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Abstract

This paper develops a compact fourth-order positivity-preserving active flux (AF)
method for the one- and two-dimensional compressible Navier—Stokes equations on
Cartesian meshes. The method retains the cell averages and shared point values of
the standard third-order AF method as its degrees of freedom. To avoid the order
reduction that can arise when diffusion is discretized using operators from the standard
third-order AF method, while maintaining compactness, the divergence of the viscous
flux is discretized directly using compact fourth-order operators. For the inviscid part,
incorporating a downwind point value into the biased stencil yields fourth-order ac-
curacy. A monolithic flux limiting blends high-order total numerical fluxes with low-
order positivity-preserving counterparts, treating the inviscid and viscous fluxes jointly
while maintaining local conservation. Together with a scaling limiter for point val-
ues, this procedure preserves density and pressure positivity for both cell averages and
point values. Numerical experiments demonstrate fourth-order convergence, positiv-
ity preservation, and accurate resolution of shocks and viscous flow structures. For
the two-dimensional viscous shock tube, a comparison with a discontinuous Galerkin
method shows improved computational efficiency in resolving complex interaction of
shock waves and boundary layers.

Keywords: Active flux; Navier-Stokes equations; high-order accuracy; finite volume
method; compact scheme; positivity-preserving

1 Introduction

Computational fluid dynamics is central to weather prediction, pollutant transport, biomed-
ical applications, and aerodynamic design [1|, with accurate modeling of viscous effects
essential for resolving boundary layers and predicting aerodynamic drag. The development
of high-order numerical methods, which can provide enhanced accuracy and computational
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efficiency [2], is therefore of fundamental importance in both scientific research and engineer-
ing practice. In this work, we focus on the development of a compact high-order numerical
method for solving the d-dimensional compressible Navier—Stokes (NS) equations

U+ 0, (Ff(U) - F{(U,VU)) =0, (1)

where U = (p, pu, E)" denotes the vector of conservative variables, and Fy and F} denote,
respectively, the inviscid and viscous fluxes in the x,-direction,

Py 0
F; = | puu,+pey |, F;/= Tey ., Ge=q- ey (2)
(E + p)ue u-(Ter) — q
Here, p is the density, u = (uy,...,uq)" is the velocity vector, p is the pressure, and E =

pe + %p |w|/* is the total energy, with e the specific internal energy. The vector e, is the
unit vector with all zeros except for the ¢th component. For a Newtonian fluid satisfying
Fourier’s law of heat conduction, the viscous stress tensor and Fourier heat flux are given as
follows,

2
T=p (Vu +Vu' — g(V : u)Id> , q=—krVT, (3)

with > 0 the constant dynamic viscosity. In the nondimensional form, the temperature is
T = p/p and the thermal conductivity is k = ﬁ, where Pr > 0 is the Prandtl number,
which characterizes the relative importance of momentum and thermal diffusion. To close
the system (1), the ideal-gas equation of state p = (7 — 1)pe is used, with v > 1 the ratio of
specific heats.

A variety of high-order accurate numerical methods have been developed for the com-
pressible NS equations, including compact finite difference methods [3], Py Py methods [4],
discontinuous Galerkin (DG) methods [5], and flux reconstruction (FR) methods [6, 7], see
also the review [2|. High-order methods can provide high resolution for smooth and mul-
tiscale flow structures on relatively coarse meshes. For large-scale simulations, the locality
and compactness of the discretization are also important, since localized data dependencies
reduce communication and facilitate parallel implementation on modern high-performance
computing architectures, which is one of the reasons why DG methods are attractive. How-
ever, the number of local degrees of freedom (DoFs) in DG methods grows rapidly with the
polynomial degree. For example, a tensor-product polynomial space of degree k£ in each
coordinate direction contains (k + 1)¢ coefficients per conservative variable in d dimensions,
leading to quadratic and cubic growth in memory requirements and computational costs
in 2D and 3D, respectively. These considerations motivate the development of compact
high-order methods with fewer DoFs.

The active flux (AF) method provides a compact finite volume framework, with fewer
DoFs than DG methods. Although its number of DoFs still grows quadratically (cubically)
with the polynomial degree, the comparison in [8] shows higher computational efficiency.
Originally developed for hyperbolic conservation laws [9, 10, 11|, inspired by [12], AF meth-
ods evolve cell averages together with point values shared by neighboring cells, which reduces
the number of DoFs. The cell average follows a conservative finite volume update, and the
point value provides additional interface information for high-order approximations. As



described below, the AF method is local because point values are evolved using compact
finite difference operators, without quadrature or inverting a mass matrix. All these factors
contribute to the efficiency of the AF methods.

In the original fully-discrete formulation [9, 10, 11|, the point values are evolved by
exact or approximate evolution operators, which are difficult to construct for general cases,
especially to achieve high-order accuracy [13, 14, 15, 16]. A method-of-lines formulation was
subsequently introduced in [17]|, where the evolution equations for both cell averages and
point values are first discretized in space and then integrated in time using Runge-Kutta
(RK) methods. Upwinding is incorporated in the point value update using Jacobian splitting
[17] or flux-vector splitting [18|, which has been extended to higher-order accuracy [19, 20],
polygonal meshes [21], and magnetohydrodynamics [22, 23].

Compared with the hyperbolic case, AF discretizations of diffusion terms are relatively
less developed. One approach reformulates the diffusion terms as a first-order hyperbolic
or relaxation system with auxiliary variables [24, 25]. The pseudo-time formulation in [24]
uses inner iterations, whereas [25] uses a diagonally implicit RK method. Another dis-
cretizes the diffusion terms directly using auxiliary gradient approximations [26], but it is
second-order accurate. In [27]|, a compact fourth-order AF method is constructed for solv-
ing convection—diffusion equations with degenerate diffusion coefficients, where the diffusion
term is discretized based on a rewriting into a doubly conservative form of the diffusion
potential.

A further challenge is to preserve physically admissible states in the presence of strong
shocks or near-vacuum states, where high-order methods are prone to producing negative
density or pressure due to unphysical oscillations. This issue has been considered in the AF
methods (28, 18, 29, 30, 31, 23] and other methods for the NS equations [32, 33, 34, 35],
to name a few. For the compressible NS equations, the viscous flux depends on velocity
and temperature gradients and contains coupled stress components in multiple dimensions,
making positivity-preserving (PP) limiting more delicate.

This work develops a compact fourth-order PP AF method for the one- and two-
dimensional compressible NS equations on Cartesian meshes. The choice of fourth-order
operators is motivated by the order reduction to second-order accuracy in two dimensions,
as analyzed and numerically verified in [25] for the AF method using the standard
third-order operators. This paper discretizes the viscous flux divergence directly using
compact fourth-order operators, while retaining the DoFs of the standard third-order AF
method. For the inviscid part, a biased stencil incorporating a downwind point value
achieves fourth-order accuracy with the same DoFs as the standard third-order AF method.
To preserve density and pressure positivity, we construct a monolithic convex limiter for
the numerical flux. The high-order inviscid and viscous contributions are limited jointly
against a low-order PP flux based on the local Lax-Friedrichs (LLF) scheme in [36]. A
decomposition into directional intermediate states yields a convex representation of the cell
average update and a sufficient CFL condition for positivity preservation in the explicit
strong-stability-preserving (SSP)-RK method. A scaling limiter enforces the PP property
for point values. Numerical experiments assess the accuracy and PP property of the
proposed method. Its computational efficiency is examined through a comparison with the
DG method [34] for the viscous shock tube. In this test, AF is approximately ten times
faster at a comparable level of accuracy and with the same number of DoFs.

The remainder of this paper is organized as follows. Section 2 presents the 1D and 2D
compact AF discretizations. Section 3 presents the first-order PP LLF scheme and the PP



limiting. Numerical experiments are conducted in Section 4, followed by concluding remarks
in Section 5.

2 The compact AF formulation

2.1 The 1D formulation

The 1D NS equations can be written as

U + 0, F(U)=0,F"(U,0,Z) = 0,(K(W)0,Z), (4)
where
puU 0 0 0
c __ 2 _ 4
F - pu + p ) K(W) - O 43[’6 7% ’
(E + p)u 0 spu =i,
with

W = (pvuap)Tv Z = (O7U7T)T' (5)

Assume that a 1D computational domain is divided into N uniform cells I; = [l’i_% , T +%]
with the cell size Ax = Tipl = T 1, 1 = 1,--- ,N. The cell centers are denoted by
T, = (CCF% + z; +%) /2. The DoFs are the cell averages and shared interface point values
of conservative variables,

— 1
Ui(t) = A_CIZ/I Uh(l",t) de, Ui+1/2(t) = Uh(xi%,t),

with Up,(x,t) the numerical solution. The AF method for solving (4) can be constructed as
follows,

v, 1 /. . . 1
Ty (B ) = i (KW)(Z) — KW )(Z),). ()
dU;,
1 =+ D+(FC’+)1‘+% + D*(Fcﬁ)z#% = D*(K(W), Z)i+%7 (6b)
(Zx)i+% = DC(Z)iJr%? (6c)

where the cell average update (6a) follows the standard finite volume method, which ensures
conservation. The corresponding W;, Z;, and Ff’i = F*(U;) are then evaluated from U;.
In the point value update (6b), the inviscid part uses the flux vector splitting introduced in
[18], and the viscous part is based on a compact discretization. To be specific, the inviscid
flux is split using the local Lax—Friedrichs flux vector splitting (FVS), given by

1 Fe+t Fe
Fot — = (FC(U) + aH%U) D (a ) >0, A (a ) <0,

2 ou ou

where \ denotes the eigenvalue, and the numerical viscosity coeflicient «; 11 is fixed across
the spatial stencil and determined by

Oéi-l—% :maX{Q(Ui—%)7 Q(Uz)7 (Q(Uz—l-%)v Q(Ui+1)7 (Q(Uz—l-%)}?



with o the spectral radius of the Jacobian matrix 0F°¢/0U. Overbars denote cell aver-
ages, whereas quantities without overbars are point values. The cell-centered conservative
variables are reconstructed through Simpson’s rule

(2

1 —

which is a 4th-order approximation for smooth solutions. Each component of the split flux is
discretized using the following biased operators. Here z denotes a generic scalar component
of the quantity being differentiated, distinct from the vector Z. Note that z; is a cell-
center point value, not a cell average. The operators are obtained by differentiating the
corresponding cubic reconstructions based on {z; 1, 2, 2, 1, Zisa} or {2i; 241, Ziv1, 243} at

i+is
1

D+<Z>Z+% = ?)A_aj <Zi7% — 621' + 32i+% + 22i+1> s (7&)
1

Biased stencils provide upwinding for the split inviscid fluxes, while their symmetric average
gives a central difference approximation for the viscous gradients as there is no upwinding
mechanism for the diffusion part. The first-order derivative in (6¢) is obtained by using the
central operator defined by

S+ DDy = oa (g~ B 48 —2) . (®)

The 4th-order compact operator of the second derivative D? is adapted from [37],

2 2
DK, Z),,s - & ST b (Wi ) Zppsn. 9)

m=—2n=—2

Here the coefficients b,,,,, are obtained from the order conditions, a sparsity requirement, and
symmetry. More precisely, let

1 .1 1
8 6 24
0 0] [M o0 -5 5 3 &
0 M 100 S
1 1 1
0 =2 5 —8

and the rows and columns of B are ordered by {—2,—1,0, 1,2}, then b,,, denotes the entry
associated with row index m and column index n in this ordering. Note that the matrix
KW, +mT+1) is evaluated separately at every stencil point, and the right-hand side in (6b)

7

discretizes 0, (K0, Z) directly.

2.2 The 2D formulation

The 2D compressible NS equations can be written as

2 2 2
QU+ 00 Ff = 0, F) =Y 0,,(Ku(W)0,, Z), (11)
=1

/=1 £m=1

5



with U = (p, pu,pv, E)", W = (p,u,v,p)", Z = (0,u,v,T)", and (1, 22) = (x,y). The
viscous fluxes can be expressed as

Flv - KH(W)&CZ + Klg(W)ayZ, FZU - KQl(W)aZZ + KQQ(W)gyZ

The four 4 x 4 matrices are

0O 0 0 O 0O 0 0 O
0 2u 0 0 0 o 0 0
= 3 =
EnW)=1, 7% po 0] Ex(W)=1¢ STOON
0 %uu U K 0 pu %/w K
0 0 0 0 0 0 0 0
0 0 24 0 0 0 w0
— 3 —
Ki2(W) 0 o o ol K (W) 0 24 0 0f
0 pov —%uu 0 0 —%;w pu 0

Consider a uniform Cartesian mesh with Ny x Ny cells [;; = [xi_%,xH%] X [yj_%,yﬁ%]
with cell centers ((ZL"Z_% +xi+%)/2, (yj_% +yj+%)/2 and cell sizes Az, Ay. The DoFs consist of

the cell averages, edge-centered, and corner point values of the numerical solution Uy, (x,t),
defined as

Ui(t) =

1
ArAy /1 Up(xz,t) de, U(t) = Up(x¢,t).

Here ¢ = (i, ), © = (z,y) = (v1,22), and ¢ € {(i+3,7), (4,5 +3), (i+ 3,7+ 2)} denotes the
locations of the point values. The proposed AF method is as follows,

— 2 2
dU; 1 . ~. 1 ~ ~,
i n (Fise —Fioe) = 2 5 (Fise — Fiise).
=1 =1

Fe. ., =FgU), F' . —F)(U,VZ)

L+ 5€er z+%eg’ f,l+%€[ i+%eg’

0Z
<8_$é) 1:+leg N D((:Z)(Z)“'%eﬁ’
_'_ Z ( Z) Fc+ +D ) ZD(E KM ) Z)

+ Z D (Km(W)D™ Z)., (12)

lm=14#m

where the overbar on each flux denotes its average along the corresponding edge, approxi-
mated by Simpson’s rule, and the mixed derivatives in the point value update are discretized
by usmg the operators in each direction sequentially. Here, the finite difference operators
Di , DY , and D®2 are applied along the z,-direction, based on (7a)-(7b), (8), and (9),
respectively. For example,

1
(Dsrl)z)H%J = AL (z =625+ 32,1 5+ 221 j)
D - (-
( N Z)iJr%,j = AL (— Zig — 32 + 6Zz+1] i+%,j) )

6



1
2
(Ds-)z)i,jJr% = 3Ay (Zm;% =625+ 32,1 + 22i,j+1) ,

9 1
(D(—)Z)i,jJr% = % (—221"3' — Bzi’jJr% + 62@7]41 — Zi,j+%> .

For each conservative component z, the cell-centered point value is obtained through

1
Zi7j = E |:3627,,] - 4 <Zi—%,j + Z’i—i—%,j _I_ Ziyj_% + ZZJJ'_%)

- (zz'—é,j—% T Zipdi-t T AL s T Zi+%,j+%> ]
The central finite difference operator is

1 ¢ 4
(DY2);; = 2 <(D(+)Z)i,j + (D(—)Z)”) '

The compact discretization for 0,(K11(W)0,Z), can be expressed as

2 2
4
DONK, Z)iys;= x5 D, D bun (Wisngs) Zivopr s

m=—2n=-2

The remaining formulas follow by half-index shifts in ¢ and/or j.

2.3 Time discretization

For the semi-discretizations (6) and (12), this paper uses the explicit five-stage, fourth-order
strong-stability-preserving (SSP) RK method SSP-RK54 for time integration. The CFL
condition is

At < (13)

Ap ap
3p? Prp

of the inviscid and viscous parts, respectively. The CFL numbers Cg; = 1.04/d and Cg, =
0.33/d are chosen based on the von Neumann analysis in [27] for the inviscid and viscous
parts, respectively. Note that, for the 1D linear advection equation, the stable CFL limit is
higher than that of the standard 3rd-order AF method [19], which is another advantage of
using the additional downwind point in the biased stencil.

where g, = |uy|+c and ¢ = max{ } are the maximum absolute values of the eigenvalues

3 Positivity-preserving limiting and oscillation control

The high-order AF method may produce negative density or pressure, leading to unphysical
solutions or even causing the simulations to blow up. This section first presents a monolithic
convex limiting approach that constrains individual numerical fluxes to preserve density and
pressure positivity in the cell average update, adapting the approach proposed in [38| to the
NS equations.



Definition 3.1. An AF method is called positivity-preserving (PP) if starting from cell
averages and point values in the admissible state set

2
u
g:{U:<papuaE) p>0:p:(7_1)<E_%>>0}7 (14>
the cell averages and point values remain in G at the next time step.

The PP properties of the limiting are shown using representations in terms of intermediate
states that stay in the convex admissible state set (14). Positivity is proved separately for
the inviscid and viscous split states, which are then combined in the final limiting procedure.

3.1 Preliminaries

The following statement for the inviscid part is the usual one for the Euler equations.

Lemma 3.1 (LF splitting for the inviscid part). Let U € G and the sound speed ¢ = \/p/p,
the following statement holds,

Fe(U
Uiﬁeg, if ap > 00 = |ue| + c.
Qy

The following useful PP property of the directional LF splitting can be found in [36].

Lemma 3.2 (LF splitting for the viscous part). Let U € G, 7, = Tey, ¢ = q - e, and
introduce an auxiliary variable S as an approximation to VZ. Define

VpPa + 2% |l + plad
b(U,S) =

)

2p%e

then

F/U,S)
Be

Proof. The mass component of F} is zero, so density positivity follows from U € G. Using

F) = (0,7,u-7—q)" gives

U+ e g, if B, > by

Fy @ |7l
pe (Uj:E> :pe(U):FE— 2987
It is positive if pe > % + %, which yields the condition 3, > b,. O]
Lemma 3.3 (LF splitting for the total flux). Let
F,U,S)=F;U)—-F/(U,S), \=a+ by, (15)

where ay and (3, satisfy the conditions in Lemmas 3.1 and 3.2, respectively. Then

U+ FZ<U7S)

Y €q. (16)



Proof. The identity

F, Oée( ) 53( U)
)\g )\Z )\Z ﬂé

is a convex combination, so the proof follows from the convexity of G. O

For d € {1,2}, consider the following low-order LLF scheme for the cell average,

d
—=L =N = s
Ui = Uz - Z'uf (Fiiéee o Fil’*%%) ’ <17>
=1
'ﬁii%ez - ﬁzc—;-L%ez - 'Z:'-Lle v He= Atn/Awé’
where
el 1 c(TT c(TT O['H_%e@ TT7 T7
Fiie, =5 (Fy(Us) + Ff(Uiye,)) — 5 (Uite, — Us), (18a)
~o,L 1 v(TT v(TT B’H—%eg TT7 T7
Flie, =5 (F/ (Ui, Si) + F/ (Uise,: Sive,)) + 5 (Uite, —Us) .- (18b)

Here the low-order gradient S; is computed using the central difference of Z(U;). Note that
the superscript n is omitted for brevity. Define the total flux

F,; = F{(U;) - F/(U;, Sy),
then the total numerical flux can also be expressed as

)‘i—i-%eg e

(Uz'—l-eg - ﬁz) ) (19>

1
F}, te, = 5 (Fti + Frive,) =

where
)\i+%eg = Oé’l:+%el + ﬂ’l}l»%e['

The numerical viscosity coefficients are chosen as

Ajple, = MAX {Qz(Ui)> Qe(ﬁzureg)} )
BiJr%ee = lnax {bé(ﬁh Si), bf(UiJrez’ Si+e¢)} :

With the above notations, the LLF scheme (17) can be written as a convex decomposition

d
Ui = > (U +UE),
/=1

where

Ul}'f- =U; — 2duy (ﬁL le, Fg/,;) ,
(20)
UL =T, —2dug(F“ B, )

*eZ

To show the PP property of the LLF scheme, it suffices to show that the intermediate states
stay in G due to the convexity of G.



Proposition 3.1. Assume that U; € G for all %, and the numerical viscosity coefficients
satisfy the conditions in Lemmas 3.1 and 3.2. Then the intermediate states in (20) satisfy
UéL ’ii € G, under the following time-step size constraint

A
At < min l

1<t<d 2dmax{A; 1., } (21)

Proof. For the two interfaces, let v+ = pgA;11,,, respectively. The intermediate states can
be expressed as convex decompositions

U FZ TT F'L e
Ué‘j (1—2dl/z+)U + dvg (Ui+ & >+dw,+ (Ui+ee_—€’+ e)a

i+%eg

U U F i TT F, i—e
Ul}::; = (1 — QdVe,f) U, + dVgﬁ (Uz _ ; 2 ) + dVLf (Uieg + L, e> .

.1
i—5eg

Under (21), the coefficients 1 — 2dvy 1, dv, s, and dyy 4 are nonnegative and sum to one.
Using Lemma 3.3 and the convexity of G, one has Ul}, ’ii €q. O]

It is known that the low-order scheme is PP and non-oscillatory, thus the basic idea of
the limiting for cell average is to blend the high-order AF numerical flux with the low-order
LLF flux, which guarantees local conservation. To be specific, at the cell interface ¢ + %6[,
define the total flux in the high-order AF method as

FH AcH F\’U,H

it ;e i-&-%eg i-i-%ee’
and denote the anti-diffusion term by

AF, —F%, —F",

i+l 5€r iti 5€r i+l €’
Then the modified limited flux can be generally expressed as

o modified L modified
F’L+ 5€r F’L + 67.—}—2 AF i+l 3€e’

where Qrzf‘idfefjed € [0,1] is determined by a smoothness indicator or by density and pressure
2

positivity requirements. The blending parameters are determined sequentially below.

3.2 Smoothness indicator based limiting

This paper adopts the smoothness indicator in [18|, which combines Jameson’s shock sensor
in [39] and a modified Ducros shock sensor [40|. For d € {1, 2}, let

(901)' — ma |ﬁz+em 2131 +pz em|
’ 1<mg ‘pz+em+2pz +p1, em’

and
(p2); = max —(V- W) , 0
VT @) + (7 x a)i]? + 1013

10



where (V - u); and (V X u); are obtained by using central differences, with u; and p; the
velocity and pressure recovered from the cell average U;. The blending coefficient is designed
as

02,10, = oxD(~Calp)is e, (P2)is2e,) € [0.1],

(Sps)i—i-%eg = max {(908)17 (SOS)H-EZ} , s=1,2,

where the parameter Cg adjusts the strength of the limiting, which is fixed as 1 throughout
this paper. The limited numerical flux after this limiting is

FUms —FL 105 AF.

z+%e£ z+ ey 1,+ ey i+l 5€0’

(22)
and the corresponding anti-diffusion term is updated as

AF\Lim,S — I/;\yLim7s . F\L

1 .
z+%eg z—l—%eg t+5ep

3.3 Positivity-preserving limiting

Similar to the low-order scheme (17), the full cell average update in the AF method can be
decomposed into 2d intermediate states as follows,

1 d
U, —dZ UG ),

where

UZ;+ = Uz — 2d,U£ (ﬁilimgzé - FE"':) ’

UZ{ = Uz — 2d,ug (Fgﬂ' — ﬁ'Lin;,s ) ,

i—5ey

with ﬁ;fi; given by (22). The superscript H denotes the high-order candidate after the
2

limiting based on the smoothness indicator. Define the limited cell average update as
_leaPP L1 s Lim,
U; Zu (B — ). (23)

where the limited numerical flux is given by

FL1m7pp FL pr AF\Lim,S

i+l 5€er i+l ee z+ ey i+%eg'
Rewrite the limited cell average as
_le,PP 1 . le,pp, Lim,pp,—
Y Z +U; ) ’

(=1

with the limited intermediate states

U™t =Up — 24y, AFM = (1 0% U + 0%, U

+2 Y z+ ey
Lim,pp,— __ g7L,— pp lims pp L,— 199 H,—
Uy; =U,; + deei,;eéAFi,;ee =(1-67 )Uh + 0, Tl U“ ;
2 2

where the blending parameter 6*° € [0,1]. With the above construction, one can verify

j: 1
the following proposition.

11



Proposition 3.2. If the limited intermediate states Uzim’Pp’i cGforallzand ¢/ =1,....d,

then the limited average update (23) is PP, i.e., ﬁiim’Pp € G, under the CFL condition (21).
If the limiting is applied to every forward-Euler stage, the SSP-RK method preserves the
PP property through its convex stage combinations.

The remaining task is to determine the parameter 95;61& € [0, 1] at each interface, such
. 2
that U, ImPPE ¢ G and in%ez is as large as permitted. Take the computation of 6; 1., as an
example. Define
Zd—e¢
O (242" e) = ¢ 2L — A
1, otherwise,

M <e,

for 2 > e. By construction, it holds (1 — ¢)z" 4+ 92" > ¢ for all ¥ € [0, 0O(=", 2%, ¢)].
The first step is to impose the density positivity

P(Uéim’p’Jr) > 52ia (ULﬁZ; ) > 55,i+ega

such that the following intermediate states have positive density component,

U™ = (=00, U + 07, U

where 7 ; is a small positive number defined by €7, := min{10~"?, p(Uz )}. The blending
parameter for the density is chosen as

95+% —mm{@( U;er)vP(Uz%Jr)a@gi) @< (UL_ ), (UHH@) e,i+e4)}’

s lit+ep

which considers the two cells sharing the same interface.
The second step is to impose the pressure positivity

Limvpp7+ p Lim7pp7_ D
p(UZ,i ) > €p4 p(Uf,i+eg ) > €lites

where €}, is a small positive number defined by &}, := min{10~*% p(U, *)}. The blending
parameter for the pressure is chosen as

0,1, =min {O (pUS) PO ), 0,) 0 (pUL ) POLE) i, ) |

which uses the concavity of the pressure function. Thus the final limited intermediate states
and numerical flux are

Lim,pp,+ p 4 L+ p 4 H+
UZ’L ( -0, it1 ege i%eg)Ueaz + ezi egezi egUZai ’
AL A~
F‘ 111117PP FL + 9 ep AFle s

it5ep it 5€¢ i+l 5€e i+l 5€e i—i—%e[

Remark 3.1. Note that the cell-centered value should also be limited using the scaling
limiter with the help of the cell average, see [18] for the details.

12



3.4 Limiting for the point value

To achieve the PP property, a simple scaling limiter is adopted. One can easily write down
a low-order PP LLF method for the point value based on the spatial stencil used in [1§]
and the numerical flux defined in (18). Then the high-order AF solution is blended with the
low-order one to preserve positivity, with the blending parameters determined similarly to
those for cell averages.

Let us summarize the main results of the proposed PP AF method.

Theorem 3.1. If the initial numerical solution US, Ug € G for all ¢ and ¢, and the time-
step size satisfies (21) for the cell average and also the one for the point value, then the AF
method (6a)—-(6b) equipped with an SSP Runge-Kutta method and the PP limiters for cell
averages (23) and point values preserves density and pressure positivity.

Remark 3.2. In the actual implementation, the time-step size is first chosen based on the
CFL condition (13). If the low-order counterparts needed in the proposed limiting are not
PP, then the solution is reset and the full RK step is recomputed with a halved time-step
size.

4 Numerical experiments

This section presents numerical experiments for the compressible NS equations (1), including
smooth accuracy tests, problems with strong shocks and low pressure, and viscous flows at
low Mach numbers. The ratio of specific heats is v = 1.4 unless specified otherwise.

Example 4.1 (1D viscous shock wave). Consider the moving viscous shock used in [34]| on
the domain [—1,1.5]. Let uy denote the translation velocity and £ = = — ust. Let w(§)
denote the velocity relative to the moving shock. The exact primitive variables are p(§),
u(z,t) = us +w(€), and p(§), where

§E = I pO) = (= Dpe(©) () = 5 (g0 - w(e?).

Let wy and wg be the velocities relative to the shock at —oo and 400, respectively. The
velocity w = w(§) is determined by

2ury Wy, wr — W WR wW — WR
&= log — log ,
(v+ 1)moPr |wp —wg wr, — Wy wr, — Wg Wy — WR
which was derived by Becker [41]. Here, my = prwyp, wy = Jwpwg. The ratio of the

upstream and downstream relative velocities is determined by the upstream Mach number
in the shock frame,

wr,

NCT

Take Pr = 3/4, us = 0.2, pr, = w, = my = 1, and the initial shock is located at x = 0. For
the first case, take My = 3 and p = 1072 for the accuracy test without limiting, whereas the
second case uses My = 20 and p = 1073 for the accuracy test with limiting. Both cases are
evolved to tgn, = 0.2. Boundary values at both ends of the domain are prescribed using the
time-dependent exact solution.

wep _ (y=1)+2/Mg
wr, v+1 7 "
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Figures 1 and 2 show the numerical solutions and the ¢; errors and convergence rates
for the first and second cases, respectively. The AF method accurately captures the exact
solution and achieves fourth-order convergence under mesh refinement.

4.01

exact [> 1.2 exact
3.5 o avr.‘,rago L1 o average
X point X point

30 1.04

0.91
< 2.5 <

0.81

2.0 0.74

15 0.6
0.5

1.0

-1.0 —0.5 0.0 05 10 15 —10 —0.5 0.0 0.5 1.0 15
T T

1072,

0.81 exact —e— average

o average -7 point

0.74  x  point 10739 . 4th order

0.6
10744

0.5 s

=y 3

0.41 < 10774

0.31 ‘
1076,

0.21

d x’/ /,”
0.11 107 g0
~1.0 05 0.0 05 1.0 L5 2.5/1280 2.5/640 2.5/320 2.5/160 2.5/80
z Az

Figure 1: Example 4.1: viscous shock with My = 3. The numerical solutions with 80 cells
and the ¢; errors and convergence rates of the AF method.

Example 4.2 (2D manufactured Taylor-Green vortex). Consider the periodic domain
[0,27] x [0,27]. Let a(t) = exp(—2ut) and b(x,y) = cos(2z) + cos(2y). The prescribed
solution is

)T Po a’b

p=1, u=(asinzrcosy —acoszsiny) , p= + —,
v—1 4

with po = 102. The mass and momentum equations are satisfied automatically. For the
energy equation, one has to add the following manufactured energy source

Pt + upz + vpy
v—1

2

Sg = — 4pa® cos® x cos® y — kAp,

where p, = —pa?b, p, = —a*sin(2z)/2, p, = —a*sin(2y)/2, Ap = —a®b. The viscosity is
p=107°, with Pr = 1 and t¢ip.; = 0.2.

The numerical solutions obtained by the proposed AF method with 80x 80 cells are shown
in Figure 3. It is observed that the results agree well with the exact solution. The errors and
convergence rates are presented in Figure 4, which clearly show fourth-order convergence.
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Figure 2: Example 4.1: viscous shock with My = 20. The numerical solutions with 1280
cells and the ¢; errors and convergence rates of the AF method.

Example 4.3 (First problem of Stokes). This test considers the diffusion of a tangential
velocity discontinuity, where the solution depends only on x, while the transverse velocity
is retained. The computational domain is [—0.5,0.5] with outflow boundary conditions, and
the initial condition is

(1, 0, —=0.1, 1/7), ifz <0,
(1, 0, 0.1, 1/7), otherwise.

o]

We consider 1 = 1072, 1073, and 107%, with x = 0 in all three cases. The test is solved
until t¢50,0 = 1. In the incompressible limit, this test has an analytical solution given by
_ 1 T
v = jgerf <2 Jﬁ)
Figure 5 presents the numerical solutions for the three viscosity values p = 1072, 1073,
and 10~% using 100 cells. The results agree well with the reference solutions without oscilla-

tions.

Example 4.4 (One-dimensional LeBlanc problem). We consider the one-dimensional
LeBlanc problem using the initial data associated with the test in [42]. On the domain
[—0.5,0.5], the initial condition is

(1,0,6.666667 x 10~2), z < —02,

,u,p)(x,0) =
(p, . p)(@,0) {(102,0,6.666667><10“), r> 0.2,
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Figure 3: Example 4.2: manufactured Taylor—-Green vortex. The pressure, streamlines col-
ored by the vorticity, velocity cut-lines, and pressure cut-line (from upper left to lower right).

-3
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41— point P
10 4 |
----- 4th order
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1077
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Figure 4: Example 4.2: manufactured Taylor-Green vortex. The errors and convergence
rates.

We consider the inviscid case g = 0 and the viscous case u = 107° with Pr = 0.75. Both
cases use outflow boundary conditions and are evolved to tg,. = 0.4.

The numerical solutions obtained with 800 cells are shown in Figure 6. The inviscid
results are compared with the exact Euler solution, and the viscous results are compared with
an AF reference solution computed using 2000 cells. Viscosity smooths the discontinuities.
A small density undershoot appears near the tail of the rarefaction in the inviscid case;
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Figure 5: Example 4.3: the first problem of Stokes. The tangential velocity obtained by the
AF method with x4 = 10721073, 107 (from left to right).

otherwise, the numerical solutions agree well with the reference solutions.

0 4 —1]

10 exact 10 exact

o average o average
. 1
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21071 2,
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Figure 6: Example 4.4: LeBlanc test. The numerical solutions obtained with 800 cells for
p =0 (upper) and p = 107" (lower).

Example 4.5 (Shock diffraction). Consider the diffraction of a Mach 5.09 shock around a
corner, following [36]. The computational domain is [0,13] x [0,11] with the solid region
[0,1] x [0,6] excluded. Slip adiabatic wall conditions are imposed on the exposed solid
boundaries. The post-shock state is prescribed at the left inlet for y > 6, and outflow
conditions are imposed on the remaining external boundaries. Initially, the right-moving

17



shock is located at z = 0.5. The initial condition is

( )= (1.4,0,0,1), if z > 0.5,
P T PIT (7.041132007, 4.077946955, 0, 30.05945),  otherwise.
We solve the inviscid Euler equations with ;4 = 0 and the NS equations with Re = 200 and
Pr =0.72. Both cases are evolved to t¢ina1 = 2.3.

The numerical solutions obtained by the proposed AF method are shown in Figure 7.
Our results agree well with those in [36], and the viscosity makes the solution much smoother
near the corner.

Figure 7: Example 4.5: shock diffraction. The density obtained on a 520 x 440 mesh for
=0 (left) and Re = 200 (right).

Example 4.6 (Two-dimensional viscous shock tube with shock-boundary-layer interaction).
To examine the interaction of shocks with boundary layers, consider the shock tube problem
in [43]. The computational domain is the lower half of the square tube [0, 1] x [0, 0.5], with
a symmetry boundary condition for the top boundary, while no-slip conditions are imposed
elsewhere. The initial condition is

(120,0,0,120/7), if z < 0.5,

m%%m_{uzammm) otherwise,

and g = 1073 and Pr = 0.73. The output time is tgna; = 1. The reflected shock wave
interacts with the boundary layers, leading to complex flow patterns consisting of a lambda
shock, a main vortex, and other features.

Let g = |Vp| be the magnitude of the density gradient. Figure 8 shows the indicator
¢ = exp(—10(9 — 9min)/(Gmax — Ymin)), obtained by the AF method and the @Q* entropy
stable DG method implemented in the Julia code of [34]. For the DG results shown here,
additional shock capturing is disabled, while positivity limiting is retained. Smaller ¢ (red)
indicates a larger normalized density gradient, while larger ¢ (blue) indicates a smaller one.
It is observed that the proposed AF method can capture the shock waves, vortices, and
other small features with good resolution. When using the same total number of DoFs,
the AF method generally captures the flow structures better than the DG method. For
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example, comparing the results obtained by the AF method with 800 x 400 cells and by
the DG method with 400 x 200 cells, the former captures the shock waves emerging from
the lambda shock better, and also the structures between the wedge-shaped region located
in [0.5,0.7] x [0,0.05]. The results obtained by the AF method also agree better with the
reference solution provided in [44], which is obtained by a second-order gas kinetic scheme
on a 5000 x 2500 mesh.

The blending parameter of the proposed limiting for the AF is shown in Figure 8§, i.e.,
1—6PPH*. The plot indicates that the limiting is mainly activated near strong discontinuities,
thus the AF method can give high-resolution solutions.

0.30 . 0.30 i 1.0

(a) ¢ obtained by the AF with 800 x 400 cells  (b) ¢ obtained by the DG with 400 x 200 cells

0.30 i 1.0 0.30 1.0

(c) ¢ obtained by the AF with 1200 x 600 cells (d) ¢ obtained by the DG with 600 x 300 cells

0.30 T 1.0

0.25 0.15
0.20

[ 4 0.10
=>0.15 >

0.00
0.4 0.6 0.8 1.0

T T

(e) ¢ obtained by the AF with 2000 x 1000 cells (f) The blending parameter with 2000 x 1000 cells

Figure 8: Example 4.6: two-dimensional viscous shock tube with shock-boundary-layer
interaction with Re = 1000. All panels correspond to tsina1 = 1. Panels (a)—(e) show a close-
up of the region [0.4, 1] x [0, 0.3], including the lambda shock, vortices, and shock interaction
with the bottom boundary layer, especially the structures in [0.5,0.7] x [0,0.05]. Panel (f)
shows the limiting activity over the full computational domain [0, 1] x [0, 0.5].

For a quantitative comparison, the wall density profiles are also presented in Figure 9
with the reference data in [44|. The wall density converges with mesh refinement, and the
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AT method matches the reference solution better with the same number of DoFs.

120

1201 s AF800x 400 /A | B0 AF 1200 x 600
——- DG 400 x 200 ——- DG 600 x 300
AT 2000 x 1000 AT 2000 x 1000

1001 1001

Reference
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p(,0)
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407 40 1e

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 9: Example 4.6: viscous shock tube with Re = 1000. The density profile on the
bottom wall p(z,0) compared with the reference data.

To see the advantage of the AF method in terms of efficiency, the errors of the wall
density in the ¢; norm versus wall-clock time are shown in Figure 10. Both methods are run
using a Mac Studio with M3 Ultra chip with 24 cores. It is clearly seen that the AF method
is more efficient with the same number of DoFs, and gives better resolution with the same

wall-clock time.

—— AF
400 x 200 -3-- DG
400 x 200
10! =
B
= 800 % 400
< “600 x 300
= 1200\x 600 |
=
10°4
) 0 2 4 6 8 10 12

Wall-clock time (h)

Figure 10: Example 4.6: two-dimensional viscous shock tube with shock—boundary-layer
interaction with Re = 1000. The error of the wall density in the ¢; norm versus the wall-

clock time.

The last two examples consider nearly incompressible viscous flows, and heat conduction
is neglected by setting x = 0.

Example 4.7 (Lid-driven cavity). This classical benchmark describes flow in a square
cavity [0,1] x [0,1] driven by a lid moving with velocity (1,0). The initial condition is
(p,u,v,p)(z,y,0) = (1,0,0,10% /), and no-slip adiabatic conditions are imposed on all walls.
The top lid moves with velocity (1,0), while the other three walls are stationary. The refer-
ence Mach number is Ma = 0.01 so this test falls in the incompressible limit. We consider
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Reynolds numbers Re = 100 and 1000. The test is run until t¢5,,0 = 40 with a 128 x 128
mesh.

The horizontal velocity and streamlines are shown in Figure 11, together with the velocity
cut-lines along x = 0.5 and y = 0.5. It is observed that the main recirculation and secondary
corner vortices are well captured by the proposed AF method, which are comparable to the
results in [45], and the velocity profiles match the reference solutions given in [46].

u(0.5,y)
=== v(2,0.5)

o reference: u
o reference: v

0.2 0.4 0.6 0.8 1.0

T
O — w5,y
v(z,0.5)
o reference: u ?/

o reference: v

o m‘\\ /

‘\\? / 3 m;s“’

0.6 0.8 . 0. . . . . . . 0.2 0.4 0.6 0.8 1.0
x T x, Y

Figure 11: Lid-driven cavity Example 4.7 with Re = 100 (top) and 1000 (bottom). Left:
Mach number, middle: horizontal velocity and streamlines, right: «(0.5,y) and v(z,0.5)
compared with the reference solutions.

Example 4.8 (Double shear layer). This test considers the evolution of thin shear layers at
low Mach numbers, following the setup in [47]. The computational domain is [0, 1] x [0, 1]
with periodic boundary conditions. The initial density and pressure are 1 and 10*/v, and
the velocity is

tanh(30(0.75 — y)), otherwise,
v = 0.05sin(27z).

{tanh(go(y —0.25)), ify < 0.5,

The dynamic viscosity is taken as = 2 x 107 and the test is solved until t¢;5.; = 1.8. The
Mach number is Ma = 0.01 and the Reynolds number is Re = 10000.

The vorticity d,v — dyu at t = 0.4, 0.8, 1.2, 1.8 obtained with 200 x 200 cells is shown in
Figure 12, which agrees well with the results in [47], thus the proposed AF method seems to
work well in the low-Mach regime.
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Figure 12: The vorticity of Example 4.8 with Re = 10000 at ¢t = 0.4, 0.8, 1.2, 1.8 (from top
left to bottom right).

5 Conclusions

We have developed a compact fourth-order positivity-preserving AF method for the one- and
two-dimensional compressible Navier—Stokes equations on Cartesian meshes. The viscous
flux divergence is discretized directly using compact fourth-order operators. The inviscid
discretization achieves fourth-order accuracy while retaining the degrees of freedom of the
standard third-order AF method. The CFL condition is also less restrictive than that of
the standard third-order AF method due to the additional downwind point included in
the biased stencil. Monolithic flux limiting treats the inviscid and viscous fluxes jointly in
the cell-average update and maintains local conservation. Together with a scaling limiter
for point values, it preserves density and pressure positivity and suppresses nonphysical
oscillations near strong discontinuities. The numerical experiments demonstrate fourth-
order convergence for smooth viscous flows and positivity preservation in problems involving
strong discontinuities. In the two-dimensional viscous shock tube with shock-boundary-layer
interaction, comparisons with the DG method show that AF attains comparable accuracy
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with fewer degrees of freedom and less wall-clock time.
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