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Abstract

Central schemes for conservation laws are Riemann solver free methods which are simple
and easy to implement. In recent work for Euler equations [KX23] their accuracy has been
enhanced in terms of better resolution of contact waves. In this paper, we extend this low
dissipation central upwind method to the ideal MHD system in one- and two-dimensions.
In the two-dimensional case, we separate the variables into two groups: hydrodynamic and
magnetic, which are stored at cell centers and faces, respectively. For the the hydrodynamic
variables, we apply the low dissipation central upwind scheme while for the magnetic variables,
a constrained transport method is used which maintains the divergence-free property of the
magnetic field. The time integration is performed with third order strong stability preserving
Runge-Kutta scheme. To validate the proposed scheme, we apply this method to several
challenging test cases. The results show that the LDCU correction term plays a useful role at
the contact discontinuity and enhances the resolution of waves. We also observe experimental
second-order accuracy for smooth solutions and the divergence-free condition is maintained to
machine precision.

1 Introduction

We consider the numerical solution of hyperbolic conservation laws arising in ideal magnetohydro-
dynamics in one and two dimensions by central type of schemes. The numerical solution of MHD
equations is complicated by the fact that the divergence-free condition on the magnetic field B has
to be maintained in the discrete solution in order to have stable computations. To maintain the
condition ∇ ·B = 0 for all times, there are different methods available in the literature;

• the Godunov-Powell method (or eight-wave formulation) in [Pow94] adds a non-conservative
source term to recover the missing eigenvector and reduce the divergence errors. More refer-
ences can be found in [PRL+99], [PRM+95]. This also facilitates the construction of entropy
stable schemes as in [CK16], [DGWW18].

• the Leray projection method [BB80], which solves for a potential ϕ from the Poisson equation
∆ϕ = −∇ · B and updates the magnetic field B obtained from a numerical scheme to the
divergence-free magnetic field Bc by Bc = B+∇ϕ at the end of each time step. The scheme
in [BTW04] proposes a central scheme with this Leray projection method.

• the divergence cleaning method in [DKK+02] is an approach coupling the divergence con-
straint with the evolution equations using a generalized Lagrange multiplier (GLM). The
core of the method is introducing an auxiliary correction function ψ to allow the divergence
errors propagate to the domain boundaries and are damped at the same time.

• the constrained transport method (see [EH88]). The idea of this method is using the approx-
imation of the electric field Ω at the staggered grids to preserve a specific discretization of
divergence by the induction equation Bt = −∇× Ω. Under this framework, there are some
variants [BS99], [CRT14], [DeV91], [GS05], [CLTZ15], [Tot00]. An approach to construct
divergence-free method is introduced in [LDZ00] using the upwind-constrained transport
(UCT) idea. The UCT-HLL scheme approximates the electric field at staggered grid and is
systematically developed in [LDZ04]. An alternative way of the UCT-HLL scheme is shown
in [DZZBL07].

In this work, we consider central schemes which are Riemann solver-free and combine it with
a constrained transport method. In [KT00], the central scheme is designed to use the narrower
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interval over Riemann fans to approximate the average at the next time step, instead of estimating
the interval over the same length as the computational cell. Later, [KNG01] modified the KT
scheme that considers more specific information to define the range of the interval over Riemann
fans. Based on the same framework, there are some varieties of central schemes in [KPW17],
[KT02]. For example, the scheme in [KL07] changes the interpolation approach to achieve higher
resolution. In [KX23], a low-dissipation central-upwind scheme (LDCU) is further developed to
reduce dissipation at contact discontinuities using the property of contact waves. The second
version of this scheme in [CKX25] considers a more likely position where the contact occurs in
order to decrease the oscillation at the boundary. In this paper we generalize the LDCU method
to MHD in a conservative way while guaranteeing the constraint of the solenoidal magnetic field.
We combine the central scheme with a constrained transport method.

The rest of the paper is organized as follows. In Section 2, we first summarize the fully discrete
LDCU scheme [CKX25] for the 1-D MHD equations, and then derive the 1-D semi-discrete scheme.
Next, with the help of dimension-by-dimension method and the constrained transport method
in [DZZBL07], we construct a 2-D semi-discrete scheme in Section 3. In Section 4, we implement
our 1-D fully-discrete scheme and 2-D semi-discrete scheme to several numerical experiments, and
demonstrate that the results are consistent with our claim. Finally, we end up with summary and
conclusions in Section 5.

2 1-D LDCU MHD scheme

In this section, we extend the basic idea of the LDCU scheme for the 1-D Euler equations proposed
by [KX23] and [CKX25] to the MHD model. Following the structure of the KT-type central
scheme, e.g. [KT00], [KNG01], or [KX23], we separate the scheme into three stages: reconstruction,
evolution, and projection. The most important difference between the LDCU scheme and the other
central schemes occurs in the projection step. The projection step uses more information of the
contact wave to simulate a realistic jump at discontinuity, when projecting the averaged value
from the staggered grids back to the uniform grids. In the MHD model, we need to consider more
quantities and their properties at contact wave.

2.1 1-D LDCU scheme for the MHD system

In the MHD system, in addition to the hydrodynamic variables density ρ, momentum (ρvi), i =
1, 2, 3, and total energy E, we also have the magnetic variables Bi to which the LDCU scheme is
applied. Consider 1-D MHD system

qt + f(q)x = 0, (2.1)

where

q =

2666666664

ρ
ρv1
ρv2
ρv3
B2

B3

E

3777777775
, f(q) =

2666666664

ρv1
ρv21 + p+ 1

2 |B|2 −B2
1

ρv1v2 −B1B2

ρv1v3 −B1B3

B2v1 −B1v2
B3v1 −B1v3

(E + p+ 1
2 |B|2)v1 −B1(B1v1 +B2v2 +B3v3)

3777777775
.

with B = (B1, B2, B3)
T and B1 = constant. Consider a partitioning of the domain into disjoint

cells Cj = (xj� 1
2
, xj+ 1

2
) with ∆x = xj+ 1

2
− xj� 1

2
and xj = (xj� 1

2
+ xj+ 1

2
)/2. At the time tn the

solution is made of piecewise constant states given by the cell averages Qn
j . Similarly to the 1-D

Euler model, we firstly consider a reconstruction at the first step and secondly approximate the
intermediate average over the Riemann fans in the second step. In the third projection step, we
use the the algorithm in [CKX25] Section 2.2 to reconstruct the density at both side of the contact
discontinuity. Afterwards, based on the property of contact wave, we approximate the momentum
and the energy by the reconstructed density. The framework of the scheme is shown in Figure 2.1,
and we illustrate the details in several steps as follows.

Step 1: Reconstruction: In the first step, we build a piecewise linear, second-order reconstruc-
tion,

Qj(x, t
n) = Qn

j + (x− xj)(Qx)
n
j , x ∈ Cj (2.2)

where the slopes (Qx)
n
j are approximated using a limiter to ensure some non-oscillatory property.
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(a) Step 1: Reconstruction at tn

(b) Step 2: Evolution from tn to tn +1

(c) Step 3: Projection at tn +1

Figure 2.1: Three steps of the LDCU method, following [CKX25].
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Step 2: Evolution: Evaluating the piecewise linear reconstructions at the cell interfaces gives
the two states

Qn; �
j + 1

2
= Qn

j +
� x
2

(Qx )n
j ; Qn; +

j + 1
2

= Qn
j +1 �

� x
2

(Qx )n
j +1 :

which are considered to de�ne a Riemann problem atx = x j + 1
2
. The solution of the Riemann

problems gives rise to some waves possibly leading to non-smooth solution. We separate the spatial
domain into a smooth part and non-smooth part by estimating the maximal local wave speedsa�

at interfaces;

a�
j + 1

2
= min f � 1(Q�

j + 1
2
); � 1(Q+

j + 1
2
); 0g � 0; a+

j + 1
2

= max f � d(Q�
j + 1

2
); � d(Q+

j + 1
2
); 0g � 0;

where� is the eigenvalue of@f(Q)
@Q and � 1 � � 2 � ::: � � d. With reference to Figure 2.2, the solution

is smooth in the green part which is the interval [x j � 1
2 ;r ; x j + 1

2 ;l ], with x j + 1
2 ;l := x j + 1

2
+ a�

j + 1
2
� t and

x j + 1
2 ;r := x j + 1

2
+ a+

j + 1
2
� t , and possibly non-smooth in the red portions where the waves arising

from the Riemann problems are present.

Figure 2.2: Smooth (green) and unsmooth (red) region. This �gure is inspired by Figure 3 in
[KX23].

To obtain the intermediate values Qint
j and Qint

j + 1
2
, we integrate the system (2.1) over the green

part [x j � 1
2 ;r ; x j + 1

2 ;l ] � [tn ; tn +1 ] and the red part [x j + 1
2 ;l ; x j + 1

2 ;r ] � [tn ; tn +1 ], respectively.

Qint
j :=

1
� xn

j

Z x j + 1
2 ;l

x j � 1
2 ;r

Q(x; t n +1 )dx

=
1

� xn
j

" Z x j + 1
2 ;l

x j � 1
2 ;r

Q(x; t n )dx �
Z t n +1

t

�
f (Q(x j + 1

2 ;l ; t)) � f (Q(x j � 1
2 ;r ; t))

�
dt

#

;

Qint
j + 1

2
:=

1
� xn

j + 1
2

Z x j + 1
2 ;r

x j + 1
2 ;l

Q(x; t n +1 )dx

=
1

� xn
j + 1

2

" Z x j + 1
2 ;r

x j + 1
2 ;l

Q(x; t n )dx �
Z t n +1

t

�
f (Q(x j + 1

2 ;r ; t)) � f (Q(x j + 1
2 ;l ; t))

�
dt

#

;

where � xn
j = x j + 1

2 ;l � x j � 1
2 ;r and � xn

j + 1
2

= x j + 1
2 ;r � x j + 1

2 ;l are the length of the interval.

Applying reconstruction (2.2) to the �rst integral and the midpoint rule to the second integral,
we rewrite the above approximation

Qint
j = Qn

j + ( x j;m � x j )(Qx )n
j �

� t
� xn

j

�
f (Q

n + 1
2

j + 1
2 ;l

) � f (Q
n + 1

2

j � 1
2 ;r

)
�
;

Qint
j + 1

2
=

1
� xn

j + 1
2

�

�
�

� an
j + 1

2
� t

�
Qn

j + ( x j + 1
2 ;lm � x j )(Qx )n

j

�
+ a+

j + 1
2
� t

�
Qn

j +1 + ( x j + 1
2 ;rm � x j +1 )(Qx )n

j +1

� �

�
� t

� xn
j + 1

2

�
f (Q

n + 1
2

j + 1
2 ;r

) � f (Q
n + 1

2

j + 1
2 ;l

)
�
:
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where x j;m = ( x j + 1
2 ;l + x j � 1

2 ;r )=2 and x j + 1
2 ;lm (rm ) = ( x j + 1

2 ;l ( r ) + x j + 1
2
)=2 denote the midpoint of

the corresponding interval. The second order approximations ofQ
n + 1

2

j + 1
2 ;r ( l )

are obtained by Taylor
expansion,

Q
n + 1

2

j + 1
2 ;l

:= Qn
j + 1

2 ;l +
� t
2

(Qt )n
j + 1

2 ;l � Qn
j + 1

2 ;l �
� t
2

[f (Q)x ]nj ;

Q
n + 1

2

j + 1
2 ;r

:= Qn
j + 1

2 ;r +
� t
2

(Qt )n
j + 1

2 ;r � Qn
j + 1

2 ;r �
� t
2

[f (Q)x ]nj +1 ;

with

Qn
j + 1

2 ;l := Qn
j + (

� x
2

+ a�
j + 1

2
� t)(Qx )n

j ; Qn
j + 1

2 ;r := Qn
j +1 � (

� x
2

� a+
j + 1

2
� t)(Qx )n

j +1 :

Step 3: Projection: In the last step, we project back to the cell averages on each cellCj .
Di�erently from the previous central scheme using a linear approximation to reconstruct Qint

j + 1
2

over Riemann fans, the piecewise constant is considered here.
In order to represent the jump in density across the contact wave, we split the intermediate

values Qint
j + 1

2
into two constant values at two sides of the contact, which can make the largest

di�erence between the two sides, but without creating new local extrema.

Qint
j + 1

2
(x) =

(
QL

j + 1
2
; x j + 1

2 ;l < x < x j + 1
2

+ vint
j + 1

2
� t;

QR
j + 1

2
; x j + 1

2
+ vint

j + 1
2
� t < x < x j + 1

2 ;r :

Following the algorithm in [CKX25] and considering the velocity along x axis, v1, we reconstruct
the density � by

� L
j + 1

2
= � int

j + 1
2

+
� j + 1

2

a�
j + 1

2
+ ( v1) int

j + 1
2

; and � R
j + 1

2
= � int

j + 1
2

+
� j + 1

2

a+
j + 1

2
+ ( v1) int

j + 1
2

; (2.3)

with
� j + 1

2
:= minmod( S�

j + 1
2
; S+

j + 1
2
);

where S� are de�ned by

S�
j + 1

2
:=

�
(v1) int

j + 1
2

� a�
j + 1

2

��
� int

j + 1
2

� � int
j + 1

2 ;l

�
; S+

j + 1
2

:=
�

a+
j + 1

2
� (v1) int

j + 1
2

��
� int

j + 1
2 ;l � � int

j + 1
2

�
:

Next, due to the properties that velocity vi and magnetic �eld B i are continuous at the contact
discontinuity while B1 6= 0, we de�ne momentum and magnetic �eld at the right and left-hand
sides of the contact as follows,

Momentum: (�v i )
L (R )
j + 1

2
= � L (R )

j + 1
2

(vi ) int
j + 1

2
; i = f 1; 2; 3g; (2.4)

Magnetic �eld: B L (R )
i = B int

i ; i = f 2; 3g: (2.5)

Here, (vi ) int
j + 1

2
=

( �v i ) int
j + 1

2
� int

j + 1
2

. Since the pressurep is also continuous at contact discontinuity and

according to the de�nition of energy, E = p

 � 1 + 1

2 � jV j2 + 1
2 jB j2, we obtain

E int
j + 1

2
=

pint
j + 1

2


 � 1
+

1
2

� int
j + 1

2
jV int

j + 1
2
j2 +

1
2

jB int
j + 1

2
j2; (2.6)

E L (R )
j + 1

2
=

pint
j + 1

2


 � 1
+

1
2

� L (R )
j + 1

2
jV int

j + 1
2
j2 +

1
2

jB int
j + 1

2
j2: (2.7)

Then, substituting Eq. (2.6) into Eq. (2.7), the reconstructed energy can be written as

E L (R )
j + 1

2
= E int

j + 1
2

+
� L (R )

j + 1
2

� � int
j + 1

2

2
jV int

j + 1
2
j2; (2.8)

Next, to project back to the original unstaggered cell [x j � 1
2
; x j + 1

2
], we substitute the above recon-

structed values (2.3), (2.4), (2.5), and (2.8) into

Qn +1
j :=

1
� x

Z x j + 1
2

x j � 1
2

Qint (x)dx; (2.9)
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and �nally obtain the quantities in the next time step tn +1 with the formula

Qn +1 = Qint
j +

� t
� x

�
a+

j � 1
2
(QR

j � 1
2

� Qint
j ) + max(( v1) int

j � 1
2
; 0)

�
QL

j � 1
2

� QR
j � 1

2

�

� a�
j + 1

2
(QL

j + 1
2

� Qint
j ) + min(( v1) int

j + 1
2
; 0)

�
QL

j + 1
2

� QR
j + 1

2

�
� (2.10)

Remark 2.1 Since the reconstruction in the projection step is piecewise constant, the resulting
scheme is �rst-order accurate.

2.2 1-D LDCU MHD semi-discrete scheme

In this section, we construct a semi-discrete scheme from the 1-D LDCU MHD fully-discrete scheme
in previous section. Firstly, we rewrite the formula (2.10) in a form as

Qn +1
j = Qint

j +
� t
� x

�
a+

j � 1
2
(Qint

j � 1
2

� Qint
j ) � a�

j + 1
2
(Qint

j + 1
2

� Qint
j ) + � j � 1

2
�̂ j � 1

2
� � j + 1

2
�̂ j + 1

2

�
: (2.11)

where, � j + 1
2
�̂ j + 1

2
=: K int

j + 1
2

is the correction term produced by the LDCU method to reduce dissi-
pation, and is de�ned by

� j + 1
2

=

8
>>>>><

>>>>>:

a�
j + 1

2

a�
j + 1

2
� (v1) int

j + 1
2

; (v1) int
j + 1

2
� 0;

a+
j + 1

2

a+
j + 1

2
� (v1) int

j + 1
2

; (v1) int
j + 1

2
< 0;

�̂ j + 1
2

= � j + 1
2

2

6
6
6
6
6
6
6
6
6
4

1
(v1) int

j + 1
2

(v2) int
j + 1

2

(v3) int
j + 1

2

0
0

1
2 jV int

j + 1
2
j2

3

7
7
7
7
7
7
7
7
7
5

;

with

� j + 1
2

= minmod
� �

(v1) int
j + 1

2
� a�

j + 1
2

��
� int

j + 1
2

� � int
j + 1

2 ;l

�
;

�
a+

j + 1
2

� (v1) int
j + 1

2

��
� int

j + 1
2 ;r � � int

j + 1
2

� �
:

Then, we useQn +1
j in formula (2.11) to compute the di�erence Qn +1

j � Qn
j and divide it by the

time deviation � t, and next, take the limit of it, i.e.,

lim
� t ! 0

Qn +1
j � Qn

j

� t
:

After some calculations, we obtain the semi-discrete scheme

dQj (t)
dt

= �
Fj + 1

2
(t) � Fj � 1

2
(t)

� x
; (2.12)

with the numerical 
ux, which is de�ned by

Fj + 1
2
(t) =

a+
j + 1

2
a�

j � 1
2

a+
j + 1

2
� a�

j + 1
2

�
Q+

j + 1
2

� Q�
j + 1

2

�
+

�
a+

j + 1
2
f (Q�

j + 1
2
) � a�

j + 1
2
f (Q+

j + 1
2
)
�

a+
j + 1

2
� a�

j + 1
2

+ K �
j + 1

2
; (2.13)

and the correction term K � is given by

K �
j + 1

2
= � �

j + 1
2
� �

j + 1
2

2

6
6
6
6
6
6
6
6
6
4

1
(v1) �

j + 1
2

(v2) �
j + 1

2

(v3) �
j + 1

2

0
0

1
2 jV �

j + 1
2
j2

3

7
7
7
7
7
7
7
7
7
5

; where � �
j + 1

2
=

8
>>>>><

>>>>>:

a�
j + 1

2

a�
j + 1

2
� (v1) �

j + 1
2

; (v1) �
j + 1

2
� 0;

a+
j + 1

2

a+
j + 1

2
� (v1) �

j + 1
2

; (v1) �
j + 1

2
< 0;
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and

� �
j + q

2
= minmod

� �
(v1) �

j + 1
2

� a�
j + 1

2

��
� �

j + 1
2

� � �
j + 1

2

�
;

�
a+

j + 1
2

� (v1) �
j + 1

2

��
� +

j + 1
2

� � �
j + 1

2

� �
;

and � �
j + 1

2
and (vi ) �

j + 1
2

:=
( �v i ) �

j + 1
2

� �
j + 1

2

are obtained by

Q�
j + 1

2
:= lim

� t ! 0
Qint

j + 1
2 :

=
a+

j + 1
2
Q+

j + 1
2

� a�
j + 1

2
Q�

j + 1
2

�
h
f (Q+

j + 1
2
) � f (Q�

j + 1
2
)
i

a+
j + 1

2
� a�

j + 1
2

: (2.14)

3 2-D LDCU MHD scheme

We now extend the 1-D semi-discrete scheme from the previous section to the 2-D system by
using the same idea of improving the resolution of contact discontinuity. Consider the 2-D MHD
equations,

qt + f (q)x + g(q)y = 0 ;

and

q =

2

6
6
6
6
6
6
6
6
6
6
4

�
�v 1

�v 2

�v 3

B1

B2

B3

E

3

7
7
7
7
7
7
7
7
7
7
5

; f (q) =

2

6
6
6
6
6
6
6
6
6
6
4

�v 1

�v 2
1 + p + 1

2 jB j2 � B 2
1

�v 1v2 � B1B2

�v 1v3 � B1B3

0
B2v1 � B 1v2

B3v1 � B1v3

(E + p + 1
2 jB j2)v1 � B1(B1v1 + B2v2 + B3v3)

3

7
7
7
7
7
7
7
7
7
7
5

;

g(q) =

2

6
6
6
6
6
6
6
6
6
6
4

�v 2

�v 2v1 � B2B1

�v 2
2 + p + 1

2 jB j2 � B 2
2

�v 2v3 � B2B3

B1v2 � B2v1

0
B3v2 � B2v3

(E + p + 1
2 jB j2)v2 � B2(B1v1 + B2v2 + B3v3)

3

7
7
7
7
7
7
7
7
7
7
5

:

We separate the eight variables into two groups:

ˆ Hydrodynamic variables U = ( �; �v 1; �v 2; �v 3; E )>

ˆ Magnetic variables B = ( B1; B2; B3)>

The hydrodynamics variables are stored at the cell centers while the magnetic variables (B1; B2) are
stored on the cell faces. For the hydrodynamic variablesU, we use the 'dimension-by-dimension'
method to extend the 1-D semi-discrete LDCU MHD scheme in Section 2.2 to 2-D, and for the
magnetic variablesB , the upwind constrained transport HLL method is used with a time evolution
scheme, which will be discussed in Section 3.2.

Before we move to the next section, we need to de�ne two things �rst: a second-order linear
reconstruction with the cell-averagedQj;k

Q+
j + 1

2 ;k
:= Qj +1 ;k �

� x
2

(Qx ) j +1 ;k ; Q+
j;k + 1

2
:= Qj;k +1 �

� y
2

(Qy ) j;k +1 ; (3.1)

Q�
j + 1

2 ;k
:= Qj;k +

� x
2

(Qx ) j;k ; Q�
j;k + 1

2
:= Qj;k +

� y
2

(Qy ) j;k ; (3.2)

and the maximal wave speedsa� and b� at interfaces

a�
j + 1

2 ;k
= min f � 1(Q�

j + 1
2 ;k

); � 1(Q+
j + 1

2 ;k
); � 10� 8g; a+

j + 1
2 ;k

= max f � d(Q�
j + 1

2 ;k
); � d(Q+

j + 1
2 ;k

); 10� 8g;

b�
j;k + 1

2
= min f � 1(Q�

j;k + 1
2
); � 1(Q+

j;k + 1
2
); � 10� 8g; b+

j;k + 1
2

= max f � d(Q�
j;k + 1

2
); � d(Q+

j;k + 1
2
); 10� 8g;

where � are the eigenvalues of the 
ux Jacobian.
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3.1 2-D LDCU scheme

The domain is assumed to be rectangular and is partitioned into disjoint cellsCj;k = ( x j � 1
2
; x j + 1

2
) �

(yk � 1
2
; yk+ 1

2
) of width (� x; � y) along the two axes. Let (x j ; yk ) denote the center of cellCj;k and

Qj;k denote the cell average solution. Consider the hydrodynamic variablesU. We extend the
1-D semi-discrete MHD scheme (2.12) to 2-D to update only theU variables. Therefore, the 2-D
semi-discrete scheme is in the form of

dUj;k (t)
dt

= �
Fj + 1

2 ;k (t) � Fj � 1
2 ;k (t)

� x
�

Gj;k + 1
2
(t) � Gj;k � 1

2
(t)

� y
; (3.3)

with the numerical 
uxes

Fj + 1
2 ;k (t) =

a+
j + 1

2 ;k
a�

j + 1
2 ;k

a+
j + 1

2 ;k
� a�

j + 1
2 ;k

�
U+

j + 1
2 ;k

� U �
j + 1

2 ;k

�
+

�
a+

j + 1
2 ;k

f (U �
j + 1

2 ;k
) � a�

j + 1
2 ;k

f (U+
j + 1

2 ;k
)
�

a+
j + 1

2 ;k
� a�

j + 1
2 ;k

+ K �
j + 1

2 ;k ;

Gj;k + 1
2
(t) =

b+
j;k + 1

2
b�

j;k + 1
2

b+
j;k + 1

2
� b�

j;k + 1
2

�
U+

j;k + 1
2

� U �
j;k + 1

2

�
+

�
b+

j;k + 1
2
g(U �

j;k + 1
2
) � b�

j;k + 1
2
g(U+

j;k + 1
2
)
�

b+
j;k + 1

2
� b�

j;k + 1
2

+ K �
j;k + 1

2
;

where U � are de�ned in Eq (3.1) and (3.2). Similar to the 1-D scheme, the correction terms from
LDCU scheme, K� , are de�ned by

K �
j + 1

2 ;k = � �
j + 1

2 ;k � �
j + 1

2 ;k

2

6
6
6
6
6
4

1
(v1) �

j + 1
2 ;k

(v2) �
j + 1

2 ;k

(v3) �
j + 1

2 ;k
1
2 jV �

j + 1
2 ;k j2

3

7
7
7
7
7
5

;

where

� �
j + 1

2 ;k =

8
>>>>><

>>>>>:

a�
j + 1

2 ;k

a�
j + 1

2 ;k
� (v1) �

j + 1
2 ;k

; (v1) �
j + 1

2 ;k � 0;

a+
j + 1

2 ;k

a+
j + 1

2 ;k
� (v1) �

j + 1
2 ;k

; (v1) �
j + 1

2 ;k < 0;

� �
j + q

2 ;k = minmod
� �

(v1) �
j + 1

2 ;k � a�
j + 1

2 ;k

��
� �

j + 1
2 ;k � � �

j + 1
2 ;k

�
;
�

a+
j + 1

2 ;k
� (v1) �

j + 1
2 ;k

��
� +

j + 1
2 ;k

� � �
j + 1

2 ;k

� �
;

and � � and (vi ) � are obtained by

Q�
j + 1

2 ;k =
a+

j + 1
2 ;k

Q+
j + 1

2 ;k
� a�

j + 1
2 ;k

Q�
j + 1

2 ;k
�

h
f (Q+

j + 1
2 ;k

) � f (Q�
j + 1

2 ;k
)
i

a+
j + 1

2 ;k
� a�

j + 1
2 ;k

; (3.4)

which are similar to Eq. (2.14), while K�
j;k + 1

2
is de�ned the same way that

K �
j;k + 1

2
= � �

j;k + 1
2
� �

j;k + 1
2

2

6
6
6
6
6
4

1
(v1) �

j;k + 1
2

(v2) �
j;k + 1

2

(v3) �
j;k + 1

2
1
2 jV �

j;k + 1
2
j2

3

7
7
7
7
7
5

;

where

� �
j;k + 1

2
=

8
>>>>><

>>>>>:

b�
j;k + 1

2

b�
j;k + 1

2
� (v2) �

j;k + 1
2

; (v2) �
j;k + 1

2
� 0;

b+
j;k + 1

2

b+
j;k + 1

2
� (v2) �

j;k + 1
2

; (v2) �
j;k + 1

2
< 0;
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� �
j;k + 1

2
= minmod

� �
(v2) �

j;k + 1
2

� b�
j;k + 1

2

��
� �

j;k + 1
2

� � �
j;k + 1

2

�
;

�
b+

j;k + 1
2

� (v2) �
j;k + 1

2

��
� +

j;k + 1
2

� � �
j;k + 1

2

� �
;

and

Q�
j;k + 1

2
=

b+
j;k + 1

2
Q+

j;k + 1
2

� b�
j;k + 1

2
Q�

j;k + 1
2

�
h
g(Q+

j;k + 1
2
) � g(Q�

j;k + 1
2
)
i

b+
j;k + 1

2
� b�

j;k + 1
2

: (3.5)

Remark 3.1 Since we only discuss the 2-D experiments in this paper, the magnetic �eld compo-
nent along z-axis denoted byB3 does not need to be involved in the divergence-free method. It can
simply use the LDCU scheme in the evolution step, that is we considerU = ( �; �v 1; �v 2; �v 3; B3; E )>

with K � [B3] = 0 , which is similar to the 1-D LDCU MHD scheme.

3.2 Upwind constrained transport HLL method

To ensure that the divergence of magnetic �eld is zero, we use the UCT-HLL method from Eq. (28)
and Eq. (29) in Section 4.2 of [MDZ21]. Consider the semi-discrete form of the induction equation

d(B1) j + 1
2 ;k

dt
= �


 j + 1
2 ;k + 1

2
� 
 j + 1

2 ;k � 1
2

� y
; (3.6)

d(B2) j;k + 1
2

dt
= +


 j + 1
2 ;k + 1

2
+ 
 j � 1

2 ;k + 1
2

� x
; (3.7)

where the electric �eld 
 at the nodes ( j + 1
2 ; k + 1

2 ) is de�ned by


 j + 1
2 ;k + 1

2
= �

� +
x (V1B2)W

j + 1
2 ;k + 1

2
+ � �

x (V1B2)E
j + 1

2 ;k + 1
2

� � +
x � �

x ((B2)E
j + 1

2 ;k + 1
2

� (B2)W
j + 1

2 ;k + 1
2
)

� +
x + � �

x

+
� +

y (V2B1)S
j + 1

2 ;k + 1
2

+ � �
y (V2B1)N

j + 1
2 ;k + 1

2
� � +

y � �
y ((B1)N

j + 1
2 ;k + 1

2
� (B1)S

j + 1
2 ;k + 1

2
)

� +
y + � �

y
;

(3.8)

Here, � � are de�ned by

� +
x = max(0 ; � R

j + 1
2 ;k ; � R

j + 1
2 ;k +1 ); � �

x = � min(0; � L
j + 1

2 ;k ; � L
j + 1

2 ;k +1 );

� +
y = max(0 ; � R

j;k + 1
2
; � R

j +1 ;k + 1
2
); � �

y = � min(0; � L
j;k + 1

2
; � L

j +1 ;k + 1
2
):

For transverse velocitiesV , we �rst compute the velocities at the interface, e.g.,V 2 at x-interface,

(V 2) j + 1
2 ;k =

� R
x (v2) �

j + 1
2 ;k

+ � L
x (v2)+

j + 1
2 :k

� R
x + � L

x
;

with

� R
x = max(0 ; � R

j + 1
2 ;k ); � L

x = � min(0; � L
j + 1

2 ;k );

and (v2) �
j + 1

2 ;k
are obtained from Eq. (3.1) and (3.2), and then reconstruct the velocities from the

face to the corner along the transverse direction with a proper limiter � , (refer to Appendix B
of [BMBM24])

(V1)W
j + 1

2 ;k + 1
2

= ( V 1) j;k + 1
2

+
� x
2

(� x ) j;k + 1
2
; (V1)E

j + 1
2 ;k + 1

2
= ( V 1) j +1 ;k + 1

2
�

� x
2

(� x ) j +1 ;k + 1
2
;

(3.9)

(V2)S
j + 1

2 ;k + 1
2

= ( V 2) j + 1
2 ;k +

� y
2

(� y ) j + 1
2 ;k ; (V2)N

j + 1
2 ;k + 1

2
= ( V 2) j + 1

2 ;k +1 �
� y
2

(� y ) j + 1
2 ;k +1 ;

(3.10)

where

(� x ) j;k + 1
2

= (MC- � )-limiter(( V 1) j � 1;k + 1
2
; (V 1) j;k + 1

2
; (V 1) j +1 ;k + 1

2
); (3.11)
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(� y ) j + 1
2 ;k = (MC- � )-limiter(( V 2) j + 1

2 ;k � 1; (V 2) j + 1
2 ;k ; (V 2) j + 1

2 ;k +1 ): (3.12)

Similarly, we can use the same method as in Eq. (3.9)-(3.12), to reconstruct magnetic �eldsB2

and B1 from the interface to the corner. Then, we apply the Runge-kutta method to obtain the
magnetic �eld ( B1) j + 1

2 ;k and (B2) j;k + 1
2

at the next time step. Finally, the magnetic �eld at the
cell center can be obtained by

(B1)n +1
j;k =

(B1)n +1
j + 1

2 ;k
+ ( B1)n +1

j � 1
2 ;k

2
and (B2)n +1

j;k =
(B2)n +1

j;k + 1
2

+ ( B2)n +1
j;k � 1

2

2
:

By construction, this method maintains the constancy of the magnetic �eld divergence measured
at the cell centers, and this is shown in the 2-D test cases.

4 Numerical results

To demonstrate our new scheme, we apply our 1-D fully-discrete scheme (2.10) and 2-D semi-
discrete scheme (3.3), (3.6), (3.7) to several numerical experiments. Furthermore, we compare the
results with the scheme without the LDCU correction to show the di�erence.

4.1 1-D experiments

In the 1-D tests, we use the following formula to compute the time step � t, and the CFL number
is set as 0.4.

� t = CFL � min
j

� x
max(a+

j + 1
2
; a�

j + 1
2
)
:

The boundary condition used for these 1-D experiments is the out
ow boundary condition. The
solution we compared with is using the scheme without the reconstructionQL (R )

j + 1
2

in the projection

step, which means the intermediate averageQint
j + 1

2
is used to project back to the uniform cell. The

exact solutions are obtained by the compared scheme using a �ner grid with 6000 points. The
obtained 1-D results are �rst-order accurate due to the reason in Remark 2.1.

4.1.1 Brio-Wu shock tube problem

This is a Riemann problem which is taken from [BT06] and gives rise to compound waves. The
initial data is given by

(�; v 1; v2; v3; B2; B3; p)> =
�

(1:0; 0; 0; 0; 1:0; 0; 1:0)> for x < 0;
(0:125; 0; 0; 0; � 1:0; 0; 0:1)> for x > 0:

with constant B1 = 0 :75 and 
 = 2 and the computational domain is [� 1; 1]. Figure 4.1 shows
the density on 800 grid points at the �nal time T = 0 :2. The result includes a left-moving fast
rarefaction wave (FR), a slow compound wave (SM), a contact discontinuity (C), a right-moving
slow shock (SS), and a right-moving fast rarefaction wave (FR). All the waves are well resolved and
the second �gure shows that our result resolves the contact discontinuity better than the simulation
that does not use the LDCU projection step.

4.1.2 Dai & Woodward shock tube problem

This is a Riemann problem taken from [DW98] with initial condition,

(�; v 1; v2; v3; B2; B3; p)> =

8
><

>:

(1:08; 1:2; 0:01; 0:5;
3:6

p
4�

;
2

p
4�

; 0:95)> for x < 0:5;

(1:0; 0; 0; 0;
4

p
4�

;
2

p
4�

; 1:0)> for x > 0:5:

with B1 = 2p
4�

and 
 = 5
3 . The computational domain is [0; 1]. The solution of this prob-

lem consists of a pair of fast and slow left-going magnetosonic waves, (FS) and (SS), a contact
discontinuity (C), a pair of fast and slow right-going magnetosonic waves, and the rotational dis-
continuity between each pair of fast and slow magnetosonic waves. The obtained density at the
�nal time T = 0 :2 using 512 grid points is shown in Figure 4.2. Again the resolution of the contact
discontinuity is much improved.
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(a) (b) Zoomed view around contact wave

Figure 4.1: Example 4.1.1 Brio-Wu shock tube problem : Density with 800 grid points, in com-
parison with the scheme without LDCU projection step.

(a) (b) Zoomed view around contact wave

Figure 4.2: Example 4.1.2 Dai & Woodward shock tube problem: Density with 512 grid points.
Compared with the scheme without LDCU correction.
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4.1.3 Ryu-Jones problem

This is a Riemann problem taken from [RJF95]; the initial condition is given by

(�; v 1; v2; v3; B2; B3; p)> =

8
><

>:

(1:0; 10; 0; 0;
5

p
4�

; 0; 20)> for x � 0:5;

(1:0; � 10; 0; 0;
5

p
4�

; 0; 1:0)> for x > 0:5:

with B1 = 5p
4�

and 
 = 5
3 , and we solve the problem on the domain [0; 1] until a �nal time

T = 0 :08. Figure 4.3 shows the result of density with 516 grid points. The results present that the
wave structure of this problem produce �ve waves from left to right including a fast shock (FS), a
slow rarefaction wave (SR), a contact discontinuity (C), a slow shock (SS), and a fast shock (FS).
The result with the correction is close to the reference and captures the discontinuity very well,
although there are some undershoots.

(a) (b) Zoomed view around contact wave

Figure 4.3: Example 4.1.3 Ryu-Jones problem: Density with 516 grid points. Compared with the
scheme without LDCU correction.

4.2 2-D experiments

The 2-D results are obtained using the second order reconstruction in space and the three-stage
Runge-Kutta (RK3) method for time evolution. For the ODE, dQ=dt = C[Q], the RK3 method is
given by

Q(1) = Qn + � tC [Qn ];

Q(2) = Q(1) +
� t
4

�
� 3C[Qn ] + C[Q(1) ]

�
;

Qn +1 = Q(2) +
� t
12

�
� C[Qn ] � C[Q(1) ] + 8C[Q(2) ]

�
:

and the same method is applied to Eq. (3.3), (3.6) and (3.7). We set the CFL number as 0.45, and
use the following formula to compute � t in each time step.

� t = CFL � min
j;k

 
� x

max(a+
j + 1

2 ;k
; a�

j + 1
2 ;k

)
;

� y
max(b+

j;k + 1
2
; b�

j; 1
2
)

!

:

A high level view of the 2-D method is described as an algorithm in Section A.

4.2.1 Balsara vortex test

In this test, we apply our scheme to the Balsara vortex test from [Bal04] to examine the order of ac-
curacy. We compute in the domain [� 5; 5]� [� 5; 5] with periodic boundary condition. Following the
setup in [DCK25], the initial data is the background 
ow ( �; v; B 1; B2; B3; p) = (1 ; 1; 1; 0; 0; 0; 0; 1)
with the perturbation

(�v 1; �v 2) = � exp(0:5(1 � r 2))( � y; x);
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(�B 1; �B 2) = � exp(0:5(1 � r 2))( � y; x);

�p = 0 :5(� 2(1 � r 2) � � 2) exp(1 � r 2);

where r =
p

x2 + y2 � = 1
2� , and � = 1

2� . Figure 4.4 and Table 1 show thel1-error and the
convergence rate at the �nal time T = 10 by the proposed scheme with the reconstruction using
the MC-� limiter, while the result in Figure 4.5 and Table 2 using the reconstruction with central
di�erence, i.e., without limiter. Both of the results show that our scheme can achieve close to
second-order accuracy.

(a) Exact solution

(b) 200 � 200 (c) 400 � 400

Figure 4.4: Example 4.2.1 Balsara vortex test: pressure at T=10 with 30 contour lines. The MC-�
limiter is used.

� -Error � -Order P-Error P-Order
50x50 5.1x10� 2 - 4.0x10� 2 -

100x100 1.7x10� 2 1.58 1.0x10� 2 2.00
200x200 4.0x10� 3 2.08 2.6x10� 3 1.97
400x400 8.8x10� 4 2.21 6.6x10� 4 1.95

Table 1: Example 4.2.1 Balsara vortex test: l1-error and convergence rate with MC-� limiter.

4.2.2 Smooth sine wave

We adopt the smooth sine wave test from [WS18] for the second order accuracy test. Consider the
solution whose exact solution is given by

(�; v 1; v2; v3; B1; B2; B3; p)> = (1 + 0 :99 sin(2� (x + y � 2t)) ; 1; 1; 0; 0:1; 0:1; 0; 1)> :

and we compute up to the �nal time T = 0 :1. The computational domain is [0; 1] � [0; 1] with the
periodic boundary condition. Table 3 shows thel1-error and the convergence rate of the density,
and demonstrate that our scheme is second-order accuracy.
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(a) Exact solution

(b) 200 � 200 grid (c) 400 � 400 grid

Figure 4.5: Example 4.2.1 Balsara vortex test: pressure at T=10 with 30 contour lines. No limiter
is used.

� -Error � -Order P-Error P-Order
50x50 7.8x10� 3 - 2.5x10� 2 -

100x100 2.2x10� 3 1.83 5.8x10� 3 2.13
200x200 5.4x10� 4 2.03 1.3x10� 3 2.12
400x400 1.3x10� 4 2.08 3.2x10� 4 2.06

Table 2: Example 4.2.1 Balsara vortex test: l1-error and convergence rate without limiter.

Error Order
50x50 3.4x10� 1 -

100x100 8.3x10� 2 2.05
200x200 1.9x10� 2 2.13
400x400 4.5x10� 3 2.07

Table 3: Example 4.2.2 Smooth sine wave: Densityl1-error and order at T = 0 :1 with minmod
limiter.
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4.2.3 Brio-Wu shock tube problem

In the �rst test, we use the same initial data as in 1-D case in Section 4.1.1,

(�; v 1; v2; v3; B1; B2; B3; p)> =
�

(1:0; 0; 0; 0; 0:75; 1:0; 0; 1:0)> for x < 0;
(0:125; 0; 0; 0; 0:75; � 1:0; 0; 0:1)> for x > 0;

with 
 = 2, and compute the solution in the domain [� 1; 1] � [� 1; 1]. Figure 4.6 shows the result
of the density on 200� 200 grid points at the �nal time T = 0 :2, in comparison to the scheme
without the correction term K on 200 � 200 grid points and the �ner grid points 1000 � 1000 as
the reference solution. The result with correction term performs better at the contact than the
one without correction term.

Figure 4.6: Example 4.2.3 Brio-Wu shock tube problem: The cross-section of the density on
200� 200 grid points.

4.2.4 Orszag-Tang MHD turbulence problem

This test case is commonly used to test the ability of schemes to resolve multiple waves and eventual
production of MHD turbulence. We consider the initial data from [BT06],

� (x; y; 0) = 
 2; v1(x; y; 0) = � siny; v2(x; y; 0) = sin x;

p(x; y; 0) = 
; B 1(x; y; 0) = � siny; B2(x; y; 0) = sin 2x;

where 
 = 5
3 . The test case is computed in [0; 2� ] � [0; 2� ] with periodic boundary conditions.

Figure 4.7 shows the results of density on 200� 200 and 400� 400 grid points at time T = 2. We
compare the result of density on 200� 200 grid points at T = 3 using the proposed scheme with
the scheme without correction term K, and plot the cross-section alongx = � in Figure 4.8. We
can observe that the LDCU scheme results in better solutions as they are closer to the reference
solution than the uncorrected scheme. In Figure 4.9, we present the results of density on 200� 200
and 400� 400 grid points at T = 4, and plot the time evolution of the

maximum relative divergence = max
j;k

jr � B j
jB j

� x

where the divergence ofB is obtained by

(r � B ) j;k =
(B1) j + 1

2 ;k � (B1) j � 1
2 ;k

� x
+

(B2) j;k + 1
2

� (B2) j;k � 1
2

� y
:

Notice that the deviation of B from r � B = 0 stays very small over time and does not increase in
time.

4.2.5 Rotor Test

We consider the second rotor problem from [Tot00]. The initial data of this test is given by

� =

8
<

:

10 r � r 0;
1 + 9f (r ) r 0 < r < r 1;

1 r � r 1;
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(a) 200 � 200 grid (b) 400 � 400 grid

Figure 4.7: Example 4.2.4 Orszag-Tang test: Density atT = 2 with 30 contour lines.

(v1; v2; v3) =

8
>>><

>>>:

v0

r 0
(� (y �

1
2

); x �
1
2

; 0) r � r 0;

f (r )v0

r 0
(� (y �

1
2

); x �
1
2

; 0) r 0 < r < r 1;

(0; 0; 0) r � r 1;

(B2; B3) = (0 ; 0);

where r 0 = 0 :1, r 1 = 0 :115, r =
q

(x � 1
2 )2 + ( y � 1

2 )2, and f (r ) = r 1 � r
r 1 � r 0

, and B1 = 2:5p
4�

, p = 0 :5,
v0 = 1. The �nal time is T = 0 :295.

The solution develops a rapidly rotating dense 
uid disk surrounded by stationary 
uid. We
show a comparison of the density using the scheme with the correction term K and without K
along x = 0 :5 in Figure 4.10. It seems that the result with the correction term performs better,
and is closer to the reference solution. In Figure 4.11, we provide the result of density and Mach
number on 400� 400 grid points, which also shows the central rotating part is captured with good
circular symmetry.

4.2.6 Blast wave

This problem consists of an initial central region of high pressure which rise to outward going shocks
that model a blast wave. We follow the setup in [Bal04] and take the computational domain to be
[� 0:5; 0:5] � [� 0:5; 0:5] and the �nal time is T = 0 :2. The initial condition is given by

(�; v 1; v2; v3; B1; B2; B3; p)> =

8
><

>:

(1; 0; 0; 0;
1

p
2

;
1

p
2

; 0; 10)> for
p

x2 + y2 < 0:1;

(1; 0; 0; 0;
1

p
2

;
1

p
2

; 0; 0:1)> else:

Figure 4.12 shows the density and pressure on 400� 400 grid points, and Figure 4.13 shows the
velocity on 400� 400 and 800� 800 grid points. We can see that our results match the solution in
reference [Bal04].

4.2.7 Challenging Blast problem

This test case is similar to the previous one but gives rise to very low gas pressure regions and
strong magnetosonic shocks. This makes it a challenge for numerical methods in terms of preserving
positivity of solution. We use the setup in [BKC21] and compute in the domain [� 0:5; 0:5] �
[� 0:5; 0:5] with periodic boundary condition. The initial data is

(�; v 1; v2; v3; B1; B2; B3; p)> =

8
><

>:

(1; 0; 0; 0;
100
p

4�
; 0; 0; 1000)> for

p
x2 + y2 � 0:1;

(1; 0; 0; 0;
100
p

4�
; 0; 0; 0:1)> else:

with 
 = 1 :4. Figure 4.14 shows the results of density, pressure, velocity, and magnetic pressure on
the 200� 200 grid points at the �nal time T = 0 :01. The computations remain stable without any
loss of positivity and no special treatment has been done to ensure the positivity property. The
results are comparable with those in [BKC21].
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(a) Result without correction term on 200 � 200. (b) Result with correction term on 200 � 200.

(c) Cross-section along x = �

(d) Zoom in of (c) in y = [2 :4; 3:8]

Figure 4.8: Example 4.2.4 Orszag-Tang problem: Comparison of density atT = 3. Reference
solution is obtained by the scheme without K on 800� 800 grid points. (a) and (b) are drawn with
30 contour lines.
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(a) 200 � 200 grid (b) 400 � 400 grid

(c) Semilogy plot of maximum relative divergence of B versus time

Figure 4.9: Example 4.2.4 Orszag-Tang problem: (a), (b) density with 30 contour lines atT = 4,
(c) evolution of divergence ofB with time.
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(a) Without K on 200 � 200 (b) With K on 200 � 200

(c) cut along x = 0 :5

Figure 4.10: Example 4.2.5 Rotor test: (a) and (b) are the density with 30 contour lines. (c) is
the comparison of the cross-section alongx = 0 :5.

(a) Density on 400 � 400 (b) Mach number on 400 � 400

Figure 4.11: Example 4.2.5 Rotor test: Results of density and mach number with 30 contour lines.
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