
[ Equilibrium B Equilibrium
Perturbation - - === WB
1E-05 [~ [
| 0.0001 |- - -~ - Nows
[ 0
+ [ === === — -~ -
X 4
5E-06 - o AN |
1 s, |
-0.0001 |- ~
[ b1 |
L . i
L |
00002 ! |
L [y |
h |
0 e H
1 1 1 1 1 1 r PPN IRTIN RSN EPRTRTEN SR SFRTRTE N
2 4 6 8 10 12 0.0003 2 4 6 8 10 12
x X
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/ell balanced

. for Euler wi y on nonconform moving meshes
Well Balanced Path Conservative schemes :
WB for general relatlwty preliminary results

WB for CCZ4 anticowling - TOV star

Hamiltonian constraint H = Rig" — K,-J-KU + K2 - 167TT =0
Momentum constraints M; = ~// (01K — 0iKji — T7 1 Kmi + T Kmi) — 875 = 0

—— WB Ham
100 —— WB Mom
———— NoWB Ham
NoWB Mom
10° ol MOt

T 1 T TR |
0 500 1000 1500 2000
time
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Well balanced schemes

. WB for Euler witt ity on nonconformi moving meshes
Well Balanced Path Conservative schemes o . on Hone e
WB for general relativity - preliminary results

WB for CCZ4+GRHD - constraints preservation

Left: perturbation on K Right: perturbation on p
. .
10 WB Ham 10 — WBHam
| WB Mom —  WB Mom
10 | NoWB Ham 10' —————— NoWB Ham
NoWB Mom | NoWB Mom
10° wﬂ NoWB 4x Ham NoWB 4x Ham
r‘ NoWB 4x Mom 10° !-A NoWB 4x Mom

Elena Gaburro High order ALE F



/ell balanced

for Euler with g y on nonconform moving meshes
WB for general relativity - preliminary results

Well Balanced Path Conservative schemes

WB for CCZ4+GRMHD

Pulsation of star density at its centre subject to an initial pressure perturbation

0.0013
wB

— — — - NOWB

0.00126 B I - I - I -

T - |
0 200 400 600 800 1000
time
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Well balanced
. WB for Eule y on nonconforming moving meshes
Well Balanced Path Conservative schemes o . . . :
WB for general relativity - preliminary results

Conclusion & Outlooks

Robust arbitrary high order WB ALE FV-DG
on high quality moving meshes

@ Application to complex hyperbolic systems

@ Low dissipation high efficiency

@ Moving code: complex boundary condition (moving, periodic ...)
extension to 3D of topology changes techniques

@ Well balanced 3D code for general relativity in covariant form

@ Coupling ALE + WB for general relativity

Elena Gaburro High order ALE FV-DG 54



Well balanced schemes
WB for Euler with gravity on nonconforming moving meshes

Well Balanced Path Conservative schemes . .
WB for general relativity - preliminary results

Thank you for your attention!

A unified framework for the solution of hyperbolic PDE systems using high order
direct Arbitrary-Lagrangian-Eulerian schemes on moving unstructured meshes with
topology change

E. Gaburro, Archives of Computational Methods in Engineering (2020).

High order direct ALE schemes on moving Voronoi meshes with topology changes
E. Gaburro, W. Boscheri, S. Chiocchetti, C. Klingenberg, V. Springel, M.Dumbser, JCP (2020).

Well-balanced Arbitrary-Lagrangian-Eulerian finite volume schemes on moving
nonconforming meshes for the Euler equations of gas dynamics with gravity
E. Gaburro, M.J. Castro, M. Dumbser, MNRAS (2018).

Direct ALE finite volume schemes on moving nonconforming unstructured meshes
E. Gaburro, M. Dumbser, M.J. Castro, Computers & Fluids (2017).
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