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Motivations:

» rotation motions can be found in

e many physical models involving magnetic field
(Schrédinger, Vlasov, spin-Vlasov, ...)

e imaging community

o fluid models involving Coriolis force

o ...

» efficient numerical methods are important to improve physical
codes (in terms of CPU time and accuracy)

Plan
» splittings for 2D rotations
» application to the 1d-2v Vlasov-Maxwell equations

» conclusion



Splittings for 2D rotations



Splitting methods

Main goal: efficient numerical methods for

Beu = Jx-Vyu, x€R2 u(t=0,x)=u"(x),

0 -1

1 0 '
Obviously, the exact solution is known, but when u'm is only known
on a grid, we need a numerical method !

where J is

First natural idea: 2D Semi-Lagrangian method
» solve the ODE system on [t,, t,11] backward in time

x(t) = —Jx(t), x(tns1) = Xxg
» the solution is constant along the characteristics:

U™ (xg) = u"(x(tn)) = u"(e%xg)



Second natural idea: splitting method
Lie splitting
u"(x) = u"(e*eMx)

1 —At 1 0
Al_ A2_
¢ _<0 1 )’e _<At 1)’

» solve Oru = x10x,u, u(0,x) = u"(x) to get
u*(x) = u"(x1, x2 + Atxy) = u"(e™2x)

where

» solve Oiu = —xp0x, u, u(0,x) = u*(x) to get
u"t(x) = ur(x1 — Atxa, x0) = u*(eM1x) = u"(eM2eMx)

Strang splitting

u"(x) = u"(eMreM2etix)

1 —At)2 1 0
Al_ A2_
¢ _<0 1 >’e _<At 1)’

where



Lie
Strang
exact




For Lie, the trajectories are ellipses
x12 + Atxixo + x22 = cste.
For Strang, the trajectories are ellipses
x2 4 (1 — (At/2)%)x3 = cste.

Moreover, for the two methods, the angular velocity is given by

1
Wstrang (At) = wiie(At) = A arcsin(Aty/1 — At?/4) < 1 = wex.

Two kinds of error
» trajectory
» angular velocity

Can we improve one of the two errors ? the two errors 7



From the decomposition
u"(x) = u"(eMreM2etix)

to be a directional splitting, we impose

1 a 1 0
Ali A2i
“=(o1) e =(b1)

Find a, b € R? such that the two errors are improved ?

Considering a = — tan % and b = sin At, we have

1 —tan&t 1 0 1 —tan&t
A1 A Al,: 2 2 — At)
eee'(o 1 )<sinAt1>(o 1 ) ¢

— 2D rotation can be exactly decomposed into three shears!

!References in the image processing community: Paeth-Tanaka 86’, Andres
96'. See also Bader-Blanes, 2011.



Full discretization

To numerically solve the PDE
Ot = Jx - Vyu, x€[-R/2,R/2J%,

we will use pseudo-spectral method to solve the following shears
(v € R):

Oru = axo0xq U, Oru = ax10x, U.
Let us consider the grid G = h [[— [%J , L%H] , h=R/N and
the DFT (in the first direction)

Firiu = Fa(u)ge =h Z Ug g € e Bt
g1€G
Then, the shear operator for Oru = axo0y, u is

o [ CT c®
Sl { u NN ]_—1—1 [eia&nglu] (1)



Then, the splitting can be written as (denoting 1° := u™|2)
w = (Lad) i = (SPUSTAY W0, (Lie)
u" = (Tar)" u® = (S;At/sztS;A_t/z)” uo, (Strang)
un = (MAt)n WO = (Sl— tan(At/Z)S;m(At)Sl— tan(At/2))n 4O (New)

For all s > 0, there exists C > 0 such that for all R > 0,
ue .#R?), neN and At €] — 7, [, we have

R+ h*

n,in in( jtnd
I(Mae)uite — (u"(e X))|G2 iz < € mbe=——

[[ul]-




Numerical results

llustration of the error S{'ujgz — u(x1 — axz, x2)|g2-
R=15 a=10"2
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Figure: Solution u(T = 10%,x), At ~ 0.139, x € [-2,2]?, N = 2432
Left: Exact solution.

Middle: Numerical solution obtained by the new splitting.

Right: Numerical solution obtained by the Strang splitting.
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Figure: Time history of the relative L2 errors between the exact solution
and the numerical solution obtained by the different splittings.



One can compute the "recurrence” time T from
(W—wiie) T =k, k€Z,
arcsin(Aty/1—(At)2/4)

Aty/1—(At)2/4

where w =1 and wyje = pat,ar =

With At =~ 0.139, we have T ~ 3888.
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10 times faster !



Extension to multi-dimensional transport equation of the form

Oy = Mx-Vu, xeR", M;;=0. (2)
We have the following decomposition [2: 3]
n
GAMXY _ At(y)x)dy H At X0y | oAt x)0y

k=1(k#i)
with y(®, y() (1) ¢ R7 such that y? = y{) =0 and y{¥) =0 4

— Equation (2) is split exactly into (n + 1) shears
(a Strang splitting needs (2n — 1) shears).

2). Bernier, Exact splitting methods for semigroups generated by
inhomogeneous quadratic differential operators.

3J. Bernier, N. Crouseilles, Y. Li, Exact splitting methods for kinetic and
Schrodinger equations, accepted in JSC

*The vectors y* y(0 () are computed numerically for a given At.



Example with n = 3

Then, we have:

0.345...
with y® ~ [ 0.379... |, y® ~ [ -0.036...

-0.664...

error
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Extension to quadratic PDEs

We consider PDEs of the form

Oru(t,x) = —pYu(t,x), t>0, xeR"
u(0,x) = up(x), x € R"

Correspondance between the operator p” and the polynomial p

t t
()@ () +y () e mma=(g) o (¢)+1r ()44
where x, & € R", Q € S5,(C), Y € C?" and c € C.

Example: Schrodinger, Fokker-Planck, Vlasov, transport, ...

D) 2 e, t) — i(Bx) - Vix, £) + Pu(. o),
2 . t
We have p(x,£)—lﬁ+i8x-£+i|x]2, ie. Q= ZIL<4[I§" 4IB >, Y =0,c=0.



Exact splittings

Quadratic PDEs can be split exactly into simple operators

) )

eaaxf, eian, eia(V) eia(x) eOéXkaxj’ efb(x), eb(V)’ eV (3)

with a € R,y € C,a,b: R" — R are some real quadratic forms, b
is nonnegative and j, k € [1,n] and k # j.

Remark: " simple’ means it can be solved easily using
pseudo-spectral methods for instance.
More details in

» mathematical framework: J. Bernier, Exact splitting methods
for semigroups generated by inhomogeneous quadratic
differential operators.

» Numerical examples: J. Bernier, N. Crouseilles, Y. Li, Exact
splitting methods for kinetic and Schrédinger equations,
accepted in JSC.



Application to the 1d-2v
Vlasov-Maxwell equations



1d-2v Vlasov-Maxwell equations

Let consider f(t,x1,v1,v2), B(t,x1) and E(t,x1) = (E1, E2)(t, x1)
with (x1,v1, v2) € L x R?, solution of

Ouf + Dy f + E-Vof — BJv-V,f =0,
81'8 = _6X1E27

OtEry = -0, B —/ vof (t, x1, v)dv + Ja(t),

R? B (4)

0:E1 = —/ Vlf(t,xl, V)dV + jl(t),
R2

Oy E1 = / f(t,x1,v)dv — 1, [Gauss relation]

RZ

where v = (vi,v2), Ji(t) = 1/|L| fL fIR@ vif(t, x1, v)dxidv,i =1,2
and J denotes
0 -1
J (1 : ) .

When B = (0,0, B), the Lorentz force reduces to BJv - V,f.



Splitting for VM?®

The following decomposition will be used

f Vi f E-V.f Blv -V, f
P E o fRZ vlfdv—zl _ 0 n 0
NE | fge vefdv — T2 0 —0y B
B 0 = 0

Denoting Z = (f, E1, E2, B), we rewrite the VM system as
02 +MHe(2) + He(Z) + Hp(Z) =0,

which suggests a first order splitting method
H H H
Xar = e 0 oyl o ol

H .
where go[Atf’E’B] denotes the exact solution of each subpart.

5C., Einkemmer, Faou, JCP 2015.
See also Li et al, JCP 2019 and Krauss et al, JPP 2017.



Each step can be solved exactly in time.

In particular, for go[AHtB], we have

f BJv -V, f
E| 0

%15 |~ | —o.B
B 0

with the IC: (£(0), £1(0), E»(0), B(0)).

We can compute the solution exactly in time
> B(Al’,Xl) = B(O,Xl) and E]_(At,Xl) = E1(0,X1)
) o Ez(At,Xl) = E2(0,X1) — AtaxlB(O,Xl)

» use the new splitting for rotation part since B is frozen

Remark: Strang splitting can be also used !



High order splittings for systems split into three parts

Instead of using composition of exact flows, we shall consider
composition of

H H H H H H
XAt = @[AtE] © QO[AtF] © QD[AtB] and  Xp: = QO[AtB] © ‘P[Atf] © QO[AtE]

More specifically, we construct integrators within the family
[s]  _ s *
¢At - I_Iizl (Xazi_1At © Xaz,-At)
= XO&lAt o X;zzAt ©---0 XOQS—lAt o X;QSA“

with aps11-i = «j, i =1,...,5 to ensure time-symmetry.



Some remarks

> ¢[As]t can be of order p even if it only involves first-order

approximations to the flows 4,0[;?], go[xfl, and (p[AHtB]

» one needs to construct its adjoint x;, (easy when flows are
exact in time)

» methods involving the minimum number of maps (or stages)
do not usually provide the best efficiency.

Considering additional stages = some free parameters

How to fix the free parameters ?

To determine the coefficients a = (o, . . ., ans) € R?®), we decide
to minimize the following objective functions

2s 1/4

&1(a) = Z || and E(a) =2s

i=1

2s
> of
i=1

&1 has an influence on the CFL condition,
&> is usually the dominant error term for a number of problems.



Some examples

The integrator with s = 3 reads

3
w[ L= Xeuat o XonAt © XazAt © XezAt © XasAt © Xy At
and the unique (real) solution to the order conditions wy = 1,
W3 = Wi = 0is given by

1 1
a3 = ——2041.

a1 = p = —2(2 — 21/3)7 5

If xar = <P[ At elo gD[Hf] o QO[ZiB], then it involves 13 maps (the

minimum number), and the values of the objective functions are
&1(o) = 4.40483, Er(o) = 4.55004.

This is the Yoshida method®
%Yoshida 90’




Fourth order methods can be designed in this spirit by increasing
the number of stages s

» s =4 (17 maps), the composition is
4
w[Al = Xa1AtOXnpAtOXa3AtOX oy AtOXasAtOX s AtOXas AtOX iy At
S1(a) =2.9084,  E(a) = 3.1527.
» s =5 (21 maps), the composition is
5
¢[A]t = XmAtOXZQArOXa:«xAtOXEmtOXasAtOXZsAt i ’OXOQAtOX;lAt
&1(a) = 2.3159, & () = 2.6111.
» s =6 (25 maps), the composition is
¢[6] — * * *
At = Xa1At O XAt © O XawAt © XagAt © - - - XazAt © Xy At-

E(a) =2.0513, &) = 2.4078.



Numerical results

To do so, we consider the following initial condition for VM

f(0,x1, vy, v2) = e_(vl2+v22/Tr)/Vth(1 + acos(kx1)),

1
T2/ T,
and B(0,x;) = 10 + 3 cos(kx1), E»(0,x1) =0.

» a=10"%k=0.4,vy =0.02,k =04 and T, = 12.
» N, =32and N, = 5132

» final time T =2

» different values of At between 1073 to 0.4.

We look at the error
‘HAt(t) — H(0) ’

err(At) ;== max #(0)

te[0,T]
with

L L
Hae(t) z/ \E(t,x)]zdx—i—/ ]B(t,x)]2dx+/ \v[2f(t, x, v)dvdx
0 0 [0,L] xR2
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Figure: Efficiency diagrams for the different composition methods
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Figure: Efficiency diagrams for (i) N[A2]t and ’(/J[Azlt; (i) 1Z[A5]t and ,(/J[AS]t'
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Conclusions
» exact splitting for 2D rotations

» application to Vlasov-Maxwell equations : construction of new
high order splitting methods

» extension to nD transport equations
O:f + Mx - VF =0, XGR”, M,’y,‘ZO

In particular, 3D rotations can be decomposed into four 1D
linear advections of the form

O¢f — (bvx + av;)0,, f = 0.



Perspectives

» spin-Vlasov models f(t,x,v,s),s € S? or f(t,x,v) € R*
» magnetic Schrodinger equation
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