BGK MODEL FOR RAREFIED GAS IN A BOUNDED DOMAIN

HONGXU CHEN*, CHRISTIAN KLINGENBERG, AND MARLIES PIRNER

Abstract: We study the Bathnagar-Gross-Krook (BGK) equation in a smooth bounded domain featuring
a diffusive reflection boundary condition with general collision frequency. We prove that the BGK equation
admits a unique global solution with an exponential convergence rate if the initial condition is a small
perturbation around the global Maxwellian in the L space. For the proof we utilize the dissipative nature
from the linearized BGK operator and develop several estimates for the nonlinear BGK operator in L*
framework.

1. INTRODUCTION

The dynamics of a monatomic gas without chemical reactions is known to be described by the celebrated
Boltzmann equation. But the complicated structure of the collision operator has long been a major obstacle
in developing efficient numerical methods [13]. Under certain assumptions, the complicated interaction terms
of the Boltzmann equation can be simplified by a so called BGK approximation, consisting of a collision
frequency multiplied by the deviation of the distributions from local Maxwellians. This approximation
is constructed in a way such that it has the same main properties of the Boltzmann equation namely
conservation of mass, momentum and energy. In addition, it has an H-theorem with an entropy inequality
leading to an equilibrium which is a Maxwellian. It is used in many applications and there exist many
extensions to deal with gas mixtures, ellipsoid statistical (ES-BGK) models, polyatomic molecules, chemical
reactions or quantum gases; see for example [3,4,9-11,22-25,29, 30, 34, 35, 38,40, 41].

In this paper, we consider the initial-boundary value problem of the BGK equation in a smooth bounded
domain € in R3:

OF+v-V,F=v(M(F)-F), (1.1)
where F' = F(t,z,v) > 0 stands for the velocity distribution function of gas particles with velocity v =
(v1,v2,v3) € R? at time ¢ > 0 and position z = (x1,z2,23) € Q C R3. M(F) is the local Maxwellian defined

as
p(t,fﬁ) |U B U(t1$)|2
M(F)(t, 33,11) = 7(27771(@:5))3/2 exp ( — W), (1.2)

where p, U and T correspond to the macroscopic quantities given by the moments of F:

p(t,ac):/ F(t,z,v)dv,
R3

pt,x)U(t, z) = F(t,z,v)vdo,
R3
3p(t,x)T(t,x) = F(t,z,v)|v — U(t,z)*dv.
R3
The collision frequency v takes the following form: for some constants 7, w:
v(z) = p"T®.

From the numerical point of view, the BGK model considerably simplifies the situation. But mathematical
analysis is not necessarily easier, because the relaxation operator involves more non-linearity compared to
the bilinear collision operator of the Boltzmann equation. In [36], Perthame established the global existence
of weak solutions in whole space for the BGK model with constant collision frequency. Regularity and
uniqueness were considered in [37] under the local existence framework in the torus. In a near-a-global-
Maxwellian regime, the global existence in the whole space in R? and a polynomial convergence to equilibrium

Date: February 5, 2025.
Key words and phrases. Boltzmann-BGK equation, diffuse reflection boundary, global in time solutions, large time behavior.
*Corresponding author. Email address: hchen463@cuhk.edu.hk.

1



2 HONGXU CHEN*, CHRISTIAN KLINGENBERG, AND MARLIES PIRNER

was established in [7]. In [42], for a wide class of non-trivial collision frequencies, the existence of a unique
global smooth solution is established in the torus under a close-to-equilibrium assumption on the initial
data and an exponential decay estimate is established in a high order energy norm. There are also various
extensions of the previous result to more complicated BGK-type equations as the BGK equation for gas
mixtures in [5], the ellipsoidal BGK model [43], relativistic and quantum BGK models [6,31]. Moreover,
a method to construct sharp convergence rates for the BGK equation is given in [1,2]. All results here,
concerning exponential convergence to equilibrium are in the torus and use a high order energy method to
show exponential convergence for the non-linear BGK equation in a close-to-equilibrium regime.

In this article we aim to construct a unique solution to the boundary value problem of the BGK equation
in a bounded domain. Similar to the torus case, we expect that the solution converges exponentially fast to
a Maxwellian.

In the presence of the boundary, due to the characteristic nature, the kinetic equation exhibits singularities
near the boundary [15,16,18,27,28,32], the high order energy method and Fourier transform method(see [19])
become unavailable. To address the challenges posed by the nonlinear BGK operator, in the paper we focus
on constructing a low-regularity solution, specifically achieving L°° control without relying on the embedding
H? C L. The linear BGK operator possesses a dissipation property for the microscopic components in the
L? energy estimate, which allows us to manage the additional nonlinearity introduced by the BGK operator
by seeking a solution in the space L2 N L>°. Guo proposed this L? N L™ framework in [26], which established
global well-posedness and exponential convergence to the global Maxwellian for the Boltzmann equation
including diffuse and specular boundary condition. This breakthrough has significantly advanced the study
of the boundary value problem of the Boltzmann equation, we refer to [33] for the specular boundary
and [8,12,14,17] for intermediate status between pure diffuse reflection and pure specular reflection. Our
main purpose in this paper is to propose an effective method to construct the BGK solution in the low
regularity space L2 N L. Thus we only focus on the pure diffuse reflection boundary condition. Other
interesting problems, such as the well-posedness theory under different boundary conditions, the stationary
solutions, the regularity issues, the hydrodynamic limits, etc., are left for future study. We note that the
diffuse reflection boundary condition corresponds to the no-slip boundary condition in the hydrodynamic
limit, cf. [39].

To the end, we denote the boundary of the phase space as

v = {(z,v) € 90 x R®}.
Let n = n(x) be the outward normal direction at z € 9§2. We decompose v as
v_ = {(z,v) € 9Q x R®: n(z) -v < 0},

(
vy = {(x,v) € 0Q x R? : n(x) - v > 0},
Y0 = {(z,v) € 9Q x R : n(z) - v = 0}.

The diffusive reflection boundary condition is prescribed for the incoming phase space:

F(t,z,v)|,_ = cu,u(v)/ F(t,z,u)(n(x) - u)du,
n(x) u>0
where p corresponds to the normalized global Maxwellian:
1 e
/,L('U) = W@ 2

The constant ¢, = /27 is chosen to satisfy fn(w)-v<0 cupt(v)|n(z) - vl[dv = 1 so that c,pu(v)|n(z) - v| is a
probability measure on the half velocity space {R? : n(z)-v < 0}. Note that the mass flux is vanishing at
the boundaries, namely

/ (n(z) - v)F(t,z,v)dv =0, = € ON.
R:}
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We seek the solution around the global Maxwellian, which takes the form F' = u + /uf. Then, the
following equation for f can be derived

Oif +v-Vof +Lf =T(f) in (0,00) x Q x R?,

f(t, z,v) CuV I ft, z,u)y/ ww)|n(z) - uldu  for x € 99, (1.3)
n(x) u>0
f(O,ZE,’U) = fo(.’L‘,U).

Here, L is a linearized collision operator, and I" a nonlinear collision operator. To define these operators, we
first denote the orthonormal basis

W), () = /a0, = 1,2,3, ya(v) o= 12 Vo)

We denote P f as the macroscopic quantities, which is defined as the L2 projection of f onto the subspace
spanned by x;:

4

Pf:=> (fxa)x =al@ XOJFZb )X + (@)X,

i=0 i=1
with

a(t iL’) = <f7X0> b(t ZL’) = (bl(t l‘) bQ(t CC) b3(t 1’)) b(t .T) = <f7X1> for i = 17233; C(t,lL’) = <fa X4>7

where we have taken the usual inner product on L?(R?):

/ fo

The linear operator £ is then defined as Lf = P)f. The nonlinear operator I'(f) is defined as the
remaining term in the BGK operator (1.1):

r(f) = V(M(u+ﬁj%—u—¢ﬁf)

Here we highlight that T'(f) is a nonlinear operator of f, which exhibits a higher degree of nonlinearity

compared to the bilinear Boltzmann operator. The derivation of £Lf and the explicit expression of I'(f) can

be obtained by performing a Taylor expansion around the equilibrium state (p,u,T) = (1,0,1). For the

detailed derivation and the associated properties, we refer to the next section ((2.6) and (2.7) in Lemma 1).
We denote a velocity weight as

—(I-P)f. (1.4)

1
w(v) = P 0<6 < T

Now we state our main result.

Theorem 1. Assume Q) is bounded and smooth. There is a constant 0 < § < 1 such that
if the initial condition Fy(x,v) = p+ /ffo(z,v) > 0 satisfies [, [os /1efo(x,v) dvdz =0 and
lwfollpee, <6,

then there exists a unique solution F(t,x,v) = p+ /iuf(t,z,v) > 0 to the problem (1.3)
such that fQ ng Vif(t,z,v)dvde =0, and the following estimate holds true:

[wf ()] L, < 2Ce 6.
Here C > 1, 0 < A <1 are constants.
Outline. In Section 2, we will derive the expressions of the BGK operator £ and I', and establish
their fundamental properties. In Section 3, we will derive the L? estimate for the linear BGK equation by
leveraging the coercive property of £. Finally, in Section 4, we conclude Theorem 1 by constructing the L>°

estimate through the method of characteristics and employing an iterative argument for the existence and
uniqueness of the solution.
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2. PRELIMINARIES
2.1. Derivation of £ and I'. In this section, we derive the explicit expressions of £ and I'.

Lemma 1 ( [42]). (i) The collision frequency v = p"T* in (1.1) can be linearized around the global equilib-
rium state (p,T) = (1,1) as
v=1+v,
1 1
tp = S0 [ Do v 03700 = (5 [ @uao, 2.1)
where the notation in (2.1) is defined as
Qi = {D(pqs,Pva,Gqs)(pgT;)}i’ (2'2)
Py = 1910 + (1 - 79)17 PﬂUﬂ = 79va
polUs|® +3psTy 3 :19{p\U|2 +3pT 3 }
2 2p19 9 2P )
U +3pT 3
:w_l7 Gy = 9G. (2.3)
V6 V6
(i) The local Mazwellian M(F) in (1.1) can be linearized around p as

G

1
M) =+ PV Y (foallfoo) [ Q1= 0)dv. (2.4
0<i,j<4 0
Here Q;j is defined as
Qij = {D%s, povs.ayM (@) }ij, (2.5)
P _loUgl?

2T,

(iii) Plugging the perturbation F = i+ \/iuf and the expansion of M(F),v given by (2.4), (2.1) into the
equation (1.1), we derive the expression of L(f) and T'(f) as

Lf=(I-P)f, (2.6)
1
M) =Pl —vpf+ 3 / Qi (1 — O)AV(f xa) (s /2
0<i,j<470
1
trp Y[ Qi (L= )A(f,xa) (foxg e
0<i,j<a4”0
i=T1(f) + T2(f) + T5(f) + Ta(f). (2.7)

To fully state the expression of I' in (2.7), we derive the explicit expression of @; and Q;; in the following
lemma.

Lemma 2. (i) Q; in (2.2) takes the following form:

0 = Pi(po, Uy, Ty)
’ Ri(pg, Ty)
Here R;(py,Ty) = r1,:(ps)™> (Ts)™ is monomial, r1,; > 0 is a positive constant and ro;,r3,; > 0 are

non-negative constants. P; is a polynomial

Pi(ps, U1, Us 2, Up 3, To) = D am(po)™ (Up,1)™ (Un2)™* (U 3)"™ (Ty)™.
meS;

(2.8)

Here a,, is a constant, m = (mq,--- ,ms), where m; > 0 are non-negative constants, and S; corresponds to
a collection of finitely many m.
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(1t) Q;j in (2.5) takes the following form:

Pij(p197v - U19a U19aT19)
Rij(po, Ty)

Qij =Dy, povy.c0 MW))ij = M(9). (2.9)

Here R;;(py, Ty) = 11,i5(po) > (Ty)™% is a monomial, r1;; > 0 is a positive constant and 125,73, > 0
are powers of non-negative integers. P;; is a polynomial

Pij(pﬁvvl —Usg,1,v2 —Uy2,v3 — Uy 3,Up.1,Usy 2, Uﬂ,s,Tﬁ)

= Z am(p9) ™ (V1 — Uy 1) ™ (v2 — Uy 2)™ (v3 — Uy 3)™4(Ug.1)™® (Ug,2) ™0 (Up,3)™7 (T)™8,

meS;;
here a,, is a constant, m = (mq,--- ,ms), where m; > 0 are non-negative integers, and Sij corresponds to a
collection of finitely many m = (mq,--- ,mg).

Proof. We can compute the derivative in Q; as

Uiy _Us _Us =3T+HUP’+3
P p P 3p np"—tTv
2
3p 0
0
0

14
2 wTw—lpn

Dy pu,c)p" T =

o O O O =
S O O
o O O
O ™Ik O O
)
=

Here the first matrix corresponds to (D, ,u,c)(p, U, T))~*. This concludes (2.8).
Next we compute the derivative in Q;; as

1 U _Us _Us —3T+|U|*+3 1
p p p 3p o
o 4 0 0 T _Uizw
p _lv-uj? 1 20U Usto
D P == =10 0 = 0 2-Y2 | M(F
(02 1,G) (QWT)S/Q 0 0 6 1 QZi Us—v3 ( )
r \/gp w_U?_ar
0 0 0 0 73 272
The second derivative becomes
1 U U, _Us —3T+|U*+3
P P p 3p
o 1 0 0 —2U
D? ME) =0 0 L 0 2L,
(p,pU,G) (F) = o 3p
0 0 0 1 2
P 329
0 0 0 0 Vi
1 _U _Us _Us =3T+|U]+3 1
P P P 3p o
o - 0 0 T RS
1 2U. y
Doury |10 O 5 0 Ty — 2 | M(F)
0 0 0 1 —2Us —Usvs
P \/gp vt s
0 0 0 0 73 272

This concludes (2.9).

Lemma 3. The nonlinear operator T in (2.7) satisfies

P(I'(f)) = 0.
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Proof. We use the definition of T'(f) in (1.4):

v(M(F) - F) (M(F) - F)
P(I(f) = P(“" 2= ) = P(I - P)f) = vP ()
NG NG
4
Xi
= in/(M(F)fF) dv = 0.
; R3 VI
1, ¢=0,
In the second line, we used \’;ﬁ =<, i €{1,2,3}, and the conservation of mass, momentum and energy.
[v]2,i = 4.

]

2.2. L™ estimate of I'. As discussed in the introduction, we aim to control the nonlinear operator I' in
L space. In this section, we establish the L>° control of I' in Lemma 5. This result will play a crucial role
in proving the a priori estimate.

Lemma 4. We can control the macroscopic quantities using the L estimate of f as follows:
If lwfllzg, <9, then

lp—1,UT 1> S 0. (2.10)
This can further lead to
1
[ 1@iar <1, (2.11)
0
2 ! 1
eflvl /O 1Qi;1(1 —9)ddp=? <1 for 6 < T (2.12)

Proof. We can estimate the density as

ptte) =11 = | [ oo+ Vafldo =1] < fuf oz, [ Viwdo< o

Then we estimate the momentum as

Ip(t, 2)U tx|—‘/ u+\ffvdv‘<||wf||Loo/\/7w v)|v|dv < C6.

Thus

s s
<
Vol < Sty S 1=cs = 2%

Last we compute the energy as

ot T(to) =3 = | [ (ot ViRl ~Ult.)Pdo =3
< U(E2) + oz, / Vilow @)l ~ U)o

S8+ lufluz, [ Viw @l + Ul
<62+ C8(C + (206)2) <6

With
T(ta) - 1= p(t,x)T(t,x) =1  pt,z) — 1’
p(t, x) p(t,z)
we derive that,
0 1)
T(t,z) — 1] < + <4

1-C6 1-C6 ™
We conclude (2.10).
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Next we prove (2.11). Recall the definition of py, Uy, Ty in Lemma 1, from (2.10) it is straightforward to
verify that for some C

lps — 1,Ug, Ty — 1| < C6. (2.13)
By the property of @; in (2.8), we apply (2.13) to control the denominator as
1S (1—C6)™1(1—Co)™ < Ri(pg, Ty).
We control the numerator as

Pipo, U, To) S D lam|(1 4 C8)™ (Co)™Fms s (14 CH)™ S 1.

meS;

This concludes (2.11).
Last we prove (2.12). From the property of Q;; in (2.9), we apply (2.13) to control the denominator as

1S r1(1 = C0)™9 (1= C8)™9 < Rij(po, Ty)
We control the numerator as
Pii(ps,v1 —Ug1,v2 —Uygo,v3 — Uy 3,Ug1,Up2,Us3,Ty)
< Z lam|(1+ C8)™ (v1 — Ug1)™ (v2 — Uy 2)™ (v3 — Uy 3)™*(C)"s T+ (1 4 C§)™ M ()

meS;;
v— 2 v|2
$ 3 vl e e 5 ot
T _
mESi]‘

In the last line, we first bound polynomial by exponential as |v — Uyg|™2Tms+m4a < e=clv=Usl* for some small
¢ that depends on 6 to achieve

_lv—uyl? o w-Uyl?
|U _ Uﬁ‘m2+m3+m4e 2(1+C9) 5 e 20+Cs+C(0) |

Here C(#) is a small constant that depends on 6.
Then we bound

I Y —lv|2+20-Uy—|Uy|? — 102 +[v|2|Uy|%+2 —(1-0252)|v)2 _ |v]?
e 2(0+C3+C(0) = ¢ 200+C5+C(0) S e 2(0+Cs+C(0) 5 e 2(1+C5+C(0) 5 e 2(+C5+2C0(9)) ,

Since § < 1 and 0 < i, we can choose C'(6) and 0 to be small enough such that
v 2
(I0P? o~ zrres oy v/ < 1

Here the inequality does not depend on §. We conclude the lemma.
|

Lemma 5. When ||wf||re, < ||e)‘twf||L;<3v < 8, we have the following L™ control of the nonlinear operator
given in (2.7):

[wli(Pllee, S lwflie,, leMwli(Hlrs, S leMwflie,, i=1,2.3, (2.14)

zv N z0 N

lla(Pllzs, S ol leMwela(Dlzg, S ol (2.15)

Proof. We first prove (2.14). From (2.7), we apply (2.11) and compute
1
(0 S WA Y (i) [ Quao] SIS wro) sl

S w3, S x)? S s,

%

Here we used 0 < i so that wy; < 1. The second inequality in (2.14) follows in the same computation:

~

Ml (NS 1Y wxale™ foxa)l Y (e foxal S lleMwflfs, -
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Then for T's(f) we apply (2.11) and have

1
D) S e 2[00 [ Qo] S oz, 007 ) S s

Mwla(f)] S |€”wflz Loxi) S lleMwf e, -
For T's(f), we apply (2.12) to have

s s e 3 | [ est - 0@ ey, £ ol

x,v
0<4,5<4

Murs(nse | [ est -l tusy, £ e,
0<4,5<4

This concludes (2.14).
Next we prove (2.15). We apply (2.11) and (2.12) to have

/ Qldﬂ‘

EXOIED MRS

1
uf [ @y = aaa]u 20110100 S

0<j,k<4
Similarly, we have
[ Mula(f)] £ Ml

This concludes (2.15).

2.3. Stability estimate of I'. To prove the existence and uniqueness of solutions, we will employ a sequen-
tial argument. In this section, we derive the L stability estimate of I' in Lemma 7.

Lemma 6. Given I = p+ /ufi and Fo = p+ /ufe such that ||wfyllLe, < 6, k = 1,2. We denote
(pr, U, T.) as the macroscopic quantities of Fy defined in (1.2), then we have

1
/»@%%M%ﬂm*@%m%mﬂﬁ@%ﬂﬂﬁ*Mhm, (2.16)
0

1
eIl / 1Qij (pr,0:v — Ur,0, U,o, Tho) — Qij(p2,0,v — Uz, Uz, To,9)| (1 — 9)dip /2

0
S lw(fi = fo)llee, - (2.17)

Proof. From (2.10) we have

||pk*1aUk,Tk*1”L;° 56, k:1,2. (218)
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We compute the difference of the macroscopic quantities p, U, T as

=l =| [ (B = Faae] =| [ (7= payviae] S ot - 2,

1 1
Uy — Us| = ‘7/ Frody — = Fgudv‘
P1 JRr3

P2 JRrs
1 1 1
- 7/ (Fl—FQ)vdv—i—/ ngdv(—— )‘
P1 JRr3 R3 p1 - P2
1 1 1
=|— — fa)v dv+/ vy/pdo| — — ‘
- [ = oo+ [ paoyiao(- - =)

lp1 — p2|
S llw(fi = fo)llpee, + ||wf2||L;‘j,up7 Sllw(fi = f2)llnee,

11 1
|T17T2|:7’—/ F1|v7U1\2dv——/ Pl — Us[?dv
31p1 Jgrs p2 Jrs
11 9 9 9 1 1
== 7‘7 F1|1)7U1| 7F2|’U*U2| d’l)+ F2|’U*U2| dv(777>‘

31p1 Jgs R3 pL P2
§/3|F17F2||’U*U1|2d’0+/3F2"”U7U1‘27|’U*U2|2}d’l)+‘,01*p2|/ f2|'U7U2‘2\/ﬁd'U
R¢ R¢ R3

S / |f1 = follv = U1]*y/pdo +/ Fl(|UL]? = |U2?) + (Uy = Uy) - v]y/pdv + [[w(fi — fa)
R3 R3

[l Lo

S llw(fi = fo)lleee, + UL = Us| S [lw(fi — f2)l|Lee, -
These estimates imply the following control: for integer power m > 1, due to (2.18) we have
Slor=p2.Ur = U2, T = D) l|p ™ 4 05—+ U 4+ U 4 T+ T
S e = p2, U = U, T = T2)| S lw(fa — f2)llpee, - (2.19)
For positive power m > 0,
(o7 = p5" T = T3] S |y = pallp? ™t + o5 ™+ T+ T
Sy = 5" T = 15| S llw(fr = f2)llege, - (2.20)
Here p;* =1, T7"~' < 1 for finite m due to (2.18).
For positive power m > 0, again due to (2.18),
Gr o) = 1O )
Py eyt T TN ppey T T
S = o3t T = 13")| S Mlw(fi = f2)lleee, - (2.21)

We compute the difference of py g, Uk, Tk,9 using the definition in (2.3) and the computation (2.19),
(2.20), (2.21):

lo1,9 — p2,9,U1.9 — Us g|

oo - o, A=)~ S

~22)) < Juh— ez,

2 Urol? - poolUsol? 3

T = Tool = 3 — — 2ol 2””' 29| — 5T20(p1o = pao)
19{P1|U1|2+3P1T1 3 p2|Us|® +3p2T> 3

o AL TP 2,

_— — < — oo .
5 5P 5 + 2/)2}‘ S llw(fir = fo)llee,
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It is straightforward to verify that we can achieve the same estimate for py 9, Uk 9, Tk.9 as (2.19), (2.20),
(2.21):

\(pi'fﬁ = P39, Uy — Us'g, Ti"g — TQ%)| Sw(fr — f2)||L;f>v, m is a positive integer.

(P19 — Pogs Ty — To)| S llw(fi = f2)llzee,, m is a positive constant. (2.22)
1 1 1 1 )‘ . .
———, — = — )| S |lw(fr — f2)|lLe= , m is a positive constant.
Kﬂ?}ﬁ Pry Ti T30 o

From (2.8) and (2.9), the denominator of @); and Q;; contain monomial of py, Ty, while the numerator
contain polynomial of py, Uy, Ty, v — Uy with integer powers. Then we can apply the computation (2.22)
for the subtraction in (2.16) and (2.17). Then the lemma follows by a rather tedious but straightforward

computation.
a

Lemma 7. Given fi and fo such that ||e)‘twf1|\L3?,u + He’\twfgﬂLg% < 0, it holds that
JNw(C(f) = D) e, < FleMwf — o), (2.23)

Proof. We will derive the lemma by estimating every term in (2.7).
We start with I'1 (f) = v, (f)P f1. From the definition of v, in (2.1), we compute that

vp(fU)Pfi = vp(f2)P fa = (p(f1) = vp(f2))PS1 + vp(f2) P(f1 = f2).
The second term is bounded using (2.1) and (2.11):
Mwvy(f2)P(fi = f2)| S eMw(fy = fo)ll g

z,v

whllze, < dlew(fi — f2)llee

x,v

For the first term, we use the property of @Q; (2.8) to have
Mup(f1) = vp(f)

1 1
S —f2|,xi>/o |czi<fl)\cw+z<e*t|f2\,><i>/0 Qi(f1) — Qu(f2)|do

SlleMw(fy = fo)lles, + lleMwfol Lo, lw(fi = f2)lloe, S lleMw(fi = f2)llzz, - (2.24)

Here we have used (2.11) and (2.16).
This leads to

M w(vy(fr) = vp(f2))Pfil S llwfilloe, leXw(fy = fo)llzg, S dlle™w(fi = fo)llzz, .

Thus (2.23) holds for T';.
Next we estimate I's(f) = —1,(f)f. We compute that

vp(f)fr = vp(f2) f2 = (p(f1) — vp(f2)) f1 + vp(f2) (f1 = f2)-
The second term is bounded using (2.1) and (2.11):

eMw(fy = F2)vp(f2)l S leMw(fr = fo)llzz

z,v

whollLe, S dlleMw(fi — f2)lliz, -

x,v

For the first term, using the same computation as (2.24), we obtain

M w(vp(f1) = vp(f) il S lleMw(fi = fo)lloe, lwfillee, S dlleMw(fi = fo)llzs, -
Thus (2.23) holds for T's.
Next we estimate I's(f) = > o<, j<4 fol Qi (F) (1 —=9AI(f, xi){f, x; " /?. We compute that

MuTs(f1) —wls(fo)] <w > /0 [Qij(f1) — Qij (f2)I(1 = )dv(eN fr, xa) (fr, s~/

0<i,j<4
1
+w Z /0 Qi (f2)| (1= 9)AI[(fr = fa, xa) (€M f1,X5) + (€ fa, xa) (1 = Fao x) '
0<i,j<4

SleMwfillie lw(fi = fo)llee, + lwfi = fo)llee, lleMwfilloe, + leMwfaloe, ] S dleMw(fi = fo)llLs,-
(2.25)
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Here we have applied (2.12) and (2.17). Thus (2.23) holds for T's.
Last we estimate I's(f) = vp(f) Do<; j<a fol Qi ()1 — 9 AI{f, xi)(f, x; 1" /?. We compute that

1
Mwls(f1) — wla(f2)] < eMvp(fi) — Vp(f2)|w/0 Qa5 (FO)I(L — 9)dD(fr, xa) {fr, X2

+ [vp(f2) e [wDs(f1) — wls(fa)]
SlleMwlfi = f)log hwfillle, +ollwfallre, lle¥w(fi — fo)llzz, < oleMw(fy = f2)lLz,-

x,v

For the RHS in the first line, we have used (2.24), (2.12). For the second line, we have used (2.1), (2.11) and
(2.25). Then we conclude the lemma.
]

3. L? DISSIPATION ESTIMATE
In this section, we consider the solution to the linearized BGK equation
Of+v-Vof+Lf=y, (3.1)

with the source term g = g(¢, z,v) satisfying
Pg = 0. (3.2)
The boundary condition of f is given by

ft,z,v)|y. =vVp / flt, zu)y/ p(u)du. (3.3)

(z)- u>0
We denote

P.f = /n(o / (1) )0V

We have the following L2-dissipation result.

Proposition 2. Let Q be an arbitrary bounded and C' domain. There exists 0 < A\ < 1 such that if the
initial data fo and source data g satisfy (3.2) and

t
lollzz, + [ (o) ds < .
A |

then there exists a unique solution to the problem

Wf+v-Vaof +Lf=g, f(0,2,0) = fo(z,v) (3.4)
with f satisfying the boundary condition in (3.3). Moreover, we have that
t
nﬂm@WSEWﬂmﬁ%+An@@@ﬁ%¢} Vi 0. (3.5)

To prove Proposition 2, we need to have the following L? dissipation estimate of the macroscopic quantities.
Denote

|f5 = / / |f(t,z,v)*(n(z) - v)dvdS,, dS, is the surface integral.
’ o Jn(x)v>0

Lemma 8. Suppose f solves the following equation,
Of+v-Vof+Lf =g, (3.6)
with boundary condition (3.3). Here g does not need to satisfy the condition (3.2). It holds that

/Wmf\m,m<a /WI— ﬂm1®+/ug|m s

/|1— |2+d8
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where G(t) is a functional of f(t,z,v) such that |G(t)| < || f()|2: holds true for any t > 0.

The proof of the macroscopic dissipation estimate is standard. For completeness, we refer the proof to
Appendix.

Proof of Proposition 2. We prove the decay estimate (3.5). Multiplying (3.4) with e’ we get
[0 +v -V + Ll(eMf) = A f 4+ eMyg. (3.7)
Applying Green’s identity to (3.7), we have

e FO)I22 /||I— e ()2 ds+/|1— )N £ (s) 3., ds

S / [ F ()3 s+ 17 O3+ / [*g(s)[3: ds. (3.8)

Here we have applied the standard coercive property of the diffuse reflection boundary condition:

/89 R3 £t v)l(n() - v)dvdS; = /89 /n(m)'v>0 (4= P (n(z) - v)dvdSs.

We also applied P(e*g) = 0. Next, we apply Lemma 8 to (3.7), then we have

[ 1P a5 £ 60 - GO+ [ 1 a- Pty as+ [ Il as
g / a6 15 s+ [ 10 = P61 s 39)

where |G(t)] < [leMf(t )||2 . Therefore, multiplying (3.9) by a small constant € and adding the resultant
o (3.8), we obtain that for some C' > 0,

(- a0, + {1 -0 [ 1@ =PIty as-+e [ IOPIGIE; as)
+(1-Co) [ 0= PSR s
0

t t
< C(/\+)\2)/ le** (3122, ds + ClIF(0)I1Z2 +/ le**g(s)IIZ  ds.
. , S A

Since |e**(IT—=P)f(s)[|2. + [|e**Pf(s)]2. = |le** f(s)]|2. , we further obtain that for & < 1:
t
SOl -+ [ 176 ds

t t
CO+ ) [ @)y s + IOz, + [ Ie¥as)lE s

Last we let A < 1 be such that C(A + A?) < ¢, then the above estimate gives the desired decay estimate
(3.5). We conclude the proof of Proposition 2. ]

4. L* ESTIMATE BY METHOD OF CHARACTERISTIC

In this section, we are devoted to the proof of Theorem 1. We will control the nonlinear operator I'(f)
in (1.3) using L° norm. For this purpose, we start with the L estimate of the linear problem (3.1) in the
following proposition.

Proposition 3. Suppose the initial condition and source term in (3.1) satisfies

lwfollez, <00, sup e ug(s)]iz, < oo, Plg) =0, (1)
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then there exists C' > 0 such that the unique solution in Proposition 2 satisfies
wf Ollez, +hefOles, < Ce{lwfollez, + s ™lwgls)liz, }
757

for any t > 0.

We will derive the L* control using the method of characteristic. We use standard notations for the
backward exit time and backward exit position:

to(x,v) :=sup{s > 0,z — sv € Q}, zp(z,v) :=x — tp(z,v)v.

We denote ty = Ty, a fixed starting time. Since the backward trajectory may have multiple interactions
with the boundary, we define the following stochastic cycle:

Definition 1. We define a stochastic cycles as (zg,vo) = (z,v) € Q x R3 and inductively

r1 = wp(z,0), v1 € {v; € R® :n(xy) vy > 0},
vk € Vi = {vr, € R3 i n(ay,) -vp >0}, fork>1, (4.2)
Tyl = Tp(Th, vr), th = tp(zg,vp) for n(zy) - vp >0,

th =to— {to +th+--+thi Y, fork>1.

With the stochastic cycles defined, suppose f satisfies the linear equation (3.1), with £f defined in (2.6)
in Lemma 1, we apply the method of characteristic to get

w(v)f(To, z, v)
=14, <ow(v)e 0 (0,2 — tv,v) (4.3)

+ 14, <0 /Toe (To=s) le / fls,x = (t — s)v,u)x;(u)duds (4.4)

To
+ 1t1>0/ ~(To—s) sz / fls,x— (t — s)v,u)x;(u)duds (4.5)
To
+ 14 < 0/ ~(To=s) w(v)g(s,x — (t — s)v,v)ds (4.6)
0
To
s / ~To=5)y(v)g(s, 2 — (t — )0, v)ds (4.7)
+ 1y, 506" T w(0) fty, 21, v). (4.8)

The boundary term (4.8) is represented using the diffuse reflection boundary condition (1.3) and the sto-
chastic cycle Definition 1:

F(tr1,0) = e/u(0) / F(tr, 1,00V (o) () - vy |dos.

n(zq1)v1>0
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Applying the method of characteristic again to f(t1,21,v1), with the stochastic cycle defined in Definition
1, it is standard to derive the following bound for the boundary term (4.8):

[(4.8)] < e (To=t) gy ()

k-1
X / { Z 1ti+1§0<ti67t"w(vi)|f(0, xT; — ti’Uz', Ui)|d2i (49)
v Ui
+ 14, sow(vi—1)| f(tr, i, Vr—1)|dER—1 (4.10)
k—1 t; 4
. Z 1ty <0<t / et Z w(vi)xe(v:) /3 f(s, @i — (ti — s)vi, u)xe(u)dudsd; (4.11)
i=1 0 =0 R

k-1 ¢ 4

+ Z 1ti+1>0/ e (=) Z U/(Uz‘)X@(Ui)/ xe(u) f(s, 2 — (t; — s)vi, u)dudsd; (4.12)
i=1 tiva =0 RS
k—1 t;

+ Z 14, <0<t / e~ EmDw(v;)g (s, — (t; — ), v;)dD, (4.13)
i=1 0

k—1 t;
+ Z 1ti+1>0/ e~ w(v)g(s, zi — (t — s)vg, vi)dEi}. (4.14)
i=1

tit1

Here d3; is defined as

k-1 i—1
a4, — {j_llldgj} y {Mdai} « {Ee(tjtj+l)daj}’ (4.15)

where do; is a probability measure in V; (4.2) given by
do; = cpp(vi)(n(z;) - v;)dv;. (4.16)

The term (4.10) corresponds to the scenario that the backward trajectory interacts with the diffuse
boundary for more than k times, while the other terms involve finite times interaction. This uncontrolled
interaction times is estimated by the following lemma.

Lemma 9. For Ty > 0 sufficiently large, there exists constants Cq,Co > 0 independent of Ty such that for
k= ClT§/4, and (to,xo,vo) = (t,x,v) € [O,To] x Q) x R?’,

k—1 5/4
1\ €T,
[, tueTlin= (1)
IT;= Vs j=1

Proof. Since the characteristic in Definition 1 with repeated interaction with the boundary is fully determined
by the diffuse reflection boundary condition, this statement is independent of the equation. We refer the
proof to Lemma 23 in [26] for the Boltzmann equation.

O

To prove Proposition 3, among the characteristic formula (4.3) - (4.8), first we estimate the boundary
term (4.8) in the following lemma.

Lemma 10. For the boundary term (4.8), with A given in Proposition 2, it holds that
w(v)|f(ty, z1,v)| <C(B)e |wfollzee, + o(1)e~ M1 O<Sup ||e)‘swf(s)||L;<fU

=s5>1o

+C(To)e ™ sup |lewg(s)l|zz, + C(To)e ™™ sup e[| f(s)llL2 -
0<s< Ty 0<s< Ty '

Proof. Since do; in (4.16) is a probability measure, (4.9) is directly bounded as
(4.9) < C(O)e " lwfoll s, (4.17)

where the constant C'(6) comes from

c(6) = /v ) vl /e ()
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The exponential decay factor e in (4.17) comes from the combinations of the decay factor in (4.15):

e*tz‘e*(tifl*ti) < e*ti—l’ e*tiflef(ti72*ti71) < eftifz -
For (4.10), with A < 1 and k = C’ng’M, we apply Lemma 9 to have

(410) S :l,g,c>()€_)\t’C |6>\tk’Ll)(’l)kfl)f(tk7 T, Uk,1)|dzk,1
Hk:—l V;

j=1

(4.18)

§0(1)e*>‘t1 sup He)‘swf(s)HLoo.
0<s<Tp x,v

Here the exponential decay factor e"*t comes from the following computation:

e~ Mk o= (ti—1—tk) < e_)\tk—l’ e~ Mr—1p=(th—2—tk—1) < e AMk—2 ..

For (4.13) and (4.14), they are directly bounded as

k—1 t;

(4.13) + (4.14)] < sup [leMwg(s)]Le, D / e~ (h=9)e=Aqsdy;
0<s<Tp ’

i=1 Y max{0,tit1}

To
< Cke™ ™' sup e/\Sng(s)”Loo/ e~ (To=5)/2 44 (4.19)
0<s<Tp =* Jo
< Che™" sup e |lwg(s) ] rz,
0<s<Ty ’

Then we estimate (4.12), which reads

/ ) 1ti+1>0 H do’j'u_l/Q('Ui)w_l(Ui)
Y

j=1VYi j=1

. (4.20)
. e~ (=s) v; w(w) f(s,x; — (t; — 8)v;,u xe(u) uds
L et [ s (s sy dus.

First we decompose the ds integral into 15>¢,—5 + 1s<¢,—s. The contribution of the first term reads

(200105 < [ T[doy (e (w)

[T V5 j=1

’ e~ (=) 4wv< v; w(uw) f(s,z; — »—sv'um(u) uds
<[ S wtea(e) [ wlw) o, 1= sy S

max{ti_H ,ti—é} 'LU('U,)
<o(l)e ™ sup [le™wf(s)||Le, - (4.21)
<s<Tp '

Then we decompose the du integral into 1j,>n + 1jy<n- The contribution of the first term reads

(420)1\U|ZN§/ Hdajlj/_l/Q(Ui)w_1<vi)
j=1Vi j=1

t; 4 )
X /tHl o (t1—5) gm(u) /]R3 1'“ZNw(“)f(SvXz‘(s)m))fj((u))ds

<o(l)e™™ sup |[[e*wf(s)|| Lo, . (4.22)
0<s<To -

j=1
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Last, we consider the intersection of all other cases, where we have s < t; — §, and |u] < N. We compute

(4'20)1S<ti*51‘u|<N

i—1
S~/1_[ilv Hde‘/v \/m‘n(xi)'vﬂdvi

j=1"7 j=1
;=5
X / ef(tifs)/ fls,xy — (t; — 8)vs, w)duds
ZEE] [ul<N
1 i—1 t;—8
< g/ Hdaj/ e_(tl_s)/ /f(s,y,u)dudyds. (4.23)
[T Vs j=1 0 [u|<N JQ

In the last line we have applied the change of variable v; — y = x; — (t; — s)v; € Q with Jacobian

‘det (W)‘ = (t; —s)* > 4°.

Then we leverage the L? estimate by applying the Hélder inequality

i—1 t1
I] do; / eI f(s))1 2, ds
Sy, 0

j=1VYi j=1

(4.23) < CN’(s,Q/
IT

< Cngsae ™ sup €| f(s)llLz2 - (4.24)
0<s<To o

Collecting (4.21), (4.22) and (4.24), we conclude that

(4.12) So(D)e™™ sup [[eMwf(s)lre, + Cnsroe ™ sup e[ f(s)]rz - (4.25)
0<s<To ’ 0<s<Ty '

By the same computation, we have the same bound for (4.11):

(A1) SoW)e™™ sup |eXwf(s)lix, + Cnsnmac ™ sup Iz, (420)
<s<Ty <s<Tp '
Summarizing (4.17), (4.18), (4.19), (4.26) and (4.25), we conclude the lemma. O

Now we are in position to prove Proposition 3.

Proof of Proposition 3. We focus on the apriori estimate. We will discuss the construction of solution
using approximating sequence at the end of the proof.
First of all, (4.3), (4.6) and (4.7) are bounded as

(4.3)] + [(4.6)] + [(4.7)] < e lwfol e, + Ce 70 [ sup le*wg(s)l|ee, (4.27)
=sx1o

Moreover, (4.8) is bounded by Lemma 10 as

(4.8) <C(O)e ™| wfolLe, +o()e ™ sup |leMwf(s)| Les,
0<s<Tp

+C(To)[e ™ sup [[e*wg(s)|rg, +e T sup [ f(s)llzz ]
0<s<Top ’

8510

(4.28)

Then we focus on (4.5). We expand f(s,z — (t — s)v,u) using (4.3) - (4.8) again along the characteristic
with velocity u.
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Denote t¥ := s — tp(z — (t — $)v,u) and y := & — (t — s)v, we have

To . Xi(u)
4.5) = 14 / dse~(To—s) E w( / dus
( ) t1>0 g’ g w(u)

1

x {1t%s0€75w(U)f(07 y — su,u) (4.29)
Sy S X5 ()
“ —(s—s / . / / _ o " XJ / ]
+ 1t1§0/0 e ds ;M(U)XJ(U) /st(u )f(s' sy — (s = s")u, u') w24 (4.30)
s 3 )
+ Liuso /tf; e (5= )ds’;w(u)xj(u) /]R3 w' ) f(s',y — (s — s )u,u) X(u’) du’ (4.31)
Fligeo [ e Dululglsy — (s - S u)ds (1.32)
0
e [ gl — (5~ s (439
t
+ Ligsoe™ () f(8,y — t(y,w)u, u) . (4.34)

The contribution of (4.29) in (4.5) is bounded by

dse=(To=) / duXi(u)e_s wfol e
/tl Z el i,

0) / dse”T0m9)2e= 50w fo | e < C(O)e™ 2 wfollzse, - (4.35)

Here we use § < 1 such that ?1"I° y,(v) < 1.
The contribution of (4.32) and (4.33) in (4.5) are bounded by

u
/ dsemth” *Z o) [ ’“u / dele™Cme sup M wg(s) oz,
R

t 0<s<Tp

<C sup [Mugls)) o, / dse~(To=)g=s / qu i)
’ t1 R3

0<s<Ty w(u)

<C sup He’\swg(s)HL;?v. (4.36)
0<s<Tp

The contribution of the boundary term in (4.34) can be bounded by applying Lemma 10:

To . i(u u
(4.34) < / dse(To=9) Zw(v)xi(v) /RS duwe(sh)
i=0

t1

<O bz, +oe™T swp e wf(s)luz,

<s<Tp

FOM)e™ swp M wg(s)laz, +e ™ sup M5z ])

0<s<Tp, 0<s<Tph

To
§C(9)/ dse™(To=9) x e_%||wf0||LZ<3v—|—0(1)e—’\s sup ||6A3wf(s)||Lge’v
t1

0<s<Ty

+C(T0)[e ™ sup e wg(s)pe, + e sup eksuﬂs)n@.v]}
0<s<Ty 0<s<T '

) —\To
< C(0)e™ > wfolloge, +o(1)e S le**wf(s) pe,

_S_

+C(T0)[6_>‘TO sup ||e>‘swg(8)”Li‘fu+€ ATo sup e)\S”f( )”L2 ] (4.37)

0<s<To 0<s<To o
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Then we focus on the contribution of (4.31) in (4.5). First we decompose the ds’ integral into 15y <5+
1,_s>5. The contribution of the first term reads

(4.31)14_y <5

o . Xi(u) [° '
< / dse~(To=s) Z w(v)xi(v)/ du= / e~ (5750 ds
t1 i—0 R3 w(u) max{s—d,t}}

- (W) -ro
S wls ) [ aw s s sz,

= W) © o<edm,
o (To—s) . Xi(u) A
<ol / dse=\Fo7*% w(v)y;(v / dutl—2e ™ su eMw
o > uwlwhlv) [ e s e wf (s,
< o(l)e_’\TO sup ||e/\swf( )||LT (4.38)

<s<Ty

Next we decompose the du’ integral into 1j,/|>n + 1j4/|<n- The contribution of the first term reads

o - Xi(u) [° N as!
So(l)/ dse_(TO_s)Zw(v)Xi(v)/ duzi/ e~ ds sup €M wf(s)||pee
t1 i=0 R3 w(u) tzf 0<s<Top o
To
o) [ dse e sup eMuf(s) oz,
t 0<s<Ty ’
<o(l)e 0 sup ||e>‘swf(s)||L;<fu. (4.39)

0<s<Tp

Now we consider the intersection of all other cases, where we have s’ < s — ¢ and |u’| < N. In such case
we compute such contribution in (4.31) as

(4.30) 1y <5 jur|<N

To X(U) s—0 ,
< dse(To=9) / duzi/ e~ (s7s )ds’/ du'f(s',y — (s — s )u,u). (4.40)
R3 t |[u'|<N

t1 w(u) 11L

We apply the change of variable u — y' = y — (s — s')u with Jacobian

‘det (W)‘ =(s—5)>6

(4.40)§/ dse~(To—s /dy/ (5= ds/ f(s'y u)du!
t1 ty |[u'|<N

- )
gCN,sz/ dse 07 S)/ eIz, A
0 ,

ty

to derive that

To
<Cya s MUfE), [ dse T

0<s<Tp
< Cnae ™ sup €| f(s)] L2, - (4.41)
o 2

87T0

Collecting (4.38), (4.39) and (4.41), we have

(4.31) <o(1)e™ ™ sup [l wf(s)|r=, + C(To)e M sup e[| f(s)llL2 - (4.42)
0<s<Tp 0<s< Ty

By the same computation, we have

(4.30) < o(1)e ™ sup [l wf(s)|zz, + C(To)e ™ sup e f(s)zz . (4.43)

0<s<Tp 0<s<Ty
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We combine (4.35), (4.36), (4.37), (4.43) and (4.42) to conclude the estimate for (4.5):

(4.5) < C(B)e™ 7 [wfol o +o()e™™ sup et wf(s) ez,

v
<s<Tp

+CT)e ™™ sup (M uwg(s)]ix, + C(To)e ™ sup e f(s)llz -
0<s<Ty 0<s<Th '

Similarly, we can have the same estimate for (4.4) as

T
(44) < C0)e™ 7 |whollLee, +o(1)e ™ sup [eXwf(s) e,
’ 0<s<Tp ’

(4.44)
+C(Ty)e ™ sup [l wg(s)| L, + C(To)e ™™ sup | f(s)|rz -
<s<To 0<s<Ty '

Last we collect (4.27), (4.28), (4.44) and (4.44) to conclude that

w(v)‘f(T()? T, U)'
< C(0)e ? lwhollLze, +o(1)e ™™ sup M wf(s)||Le, (4.45)
’ 0<s<Tp,

FC@)NT sup [ Mwg(s) s, +CT0)e ™ sup M (s)]z,
0<s<T, 0<s<T, :

Since the source term ¢ and initial condition fy satisfy (4.1), the conditions in Proposition 2 are satisfied.
With the weight w(v) = e?I**, we control the L? term as

x,v x,v

To
sup €| f(s)] Lz, < C(To) [l foll 2 +/0 le**g(s)]l 2, ds]

0<s<Tp
< C(To)[lwfollze, + sup e wg(s)|e, |- (4.46)
0<s<Tp
For given 0 <t < oo, we denote
Ri = |lwfollzz, + sup [le*wg(s)zz,-
0<s<t
To

Recall that C(8) in (4.45) does not depend on Ty. We choose Ty to be large enough such that C(f)e” 2 <
e="*. Then we further have

T
lwf(To)llzee, < e Jwfolre, +o(1)e ™ sup [[e*wf(s)] e,
: : 0<s<Th :

+ C(To)ef)\To sup ||e)‘8w9(5)||L3f’v + C(TO)E*)\TO sup e)\st(S)”Li . (447)
0<s<Th 0<s<Th :

For 0 <t < Ty, with the same choice of k = Cng / 4, it is straightforward to apply the same argument for
eMw(v)|f(t, z,v)| to have:

wf ez, < OO wlliz, + o™ sup X wf ()]s,

T,v

+ C(Tp)e ™ sup ||e)‘swg(s)|\L;?U +C(To)e ™ sup e[| f(s)|rz - (4.48)
0<s<t 0<s<t
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For t = mT,, we apply (4.47) to have
[[wf(mTo)ll e,

T
e~ [lwf((m — 1)T0)||L;°,u + C’(To)(f)‘T“ <su<pT ||e)‘sg((m - DT+ s)||Lg<fU
0<s 0

+o(1)e ™ sup [eMwf((m—1)To + 8)|lzze, + C(To)e ™ sup e™[|f((m —1)To + s)l| 2,
0<s<To 0<s<Tp :

T,
e_waf((m — 1>T0>||L§°.v +0<1)e—>\mTo sup ‘|€>\swf(3)|‘Lg°v + C(To)e—)\mTORmTO
' 0<s<mTy '

< e 2% wf((m = 2)To) | e,

+ e—AmTo [0(1) sup ||6/\81Uf(5)||L;‘jv + C(TQ)RmTO] X [1 +e

0<s<mTy

(1—4X\) Ty
1

]

_mTy
< <em T wfollpe,

m—1
i(1— 4/\)T
+ e AmTo {0(1) sup ||e’\swf( )”Loo + C(Tp) mTo:| X e T
0<s<mTy i—0
<o(l)e T sup ||e/\swf(s)||L;ov + C(Ty)e ™R, 7, . (4.49)
0<s<mTy ’

In the fourth line we have applied the same computation as (4.46) to the L? term.
For any ¢t > 0, we can choose m such that mTy <t < (m+1)Tp. With t = mTy+s, 0 < s < Tj, we apply
(4.48) to have

lwf(®)llLee, = lwf(mTo + s)llLe,

§ C(G) = (mTO)“LgO,U + 0(1)67)\5 Ogu}i ||e>\s ’UJf(mTO +s )HL;CW

+C(To)e™* sup || eX wg(mTy + )|z, + C(To)e ™™ sup || f(mTy + )12,
0<s'<s ’ 0<s'<s

< o(l)O(G)efA(mT”S) sup ||e>‘swf(s)||L;ov + C’(To)efk(mTOH)RmTOJrs
0<s<mTyp ’

< o(1)e M Os<u]i ||e”\swf(s)||Lg<:v + C(Ty)e MR, (4.50)
<s<t

In the fourth line we have applied (4.49) and (4.46) to the L? term.
Since (4.50) holds for all ¢, we conclude that

Mwf(t)llzz, < C(To)e™ [”wa”Lf;?,,"'Oqut”e/\s 9()l e, ]- (4.51)

z,v

We conclude the a-priori estimate. To establish the existence of the solution, we will use the following
approximating sequence:

atf€+1 +v- v:rf€+1 + f€+l = sz + 9, f€+1(0,$, 'U) = fo(fE/U) (4 52)

P = (= Deun/B0) [y no S/ E0) () - w)du. '
By employing a similar argument using the method of characteristic, one can show that f* forms a Cauchy
sequence in the L space. This leads to the existence of a solution f that satisfies (4.51). The uniqueness
follows in a similar way. For conciseness, we do not present the detail of such computation, we refer to a

detailed argument to Proposition 7.1 in [20].
We conclude the proof of Proposition 3. |

4.1. Proof of Theorem 1. We consider the following iteration sequence:

T v Vo fi 4 LFHT = T(f), f1(0,2,0) = fola,v),
P = /B0 [y s S /B0) (0(2) - w)d.
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The initial sequence is defined as f© = 0. With the assumption on the initial condition [lwfo| e < 6, we
apply Proposition 3 to conclude that for £ = 0, there exists a unique solution f! such that

sup ||eA5wf1HLg?U < 4.
0<s<t

Inductively, we assume supg<,<; [le**w f*|| 2, < 2C§. Then the condition in Lemma 5 is satisfied. Moreover,

from Lemma 3, we have P(I'(f*)) = 0, thus the condition of Proposition 3 is also satisfied.
We apply Proposition 3 to conclude that there is a unique solution f**' such that

sup ([ wf iz, < Clwfolliz, +C| sup [ w i, + sup X uwf iy |.
<s<t ’ ’ 0<s<t Y 0<s<t v

Here we have used Lemma 5 for 1 < i < 3 to obtain the following estimates:

sup [|eMwli(f) ||z, S sup [l wf (|7
0<s<t ’ 0<s<t ?

and

sup [le**wla(f9)llzee, S sup [N w7 .
0<s<t 0<s<t !

We take [|w fo|ree < & to be small enough such that 2C§ < 1, then with [[e*w f*|| = < 2C§, we further
derive that

sup [|eMwfT Lo < O +4C2%5% 4 8C35% < 2C6.
0<s<t ’

Hence by induction argument, we conclude the uniform-in-¢ estimate:

sup sup He)‘swaHL;oU < 204. (4.53)
¢ 0<s<t ’

Next, we take the difference f*1 — f¢. The equation of f*1 — f¢ becomes
O(fHr =) +v- Vo (T = [+ LA = ) =T(f) =T (),
fé+1(0,$, U) - fZ(O,x,U) = 07
P = e = /i) [y ausolF T = FV0) (n(2) - w)du.

We apply Proposition 3 to have

sup [|eMw(f " = f9)|lLee, < C sup [eMw[T(f) =T )lLe,
0<s<t 0<s<t

<S8 sup [l w(fC = )Lz, -
0<s<t

In the second line, we have applied the estimate in Lemma 7 to I'(f¢) — T'(f*~!). The condition in Lemma
7 is satisfied due to the uniform-in-¢ estimate (4.53).
Thus for some constant C7, we have

sup [|eMw(f T = f9)|lLee, < C16 sup [leMw(fC — f)llLee, -
0<s<t 0<s<t

We choose § < 1 such that C;16 < 1. Then f* is a Cauchy sequence, and we construct a solution f to (1.3)
such that [[eMw f(t)| L=, < 2C6 for all t > 0.

To prove the uniqueness, we let f and g be two solutions to (1.3) such that [|e*w f(£)|| Lo, [|e*Mwg(t)|| s, <
2C'0. The equation of f — g satisfies

W(f—9)+v-Valf—g) +L(f—9) =T(f) —T(9),
f(O,IE,U) - g(O,x,v) =0.
Applying Proposition 3, we have

sup [[e*w(f — g)llee, < C16 sup [[e™w(f — g)| Lz, -
0<s<t 0<s<t

Since C16 < 1, we conclude that supg< <, [[e*w(f — 9)|lrz, =0, thus f = g. We complete the proof.
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Positivity. Finally, we prove that the unique solution f satisfies F' = p+ /uf > 0. We use a different
sequence

QFH v VPl =y (M(FY) — FHY),
FAHLL = c,p(v) Sy us0 Ft(n(z) - u)du,
FE+1(O,x,U) = FO(J:’U)) FO = FO(‘raU)'

Clearly, such an iteration preserves positivity. In the perturbation F* = p + N/ ft, the equation of fé+!
reads

Ofirl+v-V, f”l + vt et —Pfé-&-l“l(fe) +T3(f°) +Ta(f),

s = e/ fn(m) >0 fH(n u)y/p(u)du,
f£+1(O,JU,U) fo(.ﬁ,?]), fo fo(l‘,?]).

When ||wfe||Lgfv < 1, from (2.10), the damping factor satisfies 1 — v* > 1. Thus, this equation shares the
same structure of (4.52), with g = I';(f%) + s(f%) + T4(f*). With the estimate of the nonlinear operator
in Lemma 5 and 7, one can employ a similar argument (proof of Proposition 3) to show that f¢ again forms
a Cauchy sequence in the L™ space. This implies ||w(f* — f)]| Lz, — 0. By uniqueness, we conclude the
positivity.

APPENDIX A. PROOF OF LEMMA &

We derive the L? dissipation estimate of the macroscopic quantities a(t, ), b(t, ), c(t, z) using special
test functions with the following weak formulation to (3.6), here we emphasize that these variables only
depend on t and z. This method was proposed by [20,21] for the Boltzmann equation.

t
—// v+ Vo fdeduds
0 JOXR3

t t
- - ded dedods — dvyd
| terw s osopasdos [ podadods - | /ﬁf yds "
/ /QX]RB Efwdxdvds—i—/ /QXRS gydxduds
=A{Gy((t) = Gy(s)} + J1+ Ja+ J3 + Ja.

Step 1: estimate of c(¢, x).
We choose a test function as 1. be a solution to the following problem

W= 1o = v Vade(|of* — 5)u'’?,
—A¢.=cin Q, ¢. =0 on 9. (A.2)

From a direct computation, the contribution of b vanish from the oddness, and the contribution of a
vanish from the orthogonality of v(|v|? — 5)u'/? L ker £. The LHS of (A.1) becomes

LHS—5// 2dxds—Z// e (I — P)f,vvi(jv]> = 5)u'/?)dzds

:5/ /czdxds+E1, (A.3)
0 Ja

where, for any ¢; > 0, from the elliptic estimate to (A.2),

t t
1
B S0 [ Nellads 5 [ /@ =Py ds
0 x 1 0 x,v
For J;, we denote ®. as the elliptic equation

— A®. = 0icin Q, ®. =0 on 9N.
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t t
/ /|fobc|2dxds=/ /3tc(s,x)<l)cdxds. (A4)
0 0 Ja

Denote A;(f) := 15((|v|? = 5)vj\/H f)v. From the conservation of energy, we have

Integration by part leads to

atc+gvm.b+%v.A((1—P)f):o.

Then (A.4) becomes

/Ot /Q Brc(s, z)Dodrds = /ot/Q [— %b VD, — éA((I ~P)f)- vxéc} dads
- /O /8 ) (é(b-n)¢>0+ %(A((I—P) /) - m).)dS,ds. (A.5)

The boundary term vanishes from the boundary condition ®.(z) = 0 on z € 9f2. The other term in (A.5) is
controlled as

t t t
D [ I9alds+ [ blEaas+ [ I@-Ps s

Plugging the estimates to (A.4), we obtain

/||v<1>||des</ ||bHL2ds+/ |- P)fl: ds.

Thus we compute J; as

t 1 t t 1 t
IS0 [ IVlyds+ 5 [ APl s [ Ibliadst 5 [ IA-PIfIE - (A0)
0 “ o1 Jo o 0 * o1 Jo o

Next, we apply boundary condition of ¢. and f to compute Js:

/7 wfin=[ s | v

We have

/89 |:/n(z).1;>0 + /n(m)‘vw] (Jv]* = 5) /(v - Vade)(n - v) fdodS,
B /69/ 2)v>0 (lol* = 5) V(v - Vage) (n - v)(f — Py f)dvdS,

1]2_ nx .02 n\x) - VgePe)l+JAvdog

H/ag/m)wo(' * = 5)valn(z) - v[*(n(z) - V. @) P, fdvdS

:/ / (|U|275)\/ﬁ(v.qusc)(n.v)(f,pﬂyf)dvdsr
o ’I’LI)~'U>O

1 1
S 01V ®ell72(a0) + g|(1 —P)fl54+ Salelis + 5*1|(1 —P)fl5+-

In the first equality, we have applied the change of variable v — v — 2(n - v)n. The third line vanishes by
fn(m),v>0(|v|2 —5)(n-v)?udv = 0. In the last inequality we applied ellpitic estimate to (A.2) with the trace
theorem:

IVa®ellZ2o0) S I19ellz < llellzz-

‘We conclude the estimate for Jy as

A <51/ Hc||des+—/ (1= P)f2 . ds. (A7)
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For J3, due to the exponential decay factor u!/? in ¢., we have
t t
1
S0 [ Nelads 5 [ It La- sl ds
0 0 ’

t 1 t
o [ elizds+ 5 [ I@-P)sE ds (A3
0 1.Jo ’

Here we applied the elliptic estimate to V,¢..
For Jy, similar to the computation in (A.8), we have

]// gwbdxdvds’<61/ ||c||L2ds+6 / lgl3:  ds. (A.9)
OxR3

Collecting (A.3), (A.6) 6 , (A7), (A.8) and (A.9), we conclude the estimate of ¢ as follows: for some C; > 0
and Gc(t) := [ Jgs e f(t)dxdo,

[ elitzas < 016,00 G0+ [ bl 5 [P
b [P+ [ ol (A10)

Step 2: estimate of b(¢,z). We use the weak formulation in (A.1) for the estimate of b.
First, we estimate b;. We choose a test function as

3

2
v
Y1 = §(|Ul\2 - %)\/ﬁ&sl(fh + U102/ 110z, P1 + V1V3/ 14Oz, D1

We let ¢ satisfy the elliptic system

_H2 _ — i
{ 02,61 — Agy = by in Q, (A1)

¢1 =0 on x € IN.

From a direct computation, the contribution of a and ¢ vanish from the oddness, and the LHS of (A.1)
becomes

¢ 3 v|?
- / / / [§U%(|U1\2 - %)1@11(/5151 + 0303 0121 ba + vIV3 01301 b3
o JrsJo

o]

3 v|? 3
+ vaguﬁgg(blbl + va%u(?gg(blbl + 57}5 <|v1|2 — %)u@lggﬁlbg + 51}% (|1}1|2 - ?)ualgﬁbg]dmdvds + Ey

¢
*/ /3 / [201101b1 + O22¢1b1 + O33¢1b1 + 0120102 — O1201b2 + 01301b3 — D13¢1bs|dadvds + Es
’3 Jo

t t
= —/ (A1 + O11¢1)brdzds + Eo = / [b1]|72 s + Es.
0 0

For F5, using the elliptic estimate, we obtain that for any ds < 1,

t 1 t
B S0 [ nlizds+ 5 [ [0/ P)fIE; ds.
0 2 Jo ’
For Jp, we let ®; satisfy the elliptic equation
— 92 @1 — AP = 0by in Q, & =0on x € .

Integration by part leads to

t t
/ /[2|8w1@1|2 + |8w2<1>1|2 + |aw3‘1)1|2}d$(}d8 = / / (')tb1<1>1da:ds. (A.12)
0 JQ 0 JQ

Denote ©;;(f) := ((viv; — 1)/, f)»- From the conservation of momentum, we have

Otb1 + O, (a4 2¢) + V. - 01 (I-P)f) =0.



BGK EQUATION WITH DIFFUSE BOUNDARY 25
Then (A.12) becomes
t
/ 01 ®1 dards = / / (a+26)8,,®; + O, ((1—P)f) - v,,,qn]dxds
Q Q

/ / a+2¢)n1 + (01 ((I - P)f) - n)dS,ds. (A.13)
o0

The boundary term vanishes from the boundary condition ®1(z) =0,z € 9.
The other term in (A.13) is controlled as

t t
D [ Iva@iizzas+ [ llall; + lels + 10— PR Jas
0 0 '
Plugging this estimate to (A.12), we obtain

¢ ¢
[Va®1][72ds < / llallZs + llelZs + 1T = P)f]Z ]ds. (A.14)

0 0 ’

Jy can be computed using the estimate (A.14):

t t
58 [ IValids+ [ 1a-P)rIE s
0 ’ 0 ’

t t t
o [ lalidy + leliza) + [ lelzds+ [ 1T-P)flE as
Next we compute the boundary integral J> using the diffuse boundary condition:
/ Fib1(n(z) - v)dS,dv = / / P, fin(n(x) - v)dS,ydv + / / (1— P,)ft1(n(z) - v)dvdS,
r3 JoQ r3 JoaQ a9 Jn(z)-v>0
ST - Pv)f‘%?y+ +0(1)[Va®1[F2(90) S (1 — Pv)f‘%?y+ +o(W)olH S~ Pv)f|%3+ +o(1)[|b1]72 -
In the second line, the contribution of P, f vanished due to oddness. In the third line, we applied the trace

theorem with the Poincare inequality.
Js and Jy are bounded in a similar manner as (A.8) and (A.9):

t 1 t
S0 [ bl + 5 [ 1P ds
0 2 .Jo !
t 1 t
i S0 [ Ierlads+ 5 [ gl s
0 ) 2 Jo !

For Gy, (t) := [, Jgs ¥1.f(t)dzdv, we conclude the following for b;:

t t
[ Ibilsds £ o) = G+ [ abuso)lE
0 0

1 t
t5 [ 1P, s /| P)fR.,ds.
2.Jo !

The estimate to by and b3 are the same by modifying the test function (A.11) to the following:

i = s, 62 + 5 (ool — 50 0, 00 + 020y /O,
2, b2 — Ay = by,

)3 = V1U3\/ 110, 3 + VaU3\ /W0y, P3 + = (|U3|2 il >f3x3¢3,
02,03 — Ay = bs.
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For Gp(t fQ fRB 1+ Y2 +13) f(t)dadv, we conclude the estimate for b as follows: for some Cy and any
dg > 0,

t t
/ Ibizds < Ca[Golt) = Gof0) + 82 | )l
0
L/\mmgcw+gf/"n1 P)f|2: ds++ /"\ P 113 ds]. (A.15)

Step 3: estimate of a(t, z).
‘We choose the test function as

3
= 77[]0, = Zai¢avi(|v|2 - 10)/1’1/27
i=1
—A¢, =a, inQ, Vydg-n=0on oN. (A.16)

From direction computation, on LHS of (A.1), b vanished from oddness and ¢ vanished from [p, (|v]* —
10)v2(|Jv|?> — 3)dv = 0. Thus we obtain

LHS*5/ llal|72ds — Z/ /a”qsa v, (Jv2 = 10)u!/?, (I — P) f)dzds

7,7=1
t
- 5/ lall2:ds + Es, (A17)
0
where, for any d3 > 0,
! 2 1 ! 1/4 2
Bl £ [ Nallds+ 5 [ 10 TP, ds
0 3 Jo :

For J; in (A.1), we denote
— AdD, = dra(s), in Q, VP, -n =0 on IN.
Integration by part leads to

t t
/ / |V, ®, > dzds = / Ora®,dzds. (A.18)
0 JQ 0 JoQ

From the conservation of mass d;a + V, - b = 0, we have

t t t
/ / Ora®,dzds = / / b-V,®,dxds — / / (b-n)®,dS,ds. (A.19)
0 Ja 0 Ja 0 Jog

The boundary term can be computed as

/Ot /ag(b -n)®,dS,ds

:/t o, /89 L(ﬂwo(n(w)-v)\/ﬁ(&fﬂl f)dvdS, +/m/ @) OVEP, fdvds, |ds
/ @, |L2<m>ds+/ (1= P)f34ds S o1 / IV, ®, ||L2ds+/ (1= Py) 3 ds
/ V2 al2:ds + / (1= P f[3 . ds.

In the third line, the contribution of P, f vanished from the oddness, and we applied the trace theorem. In
the last line, we applied the Poincare inequality.
The other term in (A.19) is controlled as

t t
0 [ I9aealzas+ [ bl ds
0 0
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Plugging the estimates to (A.18), we obtain

/ Va0, ||L2ds</ |\b\|L2ds+/ (1= Py)f2 , ds. (A.20)

We apply (A.20) to compute J; as
t t t
1S [ IVaaligds+ [ blads+ [ @ -P)sIE ds
0 0 0 ’

t t
< [ blizas+ [ 1t A= Py ds 10 PR (A.21)

Then we apply the boundary condition of ¢, and f to compute Js:
[otan= [ wrans [ wsan
ot Y+ V-
We have
/ [/ +/ [ (2 = 10) 20 - F0) (- 0) falwdS,
o0 n(z)-v>0 n(x)-v<0

- / (0 — 10)uM2(w - V6) (0 0) (f — P, f)dudsS,
o Jn(z)v>0
+2 / (Jo]? = 10)/%(n - Vo) (n - v) P, fdvdS,
o Jn(x)v>0
— [ [ (P 10w Vaba) o) - P f)duds,
o Jn(x)v>0

1 1
S 0l Va®allZz00) + +— 5 (1= P[5+ S dallall7: + g|(1 —P)fl5 -

In the first equality, we used the change of variable v — v —2(n(z) - v)n(z). In the second equality, the third
line vanishes due to the boundary condition of ¢, in (A.16). In the last inequality, we used the standard
elliptic estimate of (A.16) with trace theorem: ||@al 1 (00) S l|@allmz S llallrz-

We derive the estimate for Jy as

ol S [ Nalfsas s 3 [ 10 PSR s (A22)
J3 and Jy are estimated similarly as (A.8) and (A.9):
50 [ alzas+ - [ 1Py s (A.23)
0 3J0 ’
t 1 t
i S0 [ laliizds+ 5 [ gl ds. (A21)
0 - 3 Jo

Collecting (A 17) (A.21), (A 22), (A.23) and (A.24), we conclude the estimate a as follows: for some
C3 >0 and Go(t) := [, [gs Yo f(t)dzdv

t 1 t
/0 ||a||%gdsgcg[c:a<t>—aa<o>+ [ blias < 5 [a-psig; as
v [ ol s+ [ 10-Posi sas) (A.25)

Step 4: conclusion
We summarize (A.25), (A.15) and (A.10). We let o = /81, and multiply (A.15) by (5?/4 to have

t t t
[ bizas < it [ lalyas + cusl / lell22ds + Ca5/*[G(1) — Gu(0)
bl

IX=P)fI2, ds+— [ lglZs ds+ (1= P)fI3 4ds].  (A.26)
7 /1 =l o
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Then we evaluate §; x (A.25) + (A.26) + (A.10) as

t t t
6, / a2 ds + 53/ / b]|2,ds + / lell22ds
0 v 0 v 0 v

t t t
< (Caty + Cu6) [ [blds + Coa?* [ falfads + Cosl/* [ felzas
0 0 0

+ C[Galt) + Go(t) + Gelt) = Gal0) = Gy (0) = G(0)]

ol [ as+ [tz as+ [ 10 P

Here the constant C' in the last two lines depends on Cy, Cs, C3, ;. We choose small enough §; such that
Csdy + C16y < 8%, Cosy/* < 5y, Cu8y/* < 1.

Finally, we conclude the lemma with |G (t)| = [Ga(t) + Gy(t) + Ge(t)] = | [ ps (Ya + Vb + ¥e) f(t)dzdv| S
I1£1Z: -
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