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Abstract

The numerical solution of kinetic partial di erential equations (PDEs) usually exhibits
high computational costs and memory requirements. This problem can be overcome when
using numerical reduction techniques such as dynamical low-rank approximation (DLRA).
Its main idea consists in representing and evolving the solution to a given equation on a
low-rank manifold, thereby splitting up the solution of one high-dimensional problem into
lower-dimensional subproblems. E cient fully discrete DLRA schemes must be carefully
constructed in order to account for the underlying structure of the problem and to ensure
numerical stability.

The rst part of this thesis is devoted to the derivation of stable fully discrete DLRA
schemes for di erent linear PDEs. For the thermal radiative transfer equations (RTES)
with Su-Olson closure, a provably energy stable and mass conservative DLRA algorithm is
proposed. For its construction an implicit coupling of particle density and internal energy
as well as a rank-adaptive augmented low-rank integrator and a suitable conservative
truncation strategy are used. In certain settings, a multiplicative splitting of the kinetic
distribution function is advantageous for the construction of an e cient DLRA scheme.
We rst reconsider the thermal RTEs with Su-Olson closure with a multiplicative splitting
of the distribution function, giving rise to additional complexities in the proof of energy
stability and mass conservation for the DLRA scheme. In a second step, the gained
insights are transferred to the linear Boltzmann-Bhatnagar-Gross-Krook (BGK) equation.
Being di erent in structure, a distinct notion of numerical stability is required and new
ideas for basis augmentations and an appropriate truncation strategy are introduced into
the mathematically rigorous proof of stability. Various numerical experiments con rm the
e ciency and the accuracy of the proposed DLRA schemes and validate the theoretical
results.

In the second part of this thesis, the method of DLRA is applied to parameter iden-
ti cation inverse problems. For the reconstruction of the scattering coe cient in the
RTE, a PDE constrained optimization problem together with a gradient-based iterative
update scheme is formulated. The optimization procedure requires the solution of the
forward and the adjoint kinetic equations in each step of the algorithm, rendering numer-
ical computations especially in higher dimensions extremely expensive. For the reduction
of computational demands a DLRA approach is applied to the fully discrete forward and
adjoint equations. Its e ciency is further enhanced by using an adaptive choice of the
optimization step size and of the DLRA truncation tolerance. Numerical test examples
underline the applicability of DLRA to inverse problems and con rm the e ciency of the
proposed method.







Zusammenfassung

Die numerische Losung kinetischer partieller Di erentialgleichungen (PDEs) erfordert in
der Regel umfangreichen Rechenaufwand und hohen Speicherbedarf. Eine Methode, die
zur Verringerung des numerischen Aufwandes eingesetzt werden kann, ist das Konzept
der dynamischen Niedrigrang-Approximation (DLRA). Dessen Hauptidee besteht darin,
die Losung einer gegebenen Gleichung auf eine Niedrigrang-Mannigfaltigkeit zu pro-
jizieren und dort in der Zeit weiterzuentwickeln. Dadurch reduziert sich die Losung eines
hochdimensionalen Problems auf mehrere niedrigdimensionale Teilprobleme. E ziente,
vollstandig diskretisierte DLRA Verfahren mussen jedoch sehr sorgfaltig konstruiert wer-
den, damit die zugrundeliegende Struktur des Problems berucksichtigt und numerische
Stabilitat garantiert werden kann.

Der erste Teil dieser Dissertation beschaftigt sich mit der Herleitung stabiler, vollstandig
diskretisierter DLRA Verfahren fur verschiedene lineare PDEs. Zunachst wird ein nach-
weislich energiestabiler and massenerhaltender DLRA Algorithmus fur die thermischen
Strahlungstransportgleichungen (RTEs) mit Su-Olson-Abschluss konstruiert. Hierfur sind
eine implizite Kopplung von Teilchendichte und innerer Energie sowie ein Rang-adaptiver
erweiterter Niedrigrang-Integrator und eine geeignete massenerhaltende Strategie zum
Abschneiden der Losung auf einen bestimmten Rang unerlasslich. Unter gewissen Voraus-
setzungen kann auch ein multiplikatives Aufspalten der kinetischen Verteilungsfunktion
von Vorteil sein, um ein e zientes DLRA Verfahren zu erhalten. Aus diesem Grund wer-
den die thermischen RTEs mit Su-Olson-Abschluss nochmals mit multiplikativer Struktur
der Verteilungsfunktion untersucht. Dies fuhrt zu zusatzlichen Herausforderungen im Be-
weis der Energiestabilitat und Massenerhaltung des DLRA Verfahrens. Mithilfe der aus
dieser Arbeit gewonnenen Einblicke wird daraufhin die lineare Boltzmann-Bhatnagar-
Gross-Krook (BGK)-Gleichung betrachtet. Fur diese werden aufgrund ihrer Struktur ein
anderer Stabilitatsbegri und neue Ideen zum Beweis der numerischen Stabilitat benotigt.
Die E zienz und Genauigkeit der hergeleiteten DLRA Verfahren sowie die Ergebnisse
aus den theoretischen Betrachtungen werden in zahlreichen numerischen Testbeispielen
bestatigt.

Im zweiten Teil dieser Dissertation wird die DLRA Methode auf inverse Probleme zur
Identi zierung von Modellparametern angewendet. Hierfur betrachten wir das Problem
der Rekonstruktion des Streuungskoe zienten in der RTE, welches als restringiertes Op-
timierungsproblem formuliert wird und mit einem Gradienten-basierten iterativen Ver-
fahren gelost werden soll. Jeder Schritt des Verfahrens benotigt sowohl die Losung der
Vorwartsgleichungen als auch der adjungierten Gleichungen. Dies fuhrt vor allem in
hoheren Dimensionen zu erheblichem numerischem Aufwand. Um diesen zu reduzieren,
wird ein DLRA Ansatz auf die vollstandig diskretisierten Vorwarts-Gleichungen und ad-
jungierten Gleichungen angewendet. Dessen E zienz wird durch eine adaptive Wahl der
Optimierungsschrittweite und der Toleranz zum Abschneiden der DLRA Losung auf einen
gewissen Rang noch einmal gesteigert. Numerische Testbeispiele bestatigen die Anwend-
barkeit von DLRA Methoden auf inverse Probleme und die E zienz des betrachteten
Verfahrens.
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Introduction

Many natural phenomena can be mathematically modeled by partial di erential equa-
tions (PDEs). Classic examples are for instance bacterial movements [KS70], medical
treatments such as radiation therapy [HMA81], radiation transport [Cha60], astrophys-
ical phenomena [Alf42], heat transfer [CN47], wave equations [d'A47] or gas dynamics
[Bol72]. The description of the underlying problem can hereby be given at di erent
physical scales [Gra49, Deg04, Son19]. The most detailedicroscopic description traces
each particle of the considered medium individually, usually leading to a huge system of
equations which is expensive to solve. Thanesoscopicor kinetic description makes use
of a distribution function that is based on the statistical repartition of the particles in
phase space and can be considered as a probability density. Thmeacroscopicregime con-
tains less details. It depends only on macroscopic measurable quantities such as density,
mean velocity, temperature, pressure, energy etc. This thesis focuses on the intermediate
perspective, the class of kinetic equations.

Numerical solution of kinetic equations.  For many systems described by kinetic PDES,
the computation of an analytical solution, if existing, is highly involved. In such cases,
numerical approximations come into play, requiring a discretization of the system in
the time variable t 2 Rg, the space variablex 2 R% and the velocity variable
v2  R%. Depending on the number of space dimensiondy and dy, respectively,
and the general complexity of the problem, the numerical solution of a kinetic equation
can be computationally expensive. To speed up simulations and save computational
e ort and memory requirements, model reduction techniques such aslynamical low-rank
approximation (DLRA) [KLO7] can be used.

Basic principles of DLRA. For the application of the DLRA method to a kinetic equa-
tion, the distribution function f is approximated by a low-rank representation of the
form

X
f(tx;Vv) Xi(tx)Sj ()Y (tv); (1.1)
ihj =1
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wherefX; :i =1;::;rg denotes the set of orthonormal basis functions in space anflV; :

j =1,;::rg the set of orthonormal basis functions in velocity. The matrix S = (S;) 2
R" " is called the coe cient or coupling matrix and r the rank of the approximation.
This splitting approach can be understood as a continuous analogue to the singular value
decomposition (SVD) of a matrix. However, the matrix S is not required to be diagonal.
The main idea of DLRA is to project the solution to a manifold of low-rank functions
of the form (1.1) and to constrain the solution dynamics there. Special time integrators
that are able to update the low-rank factors while not su ering from the curvature of
the low-rank manifold exist [LO14, CL22, CKL22, CKL24]. This approach reduces the
solution of a high-dimensional problem to solving lower-dimensional subproblems.

Research contributions. The construction of fully discretized numerical schemes for
solving kinetic PDEs is challenging and requires careful consideration. Among the essen-
tial properties of a numerical scheme is its stability, meaning that approximation errors
do not increase unrestrictedly over time so that a reasonable solution of the underlying
physical problem is ensured. In this thesis, the concept of energy stability is used. This
approach gives bounds to the energy of a system, hereby making the numerical behavior
of a scheme predictable. Another di culty arising from the application of reduction tech-
niques is the preservation of physical properties inherent in the underlying equations such
as for instance conservation laws. If physical conservation properties cannot be guaran-
teed, the reconstruction of the solution provided by the scheme may be inconsistent with
the governing physical principles and, consequently, be considerably less applicable to
realistic settings. In the rst part of this thesis, we present DLRA schemes that explicitly
accomplish numerical stability and conservation properties.

The rst research contribution presented in this thesis, which is published in [BEKK244],
concerns thethermal radiative transfer equations (RTES). These equations form a system
of two coupled PDEs that models radiation particles moving through and interacting with

a background material. The Su-Olson closure is applied to obtain a linearized internal
energy model, called theSu-Olson problem We derive an energy stable DLRA scheme
for the Su-Olson problem and provide a mathematically rigorous proof of energy stabil-
ity under a certain hyperbolic Courant-Friedrichs-Lewy (CFL) condition. The conducted
analysis allows for an optimal choice of the time step size, enhancing the computational
performance of the algorithm. For the derivation of the DLRA scheme the basis augmen-
tation step proposed by the rank-adaptive augmented basis update & Galerkin (BUG)
integrator [CKL22] is implemented and adjusted in a way that together with a conser-
vative truncation strategy as described in [EOS23] mass conservation can be ensured.
Numerical experiments con rm the derived theoretical results.

It has been shown, for instance in [EHY21] for the non-linear isothermal Boltzmann-
Bhatnagar-Gross-Krook (BGK) equation, that for the construction of e cient DLRA
schemes a multiplicative splitting of the distribution function can o er advantages in
reducing the computational e ort. To investigate these schemes from an analytical per-
spective, we reconsider the Su-Olson problem together with a multiplicative splitting of
the distribution function. The multiplicative structure poses additional challenges for the




construction of an energy stable DLRA scheme for the Su-Olson problem. For instance,
careful consideration must be given to the discretization of the spatial derivatives and
additional basis augmentations are required to ensure the exactness of the projection op-
erators in the mathematically rigorous proof of energy stability. Mass conservation can
be guaranteed similarly to the Su-Olson problem without multiplicative splitting when
using a suitable low-rank integrator and a conservative truncation strategy. Numerical
test examples con rm the properties of the derived DLRA scheme. The corresponding
results can be found in [BEKK25D].

To extend the gained insights to more complicated problems such as the non-linear
isothermal Boltzmann-BGK equation considered in [EHY21], further investigations on
the multiplicative structure of the distribution function are conducted. In [BEKK24b], a
multiplicative DLRA scheme for the linear isothermal Boltzmann-BGK equation is pro-
posed. Within an appropriate stability framework, we perform a mathematically rigorous
stability analysis and derive a concrete hyperbolic CFL condition. To ensure the ana-
Iytical correctness, additional basis augmentations in the rank-adaptive augmented BUG
integrator as well as a speci cally designed truncation strategy are required. Various nu-
merical experiments underline the theoretical results and the e ciency of the proposed
DLRA scheme.

Computational advantages of the DLRA method can be especially observed in higher-
dimensional settings. A classic problem requiring the solution of a considerable number
of potentially high-dimensional kinetic equations, is the parameter identi cation in inverse
problems. The second part of this thesis is devoted to the application of DLRA for the
reconstruction of searched-for parameters in inverse problems. Following the presentation
in [BEKK25a], we consider the RTE with a spatially dependent scattering coe cient. For
its reconstruction, a PDE constrained optimization procedure with gradient-based update
formula is applied, requiring the solution of the forward as well as of the adjoint equations
in each step of the iterative scheme. For the numerical reconstruction, we propose a DLRA
solver for the forward and the adjoint equations. An adaptive choice of the step size in
the gradient-based iterative scheme and of the DLRA rank truncation tolerance lead to
further improvements in e ciency. Numerical test examples show promising results for
the combination of DLRA methods and parameter identi cation inverse problems.
Altogether, this thesis covers two main topics to which it contributes new results:

(i) Stability analysis (and conservation properties) for (multiplicative) DLRA schemes.

(i) Application of DLRA to parameter identi cation inverse problems.

Structure of the thesis. After the introduction in Chapter 1, we review some funda-
mentals on kinetic theory in Chapter 2. These include a detailed overview of established
possibilities for describing processes on di erent physical scales with a focus on the kinetic
perspective as well as the important Boltzmann and simpli ed Boltzmann-BGK equation.
Chapter 3 provides an introduction to the topic of numerical discretization in the space,
time and velocity variable and recalls important concepts for numerical stability. Chapter
4 is devoted to the method of DLRA, which is at the center of this thesis. It formalizes
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the basic idea of DLRA, explains di erent exact and robust time integrators and reviews
results concerning stability and conservation properties of DLRA schemes. Part | of this
thesis provides rigorous stability results for DLRA schemes applied to di erent problems.
In Chapter 5 an energy stable and mass conservative DLRA scheme for the Su-Olson
problem is proposed. Chapter 6 reconsiders the Su-Olson problem with a multiplicative
splitting of the distribution function, posing further challenges in the construction of an
appropriate energy stable and mass conservative DLRA scheme. Chapter 7 is devoted to
the derivation of a provably stable DLRA scheme for the linear Boltzmann-BGK equa-
tion. Part Il concerns the application of the DLRA method to inverse problems. Chapter

8 provides basic information for the numerical solution of parameter identi cation inverse
problems, including their de nition, the formulation of a corresponding optimization prob-
lem and techniques for its e cient solution. In Chapter 9 the application of an adaptive
DLRA solver for the reconstruction of the scattering coe cient in the RTE is presented.
Chapter 10 draws a short conclusion and provides an outlook for future research.




Fundamentals on kinetic theory

When modeling natural phenomena by PDESs, di erent physical scales containing more
or less details may be considered. In Section 2.1 we provide a short overview of common
approaches. Section 2.2 focuses on tHenetic description and provides basic principles,
including a formal de nition of the distribution function and the general form of a kinetic
equation. Section 2.3 is devoted to theBoltzmann equation which is a crucial equation

in kinetic theory that continues to be actively studied [UA82, Per90, BGL0O, FHJ12].
Section 2.4 introduces a simpli cation of the Boltzmann collision operator, namely the
BGK collision operator. The following sections rely mainly on introductory work on
kinetic theory and on the Boltzmann equation, in particular [Cer88, CIP94, CC90, Gra49,
DP14].

2.1 PDE models in di erent physical regimes

Depending on the level of accuracy required in describing physical processes, dierent
models are available. Since the models are intended to represent real-world applications,
we use three-dimensional (3D)Cartesian coordinates i.e. we considerx 2 , RS and
v2 , RS

Microscopic description. In the microscopic regime each particle of the corresponding
medium is considered individually. The fundamental principles of particle dynamics in
classical mechanics can be derived from Newton's laws of motion given in [New87]. Let
xi for i =1;:::; N be the position of the i-th particle of a medium consisting of N such
particles andv; its velocity. The time evolution of this particle is determined by Newton's
equations

Xj(t) = vj and miv;(t) = Fi (X1; 55 XN) 5 (2.1)




2. Fundamentals on kinetic theory

wherem; denotes the particle mass and~; the force acting on thei-th particle. In general,
the force term F; includes both the force that is exerted on thei-th particle by other
particles as well as external forces, such as gravity. Determining the time evolution of an
N -particle system using equations (2.1) requires the solution of § di erential equations.
For a huge number of particlesN (as for instance a number of0 10?° particles such as
described by the Avogadro constant to be contained in one mole of a gas) this approach
is usually infeasible.

Kinetic description. A less detailed description is given in themesoscopicor kinetic
regime. The idea of using a particle density distribution function instead of tracing each
single particle of a rare ed monatomic gas goes back to Boltzmann. He presented the
famous Boltzmann equation in [Bol72]. More information on the Boltzmann equation and
on the basic assumptions for its derivation from the microscopic description can be found
in Section 2.3. His work was inspired by previous considerations made by Maxwell [Max67]
who gave a heuristic derivation of the particle density distribution function for a gas in
thermodynamic equilibrium, the so-called Maxwell-Boltzmann or Maxwellian distribution.
Important historical contributions for the solution of the Boltzmann equation were also
made by Hilbert [Hil12], Chapman [Chal6] and Enskog [Ens17]. The idea of using a
distribution function spread from the eld of rare ed gas dynamics to other areas of
research such as radiative transfer, neutron transport or quantum e ects in gases [CC90].

Macroscopic description.  Under certain limiting assumptions (see for instance [BGL91,
Deg04, EPO04)), it is possible to derivemacroscopic or uid equations from the kinetic
regime. Historically, those equations go further back than kinetic ones as they only rely on
observable macroscopic quantities such as density, mean velocity, temperature, pressure,
energy etc., which are measurable quantities in experiments. Important macroscopic
systems of PDEs are for instance the Euler equations [Eul57] and their more general
extension to the Navier-Stokes equations, which include e ects of viscosity [Nav22, Nav27,
Sto45]. The Euler equations constitute a system of hyperbolic conservation laws, for which
we provide a general de nition.

De nition 2.1  (Conservation law, [LeV92]). Let u(t;x) : R; R®! R™ denote an
m-dimensional vector of conserved quantities. Thali erential form of a conservation law
is given by

@u(tx)+rx F(u(tx)=0; (2.2)

where F = (F1;F2;F3)” 2 R® denotes the ux vector containing the ux functions
Fi:R™! RM™fori=1;2;3. For m =1, equation (2.2) is called a scalar conservation
law, for m 2 asystem of conservation laws

Note that we do not specify the regularity of a solution to (2.2) here. For more information
on di erent solution concepts of conservation laws the reader is referred to literature such
as [EvalO, LeV02, Dafl6, Mar21]. Equation (2.2) can be rewritten in the quasi-linear
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form

x3
@Qu (t; x) + Ai@u (t;x)=0;

i=1

whereA; .= r yF;i (u) 2 R™ ™ denotes the ux Jacobian matrices. We focus on a special
class of equations, the hyperbolic equations.

De nition 2.2 (Hyﬁberbolicity, [LeV92]) . The conservation law (2.2) is calledhyperbolic
if the matrix A = i3=1 iAi with ; 2 R has only real eigenvalues i;::;; m and is
diagonalizable, i.e. a full set ofm linearly independent eigenvectors exists. IfA hasm
distinct eigenvalues, (2.2) is calledstrictly hyperbolic.

Using equation (2.2), the time evolution of the function u (t; x) can be determined. Adding
information in the form of a suitable initial condition

u(0;x) = u®(x) (2.3)

complements the solution. Equation (2.2) together with (2.3) is called aCauchy or initial
value problem (IVP).

Choice of a suitable description. Figure 2.1 provides an overview of the descriptions
introduced for PDE models on di erent physical scales. This illustration is inspired by the
one given in [War22]. The decision on a model of appropriate accuracy can be challenging.
A helpful indicator can be the Knudsen number Kn of the particular system. The Knudsen
number Kn represents the ratio of the mean free path, i.e. the distance that a particle
travels on average until it collides with another one, and a characteristic length scale of
the corresponding system. In [StrO5] a rough classi cation for an appropriate description
depending on the Knudsen number is provided. For our purpose, a microscopic description
is clearly infeasible as the considered systems consist of large numbers of particles. A
macroscopic description potentially loses too much information as it only accounts for
velocity-averaged quantities. For this reason, we focus on kinetic hyperbolic models in
this thesis.

\/\: M 1.
.\\/\. v ! R

density

2 T 2
v A

Figure 2.1: Possibilities for the description of natural phenomena on di erently detailed physical scales.
Left: Microscopic description: The trajectory of each single particle is considered individhdididle:
Kinetic description: Statistical repartition of the particles using a distribution functibnwhich tends

to a Maxwellian distributionM in equilibrium. This illustration is described more precisely in Figure
2.2. Right: Macroscopic description: Only measurable quantities such as the density are available.




2. Fundamentals on kinetic theory

2.2 Basic principles for the kinetic description

When determining the time evolution of a system consisting of a large number of particles,
a statistical description based on a distribution function can be useful. The concept of
using distribution functions in kinetic theory arises from probability theory and we refer
to [Cer88] for further reading. We provide the following de nition.

De nition 2.3  (Distribution function and phase space, [CC90, Pirl8]) An integrable
function f : R} R® RS3! Ry (6 x;v) 7! f (t; x;v) is called adistribution function if
and only if f dx dv is the probable number of particles which are situated in the volume
element (x;x + dx) and have velocities in {/;v + dv) at time t. The set of all possible
physical states (x;v) of a particle at time t is called the phase space

Under the common assumption of a normalization to one, the distribution function
f (t; x;v) describes the probability of nding a particle at the position ( x;v) in phase
space at timet. We use this concept to introduce the general form of a kinetic equation.

De nition 2.4  (General kinetic equation, [DP14]). Let f (t; x;Vv) be a distribution func-
tion. The general form of a kinetic equationis given by

F (t; x)
m

@ (tx;v)+ v orf (tx;v)+ rvf (Gx;v)= QIf1(t x;v); (2.4)
wherem denotes the particle massF the e ects of external forces, andQ [f ] the collision
operator describing the e ects of internal forces due to particle interactions.

Note that in this thesis only problems without external forces, i.e. F = 0, are consid-
ered. Given the distribution function, important macroscopic quantities can be derived
by taking moments in the velocity variable v.

De nition 2.5  (Macroscopic quantities, [Pirl18]). Let f (t; x;v) be a distribution function
and the subsequent integrands be ir.* (dv). Then the following macroscopic quantities
are de ned.

() Let m denote the particle mass. The functions
z
n(tx): Ry R3! R}; (t;x) 7! f (t;x;v)dv and
RZ

tx): Ry R3! RS; (tx)7'm  f (t;x;v)dv
R3
are called the number density and the mass density respectively, and it holds
(t; X) = mn (t; x).

(i) We de ne the function
Z
ntx)a(tx): Ry R3! R (tx) 7! f(tx;v)vdv
R3

and, for n (t; x) > 0, call T (t; x) the mean velocity.




2.2. Basic principles for the kinetic description

(iii) The function
m Z
E{tx):Ry R3! Ry (Gx) 7! 5 X; V) jvj? dv
R3

is called the energy density

(iv) The energy density can be split into two parts, the kinetic energy Eyin (t; X) =
1 (tx)ju (t; x)j* and the internal energy

e(tx): Ry R®! R§; (t;x) 7! E (t; )9 Ein (t; X)

=m f(tx;v)jv u(t x)j2 dv:
2 R3

(v) Using the ideal gas law, forn (t; x) > 0, the temperature can be derived as

2e(t; x)
3n (t; x) kg
: m
T 3n(tx)ks gs

T@x):Ry, R Ry (6x)7!
4
f(tx;v)jv Tt x)j?dv;

where kg denotes the Boltzmann constant. Thepressure is obtained asp(t; x) =
n(t; x) ke T (t; X).

Having F = 0 in (2.4), the collision operator Q [f] should, in general, be designed to
preserve the conservation properties of the physical system, i.e. it should satisfy
z
QIf1(t; x;v)" (v)dv =0; (2.5)
R3

where' (v) = 1;v;jvj? characterizes the conservation of mass, momentum and energy,
respectively. Under this assumption, integration of (2.4) against' (v) with respect to v
yields the following system oflocal conservation laws
z Z
@ 3f (t;x;v)" (v)dv + 3v r xf(tx;v)' (v)dv=0: (2.6)
R R

If it holds
Z Z

@ f(t;x;v)" (v)dvdx =0; (2.7)
R3 R3
the correspondingglobal conservation lawsare ful lled.

System (2.6) is not closed since the second term depends on higher order momentsvin
For the derivation of a closed set of equations, an additional assumption on the collision
operator involving the Maxwellian equilibrium distribution is made.
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De nition 2.6  (Maxwellian distribution, [CC90]) . A distribution function of the form
!
n(t x) . iv Ot x)j?
k FI'(t'xi Ss=2 OXP : 2kBT((I;X))J
2 Bt “m

M [fI(tx;v) = ¢ (2.8)

is called Maxwellian distribution.

The Maxwellian distribution describes a system that is in thermodynamic equilibrium.
This relation shall be incorporated in the collision operator so that it ful lls

Q[f]=0 ifandonlyif f=MI[f]: (2.9)

Both the Boltzmann collision operator Qg [f ] and the simpli ed BGK collision operator
Qsck [f ], which are introduced in the next sections, accomplish the two properties (2.5)
and (2.9). Note that from now on the particle massm as well as the Boltzmann constant
kg are set to one.

2.3 Boltzmann equation

The Boltzmann equation may be considered the most important equation in kinetic the-
ory. It describes the time evolution of a perfect monatomic dilute gas. For its derivation
from the microscopic description a considerable number of assumptions are made. A well-
structured overview is provided in [Vil02]. First of all, only binary collisions of identical
gas particles are assumed, meaning that interactions involving more than two particles
are neglected. Second, the collisions are supposed to be purely local and instantaneous
in time, i.e. they happen at a given time t and a given positionx and have a very short
duration compared to the typical time scale of the system. Third, the collisions are as-
sumed to be elastic. This means that for two particles with velocitiesv®and v° before the
collision and velocitiesv and v after the collision the following corresponding relations
for the microscopic conservation of momentum and energy shall hold:

vO+ vl=v+v (conservation of momentum),

vO2+ vO 2= jvif+ v j? (conservation of energy).
Fourth, the collisions shall be reversible in time at a microscopic level. This assumption
implies that changing the velocities from (v%v©°) to (v;v ) is as probable as changing
the velocities from (v;v ) to (v®v©). The fth assumption is referred to as Boltzmann's
molecular chaos assumptionor Stosszahlansatz It states that the velocities of the par-
ticles that are about to collide are statistically uncorrelated. Indeed, the velocities of
the particles that have just collided are statistically correlated. This asymmetry bridges
the gap between the time reversible microscopic and the time irreversible kinetic and
macroscopic description. We can now present the following formulation of théBoltzmann
equation

10



2.3. Boltzmann equation

De nition 2.7  (Boltzmann equation, [Gol05, Cer88]) In terms of a distribution function
f , the Boltzmann equation reads

@ (tx;v)+ v or f (tx;v)= Qga [f1(t; x;V); (2.10)

with Qg [f ] being the quadratic Boltzmann collision operator
Z Z

Qgol [f1(t; x;V) = fotx;vef tx;vl  f(Exv)f(Ex;v)
R3 S2

B(v v;)d dv;

where 2 S? denotes an arbitrary unit vector contained in the 3D unit sphere S? and
B (v v ; )is called the collision kernel.

The exact form of the collision kernel B depends on the considered setting. Common
assumptions for the particle interactions are hard sphere collisions or interactions due to
a central force in a smooth potential. In both cases, the collision kernel can be explicitly
stated. More information on the choice of an appropriate collision kernel can be found
in [Vil02, Gol05, Cer88]. In this thesis, we follow [Gol05] and assumdd to be locally
integrable onR3 S 2. In addition, we assume the distribution function f to be continuous
with compact support in the velocity variable. Then the Boltzmann collision operator
QBgol [f ] can be rewritten as

Qsol [F1(t; x;V) = Qg [F1(t X;v) Q g [F1(t X;V);

where
Z Z
Qo [F1( x;v) = f tx;vof tx;vP B(v v )d dv and
ZR® 7%
Qg [F1(t x;v) = ftx;v)f(Ex;v)B(v v )d dv
R® s2

are called the gain term and the loss term, respectively. The gain term accounts for
particles having velocities (% v°) that change their velocities to (v;v ) after the collision.

In this sense, particles with velocity v are gained in the volume element & centered
around v. The loss term instead accounts for particles having velocities \(;v ) that

change their velocities to (© v9) after the collision. In this sense, particles with velocity
v are lost in the volume element d/ centered aroundv.

The Boltzmann collision operator ful lls important physical properties. For instance, it
guarantees the conservation of mass, momentum and energy.

Theorem 2.8 (Conservation properties for the Boltzmann equation, [Gol05]) Let f =
f(v)2C. R® andB 2 LY R® S 2. Then, for i = 1;2;3, the Boltzmann collision

loc

11
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operator Qgg [f] ful lls

ZR3 Qgol [f](t; x;v) dv =0 (conservation of mass)
4
, Qgol [f1(t; x;v)vidv =0 (conservation of momentumy,
ZR3 Qo [f1(t; x; V) jvji® dv =0 (conservation of energy)
Proof. See for instance [Gol05, Cer88]. O

Remark 2.9. Note that the assumption f = f (v) 2 C. R® in Theorem 2.8 is quite
strong and can be weakened under additional assumptions [Gol05].

According to the second law of thermodynamics, the entropy of a thermodynamical system
is non-decreasing, explaining that such processes are irreversible in time. This behavior
is mirrored in Boltzmann's H-theorem

Theorem 2.10 (Boltzmann's H-theorem, [Gol05]). Let f = f (v) 2 C R3 be positive
and rapidly decaying at innity and B 2 LL. R® S 2 . Further, assume that there exists

loc
m > 0 such that
Z

B(v; )d +jIinf (v)j= O(vi™) as jvj! +1:
g2

Then the following inequality holds
Z
Qsol [f](t; x;v)Inf (t;x;v) dv 0
R3

with equality if and only if f is a Maxwellian distribution.
Proof. See for instance [Gol05, Cer88]. O

The proof of Boltzmann's H-theorem also reveals the special Maxwellian structure of the
equilibrium.

Corollary 2.11  (Structure of the equilibrium, [Gol05]). Let the assumptions of the pre-
vious theorem hold. Then the Boltzmann collision operator satis es

Qo [f1(t;x;v)=0 forall v2R® ifandonlyif f (x;v)= MI[f](tx;v):

2.4 Boltzmann-BGK equation

For practical implementations, the solution of the full Boltzmann equation (2.10) is, in
general, computationally expensive. Simpli cations of the Boltzmann collision operator
that maintain its key properties while being numerically less demanding are sought. A

12
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\Y

Figure 2.2: Relaxation of the distribution functiorf towards the Maxwellian distributiorM in the
space homogeneous case. The arrows depict the time derivativéswaith respect to the evolution
equation(2.11).

widely used collision model is theBhatnagar-Gross-Krook (BGK) collision operator. It
was proposed by Bhatnagar, Gross and Krook [BGK54] and is sometimes referred to as
the Krook operator. We replace the Boltzmann collision operatorQgg [f ] in (2.10) by the
BGK collision operator Qggk [f ] and obtain the Boltzmann-BGK equation.

De nition 2.12  (Boltzmann-BGK equation, [BGK54]) . The Boltzmann-BGK equation
reads

@ (tx;v)+ v orxf (tx;v) = Qsek [F1(tx;V); (2.11)
where the BGK collision operator is given by
Qeek [fI(tx;v) = (EX)(M[F](x;v)  f(tx;v)); (2.12)

and = (t;x) 0 denotes a prescribed collision frequency.

The Boltzmann-BGK equation (2.11) describes the relaxation of the distribution function
f towards the corresponding Maxwellian distribution M when the system is close to
thermodynamic equilibrium. For this reason, the BGK collision operator (2.12) is also
called a relaxation operator. Figure 2.2 illustrates this behavior. The BGK collision
operator (2.12) maintains important properties of the full Boltzmann collision operator.

Theorem 2.13 (Properties of the BGK collision operator, [Pirl8]). Let f = f (v) 2

C R® be positive and rapidly decaying at in nity. Then the BGK collision operator
Qgck [f] has the same main properties as the Boltzmann collision operatoQgg [f ],
namely the conservation of mass, momentum and energy, the H-theorem, and the struc-
ture of the equilibrium.

Proof. See for instance [Pirl8, Str05]. O

The existence and unigueness of solutions to the Boltzmann-BGK equation (2.11) has
been proven in [Per89, PP93]. The Boltzmann-BGK equation is a simpli ed model of the
Boltzmann equation that is widely used in research in its original as well as in modi ed
forms, allowing, for example, for the reproduction of a correct Prandtl number [HoI66,
ATPPO0O] or for velocity-dependent collision frequencies [Str97, HHK 21].
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Discretization and numerical stability

In order to obtain a numerical solution of PDES, their continuous formulation must rst be

transformed into a fully discretized representation. For deriving the theoretical concepts
of discretization and numerical stability, we follow the explanations given in [LeVV92] and
restrict our considerations to one-dimensional (1D) linear advection equations of the form

@Qu(t;x)+ a@u(t;x)=0; (3.2)

where u (t;x) : [0; T] x ! R is assumed to be su ciently regular and a 2 R denotes
a constant value. Combined with an appropriate initial condition u (0;x) = u®(x), the
solution of (3.1) admits the explicit form u (t;x) = u®(x at). Consequently, the solution
u(t;x) at any xed point ( t;x) solely depends on the initial condition evaluated atx at
and is constant along eachcharacteristic curve described byx® = x  at. The set

D(tx)=fx atg (3.2)

is called thetrue domain of dependenceof the PDE. In Figure 3.1 the characteristic curves
as well as the solution to the linear advection equation (3.1) are sketched foa > 0.
Section 3.1 presents techniques for the spatial and temporal discretization commonly
used for problems of the form (3.1). Section 3.2 is devoted to stability considerations.
Section 3.3 relates kinetic equations to the previously discussed methods by introducing an
appropriate discretization in the velocity variable. A selection of introductory literature
used for Sections 3.1 and 3.2 can be found in [Tho95, LeV92, LeV07, Str04, RM67].

L u(t;x)
S e e
L u® (x)

Figure 3.1: lllustration of the initial conditionu® (x), the solution to the linear advection equation
u (t;x) and the characteristic curves depicted by arrows dor O.
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3. Discretization and numerical stability

3.1 Discretization in space and time

The linear advection equation (3.1) depends continuously on space and time. For the
derivation of a numerical scheme, a discretization in both the spatial variablex and the
temporal variable t must be performed. We begin with a discretization in the spatial
variable in Section 3.1.1, leading to asemi-discrete representation, before the system is
renderedfully discrete through a temporal discretization presented in Section 3.1.2.

3.1.1 Spatial discretization

Regarding the discretization of the spatial domain , we construct a uniform spatial grid
consisting of a nite number of grid cells Nx 2 N. The grid points Xg; X1; XN, 2 x are
assumed to be uniformly distributed with equidistant spacing x = ﬁ An approximate
solution u (t) 2 RNx to (3.1) on the spatial grid is obtained by evaluating u (t;x) at the

end point of each grid cell, i.e. by computing
uj (1)  u(tx;) for j =1;:: Ny:

The linear advection equation (3.1) involves spatial derivatives. Di erent approaches for
their numerical approximation are available. In this thesis, we focus oncentered nite
di erence (FD) schemes.

Numerical di erentiation. For the derivation of a centered FD scheme for equation (3.1)
we consider the following Taylor expansions of its continuous solution:

. - ey, (07 _ € S

ux+ x)=utx)+ xQu(tx)+ —=Qutx)+ 0 ( x)° ; (3.3)
| - ey, (X7 € &S

u (t;x X) = u(t; x) X@Qu (t; x) + > @u(t;x) O ( x)° : (3.4)

Subtracting equation (3.4) from equation (3.3) allows for the formulation
: : € S
u(t;x+ x) u(tx x)+O ( x)2 :

@Qu(t;x) = > %

This approach is used for the approximation of rst-order derivatives as

Uiea (1) U 2 (),
2 X '

@u(tXx) 4oy (3.5)

At the grid points xy, and xi, formula (3.5) involves the evaluation of uy, +1 (t) and
Uo (t), respectively. Periodic boundary conditions can be introduced, determining

Uo (t) == un, (1) and Un,+1 (1) := ug (t): (3.6)
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3.1. Discretization in space and time

Then the following semi-discrete time-continuous form of the advection equation (3.1)
can be derived as
&

GO S ® u ) 3.7)

Expression (3.7) can be reformulated as
u(t)= abu(t);

where the matrix D* 2 RNx Nx with entries

1 1 1

X — . X — . X —
Djj 1= 7 % Din, = 7 % DNy = 2 X (3.8)
incorporates a centered FD approximation for rst-order spatial derivatives @ as well as

periodic boundary conditions.

Extension to second-order derivatives. Although equation (3.1) involves no spatial
derivatives beyond the rst order, adding a second-order di usion term to the spatial
discretization can be bene cial for its numerical stability [LeVV02]. For the derivation of a
centered FD approximation for second-order derivatives, the Taylor expansions given in
(3.3) and (3.4) are reconsidered. Adding these equations leads to the expression

u(tx + x)  2u(tx)+ u(tx X)+o€( X)zg.
( x)? '

Similarly to the rst-order case, approximations of second-order derivatives can be ob-
tained as

@u(tx)=

Ui+ (1) 205 () + uj a(t),
( x)? '

Instead of (3.7), an advection-di usion equation of the form

@u(tx) (3.9)

a
2 X

(U (1) Uj 1 (D)+ (""‘X’)z (Us () 20 (+u ()  (3.10)

y (t) =
is numerically solved. Expression (3.10) can be reformulated as
u(t)=aD*u(t)+ jajD*u (t);

where the matrix D** 2 RNx Nx with entries

2 1 1
XX — . XX —_ . XX —_ XX _
Djj = ( X)z’ Djj 1= ( X)z’ N, = DN = ( x)2
incorporates a centered FD approximation for second-order spatial derivativeggy as well
as periodic boundary conditions.

(3.11)
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3. Discretization and numerical stability

Properties of the di erentiation matrices. The spatial stencil matrices D* and D**
exhibit useful properties. For instance, the discrete counterpart of the continuous inte-
gration by parts method can be shown.

Lemma 3.1 (Summation by parts). Let y;z 2 RNx be vectors with indices;j =1;::; Ny.
In addition, we de ne yp := yn, and yn,+1 = Y1 as well aszp := zy, and zn,+1 = 71
to account for periodic boundary conditions. Then the stencil matricesD* and D** ful ll
the following properties:

Xx Xx Xx Xx Xx
yDXz = zDXyi; 7D}z =0; yiDji*zi = zDjyi:
ihj =1 ihj =1 ijj =1 ihj =1 ihj =1

Moreover, consider the stencil matrixD* 2 RNx Nx de ned by its entries

1 1 1
+ . + —_ . + — .
Dij =~ DPiwn=—  DPna”™ ¢
Then,
!
Xx xR 2
Zj DﬁxZi = DjT zZi .
ij =1 ji=1  i=1

Proof. The assertions follow directly by inserting the de nitions of the spatial stencil
matrices and by properly rearranging the expressions. In detail, we obtain

o 1 X 1 X S
yibjizi=o— Yi@@a z 9= 5~ W« ¥ 9= zD}f i
i =1 i=1 j=1 i =1
%x DX = %X MNX 5 —N-
z,Djiz.— zJDjiz.—O,
ij =1 ihj =1
%xyDXXz— 2 %Xy2+—1 %xy(z +7 1)
T e —) i Zj i(Zj+1+ 2 1
qe ( 0% ( 0%
= 2 %Xzy+ : %XZ(y Y1) = %XzDXXy'
- it N2 j Wi+1 T )) 1= j Uji Yis
( )% ( )%
i=1 j=1 i =1
%X . 2 %X 2 1 %x ( )
z D"z = z 47 z 4(Zwatz
i =1 ( X% 2 ( X% 2
1 %X 2 2 1 XIX 2
= Z& 2ZjZj41 t+ Z = Z  Z
(3P, 0 AmerEe =y 6oEe)
)
—_ %X %X D+
= jiZl
j=1 i=1

18



3.1. Discretization in space and time

Extension to two dimensions. The theoretical stability analysis in this thesis is con-
ducted in one spatial dimension, represented by the spatial variablex. However, nu-
merical experiments will be performed in two-dimensional (2D) spatial settings involving
dependencies on the variablex = (x;y)” 2 R2. Therefore, we extend the centered FD
framework to equations of the form

@Qu(t;x;y)+ a@u(t;x;y) + b@u(t;x;y) =0; (3.12)
equipped with an appropriate initial condition
u@©;xy) = u(xy);

where the functionu (t;x;y) : [0; T] x ¢! Risassumed to be su ciently regular and
a;b2 R denote constant scalar values. The spatial domain y is discretized analogously
to , i.e. by construction of a uniform spatial grid with a nite number of grid cells
Ny 2 N and equidistant spacing y = % A spatially discretized approximation to (3.12)
is obtained by evaluating u (t;x;y) at the grid points (Xj;yi) 2 «x y and setting

uji (t)  u(txj;yi) for j =1;:5Ny; i =1, Ny:

For the approximation of rst-order spatial derivatives we perform a dimensional splitting
as proposed in [LeV02] and apply a centered FD scheme to each spatial direction, i.e. we
approximate

Uj+1;i (t) Uj 1 (t)
2 X

Ui+ (1) Ui 2 (),
2y '

and

@U(EXY) (yy=( x; 1)

QUEXY) (y)=(x; 1)

This leads to the semi-discrete time-continuous reformulation of equation (3.12) as

a

b
5 X(Uj+1;i M oy i) s— U+ () Uy 2(t):

uj (1) = 2y

Analogously to the 1D case, the spatial stencil matricesD* and DY approximating rst-

order spatial derivatives @ and @, respectively, and incorporating periodic boundary
conditions can be constructed. To account for numerical stability, second-order spatial
stencil matricesD** and DYY, which are derived similar to the 1D setting, can be added.

Alternatives to the centered FD method.  Alternative methods for the spatial dis-
cretization of PDEs exist. Concerning the FD method, the one-sidedorward or backward
FD approximation shall be mentioned. Compared to the second-order accurate centered
FD scheme, these approximations are only rst-order accurate and therefore not consid-
ered in this thesis. Frequently used approaches are alsaite volume methods and nite
element methods for which the reader is referred to standard textbooks such as [LeV02]
and [ZTZ13].
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Figure 3.2: Space-time grid withN, grid cells of width x in the spatial variable andN, grid cells
of width t in the temporal variable.

3.1.2 Temporal discretization

The derivations presented thus far have yielded a semi-discrete time-continuous form of

the hyperbolic advection equation (3.1). To retrieve established theoretical concepts for

PDEs in the next section, a discretization in the temporal variable is required. For the

discretization of the time interval [0; T] we construct a uniform temporal grid with a nite

number of grid cellsN; and prescribed grid size t. The number of equidistant grid cells
T

N¢ is determined from the relation Ny = — . An approximation of the semi-discrete

time-continuous solution u; (t) on the temporal grid is obtained by evaluating

ul

i u(tn;X;j) for tpo=n t n =0;:: N¢:

The resulting space-time grid is illustrated in Figure 3.2. The linear advection equation
(3.1) involves temporal derivatives. In this thesis, we focus onEuler methods for their
approximation.

Explicit forward Euler method.  An elementary strategy is the application of the forward
Euler method. Its basic idea was rst introduced in [Eul68] and relies on a Taylor expan-
sion in time. For the linear advection equation (3.1) the fully discrete update formula

A T LT ul (3.13)

Y Iy YWa Y

can be derived from the centered FD discretization given in (3.7). This is a rst-order
accurate scheme in time and a second-order accurate scheme in space. Note that the time
update from time t, to time t, 41 = t, + t described in (3.13) only requires knowledge
of quantities evaluated at time t,. Such schemes are calledxplicit methods.

Implicit and implicit-explicit methods. Numerical schemes, on the other hand, that for
a time update require the evaluation of quantities at time t,+1 (as e.g. thebackward Euler
method) are calledimplicit methods. They are often used to handle a potentiakti ness,
which can introduce numerical instabilities, leading to unacceptably small time step sizes.
Implicit methods usually exhibit an improved stability behavior for sti problems but
generally require the numerical solution of more complicated systems, which can involve
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coupled dependencies [HW96]. Also the combination of explicit and implicit methods is
possible. Such schemes are callathplicit-explicit (IMEX) methods.

3.2 Numerical stability

This section is devoted to the concept of numerical stability for fully discrete FD schemes.
We provide a de nition of stability in Section 3.2.1 and introduce necessary and su cient
conditions for the stability of FD schemes in Sections 3.2.2 and 3.2.3. Section 3.2.4
explains the concept ofstrong stability, which is often related to the energy of the system.

3.2.1 Consistency, convergence and stability
We consider one-step FD schemes of the form

n+l _

Uj

whereN  y denotes an FD update operator associated with a given temporal and spatial
grid. The indices t; x refer to the xed grid sizes.

Example 3.2. The FD update operator associated with the fully discrete scheme (3.13)
for the linear advection equation (3.1) applied to a su ciently regular function  has the
form

—

a n

N ¢ x[ I(tn;xj)= " jn+1 i1

N

X

Consistency. An important property of a numerical scheme is its consistency with the
di erential equation. This means that the numerical update operator shall approximate
the solution to the continuous equation well locally. This behavior can be quanti ed by
the local truncation error .

De nition 3.3  (Local truncation error, [LeV9Z]). For one-step FD schemgs associated
with an update operator N , x such as given in (3.14) the quantity "= ' 2 RNx
with

1
= —Wltnerixi) N g U] (tn; %))
is called thelocal truncation error .

The local truncation error is used to de ne the consistency of a numerical scheme.

De nition 3.4  (Consistency, [LeV92, Tho95]) A one-step FD scheme associated with
an update operatorN t  such as given in (3.14) is calleconsistent if, in an appropriate
norm k k, it holds

k "k! 0 as t x! O (3.15)
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3. Discretization and numerical stability

Condition (3.15) provides no information on the rate of convergence. More details are
included in the concept ofaccuracy.

De nition 3.5  (Accuracy, [LeV92, Tho95]). A one-step FD scheme associated with an
update operatorN  y such as given in (3.14) is calledhccurate of orderp in time and of
order q in space if for any su ciently regular solution u(t; x) with compactly supported
initial condition u®(x) it holds

k "k=0(( H’)+ 0 x%:

Remark 3.6. Accurate schemes of ordep;q 1 are consistent [Tho95].

Convergence. Another important property for the construction of numerical schemes is
the pointwise convergenceof the numerical solution to the true solution of the PDE as
the grid sizes become arbitrarily small.

De nition 3.7  (Convergence, [Str04]) A one-step FD scheme associated with an update
operator N  x such as given in (3.14) is calledconvergent if for any solution to the
continuous PDE u (t;x) and solutions to the FD schemeuj”, such that uj0 converges to
u®(x) asj x converges tox, then uj” converges tou (t;x) as (n t;j x) converges to
(t;x) as t; x converge to zero.

Stability. The rst part of this thesis focuses on the stability of numerical schemes. This
concept ensures that errors, which are for instance introduced in the initial condition, do
not increase uncontrollably over time and dominate the true behavior of the solution.

De nition 3.8  (Stability, [Tho95, LeV02]). A one-step FD scheme associated with an
update operatorN  x such as given in (3.14) isstablein a stability region with respect
to an appropriate norm k k if, for each time T, there is a constantCy > 0 such that

N « Cr forall 0 n N with ( t; x)2 (3.16)

Relation between the concepts. For linear FD schemes approximating linear PDEs,
for which the corresponding IVP is well-posed, the following relation between the above
concepts exist. A rigorous de nition of well-posedness of an IVP can be found in [StrO4].

Theorem 3.9 (Lax-Richtmeyr equivalence theorem, [Str04]) A consistent and linear FD
scheme for a linear PDE, for which the corresponding IVP is well-posed, is convergent if
and only if it is stable.

Proof. See for instance [LR56, Str04]. O

Brie y summarized, the Lax-Richtmeyr equivalence theorem states that for linear PDEs
and linear FD methods it holds

consistency +  stability 0 convergence
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3.2. Numerical stability

tg "--4--L4--6--0--6--06-Vo--0--
Xj n a>0 Xj a<0 Xj+n

Figure 3.3: Visualization of the numerical domain of dependence and of the CFL condition for the
linear advection equatioif3.1). Left: The numerical domain of dependence for a time-explicit three-
point method is depicted exemplarily for the poifit,; x; ) in blue. The characteristic curves for the
linear advection equatior{3.1) are added in violet-red fom > 0 anda < 0. For the FD scheme

to satisfy the CFL condition, the characteristic curves must lie inside the blue numerical domain of
dependenceRight: Zoom into one grid cell, illustrating the concrete CFL condition given(&l17).

3.2.2 CFL condition

For many schemes showing boundedness of the FD update operator as described in (3.16)
is a non-trivial problem. A necessary condition for the stability of FD schemes, which

is usually easier to derive, was discovered by Courant, Friedrichs and Lewy in [CFL28].
Analogously to the analytical true domain of dependence, given for instance in (3.2) for
the linear advection (3.1), the numerical domain of dependencecan be de ned. For a
xed grid point ( tn; X;), it contains all grid points x; at the initial time t = 0 for which ujO
has an impact on the solution uj”. The Courant-Friedrichs-Lewy (CFL) condition relates
the true and the numerical domain of dependence.

Theorem 3.10 (CFL condition, [LeVO7]). A numerical method can only be stable (and
hence convergent) if its numerical domain of dependence contains the true domain of
dependence of the PDE, at least in the limit as t and X go to zero.

Proof. See for instance [CFL28, Str0O4]. O

In Figure 3.3 the numerical domain of dependence for a time-explicit three-point FD
scheme is displayed. The computation on”"l requires knowledge ofuf' ;, uf' and uj',, .
For the linear advection equation (3.1) together with an explicit FD scheme, the CFL
condition translates to

at
CcrL = —~ 1 (3.17)
where Ccr is called the Courant number. This concrete condition is also illustrated
in Figure 3.3. With the insights gained from the derivation of the CFL condition the

following theorem was rst proven in [CFL28].

Theorem 3.11. There are no explicit, consistent, unconditionally stable FD schemes for
the solution of hyperbolic PDEs.

Proof. See for instance [CFL28]. O
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3. Discretization and numerical stability

Note that the CFL condition is a necessary condition for stability (and convergence). To
guarantee numerical stability, a thorough stability analysis is still required.

3.2.3 Von Neumann stability

A further method for deriving necessary or even su cient conditions for the stability of
linear FD schemes, which is generally more feasible than the criterion given in (3.16), relies
on the application of Fourier analysis. This approach goes back to [CN47, CFvN50] and
is commonly referred to as thevon Neumann stability analysis The basic idea of Fourier
analysis, introduced in [Fou08, Fou22], consists in expanding generally complicated func-
tions in terms of simpler trigonometric expressions. Around this concept an entire theo-
retical framework has been constructed. More information, for instance on theontinuous
Fourier transform, can be found in standard textbooks such as [Y0s95, Tit48]. In this
thesis, we restrict our considerations to grid functionsu = (::;;u 1;Ug; Uy; :::)> 22,

De nition 3.12  (Fourier transform of a grid function, [Tho95]). The Fourier transform
of a grid function u 2 "2 is the 2 -periodic function b 2 L2[ ; ]de ned by
1 R )
b()= p=— el u for 2[ ; 1;
2 .
j=1
wherei 2 C denotes the imaginary unit.

Given the Fourier transform b 2 L?[ ; ], the original grid function u 2 2 can be
uniquely recovered.

Proposition 3.13  (Fourier inversion formula, [Tho95]). Let u 2 2 and b 2 L?[ ; ]
be its Fourier transform. Then,

1 .
uj = p? el b()d: (3.18)
Proof. See for instance [Tho95, Tit48]. O

A fundamental result, motivating to work within the LZ2-space in Fourier analysis, is
Parseval's identity.

Proposition 3.14 (Parseval's identity, [Tho95]). Let u 2 "2 and b 2 L?[ ; ] be its
Fourier transform. Then,

kbk, = kuk, :

Proof. See for instance [Tho95, Tit48]. O

Stability of linear FD schemes. Concerning stability considerations of linear one-step
FD schemes, we insert a Fourier approach as proposed in (3.18) into the update formula
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3.2. Numerical stability

given in (3.14), which is assumed to be extended to in nitely many indices1 <j< 1.
This leads to an equation of the form

6™t ()=g()b"();
where the scalar valueg ( ) is called the ampli cation factor . The obtained representation
is decoupled from all other Fourier modes [RM67].

Theorem 3.15 (von Neumann condition, [Tho95, MMO5]). Let us consider a linear FD
scheme approximating a linear PDE. A necessary condition for its stability in a stability
region is that there exists a constantK such that

jg()j 1+K t forall 2[ ; 1] and ( t; x)2 (3.19)

For a linear system of equations the ampli cation factor takes the form of a matrix, which
is called the ampli cation matrix. The von Neumann condition translates to

jij 1+K t for all i;

where ; are the eigenvalues of the ampli cation matrix G( ).

Proof. See for instance [Tho95, MMO5]. O

Remark 3.16. It can be shown that a discretization of the linear advection equation
(3.1) obtained from a centered FD method in the spatial variable and an explicit forward
Euler step in the temporal variable is not von Neumann stable [StrO4].

The von Neumann condition is a necessary but generally not su cient condition for the
numerical stability of linear FD schemes. However, under certain assumptions it becomes
su cient to ensure stability. The following two results are taken from [RM67].

Theorem 3.17. If the ampli cation matrix G( ) is a normal matrix, the von Neumann
condition is a su cient condition for the stability of linear FD schemes.

Proof. See for instance [RM67, MMO5]. O

Corollary 3.18. In particular, a linear one-step FD scheme approximating a linear scalar
PDE with constant coe cients such as the linear advection equation (3.1) that satis es
the von Neumann condition (3.19) is stable.

Note that the concepts presented in this section have formally been derived for grid
functions u with unrestricted index. For practical applications, limitations to nite sets
of grid points are imposed. The above results equivalently translate to this setting [Tho95,
Stro4].

3.2.4 Energy stability

Another approach for showing the stability of FD schemes, which is also applicable to
problems with variable instead of constant coe cients or problems with non-periodic
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3. Discretization and numerical stability

boundary conditions, is the concept ofenergy stability. Its essential idea consists in
deriving a suitable norm for the solution vector u 2 RNx so that the norm of the solution
stays uniformly bounded over time. In general, the identi cation of an appropriate norm

is a challenging task. In many cases the physical energy associated with the system
provides a natural candidate. A comprehensive introduction to energy methods as well as
possible generalizations and further results can be found in [RM67, GKO13]. We begin
with the de nition of strong stability of an FD scheme.

De nition 3.19  (Strong stability, [RM67]) . Let H . x be an operator acting onu and
K1 and K, be some xed positive constants. An FD scheme is calledtrongly stable if
the following conditions hold:

(i) For every xed t the operator H  x is well-de ned and it holds

1

Klkukz k uk?q  Kikuk?;

2 _ P,
wherekukyy = 2 uiH ¢ xu;.
(i) The solution of the FD scheme satis es

u™t L 1+ Ko t)ku"ky (3.20)
It can easily be seen that strong stability implies the classic stability given in De nition

3.8. Since it explicitly depends on theH-norm, which is typically associated with the
energy of the system, we also refer to it agnergy stability.

For one-step FD schemes associated with an update operatdd  x such as given in
(3.14) the condition imposed in (3.20) translates to

which is consistent with the boundedness required for stability in (3.16) introduced in
De nition 3.8. In general, it can be shown that for problems with constant coe cients
and periodic boundary conditions De nition 3.19 is equivalent to De nition 3.8 [RM67].
Further important contributions using the method of energy stability can be found in
[Fri54, Lee60, Lax61, Kre63]. In more recent work such as [SN14] for example summa-
tion by parts schemes for non-periodic boundary conditions are studied using the energy
method.

3.3 Discretization in velocity

In contrast to the macroscopic linear advection equation given in (3.1), kinetic equations
as proposed in (2.4) exhibit an additional velocity dependence. To obtain fully discrete nu-
merical schemes for kinetic equations, a discretization in the velocity variable is required.
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3.3. Discretization in velocity

We restrict our considerations to a 1D setting and to equations of the form
@ (t;x;v)+ v@f (t;x;v)= QIfJ(t;x;v);

wheref (t;x;v) : [0;T] X v ! R§ denotes a distribution function. Section 3.3.1
introduces a nodal approach making use of a pointwise approximation of the solution.
Section 3.3.2 is devoted to amodal approach, expanding the distribution function in

terms of orthogonal basis functions. Having performed a discretization in the velocity
variable, a discretization in the spatial and the temporal variable as well as stability
considerations can be conducted as described in the previous sections.

3.3.1 Nodal approach

For applying the nodal approach we discretize the velocity domain by constructing
a velocity grid with a nite number of grid points N, 2 N. An approximation of the
distribution function in the 1D velocity variable v is obtained by evaluating f (t; x;v) at
each grid point vq; 5 vN, 2 v, I.e. by computing

A

fr(tx) f (L X vk) for k=1;::;Ny:

Numerical integration.  According to De nition 2.5, macroscopic quantities such as the
density, mean velocity or temperature are obtained by taking moments of the distribution
function. This process involves the evaluation of integrals with respect to the velocity
variable v. Let a;b2 R and let us consider integrals over the interval &; b v Of the
form

Zy

I (f):= (V)T (V) dv;
a

where! (v) is a given non-negativeweight function on [a; b]. Note that this interval may
also be in nite. In accordance to [SB02, Atk89], the weight function! :[a;l! Rg must
accomplish the following properties:

(i) ! (v) is measurable on the nite or in nite interval [ a;b].

Ry

(i) All moments

vl (v) dv exist and are nite forall n 0.

(iii) Suppose that
Zy
' (v)g(v)dv=0

a

for some non-negative continuous functiong (v). Then g(v) 0 on [a; b).

For the approximation of the integral | (f) with an appropriate weight function ! (v), a
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3. Discretization and numerical stability

quadrature rule of the form

Xv
I (f) D efi (3.21)
k=1
is sought. The pointsvy; :::; vy, are called thequadrature nodesand! 1;::;;! n, the associ-

ated quadrature weights There are multiple options for the distribution of the quadrature
nodes in the scalar case. An intuitive approach is to consider equidistant spacing, anal-
ogously to the spatial grid constructed in Section 3.1.1. Examples of this include the
Newton-Cotes formulaesuch as thetrapezoidal rule or Simpson's rule More information
on this topic is provided in [Atk89, IK66]. However, more accurate approximations of
the integral | (f ) can be obtained by allowing the quadrature nodes to be non-uniformly
distributed. This leads to Gaussian quadrature rulesfor which the nodes are determined
as the roots of orthogonal polynomials. This choice ensures that polynomials up to degree
2n 1 can be exactly computed [SB02]. Depending on the interval; b and on the weight
function ! (v), di erent orthogonal polynomials are considered. An overview of common
choices can be found in [DR84], a tabular list of numerical values in [AS72].

Gauss-Hermite quadrature. In this thesis, we are interested in integrals evaluated over

the whole real line R of the form
Z

1 (F)= e V’f (v) dv
R

with weight function ! (v) = e V2 The set of orthogonal polynomials associated with
this special weight function are the Hermite polynomials fH,g,,y,, which are de ned as

n
2 d

Hn (V) = ( 1)ne dvn

2
e V"

Let N, be the desired quadrature order of the numerical scheme. Then the quadrature
nodesvs;::;; vy, are determined as the roots of the Hermite polynomialHy, and the
corresponding quadrature weights are obtained by

NP -

ly= — for k=1;::Ny:

[Hny+1 (Vi)
This choice for the approximation of the integral | (f) in the form as given in (3.21) is
called the Gauss-Hermite quadrature rule

Extension to two velocity dimensions. For numerical experiments performed in 2D
settings also the approximation of 2D integrals of the form
z zZ Z

| (f)= el VI’f (v) dv = e (VW t (v;w) dvdw (3.22)
R R R R
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3.3. Discretization in velocity

with v = (v;w)” 2 R is relevant. Regarding the discretization of the velocity domain

v w, We construct a velocity grid with N, 2 N grid points in the v direction and N, 2
N grid points in the w direction. The quadrature nodes in each single velocity dimension
is assumed to be derived from the 1D Gauss-Hermite quadrature rule. An approximation
of the distribution function f (t;x;v;w) at each grid point (v;w-) 2 w IS obtained
by evaluating

fie (x) (X vi;w) for k=1;:5Ny; " =1;:0Ny:

Concerning the approximation of the integral (3.22), we follow the ideas presented in
[Jac05] and compute

Xy Rw
I () P! fies
k=1 =1

where! ;! - are the corresponding Gauss-Hermite quadrature weights. More information
on multivariate Gauss quadrature can be found in [DR84, Str71].

3.3.2 Modal approach

In a modal framework the distribution function is expanded in the velocity variable in

terms of orthogonal polynomials, which represent themodes of the solution. We restrict

our considerations to the interval [ 1;1]. This is a common choice for radiative transfer
problems to which frequently the modal Py method is applied. More information (also
on alternatives such as the nodal discrete ordinate$Sy method) can be found in @G?O

CZ67]. The Py method makes use of the orthogonalegendre polynomlals ﬂ h2NG

which are de ned as

. B ( 1)” dn o
Bl (v) = sl gen LV

Together with their standard normalization in L?[ 1;1], they satisfy an orthogonality
condition of the form
Z,

H VB, v)dv= 2.,  with 2= (2n2+1) (3.23)
In addition, the Legendre polynomials ful Il the recurrence relation

n+1) By M=@n+1)vP,(v) nbB, 1(v):
In this thesis, we perform a rescaling of the Legendre polynomials by setting?, = p'—'n" to

translate the orthogonality condition (3.23) into an orthonormality condition given by
Z4
Pn (V)Ph(V)dv= mpn: (3.24)
1
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3. Discretization and numerical stability

This rescaling implies a rescaled Legendre polynomial of degree zeRp = pl—i as well as
a rescaled recurrence relation given as
(n+1) nn1 Nna

Ph+1 + m——~—Pn 1 (3.25)

= Gy, @n+1)

Then the Py method employs of a nite expansion of the distribution function f (t;x;v)
in the velocity variable v with N, expansion coe cients up (t;x), called the moments of
the form
Ng 1
fxv) fn, (GXxv)= Un (X)) Pn (V);
n=0

and relies on this expansion to derive the evolution equations for the moments.

Numerical integration. For the computation of integrals with respect to the velocity
variable v, the orthonormality (3.24) of the rescaled Legendre polynomials as well as the
recurrence relation (3.25) are used. In preparation for later chapters, we introduce the
matrix A 2 RNv Nv with entries
Z,
Amn = VP (V) P (V) dv: (3.26)
1

Note that the matrix A is symmetric and diagonalizable in the formA = QMQ ~ with
Q being orthogonal andM =diag( o;:::; n, 1)- Further we de ne jAj= QjMjQ”.

Extension to two angular dimensions. Besides the 1D analysis presented in this thesis,
numerical experiments are performed in higher dimensions. We consider a velocity vector
v 2 R® and perform the splitting

vV =jvj o,

where jvj denotes the absolute value of the velocity and 2 S?2 a unit vector in the
direction of motion. The unit vector  is usually given in spherical coordinates depending
on the polar angle 2 [0; ] as well as the azimuthal angle’ 2 [0;2 ). We refer to this
expression as the2D angular representation The corresponding 3D Cartesian coordinates
can be derived from the angular representation as

x =sin cos y =Sin sin’; ; = COS :

For an application of the Py method to an equation including a 2D angular variable
=( ;' ), we introduce the associated Legendre polynomial®f degreen 2 Ng and order
m =0;:::;n. They are de ned as

Py =( 1™ 1 2™ ddvn; B, (v)  with v2[ 11
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3.3. Discretization in velocity

This de nition can be generalized to negative integers n m< 0 by

m)!

B )= (D" o ()
The associated Legendre polynomials satisfy the orthogonality condition
Zlﬁmooﬂo(wdv—Znilg:+2£,mo (3.27)
as well as the recurrence relations
M m+) P w=En+1)vBh(v) (+mP" (v) (3.28)
and
v o1 é%ﬁW(v): B (v)  (n+ m)BM (v): (3.29)

The associated Legendre polynomials are used to derive the complex-valued normalized
spherical harmonics which can be given as

E

2n+1(n m)! plm

4 (n+ m)! (cos )™

Yom () =

The spherical harmonics ful Il the orthonormality condition
Z, 2,
Yom () Ynomo( ) dcos d' = pno mmo;
0 1

where Y, denotes the complex conjugate ofY,y, which can be determined from the
relation

Yo m( ) =( 1)mvnm( ):

In the context of this thesis, similar to the approach used in [Kus20], we employ a real-
valued spherical harmonics basic of the form

. 5 G Yo i mi ()4 D™ Youmi () 3 m<0;
@nm( )_BYnO( )a m=0;
(*’L Yoiimi( ) € D" Yomi( ) 5 m>0:

Then a nite spherical harmonics expansion of the distribution function f (t; x; ) in the
angular variable  with (N + 1)2 expansion coe cients upm (t; X) is obtained by

¥ x R
ftx; ) fn (X )= Unm (£ X) @ ()

n=0 m= n
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3. Discretization and numerical stability

Integrals with respect to the angular variable are evaluated using the orthogonality of
the associated Legendre polynomials given in (3.27) as well as the recurrence relations
stated in equations (3.28) and (3.29).
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Dynamical low-rank approximation

The numerical solution of kinetic equations is computationally demanding due to their
high dimensionality. An approach to reduce the computational costs and memory require-
ments is the method of dynamical low-rank approximation (DLRA) [KLO7]. It provides
accurate and e cient approximations of the solution to kinetic PDEs and has recently
been applied in various elds of research. For instance, contributions on radiation trans-
port [BEKK24a, FKP25, PMF20, YEHS?24], radiation therapy [KS23], plasma physics
[EL18, EOP20, EOS23], chemical kinetics [EMP24, PEL23] or Boltzmann type transport
equations [BEKK24h, EHY21, DL21, HW22] are available. The review article [EKK" 25]
provides an overview of recent developments on low-rank methods in kinetic theory.

In Section 4.1 the basic idea of DLRA is explained in a semi-discrete time-continuous
matrix setting. Section 4.2 provides an overview of frequently used time integrators,
which accomplish the important properties of being exact and robust to small singular
values. In Section 4.3 the idea of DLRA is reformulated in a fully continuous setting
as the order of discretizing and applying the DLRA method may a ect theoretical and
numerical results. Section 4.4 is devoted to linear stability results for DLRA schemes and
the conservation of physical invariants.

4.1 Basic idea of DLRA

We follow the explanations in [KLO7], where the concept of DLRA has been introduced in
a semi-discrete time-dependent matrix setting. Letf (t) 2 RNx Nv depending smoothly
on the time parameter t, be the solution to the matrix di erential equation

L) =F®Ef@®);: f(t)=1% t to (4.1)

for which the right-hand side is denoted byF (t; f (t)) : [0; T] RNx Nv1 RNx Nv_ Then
we seek an approximationf, (t) 2 RNx Nv of rank r with r  minf Ny; N, g of the matrix
f (t) 2 RNx Nv_ The set of matrices of rankr constitutes a di erentiable manifold, which
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4. Dynamical low-rank approximation (DLRA)

Tfl’ (f) M r

Figure 4.1: lllustration of the basic idea of DLRA. The low-rank manifol ; containing a time-
dependent low-rank functioffy (t) is depicted in dark green. The tangent plaiig (f)M ratf, t at

some xed timet is depicted in light green. The derivatiig t is required to stay on the tangent
plane. This behavior is ensured by an orthogonal projectiorfrof; f, t onto the tangent plane.

we denote byM ; [Pial9, Sch22]. Its corresponding tangent space dt (t) is denoted by
Tt, (yM . The searched-for approximationf, (t) 2 M  is determined such that at all times
t the minimization problem

min £ (t) F(tf (1) (4.2)
£ (02Tt ()M F

is ful lled. Here, k kg denotes the Frobenius norm. The low-rank approximationf; (t)
is complemented with an initial condition f; (to) = 2, which ideally satis es f2 = 9. If
this is not the case, f° is usually computed as a low-rank approximation off® using a
truncated SVD. Following [KLO7], the minimization constraint (4.2) on the tangent space
is equivalent to determining

f()=P{E @) F G D), (4.3)

whereP denotes the orthogonal projector onto the tangent spacdy, ;)M . This approach
is visualized in Figure 4.1, which has been created similarly to [Pial9]. Each matrix
fr(t) 2 M ; can be decomposed into low-rank factors as

fe ()= X ({)SOV (1) ; (4.4)
where the matricesX (t) 2 RNx " and V (t) 2 RNv T haver orthonormal columns, i.e.
X (1)” X (t) =1 and V(1) V(t) = I;

wherel 2 R" " denotes the identity matrix. The matrix X (t) contains the orthonormal
basis functions in space and/ (t) the orthonormal basis functions in velocity. The matrix
S(t) 2 R" " is assumed to be nonsingular and called theoe cient or coupling matrix,
containing the coe cients of the approximation. Note that S(t) is not required to be
diagonal and that the representation given in (4.4) is not unique. The orthogonal matrices
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4.1. Basic idea of DLRA

X (t) and V (t) are contained in the following manifold.

De nition 4.1  (Stiefel manifold and its tangent space, [AMS08, Bou23]) The set of
matrices with orthonormal columns
I
_ ! Ny 1 . y> — ©
Wn,r = X2R™ T XX =1

constitutes an embedded submanifold oRNx ' and is called Stiefel manifold. Its tangent
space atX 2 Vy, is given as
| ©
TxVWn,r = X 2RV ToXZX + XX =0

It can be shown that for time-dependent orthogonal matricesX (t) 2 Vy, . their corre-
sponding time derivative is contained in the tangent spaceTy () Vn,r at X (t) [Sch22].
Let X (t) 2 Tx )Vn,;r be the time derivative of X (t) and \L(t) 2 Ty (yVn,;r be the time
derivative of V (t), respectively. If for representation (4.4) the additional orthogonality
constraints

X (1)” X.(t)=0 and V (1)” (1) =0
are imposed, the elementd; (t) 2 T ()M  are uniquely determined and of the form

T, oM = f(t) 2 RN Nv:
fr ()= X()SEHV (1) + X ()SEH)V (1) + X (1) S(t)\L(t)”
with S2 R' r;X_ZTxVNX;r;\LZTVVNV;r and X>X.=0;V>\VL=0 :

It has been proven in [KLO7] that deriving a low-rank approximation f, (t) 2 M , of
the form given in (4.4), which ful lls the minimization constraint on the tangent space
stated in (4.2), is equivalent to determining f (t) 2 Ty, (yM r, for which the corresponding
low-rank factors are evolved according to

€ S
X (t) = €| X (t) X (t)>éF i @)V OSH *; (4.5a)
V()= | V@OVE) FEHE)XOSE ; (4.5b)
S(t)= X (1) F(tf (1) V (): (4.5¢)

This leads to unique low-rank factors X (t) ; S(t) and V (t) and a unique representation
of the expression given in (4.4). Then the orthogonal projectorP onto T;, (yM | for the
solution of (4.3) can be explicitly derived as

P(fr () F (G ()= XXTF (@ (1) XX TF(tf (1) VW~ (4.6)
+F @GR @)W 7,

where we omit the time-dependency ofX (t) and V (t) for a better readability.
In the case of very small singular values the matrixS (t) becomes nearly singular. When
solving the evolution equations (4.5) with standard numerical integrators (as e.g. Runge-
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4. Dynamical low-rank approximation (DLRA)

Kutta methods) the inversion of the matrix S(t) in (4.5a) and (4.5b) leads to thorough
computational challenges, imposing severe step size restrictions and rendering the al-
gorithm highly unstable. To overcome this problem, dierent exact and robust time
integrators which are able to evolve the low-rank solution on the manifoldM ; while not
su ering from potentially small singular values have been introduced. An explanation of
two of them is provided in the upcoming section.

4.2 Exact and robust time integrators

For an exact and robust DLRA scheme the implementation of a suitable time integrator is
essential. Di erent such integrators are available [LO14, CL22, CKL22, CKL24]. Section
4.2.1 focuses on theorojector-splitting integrator introduced in [LO14], whereas Section
4.2.2 is devoted toBUG integrators [CL22, CKL22, CKL24], especially the rank-adaptive
augmented BUG integrator presented in [CKL22].

4.2.1 Projector-splitting integrator

In [LO14] the projector-splitting integrator is introduced. Rather than solving the evolu-
tion equations (4.5) directly, it relies on the orthogonal projection (4.6) onto the tangent
spaceT; )M ;. Its main idea is based on the application of splitting methods and the
subsequent solution of three subprojections, each of which constitutes a simpler problem
than that posed by the original equation. A rst-order Lie-Trotter splitting is proposed in
[KLO7] but also higher-order extensions (e.g. to a second-order Strang splitting scheme)
are possible using standard splitting techniques as described in [HLWO06].

The projector-splitting integrator evolves the low-rank factors as given in decomposition
(4.4) for the solution of the minimization problem (4.2) in the following alternating way:

In the rst step, the velocity basis V is xed while the spatial basis X and the coe cient
matrix S are updated forward in time. In the second step, the coe cient matrix S is
updated backwards in time with xed updated spatial basis X and xed prior velocity
basisV . In the third step, the updated spatial basis X is xed while the velocity basis V
and again the coe cient matrix S are updated forwards in time. In detail, the projector-
splitting integrator evolves the low-rank solution from f' = X"S"V "> at time t, to
fo+l = xnrlgh*lyn+l> attime th+y = ty + t as follows:

K -Step: We x the velocity basis V" at time t,, denote K (t) = X (t) S(t) 2 RNx T,
and solve the PDE

€ S
K(t)=F K @{t)v"™™ v, K (th) = X"S":

Then the spatial basisX " is updated to X "*1 2 RNx ' with orthonormal columns by a
factorization of K (th+1) = X"*1 8" where 8"*1 2 R" ', e.g. by QR-decomposition.
S-step: We x the spatial basis X "*1 at time t,+1, the velocity basisV " at time t,,, and
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solve the ordinary di erential equation (ODE)

€
S(t)= X"PE XS VvhT v S(ty) = 8"

Then the coe cient matrix 8"*! is updated to 8" 2 R" ' by setting 8" = S(tns1).
L-Step: We x the spatial basis X "*1 at time tn+1, denoteL (t) = V (t) S(t)> 2 RNv T,
and solve the PDE

€
L(t)=F t;X”*lL(t)>S>x“+1; L (ty) = V"8m>:

Then the velocity basis V" is updated to V "** 2 RNv " with orthonormal columns by a
factorization of L (tn+1) = V"S> whereS"*! 2 R" ', e.g. by QR-decomposition.
Altogether, the update of f' = X"S"V"> after one time step is given by f'*! =
X n+l Sn+1 \Vj n+l,;> .

The proposed projector-splitting integrator has favorable properties compared to the di-
rect solution of the evolution equations (4.5). One of these is the following exactness
result for matrices f (t) of rank r and right-hand sidesF = F (t).

Theorem 4.2 (Exactness property of the projector-splitting integrator, [LO14]). Let
f (t) 2 RNx Nv pe a matrix of rankr for t, t th+1, SO thatf (t) has a factorization
f(t)= X (t)S(t)V (t)” as given in (4.4) and let X (th+1)” X (tn) and V (th+1)” V (tn)
be invertible. With the initial value f' = f (t,), the projector-splitting integrator for
f. (t) = P (f; (1)) £(t) with £(t) = F (t) is exact, i.e. it holds f"*! = f (th41).

Proof. See [LO14]. O

When computing low-rank approximations only small singular values are allowed to be
neglected in the approximation in order to prevent important information from getting
lost and to retain a good accuracy of the approximation. Let us assume that for a pre-
scribed truncation tolerance parameter# all singular values smaller than# are discarded.
Then the smallest retained singular value cannot be expected to be much larger than the
largest discarded one as a distinct gap in the singular value distribution cannot be gen-
erally assumed. This implies that the coe cient matrix S still contains entries of order
O (#), where # is potentially very small. In contrast to standard numerical integrators
the projector-splitting integrator is insensitive to small singular values and the following
robust error bound can be shown.

Theorem 4.3 (Robust error bound for the projector-splitting integrator, [KLW16]) . Let
f (t) 2 RNx Nv pe the solution to the matrix di erential equation (4.1) and f2 2 M | the
initial value of the low-rank approximation. Assume further that the following conditions
hold:

() F is Lipschitz continuous and bounded, i.e. there exist constantg; B 0 such that
forall f, (t);:® (t) 2 RNx Nv.and0 t T it holds

€
FEh@ FERO _ L @O &@O _ ad kFEhH Ok B
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(i) The non-tangential part of F (t; f; (t)) is "-small, i.e. it holds
k(I P (fr (1)) F(tf ()ke " with "> 0
for all f, (t) 2 M  in a neighborhood off (t) and0 t T.

(iii) The error in the initial data is  -small, i.e. it holds

fO f0

F with > O:

Then the error of the projector-splitting integration scheme at timet, = n t is bounded
by

ki f(th)ke Ki + K"+ Kz t for t, T; (4.7)

where the constantsK; for i = 1;2;3 only depend onL;B and T. In particular, the
constantsK; are independent of the singular values of the exact solution and its low-rank
approximation.

Proof. See [KLW16]. O

In addition, it is shown in [KLW16] that in the case of inexact solutions of the di erential
equations in the substeps of the splitting scheme, the overall error is bounded similarly
as in (4.7). In particular, the bound is independent of the singular values.

Being exact and robust to small singular values are two important properties, distinguish-
ing the projector-splitting integrator from other integration techniques. However, the in-
tegration backwards in time in the S-step can lead to numerical instabilities for strongly
dissipative problems. Alternative integrators that avoid an integration backwards in time
are available and introduced in the next section.

4.2.2 Rank-adaptive augmented basis update & Galerkin integrator

Other integrators that are frequently used for the DLRA approach are the basis update &
Galerkin (BUG) integrator presented in [CL22] and therank-adaptive augmented BUG
integrator introduced in [CKL22]. They both compute all substeps forward in time.
In addition, they update the spatial basis functions in the K- and the velocity basis
functions in the L-step in parallel, enabling for enhanced parallelization structures and
a faster computation of the solution. In contrast to the xed-rank integrator described

in [CKL22], the rank-adaptive augmented BUG integrator discussed in [CKL22] makes
uses of certain basis augmentations, hereby allowing for an adaptive choice of the rank
in each time step of the evolution. This procedure assists in overcoming the question of
identifying a suitable xed rank, which usually cannot be answered a priori. Also, the
required rank may vary over time. Computing with a too small xed rank leads to poor
accuracy results, while for computations with a too large xed rank too much information

is carried and the computational performance deteriorates. In addition, the rank-adaptive
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4.2. Exact and robust time integrators

augmented BUG integrator is exible to basis augmentations, facilitating for instance the
implementation of conservation properties.

The rank-adaptive augmented BUG integrator will be used for the subsequently presented
DLRA schemes. It evolves the low-rank factors as follows: In the rst two steps, it
updates and augments the spatial basiX and the velocity basisV in parallel, leading to
an increase of rank fromr to 2r. Note that augmented quantities of rank 2r are denoted
with hats. Having the augmented bases at hand, a Galerkin step for the coe cient
matrix S is performed. In the last step, all quantities are truncated back to a new rank
rn+1  2r, which is adaptively chosen depending on a prescribed error tolerance. In detail,
the augmented BUG integrator evolves the low-rank solution fromf! = X"S"V™> at
time tp to fM*1 = XN*Lgntlyn*l> at time th+r = th +  t as follows:

K -Step: We x the velocity basis V" at time t,, denote K (t) = X (t)S(t) 2 RNx T,
and solve the PDE

€ S
K@t)=F tK@{t)v™™ v K (th) = X"S™:

Then the spatial basis X" is updated to ®"*1 2 RNx 2 by determining ®"*! as an
orthonormal basis of K (th+1); X"] 2 RNx 2" e.g. by QR-decomposition. We compute
and store @ = ®n*1>xn 2 RZ T

L-Step : We x the spatial basis X" at time t,, denoteL (t) = V (t) S(t)> 2 RNv ' and
solve the PDE

€
L({)=F t;X"L(t)” X" L (ty) = V"S™>:

Then the velocity basis V" is updated to @"*1 2 RNv 2 by determining ®"*! as an
orthonormal basis of L (tn+1);V"] 2 RNv 2" e.g. by QR-decomposition. We compute
and storeQ = @n+l>yn o RZr 1

S-step: We x the updated spatial basis Rn+1 and the updated velocity basis®"*! at
time t,+1, respectively, and solve the ODE

B(t)= KM E QMR @M @ B(t,) = MS"R:

Then the coe cient matrix S" is update to 87 Bl 2 R 2 py setting B = B(th.q).

Truncation : We compute ® 8> = svd B”*l from an SVD, whereP; @ 2 R¥ 2 are
orthogonal matrices and 2 R? 2’ is the diagonal matrix containing the singular values

1,00 or. The newrankrn+1 2r is determined such that
” z =,
2 1=2
2 )
j #
j=rn+ +1

where # denotes a prescribed tolerance parameter. Then we se"*1 2 Rfn# s
to be the matrix containing the rp+1 largest singular values of8"*1 and the matrices
pn+l.Qn+l 2 RZ ™+ to containthe rst rp+ columns ofP and@ respectively. Finally,
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4. Dynamical low-rank approximation (DLRA)

we compute X "*1 = Qn+lpn+l 9 RNx Tha gpd VL = @n+l QM1 2 RNv T
Altogether, the update of f" = X"S"V™> after one time step is given by f"*? =
X n+lgntlyn+tl> © Note that we do not explicitly include the new rank rp.1 in the
notation of the updated low-rank approximation f*.

The rank-adaptive augmented BUG integrator accomplishes the important property of
exactness for matriced (t) of rank r and right-hand sidesF = F (t; f (t)).

Theorem 4.4 (Exactness property of the rank-adaptive augmented BUG integrator,
[CKL22]). Let f(t) 2 RNx Nv pe a matrix of rank r for t, <t < t h41 SO that a
factorization f (t) = X (1)S(t)V (t)” as in (4.4) exists and let X (th+1)” X (tn) and
V (th+1)” V (t,) be invertible. Assume further that the truncation tolerance# is smaller
than the r-th singular value of f (th+1). With the initial value f! = f(tn), the rank-
adaptive augmented BUG integrator forf: (t) = P (f, (1)) £(t) with £(t) = F (t; f (1)) is
exact, i.e. it holds f"*1 = f (tn+1).

Proof. See [CKL22]. O

Beyond that, the rank-adaptive augmented BUG integrator is robust to small singular
values and the following robust error bound can be given.

Theorem 4.5 (Robust error bound for the rank-adaptive augmented BUG integrator,
[CKL22]). Let f (t) 2 RNx Nv pe the solution to the matrix di erential equation (4.1)
and f® 2 M ; the initial value of the low-rank approximation. Assume further that the
following conditions hold:

(i) F is Lipschitz continuous and bounded, i.e. there exist constants;B 0 such that
forall f, (t);& (t) 2 RNx Nvand0 t T it holds

€ S
FEGR@®) FE&® L@ &@© _ and kFEGhH Ok B

(i) The non-tangential part of F (t; f; (t)) is "-small at rank ry for f, (t) near f (t) and
t near ty, i.e. it holds

kI P o (F (D) F(Ef (D)ke " with "> 0

for all f; (t) 2 M ;, in a neighborhood off (t) and t near t,, where P,, denotes
the orthogonal projector onto the tangent spacdls, ()M , of the manifold M  of
matrices of rank r, at f, (t) 2M .

(iii) The error in the initial data is  -small, i.e. it holds

fO f0 with > O

F

Then the error of the rank-adaptive augmented BUG integration scheme at timé, = n t
is bounded by

ki f(tn)ke K1 + K"+ Kz t+ Kgan# for t, T; (4.8)

r
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where the constantsK; for i = 1;2;3;4 only depend onL;B and T. In particular, the
constantsK; are independent of the singular values of the exact solution and its low-rank
approximation.

Proof. See [CKL22]. O

In addition, it can be shown similarly as done in [KLW16] for the projector-splitting
integrator that in the case of inexact solutions of the di erential equations in the substeps
of the splitting scheme, the overall error is bounded similarly as in (4.8). In particular,
the bound is independent of the singular values [CKL22].

In [CKL24] the parallel BUG integrator has been presented. Its update strategy is similar
to the rank-adaptive augmented BUG integrator but allows for a solution of all three
substeps fully in parallel. Compared to the presented rank-adaptive augmented BUG
integrator, it does not require the basis augmentations to rank 2 in the K- and L-step
and the solution of a 2  2r dierential equation in the S-step of the scheme. The
enhanced parallelization of all three substeps as well as the reduction from rankr2to r
renders this integrator even more e cient. However, the exactness property is not ful lled
but a rst-order robust error bound can be established [CKL24].

Extensions to schemes with proven second-order robust error bounds have been proposed
in [CEKL24] for the rank-adaptive augmented BUG and in [Kus25] for the parallel inte-
grator.

4.3 DLRA in a fully continuous setting

Thus far, the concept of DLRA has been discussed in a semi-discrete time-dependent
matrix framework, in which it was originally introduced in [KLO7]. This means that, con-
cerning the space and velocity discretization, a \ rst discretize, then low-rank” approach
has been pursued. In contrast to that, the authors of [EL18] employ a \rst low-rank,
then discretize" strategy and derive the evolution equations for the low-rank factors in
a fully continuous setting. We additionally present this approach as it is used in the
subsequently presented work on the thermal RTEs with Su-Olson closure [BEKK24a].
Let the distribution function f (t;x;v):[0;T] « v ! Ry be the solution to a given
equation

@f (t;x;v)=F (t;f (t;x;Vv)); f (to;x;v) = fO(x;v); t  to:
We aim for a low-rank approximation of f of the form
X
fr(tx;v)= Xi(tx)Sj (1) (tv); (4.9)
ihj =1

wheref X; (t; X) : i = 1;:::;rg denotes the set of orthonormal basis functions in space and
fVj (t;v) ] =1;::rgthe set of orthonormal basis functions in velocity. They accomplish
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4. Dynamical low-rank approximation (DLRA)

the orthogonality relations
hXi (8 Xx) s Xk (G X)Ty, = ik and h (Gv);V-(tEv)i, = j;

where h; i, and h; i, are the inner products on L2( 4) and L?( ), respectively. As
the representation given in (4.9) is not unique, the additional Gauge conditions

h@X; (t; x) ; Xk (t; x)i, =0 and h@V (t;v);V (tv)i, =0

are imposed. Then it can be derived thatf X; (t; x)g and fV; (t; v)g are uniquely de-
termined for invertible S(t) = (S; (t)) 2 R " [EL18]. This implies that we seek an
approximation of f that for each time t lies in the manifold

n X
M, = f2L%( 4 v)fr(ix;v) = Xi(:x)Si ()V; (;v) with invertible
i =1
S=(Sj)2R" ";Xi2L2( x);V, 2L3( yv) and MXi; Xkiy, = «;
0
MV =

Let f, (t; ; ) be a path on M ;. A formal di erentiation of f, with respect to t leads to

X
fe(t; ;)= X)S MV )+ Xi(t)S ()Y ()

ijj =1
+ Xi(t ) Sy (D4 (L )
These functions restrict the solution dynamics to the low-rank manifoldM , and constitute

the corresponding tangent space, which for xed timet together with the Gauge conditions
reads

n X
T, oMr= f22L2( « v)ife(ix;v) = Xi (5x)Si )V (5v)
ihj =1

+ Xi (xS OV GV)+ Xi(Gx) S ()M (5v)  with

- q - q (0]
Sj 2RX 2L%( %)\ 2L2( v) and XXk =0; iV =0

Having de ned the low-rank manifold and its tangent space, the next objective consists
in determining f (t; ; ) 2 M  such that the minimization problem

i k t F(f(t; )k 4.10
@fr(t;;r)rypw)Mr@fr( ) F et s Dk, (4.10)

is solved. For the time evolution of the low-rank factors the following di erential equations
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can be derived [EL18]:

X . X
Sij @Xi = hVj;F (tf0)i, X; @Sj ;

1=1 i=1
Sij @V = hXiiF ()i @S V;;

j:]- J:]_

@Sj = WXiViiF (G )iy,

Note that we suppress the arguments for a better readability. Then the minimization
constraint (4.10) can be reformulated as the problem of determiningf (t; x;v) such that

@t (t;x;v) = P(fr (EX;V))F (Fr (8 %x5V)) 5

where the orthogonal projectorP onto the tangent spaceT;, (yM ; can be explicitly given
as

X X
PfOFET)= HFET)i,V Xi Vi F (6 )i, Vi
j=1 ij =1
X
+ Xi X F ()i :
i=1

The derivations of the continuous projector-splitting as well as of the continuous (rank-
adaptive augmented) BUG integrator are straightforward. An explicit formulation can
be found in [EKK ™ 25].

4.4 Linear stability and conservation of physical invariants

A naturally arising question when considering DLRA schemes concerns their numerical
stability as well as their behavior related to physical invariants. Section 4.4.1 is devoted
to existing linear stability results. In Section 4.4.2 an overview of globally and locally
conservative DLRA schemes is provided and a mass conservative truncation strategy is
presented.

4.4.1 Linear stability

We begin with an analysis of linear stability of DLRA schemes. At this point, we do
not distinguish between the \ rst discretize, then low-rank” and the \ rst low-rank, then

discretize" approach. Even if the underlying PDE is linear in f, the coupled evolution
equations for the low-rank factors, as for instance given in (4.5), are non-linear irX ; S
and V and it is per se not clear if linear stability concepts can be applied. In [KEC23] it
has been shown that the projector-splitting as well as the BUG integrator approximate
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the non-linear evolution equations for X ;S and V as a series of linear equations due
to the fact that in each substep all but one low-rank factor is xed. In addition, it

is known that QR-decompositions and possible truncation steps that are based on an
SVD approach are stable in theL2-norm [EKK * 25], making the concepts of linear von
Neumann stability analysis as described in Section 3.2.3 applicable. This enables us to
derive the stability region of the corresponding DLRA scheme, allowing for a comparison
of the DLRA stability region and the stability region of the full-rank problem and for the
choice of an optimal time step size, leading to a reduced computational e ort.

Linear stability of the presented integrators.  Following [KEC23], the order of dis-
cretization and application of the DLRA approach makes a crucial di erence for the
projector-splitting integrator. While the \rst discretize, then low-rank" approach is
shown to be L2-unstable due to the discrete S-step backwards in time, the \rst low-
rank, then discretize" approach, under a certain CFL condition, can lead to anL 2-stable
discretization. Indeed, as proven in [KEC23], the BUG integrator is shown to bel ?-stable
independently of the order of discretization and derivation of the DLRA equations. This
result directly translates to the rank-adaptive augmented BUG integrator [EKK * 25].

Energy estimates. Existing work on the stability of DLRA schemes often takes energy
estimates as a complementary approach to classic stability considerations into account.
Accordingly, in [KS23] an L 2-stability result for radiation therapy is derived. The concept
of energy stability, which has been introduced in Section 3.2.4, is treated in [EHK24,
FKP25] in the context of DLRA schemes for linear RTEsS. This method is not limited to
linear equations and a stability result for non-linear thermal radiative transfer is presented
in [PK25]. The contributions of this thesis on low-rank discretizations for linear thermal
radiative transfer published in [BEKK24a, BEKK25b] and on the linear BGK equation
[BEKK24b] also make use of the concept of showing stability estimates in a suitable norm,
which may be related to the energy of the underlying system.

4.4.2 Conservation of physical invariants

Since DLRA is a numerical reduction technique it cannot be expected to preserve all
relevant information related to the physical system over time and important information
ensuring the conservation of physical invariants may get lost. To overcome this problem,
techniques for the preservation of conservation properties have been introduced. We
distinguish betweenlocal and global conservation laws. While global conservation ensures
the preservation of macroscopic quantities such as total mass, total momentum or total
energy as described in (2.7), the concept of local conservation guarantees the validity of
a local conservation laws as given in (2.6). Global conservation is easier to achieve and is
obtained from local conservation by integration over the spatial domain [EL19].

Globally conservative DLRA schemes. A result on the global conservation of mass for
the RTE can be found in [PMF20]. In this research article a rescaling of the solution is
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performed in each step of the DLRA scheme to ensure the result of the algorithm to match
the expected mass that is computed from the underlying equation. This approach is only
available for the zeroth order moment. For the preservation of higher order moments the
evolution equations have to be adjusted. In [EL19] a DLRA scheme conserving global
mass and momentum is proposed for the Vlasov equation. The results derived in [PM21]
guarantee global mass and global momentum conservation for the RTE under a suitable
modi cation of the evolution equations.

Locally conservative DLRA schemes. The local preservation of conservation proper-
ties is signi cantly more demanding than the global one as stronger constraints on the
dynamics of the system have to be ful lled. In [EJ21] a weightedL 2-space with a cor-
responding modi cation in the L-step of the projector-splitting integrator is introduced,
ensuring local conservation of mass, momentum and energy on a continuous level for the
Vlasov equation. The proposed integrator is not stable with respect to small singular
values but the ideas for its construction have in uenced further research. For instance, in
[EOS23, GQ24, EKS23] locally conservative DLRA algorithms for the Vlasov equation as
well as for the RTE, which incorporate a conservative truncation step, are presented. In
this thesis, we employ the rank-adaptive augmented BUG integrator, which is exible to
basis augmentations. In this setting, di erent from the considerations in [EOS23] and as
explained in [EKS23], we do not need to adjust theL-step equation but solely include the
basis functions related to the preserved quantities (for instances ! 1 for mass conserva-
tion) in the velocity basis and implement a conservative truncation step. However, this
procedure requires an explicit forward Euler step in at least theS-step of the scheme.

Mass conservative truncation strategy.  In the following two chapters, we focus on mass
conservative DLRA schemes, for which the additional basis augmentations

” ”

Qn+1 - u8+1;$=()n+1_2 RNx (2r+1) and @n+1 - el;@n+1_2 RNv (2r+1)

are applied. The vectoruOJ'l denotes the updated zeroth order moment ance; the rst
unit vector in RNv. They are both stored in the rst column of the updated Q1+l and
@+l respectively. Also the coe cient matrix has to be updated to 871 2 R@r+1) (2r+1)
accordingly. In detail, the concrete form of the corresponding updatedQn+1 will be ex-
plained in Chapter 5 and Chapter 6, respectively. An extension ensuring the preserva-
tion of further physical invariants is straightforward and can be achieved as described in
[EOS23, EKS23]. The mass conservative truncation strategy proceeds as follows:

(i) We set Rn*1 = Rn+181+1 and split it into two parts RM*1 = Rn+Lcons. Pn+1;rem
where [on+1 cons corresponds to the rst and Rn+Lirem 5 the remaining columns
of @1, Analogously, we split @7+ into @1+l = [QPn+Licons, Qn+lirem] \here
Pn+1:00ns corresponds to the rst and @*1M to the remaining columns of @*1 .

Qn+1 ;cons

(i) We compute $n+1:cons = and Bn+licons = Qn+licons

Qn+1 ;cons
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. €. S
(i) We perform a QR-decomposition to obtain $on+1iremn+lirem — qp fJn+l;rem

(iv) We compute P 8> = svd €§”+1?'ems from an SVD, where P;8 2 R¥ 2 are
orthogonal matrices and 2 R? 2 s the diagonal matrix containing the singular
values 1;::; 2. The newranke 2r is determined such that

" ZZ 1=2
j #,
j=e+l

where# denotes a prescribed tolerance parameter. Then we s&"*1i"®M 2 R® B o
be the matrix containing the e largest singular values of8"*1i"M and the matrices

Prem. @rem 5 R et contain the rst e columns ofP and O, respectively. Finally,

we computeX”+1 rem — Qn+1 remﬁrem 2 RNx B gnd v n+lirem — @n+1 rem@rem 2
RN" <]

(V) We set Qnﬂ - [Qn+1 ;cons. % n+1 ;rem] and V n+1€__”[@n§1 ;cons. \/ n+1 ;rem] andé)prforgl
a QR-decomposition to obtain X"*1R1 = qr ¥"*1 and V"1R2 = qr Yn*t |
respectively.

(vi) We compute
Qn +1;cons 0 #

n+l _ 1
S =R 0 gn+lirem

Then the new rank rp4+1 is given by rp = e+ 1.

Altogether, this leads to the updated solution "1 = X+l gn*lyn+l> after one time
step at time th+1 = th + t.
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A DLRA scheme for the Su-Olson problem

Thermal radiative transfer problems are a class of kinetic transport equations modeling
the motion of particles that move through and interact with a background medium, for
instance by scattering or absorption. By this interaction the background medium can
heat up and itself emit new particles, enforcing the exchange of energy between particles
and the background material.

In this chapter, we focus on the thermal radiative transfer equations (RTEs) with Su-Olson
closure, leading to a linearized coupled internal energy model, for which the corresponding
background information is given in Section 5.1. In Section 5.2 the method of DLRA is
applied to this system and the continuous DLRA evolution equations obtained with the
rank-adaptive augmented BUG integrator are derived. Section 5.3 discretizes the resulting
eqguations in angle and space and provides an energy stability result for the semi-discrete
time-continuous system. The main method is presented in Section 5.4, where a provably
energy stable space-time discretization is proposed. Local mass conservation, proven
in Section 5.5, is achieved by additional basis augmentations and the implementation
of a conservative truncation strategy. Numerical experiments explained in Section 5.6
underline the theoretical properties before Section 5.7 provides a short summary and
conclusion. The results of this chapter closely follow the presentation in [BEKK?24a].

5.1 Thermal radiative transfer equations

The process of thermal radiative transfer is modeled by two coupled equations, ththermal
RTEs. With absorbing background material they are given in 1D slab geometry by

%@f (tx; )+ @f (tx )= (B(tx) ftx ));
@e(t;x)= H(tx; ) B(x)i ;

where the distribution function f (t;x; ) describes the particle density ande(t;x) the
internal energy of the material. The variablet 2 R* denotes time,x 2 y R represents
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5. A DLRA scheme for the Su-Olson problem

the spatial and 2 =[ 1;1] the angular (or directional) variable. When restricting
the 1D velocity variable to the interval [ 1; 1], using instead ofv corresponds to common
notation. The opacity encodes the rate at which particles are absorbed by the medium
and we use bracketshi, ;hi to indicate an integration over the spatial and the angular
domain, respectively. Moreover, the speed of light is denoted by and the black body
radiation at the material temperature T is denoted byB (T). It can be described by the
Stefan-Boltzmann law

B (T) = acT#

wherea = 4% is the radiation density constant and sg the Stefan-Boltzmann constant.
Further information on the thermal RTEs and their relevance in physics can be found
in [Pom73, BG70, HMDS20]. The above set of equations is not closed and di erent
closures exist to determine a relation between the temperaturd and the internal energy

e [OAHO0O0]. We follow the ideas of Pomraning [Pom79] and Su and Olson [SO97] and set
e(T) = B (T). From this point on, we call B (T) the internal energy of the material.
Further, we perform a rescaling = f—: and by an abuse of notation writet instead of in
the remainder. This leads to the system

@ (tx, )+ @f (tx )= (B(tx) ftx ), (5.1a)
@B (tx)= K (tx ) B(tx)i ; (5.1b)

where without loss of generality we assume = 1. This system is a closed linearized
internal energy model, which is analytically solvable and serves as a common benchmark
for numerical considerations [MELDO8, MHB08a, MHBO08b]. In the remaining thesis, we
call equations (5.1) the Su-Olson problem Note that for the moment we omit initial and
boundary conditions. In subsequent considerations, our studies include the conservation
properties of the derived numerical scheme. For the Su-Olson problem, the mass and the
momentum of the system are de ned as follows.

De nition 5.1  (Macroscopic quantities). The mass and the momentum of the Su-Olson
problem are de ned as
Z Z
(tx):=  f(;x )d + B(tx) and a(tx):= f (tx )d:

In particular, the Su-Olson problem satis es the local conservation law
@ (tx)+ @u(t;x)=0: (5.2)

Numerical solution of the thermal RTEs.  Constructing numerical schemes for the so-
lution of the Su-Olson problem (5.1) is challenging. First, the potentially sti opacity
term on the right-hand side of both equations presented in (5.1) must be treated by an
implicit time integration scheme. Second, for 3D spatial domains the computational costs
and memory requirements for nely resolved spatial and angular discretizations become
prohibitive. A widely used strategy to address this issue is to choose coarse numerical

50



5.2. Continuous DLRA equations for Su-Olson

discretizations and mitigate numerical artifacts [Lat68, Mat99, MWLPO03] which arise
due to the insu cient resolution, see e.g. [CFKK19, FKCH20, AS01, Lat71, Tenl16]. De-
spite the success of these approaches in a large number of applications, the requirement
of picking user-determined and problem dependent tuning parameters can render them
impracticable.

Thermal RTEs and DLRA. Another approach to deal with the high dimensionality
of the problem is the application of DLRA methods, which are able to yield accu-
rate solutions while not requiring an expensive o ine training phase. Earlier work on
radiative transfer with DLRA methods has focused on asymptotic-preserving schemes
[EHW21, EHK24, FKP25], mass conservation [PM21], stable discretizations [KEC23],
imposing boundary conditions [KS23], and implicit temporal discretizations [PM23]. A
discontinuous Galerkin discretization of the DLRA evolution equations for thermal radia-
tive transfer has been proposed in [CFK22]. In this chapter, we focus on energy stability
and mass conservation results for the thermal RTEs with Su-Olson closure.

5.2 Continuous DLRA equations for Su-Olson

We begin with a formulation of the continuous DLRA equations for the Su-Olson problem
presented in (5.1). The distribution function f is approximated as

Xt
f(tx; ) Xm(tGEX)Sm ()V (1 );

m; =1

wheref X (t;x) : m = 1;:::;rg are the spatial orthonormal basis functions andfV (t; ):
=1;::;;rg are the angular orthonormal basis functions. To simplify notation, we identify
f with its low-rank approximation f, and, throughout the following considerations, denote
both the full rank and the low-rank solution by f. All theoretical considerations are
performed in one spatial and one angular variable. However, an extension to higher
dimensions is straightforward.
The rank-adaptive augmented BUG integrator introduced in Section 4.2.2 is employed in
its continuous formulation and the corresponding evolution equations for system (5.1) are
derived. In the rst step, the DLRA evolution equations for the particle density (5.1a)
are given as follows: P
K -step: Wepwrite K (tx) = |23 Xm (tX)Sm (t). This leads to the representation
f(tx )= " K (tx)V"( ) for the low-rank approximation of the solution, where
V" () denotes the set of angular orthonormal basis functions, which is kept xed in
this step. Inserting this representation of f into (5.1a) and projecting onto Vpn ( ) yields
the PDE

X
@K, (tx) = @K (tx) Vs v o+ B(tx)hi Kp(t;x) : (5.3a)
=1
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5. A DLRA scheme for the Su-Olson problem

Together with the initial condition K (t,;x) = P f=1 X (X) Sh , the spatial basis func-
tions X (X) with m = 1;::;;r are updatedpto @,?{fl (x) with m = 1;:::;2r by applying
Gram Schmidt to [K (tas1;X); X5 ()] = = 2 ®pt () Ry - (Note that RL s dis-
carded after this step. We compute and storefl g = 5@{,;*1 ' Xg e
L-step: We wriF; Lm(t; ) = P ", Sm (t)V (t; ). This leads to the representa-
tion f (% )= o1 XM (X)Lm (t; ) for the low-rank approximation of the solution,

f X (x)g denotes the set of spatial orthonormal basis functions, which is kept xed in
this step. Inserting this representation of f into (5.1a) and projecting onto X{)‘ (x) yields
the PDE

X - d ' € S
@Lp(t )= Xpi——Xm Lm(t )+  XgiB(tx) , Lp(t ) : (5.3b)

Together with the initial condition Ly (tn; ) = P '_; S V" (), the angular basis func-
tions V" ( )with =1;::;r are updated to Pn+1 ( )with =1;::;2r by applying Gram
schmidt to L (tnsa; );V7( ) = 2, 971 ()R2 . Note that RZ, is discarded af-
ter this step. We compute and storel@p = On+l V!

Lastly the augmented Galerkin step of the rank-adaptive augmented BUG integrator is

constructed according to:

S-step: We x the updated spatial basis functions Q’},’“l with m = 1;:::;2r and the up-
dated angular basis functions®"*! with = 1;:::;2r and introduce the notation 8, (t) =
a;p=l M mqSep(t)[®p . For an update of the entries S, of the coe cient matrix with
g;p=1;::r we insert the representationf (t;x; )= ﬁ]r; -1 N+ (x) 8, () @+ ()

into (5.1a) and test against 2+ (x) and @"*1 (). This yields the ODE
8 X omt. A gnet g 1y onet. Onet ]
gp (1) = g g om m (1) ¥ (5.3c)

m; =1 X
- - 1
+ R0 B (t;x) ) Qo+ 84p (1)

Together with the initial condition 8, (th) = Mmqsgpl@p we obtain the updated

augmented qua\ntities@{;;1 with q;p=1;::;2r.

r
q;p=1

For the evolution equation of the internal energy we insert all augmented low-rank factors
into (5.1b) and obtain the PDE
” Z

@B (tx) = 21+1 (x) &, (t)ﬁ@””ﬂ 2B (tX) (5.3d)

m; =1

Before repeating this process and evolving the subequations further in time, we truncate
the augmented quantities to a new rankr,+1  2r by using a suitable truncation strategy.
Note, when employing the rank-adaptive augmented BUG integrator we are not limited
to augmenting with the old basis in the K - and L-step.

52



5.3. Discretization in angle and space

5.3 Discretization in angle and space

Having derived the K -, L- and S-step of the rank-adaptive augmented BUG integrator
for the Su-Olson problem, Sections 5.3.1 and 5.3.2 are devoted to the angular and spatial
discretization of the evolution equations. This leads to a semi-discrete time-continuous
system, for which energy stability is proven in Section 5.3.3.

5.3.1 Angular discretization

For the angular discretization a modal representation with normalized rescaled Legendre
polynomials P- ( ) as introduced in Section 3.3.2 is employed. The rescaled Legendre
polynomials constitute a complete set of orthogonal functions on the interval [ 1; 1] and
satisfy P ( );P-( )i = . We approximate

1 l\k 1
V() V.- P () Lm(t ) Lm (O)P-();
=0 =0

and insert these representations into the evolution equations (5.3). We multiply (5.3b)
with Py ( ) and integrate over . In addition, we exploit thePfact that with A 2 RN N

as dened in (3.26) we can rewrite V' ( ); V" () = o LA Vip- Then the
evolution equations with angular discretization are given by

X 1 €p _ S
@K, (tx) = QK (t;x) VA Vi + 2B (t;x) Vgp  Kp(tx) ; (5.4a)
=1 k;" =0
X d &l
Lip (1) = X8 X Lm () Ak (5.4b)
m—€1 X =0 g
+ XpiB(tx) . ko Lkp (1)
N r- . d ~ ' WL N
&p(t) = f@”*l;ff@,?ﬂ 8 (1) QLA Qo (5.4c)
m; —1 X k=0

f 73 5@”*1 B(tx) “+1 8y (1)

For the angular discretization of (5.3d) we obtain the equation

” Z

X .
@B (t:x) = P2 RN (x) 8y () O 2B (tx) (5.4d)

m; =1

5.3.2 Spatial discretization

To derive a spatial discretization, we construct a spatial grid with Ny grid cells and

equidistant spacing x = % Spatially dependent quantities are approximated at the
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5. A DLRA scheme for the Su-Olson problem

grid points x; for j =1;:::;;Ny and denoted by
Xip () Xp(txj):  Kjp (1) Kp(tx);  Bj(t) B(tx)):

Assuming periodic boundary conditions, rst-order spatial derivatives @ are approxi-
mated using the centered FD method. For stability reasons, a di usion term involving

second-order derivatives@y is added. This term is also approximated by the centered
FD method. We employ the tridiagonal stencil matrices DX 2 RNx Nx given in (3.8) and

D 2 RNx Nx de ned in (3.11). Recall that the symmetric matrix A is diagonalizable
in the form A = QMQ ~ with Q being orthogonal andM =diag( o;::; ~n 1) and that

we have de nedjAj = QjMjQ~. The following matrix ODEs are obtained:

1

Xix X
Kip (1) = DX Ki (1) V" A Vi
i=1 =1 k;" =0
X R XX X x nipn; n
+ 7 DJI Ki (t) V JAJk‘ Vkp (55a)
€pi:1 =1 k;‘§0
U 2Bi(OVE Kip )
™ 1oXx X
Lip (1) = Ay Lm (1) Xim Djj Xjp
"=0 m=1 ij =1
X X 1- ; X R n XXy n
My JAe Lom () Xim Di” Xjp (5.5b)
=0 m=1 iij =1 5
” %x
+ ko Bi(MXfy L) ;
j=1
. o X T .
@qp (t) — er:;l Dj)? Qi?n-'-l gm (t) Qn+1 Ak‘ @kr;;l
i;j =1 m; =1 k;*=0
« R ro L :
+ 7 @jr:;l Dj)?X Qi?nJrl gm (t) Qn+1 jAjk‘ anp+1 (5.5(:)
ihj =1 m; =1 i;‘:o

” p*%)( N+ N+
+ 2 B DT 8y(h)
j=1

Lastly, for the internal energy B we receive the spatially discretized equation
Z

@ (= "2 R, oW 280 (5.5d)
€p_ ™ S
= 20t (1) 2B (1) ;

I:>2r

where we use the notation . _;

k‘);gl 8, ()AL = uft ().
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5.3.3 Energy stability of the semi-discrete system

The aim of this section is showing energy stability of the semi-discrete time-continuous
system (5.5). First, a formal de nition of the total energy oé the systgem is presented.

De nition 5.2  (Total energy). Let us denoteu"*! (t) = uj”k"1 (t) 2 RNx N for the
particle density and B (t) = ( Bj (t)) 2 RNx for the internal energy. The quantity

_1 1 2 1 2.
E(t) = > u™t(t) Tt ékB (ke ;

wherek k- denotes the Frobenius anck kg the Euclidean norm, is called thetotal energy
of the system (5.5).

Then, dissipation of the total energy can be shown for system (5.5).

Theorem 5.3 (Energy stability of the semi-discrete system) The semi-discrete time-
continuous system(5.5) is energy stable, i.e. it holdsE(t) 0.

Proof. Let us start from the S-step presented in (5.5c), which is given by

r

R X | n+1l mx Hn+1 R n+1 N+l
Sp (1) = R D Rt 8, (1) P ACY
i =1 m; =1 k=0
W roo N >
P2 rop T Re, ) 0y O
i =1 m; =1 5=

p_Rx o, -
+ 2 B DT 8(t)
j=1

We multiply with f@gﬂ@gﬂ, where =1;:; Ny and =0;::;N 1, and sum over
gand p. Further, the projection operators PjXn+l = érzl o f()j’aﬂ and PY"" =
o, Dot 90+t are introduced. We obtain the representation

%x n+1 l\b( ! n+1
™t (t) = PY DY utt () AP
i;j =1 k;" =0
X %x Xn+l XX hb( ! n+l P Vn+1
+ — i Dii up ™ (1) jAje Py
] ij =1 k;"=0 Z
p 7%x n+ n+
+ 2 PIUBI() PV U™ (1)

j=1
In the next step, we multiply with u"*? (t) and sum over and . Note that it holds

_— W
PX™umt ()= u* (1) and PY" UM () = Ut ()
=1 =0

X
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This leads to

Kx N 1
%% ut () 2 = uit () DX U (1) A
i;j =1 k;"=0
S
+ = n+1 (t) DXX _r]+1 (t)JAJk
) ij =1 k=0 5

p*%X n+1 n+1 2

+ 2 OB (1) ko U (1) £
i=1

Recall that the matrix A can be decomposed a8 = QMQ > with Q being a orthogonal

matrix and M =diag( o;::; ~ 1)- Inserting this representation gives
1d " ) Wx Ny 1 9 " N¢ 1
S Ut () = g (1) D ut™ (1) Qm mQkm
2dt . -
i;j =1 k;"=0 m=0
x R 4 n+l 1 o
+ > n (1) DXX P (D) QmJ mjQkm
i;j =1 k;"=0 m=0 z
p*%x n+1 n+1 2
+ 2 MBj () ko U (1) ¢
j=1
Nl R
= m 8y (DD (1)
m=0 ij =1
X '\k 1- i R n+1 n+l
* J mi (t) Dj* (t)
m=0 i =1 5
” p*XIX n+1 n+l 2
+ 2 MOBj(t) ko U™ () ¢
j=1
Whereen+l (1) := E:o ! ”*1 (t) Qxm - Using the properties of the stencil matrices shown
in Lemma 3.1, we obtaln
” 2 2
1d , RN LT R
e TLAS N () I — D;i up™ (t) A} (5.6)
2dt F 2 .. .
j=1 =0 i=1 k=0 -
” Z
p*%x n+l n+l 2
+ 2 OB (1) ko U™ (1) ¢
j=1

In the following step, we consider equation (5.5d). Multiplication with B; (t) and sum-
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mation over j yields

Z

Xix )
ulo" () Bj (1)
j=1

1d

2 _
5ot kB (DK

2kB (t)kZ (5.7)

Adding the evolution equations (5.6) and (5.7) and using the concept of the total energy
provided in De nition 5.2, leads to

” Z 2
RN RN
E() = > D Uy~ (1) JAJk
j=1 "=0 =1 k=0 .
” Z
+ pé n+1 (t) BJ (t) un+l (t) '2:
j=1 .
" Z
+ 3 u'st () Bj (t)  2kB (t)kZ
i=1 -
” Z 2
RN RN
= > D Ui (t)JAJk
j=1 "=0 =1 k=0 .
” ’\k 1 % Z
x € pi %x
ulot (1) 2Bj (1) WM Tl k)0
j=1 j=1 k=0
Py, Pn 1€ Sz
where in the last step we have rewritten u"*! (t) i = jNgl E:O ”*1 (1)
kB (t)ké = ]N;l (Bj (t))z. The expression obtained is non-positive, WhICh means thakE

is dissipated in time. Hence, the system is energy stable. O

5.4 Discretization in time

The aim of this section is the construction of a conservative DLRA scheme that is energy
stable under a sharp time step restriction. First, the de nition of the total energy is
extended to the fully discrete framework.

€ S
De nition 5.4  (Fully discrete total gnergy). Let u” = uf 2 RY N with entries
Ul = o= X SH W andB" = B[' 2 RVx. The quantity
EN = %ku"ké + %kB”ké

is called the fully discrete total energy at timet,.

Constructing temporally discretized schemes that preserve the energy dissipation shown
in Theorem 5.3 while not su ering from the potentially sti opacity term is not trivial.
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5. A DLRA scheme for the Su-Olson problem

In fact, as shown in Section 5.4.1, a naive IMEX time discretization may increase the
total energy. This unphysical behavior is overcome by carefully constructing an energy
stable space-time discretization in Section 5.4.2, for which rigorous mathematical proofs
are given.

5.4.1 Naive temporal discretization

The analysis starts from system (5.5) which still depends continuously on time. For the
temporal discretization, a naive IMEX Euler scheme performing a splitting of internal
energy and radiation transport is applied. This means that we use an explicit Euler step
for the transport part of the evolution equations, treat the internal energy B explicitly
and apply an implicit Euler step for the radiation absorption term. The evolution from
time t, to time th+1 = th + tis described as follows:

M 1
Kt = K t% px " Kr * VA Vi
ip ip ji [ k> Vkp

i=1 =1 k; =0
X %X XX )q n ’\b( ' NniA; n

+ t7 Dii K VAT Vi (5.8a)
e/~ =1 ks =0

P—
+ ot 2BMVg KOt
1t oox X

Lt =Lkt Ac L%, X{DEX]
=0 m=1 i =1
X ,\b( 1' H X n %x n XX n
ot A LS XERDPXG (5.8b)
=0 m=1 i5j =%
Wx

+1
ot BiXp L
j=1

Hn+1
kp

are oliagned
from a QR-gecompositi_og of the augmented quantitiesf@j’[‘jl =qr Kj’:;’l;xjr,‘J and

The augmented and time-updated spatial basis@jrr‘;l and velocity basié,

ri;)+l =qr ngl;vkr;, , according to the rank-adaptive augmented BUG integrator.

Lastly, a Galerkin step for the augmented bases is performed according to

X X N T .
Qggl — S(?p t erc];l Dj)f Qirr]nﬂ grr:q Qn+1 Ay ri;;l
iij =1 m; =1 k;"=0
Xx X b .
X .
+ ot erg;l Dﬁx Qirs;l S,% Qn+1 JAJk‘ anp+l (5.80)
i =1 m; =1 Zk;‘:o

P _ g‘)n+1 non+1 gn+l
+ t 2 ia BJ Op ap '
i=1
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Py Pn 1P
where §5 = % 7 ¢

dated through

N+ x

Hn+1 ; ;
ap=1 <] i4Sq ”Qk” . The internal energy B is up-

ap kp
” Z
X .
B/ =B+ t P3 Rt gnrr et ot (5.8d)
m; =1 ~

p_—
B+ t  2uyt 2B

However, in Theorem 5.5 we prove that this numerical method exhibits the undesirable
property of potentially increasing the total energy during a single time step. This behavior
is inconsistent with the governing physical principles.

Theorem 5.5. There exist initial value pairs (u";B") and time step sizes t such that
the naive scheme(5.8) results in u"*1:B"*1 for which the fully discrete total energy
increases, i.e. for whichE"*1 > E N,

Proof. We multiply the S-step equation given in (5.8c) with @?{'1 @B*l and sum overq
and p. Together with the projection operators ijn+l = Srzl o+ 5@{;1 and PY"" =
o, Dot 90+t and the de nition of §f, , we obtain

+1 %x Xn+1 ’\5( ! Vn+1
u"t =" t P#  Dj u Ag Py
ij =1 k;"=0
X %X Xn+l XX '\b( ! n:n: Vn+l
+ t7 P; Dii Ui JAje Py (5.9)
i ij =1 ,\k . k;* =0 Z
p*%X Ay N+ ~
£t 02 B Bp By i

j=1 k=0

Let us choose a solutionu and an internal energy B which at all times are constant in
space. Then all terms in (5.9) containing the stencil matricesD* and D** drop out. In
addition, we conclude that all projections in the last term of (5.9) are exact sinceB]’ is
constant in space and g lies in the span of the basis. Hence, it follows that

n €p* n n+1S.
u =u" + t 2B" o u : (5.10)

Let us now setB"*1 = B"*1 and u"*! = u"*t . The scalar valuesB"** and u"*! are
chosen such thatB"*! = p%u””l + , where

Zpé t n+l.

u
2+3 t+4 2( t)%+4 3( t)°

0< <

1

It can be veri ed that the chosen values for B"*1 and u"*! are retrieved after a single
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step of the scheme (5.8) when using the initial conditions

p. § € S

1

B"=B"l+2 t = %u”*l + (1+2 1) (5.11a)
€ _ S p_

u = u™t gt 2B") o= u"t 2 t (1+2 t) o (5.11b)

Inserting the initial values (5.11) into (5.10), we directly obtain u"*! = u"* 4. Similarly,
by inserting (5.11) into (5.8d) we obtain B"*1 = B"*1 . Then we square both of the initial
terms (5.11). This leads to

(Bn)2= Bn+1 2+4 tB.n+1 +4 2( (t)z 2

= g™l %244 ¢ plju”"l + +4 2 t)z 2.
2 € +1 2 P ’ +1 2 2 2 2S
n 2= " 2 2 tu"™@+2 t)+2 () 1+2 1) o:
Summing the rst equation over , the second equation over and , adding the two
terms, and multiplying with % together with De nition 5.4 yields

1Xc€  €p € 555
+7 .

E™ = EN 5 2 t 22 wt 2+2 t+  t(1+2 t)?

=1
Note that E"*1 > E " if
p_ € ,5
2 2 2+2 t+  t(1+2 1t)° >0

Rearranging the inequality gives

p—-
< 2 2 t n+l.

2 2 3 i
2+3 t+4 2( t)°+4 3( 1)

This is exactly the domain is chosen from. Hence, we hav&E"*l > E" and the
unphysical behavior of the scheme (5.8) is proven. O

5.4.2 Energy stable space-time discretization

The naive scheme presented in (5.8) can increase the total energy in one time step. The
main goal of this section is to construct a novel energy stable time integration scheme

for which the corresponding analysis leads to a classic hyperbolic CFL condition which

enables operating up to a time step size of t = Ccp. X

Energy stable DLRA scheme for Su-Olson. For constructing this energy stable scheme,
the original equations are split in two parts, followed by a basis augmentation and a
correction step.
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In detail, we rst solve

Xx X N 1

Kip=Kjp t Df K VAV (5.12a)
i=1 =1 k;‘:o
X %x XX xr n '\5( ! n:na: n.
+ t7 DJI Ki \VA JAJK‘ Vkp1
i=1 =1 k:>=0
n ' X n R n pXyh
Lkp = Lkp t Ak‘ L‘m Xim Djl ij (512b)
"=0 m=1 ihj =1

X o
+ t7 jAj LT, Xim D Xy
=0 m=1 Q=1

The updated bases® of rank 2r and® of rank 2r are obtained from a QR-decomposition
of the augmentgd qu&ntitieslg =gr((K ;X"]) and ® = gr([L ;V"]). Using the
Nx N 17 ¢ ; 0

notation 8% = ¥ Lo Gom1 Pim X3 SHVLY, . we solve theS-step equation
o o
8p=S1 t R,Di N @ A9, (5.12¢)

ihj =1 m; =1 k;"=0
Xx X N 1) .

X .

t ot 2. DX 2N @ jAj Dy

i =1 m; =1 k;"=0

Second, we solve the coupled equations for the internal energg 2 RNx and the zeroth
order moment eg** = (ef;*); 2 RN* according to

w X X R N1
BjnO = Xj?n Sm Vo t Dﬁ Qim Sh Q@ Ao (5.12d)
m; =1 i=1 m; =1 =0
%x r . 1 R € B é
+ t7x D 2., 8" @ jAj, +  t pzsj”ﬂ Ce
i= 0 m; =1 . =0
Bjn+1 — Bjn + t éajngl ZBjn+1 : (5.126)

Following [KEC23], we perform the opacity update only onL = ?b , i.e. we compute

;abs _ 1 .
Lkp =13 thp for p60: (5.12f)
We perform a QR-decomposition® 2sg i@bs> = qr | s tg retrieve the factorized
basis ¥ @ and the coe cients contained in the matrix 8 @S, In the next step, we
augment the basis matrices according to

R € . —S R € N —S
Rl =qgr e)t;® and Pl —qgr e @ S (5.129)
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5. A DLRA scheme for the Su-Olson problem

where e; denotes the rst unit vector in RN . Third, the coe cient matrix is updated to
gn+1 2 R@r+1) (2r+1) through

Bet = Queie @ B s W | ey M QU el N (5.12h)

The updated solution u 2 RN« N is obtained asu"*! = Rn+1 BN+ QN+l | astly, we
truncate the augmented quantities 91+ : 81*1 and ©"*1 from rank 2r + 1 to a new rank
rn+1 by using a suitable truncation strategy such as proposed in Section 4.4.2. This
nally leads to the low-rank factors X "*1;S"*1 and vV "*1. To provide an overview of the
scheme, its main steps are visualized in Algorithm 1.

Proof of energy stability of the proposed low-rank scheme. For showing energy sta-
bility of the DLRA scheme given in (5.12), we rst provide the following auxiliary results.

Lemma 5.6 (Young's inequality, [CR16]). Let 1<p<q< 1 be such that% + % =1
and leta;b2 R*. Then it holds

with equality if and only if aP = K.
Proof. See for instance [CR16]. O

A practically useful result within the framework of Fourier analysis is obtained following
the ideas presented in [KEC23].

Lemma 5.7. Let us de ne the matrix E 2 CNx Nx with entries
E
X . .
Ej = —exp2ix j),; for j; =1;::;Ny;

xJ

where j «j denotes the length of the domain x. Then, E is a unitary matrix, i.e.
EEH = EME = |, where the superscriptH denotes the complex transpose and2 RNx Nx
represents the identity matrix. In addition, it diagonalizes the stencil matrices

D E=E with 2 fx;xx; +9;

and 2 CNx Nx gre the diagonal matrices with entries

€ .
x - 1 el x g2 x :'—sin( );
2 X €
XX = 12 e X 2+e?l X = 22(008() 1);
(x% & ( x)
+ 1 2 i X — 1 1 Si :
= e 1 _—X(cos( Y+isin( ) 1);

where =2 X.
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5.4. Discretization in time

Algorithm 1 Flowchart of the energy stable and mass conservative DLRA sch&miR).

" internal energy at timetn: B’

input ~ low-rank factors at timety: Xj’;n SV
" rank at timety: r
]

[update bases according t®.12a) and (5.12b)]

KipiLkp
{augment bases withX jr,‘.n V! ]

Qjm ;@k

[update coe cient matrix according to(5.12c)]
8

[update zeroth order moment and internal energy according3dl.2d) and (5.12e)}

[perform absorption step according t((5.12f)}
Qm;abs; Qk ;abs

{augment bases Withag+1 and e; according to(5.129)}
er:r-:-l . an+l

[adjust coe cient matrix 8,{*°% according to(5.12h)}

gnrt

AN+ . 1.Q0n+1
‘truncate factors®ft; G+t @7 ’
|
" internal energy at time1 : Bj”+l
output  ~ Jow-rank factors at timetp+q: X j’,‘gl ;SprL sy
" rank at timetp+1: M+

n+l. ,n+1l
Bj 180
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5. A DLRA scheme for the Su-Olson problem

Proof. The assertions follow directly by inserting the de nitions of the matrix E, the
spatial stencil matrices D and the diagonal matrices for 2 fx;xx; +g, assuming
periodic boundary conditions. O

Also the following lemma is indispensable for the proof of energy stability.

Lemma 5.8. Under the time step restriction t X it holds
+1 X +1 i p s ? + N+l i p 122 2
t D*Xu"A 7D""u” jAj X DU AT . 0: (5.13)
F

Proof. We employ a Fourier analysis similar to [KEC23] and use Lemma 5.7 introducing

the matrices E and . Moreover, we recall that the matrix A can be decomposed as
A = QMQ > with Q being orthogonal and M. = dliDag( 0, N 1). Let us denote
bt = %t 2 CNx N with entries bt = J-N:Xl E:o 'E; ujk+1 Qwm. By applying

Parseval's identity as stated in Proposition 3.14, we obtain

t DXUM™IA XD UntjA] S D*unjaji2 2
2 F F
2 2
= tE O"IMQ” —E 0" MjQ> x E T0"MPQ7
F
— t xbn+1M 7X xxbn+1ij 2 X +bn+1ijl:2 '2:
F
X X1 j mj2 J mi ¢ 2
=2 t 51 cos( )j ——j1 cos( )j bt
=1 m=0 ( X) X

A su cient condition to ensure negativity is that for each index m it must hold

J m]
( %)

J m

t ELLLLE
X

5J1 cos( ) j1 cos( )j:

Hence, for t J—m"] equation (5.13) holds. Sincg j 1, we have proven the lemma.
O

We can now show energy stability of the proposed scheme.

Theorem 5.9 (Energy stability of the proposed DLRA scheme) Under the time step
restriction t x the fully discrete DLRA scheme presented in(5.12) is energy stable,
i.e. it holds

1 n+l 2 n+l an+1ly, n+1;> 2 1
2 B e XSV L

[EEN

1 L 2
kB"kZ + 5 Xngny > F: (5.14)

Proof. First, we multiply equation (5.12e) with Bj”+l and obtain

n+1%_ npn+l pé n+l pn+l 2€ n+1
B; = BB+t 8y B, B,
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5.4. Discretization in time

Let us note that

1€ S 1 5 1€ SZ
npn+l _ n+1 n n+1 n .
BPB™ =3 B[ "+ 2 B B B} (5.15)

Inserting this relation and summing over j leads to

1 Xx € +1§2_ 1 X ) 1 Xx € ) S,
5 BrMiT=2" mp? 20 BBy (5.16)
j=1 j=1 j=1
o Poguigen g™
J J J

€ o
To obtain a similar expression for uJ”k+l , we multiply (5.12c) with 5@ @ and sum

over q and p For simplicity of notation, let us introduce u := @q quQp and
un = 5 qp:1 2 S{;pr as well as the projection operatorsPX = = 2, 2 qu and
PY = i, Qkp@p . Then we obtain
R N1 y
u =u" t P D uf A Py (5.17)
ijj =1 k;"=0
X R X XX '\k ' nin; V
+ t7 P Dj Ui JAjie Py
ihj =1 k; =0
Note that with u"™*! =~ 2 Son+1 g+ @“*1 and by construction it holds
?
u’ (1 o)
n+l _ + n+1
u —7 1 "%

Hence, inserting the schemes fou and a”” i.e. equations (5.17) and (5.12d), leads to

. 1
@1+ tHu"t= " t% PX DX * ul A PY
i ji it kT Pk
ijj =1 k;* =0 |
X %x X xx'\k ' nip; \% .
ot P Dj ur jAje P (1 o)
ij =1 k; =0
. 1
+ u" t% DX * ul A
0 i it M0
i=1 “=0 |
x R X1 P .
toto DX ul jAjp + 2 B
i=1 =0
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5. A DLRA scheme for the Su-Olson problem

In the next step, we multiply with u"*! and sum over and . Note that it holds

» 1 % 1 1
P u™ =y (1) and PY uMt = ult:
=1

To be consistent in notation, we change the summation indices in the corresponding terms
from toj and from to k. Let us note that

Kx N 1 K N 1 1€ gz 1 1€ 32(
uj Ut = ARSI A ultt ul T o (5.18)
j=1 k=0 j=1 k=0 2 2 2
This results in
X 1 S X l X 1 S
PR te S Rt Rt S
5 Uk =35 Ujk N Uik~ Uik
_ 2 2.
j=1 k=0 j=1 k=0 j=1 k=0
%Xl\xlnﬂxn X%x'\klml XX (N iAG
t ujk D“ Ui‘Ak‘ + ti ujk DJI Ui‘ JAJK‘
i;j =1 k;"=0 i;j =1 k;"=0
X 1 S
+ t% ,\k un+1 € éB n+l un+1
ik j ko ik
j=1 k=0

Let us now add the zero term t X

] 4 Ho1 K=o Ui TDXUM A and add and subtract
the term  t- N g ul DUl jAj,.. This yields

}%x N 1€u”+132— }%x Nt }%X N le

— un 2 un+1 un %
ik 2 ik ik ik
j=1 k=0 j=1 k=0 j=1 k=0
K N 1
n+l X n n+1
t ujk DJI u;p: Ui\ Ak‘ (l)
ij =1 k;"=0
X %x ,\k ' n+1 M XX n n+l a:
ot Ui D7 Ui up JAje (1
i;j =1 k;"=0
X %x ,\k ' N+l XX, N+l ;i ps
+ t— Ui - D7 U™ jAje (tn
i;j =1 k;"=0
%x ’\X ' n+1 €p* n+1 n+1 :
j=1 k=0

We proceed by analyzing the terms (), (Il), and (lll) separately. Let us start with (I)
and (II) and apply Young's inequality given in Lemma 5.6. For the sum (1) + (Il) this
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5.4. Discretization in time

results in
%X '\X ' n+l X n n+1 %X ,\X ' n+1 XX n n+l A
t U Dji up U A+t Uy Dt up o uT A
i;j =1 k;"=0 i;j =1 k;"=0 Z
%X l\k 1 " ” %X I\X 1e " " <
= t ut - u? Dji uj ™ A > DXX kAT
i=1 °=0 i=1 k=0
« 1
}% '\k unl un+1 2
2 ! )
i=1 "=0 >
” ° 2
( t)z XIX '\k ' %x '\X ' X n+1 XX n+l ‘
+ N Dj A > D JAj e
i=1 =0 j=1 k=0

For (1) we exploit the properties of the spatial stencil matrices given in Lemma 3.1.
This leads to the equality

” Z 2
X%X’\klnﬂ xxn+1 X%X'\kl %X’\Xl n+l
t7 Djiur ™ jAje = t7 D Uy jAjk
ij =1 k=0 j=1 "=0 =1 k=0
Hence, inserting these relations, yields
. 1 & < 1
L XN e n+1SZ 1 Xx ™ o2
) ik 2 Ujk
j=1 k=0 j=1 k=0
( t)zj&x’\kl Rx N 1 -
+ > Dﬁujk Ak‘
izl =0  j=1 k=0
Lo
2DXX Ul jAje (5.19)
” Z 2
L R O U
t7 Dji Uy~ JAJe
j=1 "=0 =1 k=0
Xx Nt +1€p7 " +1é
+ t ank 2B %) ank
j=1 k=0

As for the continuous case, we add equations (5.19) and (5.16) to obtain a time update
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5. A DLRA scheme for the Su-Olson problem

for the total energy introduced in De nition 5.4. This establishes the inequality

1 1 * 2
En+1 n + ( t)z %X '\b( %x hb( DX I']+1Ak DXX n+1 JAJ
k®

i=1 ‘=0  j=1 k=0 2

W RN g N
t— D; ui™ JAj
j=1 =0 =1 k=0
X N1 € S
9N+l pn+l n+1
+ ot 2u;o~ B; Uik
j=1 k=0

;%x €Bjn+1 BjnSZ+ t%)( p2 n+1Bn+1 2€Bjn+1sz
j=1 j=1

Z,

We estimate the opacity term and derive

2
n+1 n ( t)z %X ’\X ' XIX '\k . X N+l XX n+1
E + — Dj Ujk A > D JAj e
i=1 =0 j=1 k=0

Rx N 1T e N1
X )
t7 D;i uh A
j=1 =0  i=1 k=0

X 1 S X S
t% ,\k €péBn+1 un+1Sz }% € I SZ
ik 2 i i
j=1 k=0 j=1

Z,

With Lemma 5.8 we obtain

$ox N 17 g N 10 A2
t Dx n+1Ak 5 Dxx n+1 JAJk
Z,

i=1 =0 j=1 k=0

O SE Ta -
+ n+l :a:1=

X Dji Ui~ JAj 0

j=1 =0 i=1 k=0

for t X. Since the truncation step is designed to not alter the zeroth order moment,
this means that E"**  E" and we can conclude that the full scheme is energy stable
under the time step restriction t X. O

5.5 Mass conservation

A drawback of the DLRA method using the integrators introduced in Section 4.2 is that
physical invariants are not preserved. This problem can be overcome when implement-
ing the rank-adaptive augmented BUG integrator introduced in [CKL22] together with
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5.5. Mass conservation

suitable basis augmentation steps and a conservative truncation strategy as described in
Section 4.4.2. We rst translate the macroscopic quantities given in De nition 5.1 to the
fully discrete setting.

De nition 5.10  (Fully discrete macroscopic quantities). The mass and the momentum
of the fully discretized Su-Olson problem at timet, are de ned as

&l
:p2

p_
= 2+ B and a:

na .-
i i u: Ag:

i

‘=0

Then we can show that besides being energy stable our DLRA scheme ensures local
conservation of mass.

Theorem 5.11 (Mass conservation of the proposed DLRA scheme)The DLRA scheme
(5.12) together with the conservative truncation strategy described in Section 4.4.2 is lo-
cally mass conservative, i.e. it ful lls the local conservation law

€p _ €p _ SS
L5 g P, pn (5.20)
t i i ] j
P X s s P2 K
= 2 D“ u; AO‘ + 2 D“ up; JAJO‘ ;
i=1 =0 i=1 "=0
n P r n gn n n+1 P Mn+1 N+l qn+ly/n+l
where [':= .5 X5 Sm Vg and 7= BT Xt SRt Vg 7. As done before,
we denoteuf, = [ - X[, SR V. This is a discretization of the continuous local

conservation law given in (5.2).

Proof. The conservativeptruncation strategy is designed to not alter the zeroth order

moment, i.e. it holds = 7 _, 208 @ = Uit In addition, the basis aug-

B1entatior]s performed in (5P129) and the adjustment step stated in (5.12h) ensure that
oo Rntenr et = 1 e X SR Combining both, this leads to the
equality
+1 r R R
1 - 1 gn+l 1 - 1 gn+l 1 - 1.
jn+ - Xj?r: Srr’r]1+ V0n+ - X)jrl]]: Qpn+ @On+ - ujna- :
m; =1 m; =1

We irgert this relation into the coupled equations (5.12d) and (5.12¢e) and multiply (5.12d)
with = 2. This yields

P p_ ., b R X R
2™ ="2" "2t DJ 2,8 @ Ag (5.21a)
=l m; =1 =0
p_ R X o € p_ S
€6=1 m; =1 = =0
Bjn+1 - Bjn + t 2 jh+1 ZBjn+1 : (5.21b)
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5. A DLRA scheme for the Su-Olson problem

Due to the basis augmentations withX" and V" introduced by the rank-adaptive aug-
mented BUG integrator it can be concluded that

o N X
Qimgpn @ = Xlrrlnspn V‘n = Uir‘]:

m; =1 m; =1

We insert this relation into (5.21a), add equations (5.21a) and (5.21b), and rearrange
the obtained expression. This leads to the local conservation law (5.20), ensuring local
conservation of mass. O

Hence, equipped with a conservative truncation step, the energy stable DLRA algorithm
presented in (5.12) locally conserves mass.

5.6 Numerical results

In this section, we provide numerical results to validate the energy stable and mass conser-
vative DLRA scheme proposed in (5.12). Sections 5.6.1 and 5.6.2 are devoted to commonly
considered 1D test examples in radiative transfer before in Section 5.6.3 an experiment
in two spatial dimensions is presented.

5.6.1 1D plane source

We consider the thermal RTEs as described in (5.1) on the spatial domain x =[ 10; 10]
and the angular domain  =[ 1;1]. As initial distribution we choose the cuto Gaussian

”
’

.1 1)
u(t=0;x)=max 10 % E———exp M
2 2 2 ic

with constant deviation ¢ = 0:03. Particles are initially centered around x = 1 and
move into all directions 2 [ 1;1]. The initial value for the internal energy is set to
B? = 1 and the opacity to the constant value = 1. For the low-rank computations an
initial rank of r = 20 is prescribed. Note that this setting is an extension of the so-called
plane sourceproblem, which is a common test case for the RTE [GBD 01, Gan08]. In the
context of DLRA it has been studied for instance in [CKL22, KEC23, PMF20, PM21].
We compare the solution of the full coupled-implicit system

n+l n %x,\kl X N X%x’\kl XX NiAG
U ™ = Uk T Dji i A+ t—- DX ul jAjic (5.22a)
i=1 =0 X i=1 =0
+ t §€Bjn+1 Ko ujnk+1 .
p—
Bjn+1 — Bjn + t 2ujna-l ZBjn+1 : (5.22b)
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5.6. Numerical results

to the solution obtained from the energy stable and mass conservative DLRA scheme
given in (5.1%. Weégfiar to (5.2 as thefull system The total mass at time t, is de ned
asm":= x j'\':xl 2uj”0 + Bjn . As computational parameters we useNy = 1000 cells
in the spatial domain and N =500 moments to represent the angular variable. The time

step size is chosen to be t = Ccp X with a CFL number of Ccp. = 0:99.

In Figure 5.1 we present the computational results for trbe solutionf (x; ), the scalar
ux = 191—i Hi and the dimensionless temperatureT = * B at the end time tepg = 8.
Further, the evolution of the rank r in time and the evolution of the relative mass error
W;)mior?nj in time are shown. It is observable that the DLRA scheme captures well the
behavior of the full system. For a chosen tolerance parameter of =10 1k kg the rank
increases up tor = 23 before it signi cantly decreases again. The relative mass error
is of order O 10 3 . Hence, our proposed scheme is mass conservative up to machine

precision. These results con rm our theoretical considerations.

5.6.2 1D external source

For the next test problem, a source term Q (x) is added to the previously investigated
equations, leading to

@ (tx )+ @f(tx )= (BEx) fEx )+ Q(x);
@B (t;x)= KW (tx; ) B (tx)i

This source term generates radiation particles moving through and interacting with the
background material. The interaction is driven by the opacity . In turn, particles heat
up the material, leading to a traveling temperature front, also called a Marshak wave
[Mar58]. Again this traveling heat wave can lead to the emission of new patrticles from
the background material, generating a particle wave. In our example we use the source
function Q(x) = [ o505 (X)=a with a = 4% being the radiation and [ o505 (X)
denoting the indicator function on [ 0:5; 0:5]. The initial value for the internal energy is
setto B? = 50. All other initial settings and computational parameters remain unchanged
from the previous test example given in Section 5.6.1.

In Figure 5.2 we display the numeéical results for the solutionf (x; ), the scalar ux =

p% Hi and the temperature T = * B at a given time point teng = 3:16. We add the same
source term to the full coupled-implicit system (5.22) as well as to the presented energy
stable and mass conservative DLRA scheme given in (5.12) and compare the solution.
Further, the evolution of the rank in time is presented for a chosen tolerance parameter
of #=10 2k Ke . Again we observe that the proposed DLRA scheme approximates well
the behavior of the full system. In addition, a very low rank is su cient to obtain accurate
results. Note that due to the additional source term there is no mass conservation in this
example.
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5. A DLRA scheme for the Su-Olson problem

Figure 5.1: Top row: Numerical results for the solutioh (x; ) of the plane source problem at time
tena = 8 computed with the full coupled-implicit solver (left) and the DLRA scheme (righiliddle
row: Scalar ux (left) and temperatureT (right) for both the full solver and the DLRA scheme.
Bottom row: Evolution of the rank in time for the DLRA method (left) and evolution of the relative
mass error in time compared for both methods (right).

5.6.3 2D beam

To approve computational bene ts of the presented DLRA algorithm, we extend it to a
2D spatial and a 2D angular setting. The corresponding set of equations becomes

@ (tx; )+ rxf(tx; )= BEx) f{tx; ));
@B (t;x)= H (tx; ) B(tx)i

For the numerical experiments letx = (x;y) 2 [ 1,1] [ LlJand =( x; y; 2)2 S?
be represented in 3D Cartesian coordinates as explained in Section 3.3.2. The initial
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5.6. Numerical results

Figure 5.2: Top row: Numerical results for the solutiofi (x; ) of the external source problem at
time teng = 3:16 computed with the full coupled-implicit solver (left) and the DLRA scheme (right).
Middle row: Scalar ux (left) and temperatureT (right) for both the full solver and the DLRA
scheme.Bottom row: Evolution of the rank in time for the DLRA method.

condition of the 2D beam is given by

E E
2 2 2
exp kxk 1 ( x ) +( 2 )

—N-v- — 6 .
f(t—O,X, )—10 2 )% ﬁ 272eXp 22 ’

where = pl—i and 4 = = 0:1. The initial value for the internal energy is set to
B? = 1 and the opacity to the constant value = 0:5. The low-rank computations are
performed witll_:] an inigal rank of r = 100. The total mass at any time t, is de ned as
m":= x vy szxlNy ufo + B' . We perform our computations on a spatial grid with
Ny = 500 cells in x and Ny = 500 cells iny. For the 2D angular discretization, we use
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5. A DLRA scheme for the Su-Olson problem

Figure 5.3: Numerical results for the scalar ux and the temperaturel for the 2D beam problem
computed with the full coupled-implicit solver (left) and the DLRA scheme (right) at timgq = 0:5.

the spherical harmonics method introduced in Section 3.3.2. We consider a polynomial
degree ofN =29, corresponding to 900 expansion coe cients in angle. In general, the
polynomial degree shall be chosen large enough to ensure a correct behavior of the scheme
but still small enough to stay in a reasonable computational regime. The time step size is
chosentobe t= Ccp. X with a CFL number of Ccp. = 0:7. We compare the solution

of the 2D full system corresponding to (5.22) to the solution obtained from the 2D DLRA
scheme corresponding to (5.12). The extension to two dimensrjé)ns is straightforward.

In Figure 5.3 we sh%w umerical results for the scalar ux = 4 f (t;x; )d and the
temperature T =4 ~ 27 B at the end time teng = 0:5. We again observe the accuracy of
the proposed DLRA scheme. For the evolution of the rankr in time and the evolution of

. im® mnj . .. . . .
the relative mass error o J'in time we consider a time interval up to teng = 1:5. In
Figure 5.4 one can observe that for a chosen tolerance parameter #f=5 10 %k kg the
rank increases but does not approach its maximal allowed value afnax = 100. Further,
the relative mass error stagnates at ordelO 10 ! and the DLRA method shows its mass
conservation property. For this setup, the computational bene t of the DLRA method is
signi cant. The scheme is implemented in Julia v1.7 and performed on a MacBook Pro
with M1 chip, resulting in a decrease of run time by a factor of approximately 8 from
20023 seconds to 2509 seconds.
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5.7. Summary and conclusion

Figure 5.4: Evolution of the rank in time for the 2D beam problem for the DLRA method (left) and
evolution of the relative mass error in time compared for both methods (right) until titg = 1:5.

5.7 Summary and conclusion

We have introduced an energy stable and mass conservative DLRA scheme for the Su-
Olson problem. The main research contributions are:

(i) An energy stable numerical scheme with rigorous mathematical proofswe have

(ii)

(i)

shown that a naive IMEX scheme fails to guarantee energy stability. To overcome
this unphysical behavior, a DLRA scheme which advances radiation and internal
energy in a coupled-implicit way has been proposed. In addition, a classic hyperbolic
CFL condition has been derived, enabling to operate up to an optimal time step
size of t= CcpL X.

A mass conservative and rank-adaptive augmented integratorWe have employed

the basis augmentation step described in [CKL22] as well as an adaption of the
conservative truncation strategy presented in [EOS23, EKS23] to guarantee local
mass conservation and rank adaptivity.

Numerical test examples con rming the theoretical properties: We have compared
the numerical results obtained from the DLRA scheme with the solution of the
full system for di erent test examples both in 1D and 2D, underlining the derived

properties while showing signi cantly reduced computational costs and memory
requirements, especially in the 2D setting.

Altogether, we have proposed a novel coupled-implicit energy stable DLRA scheme from
which conclusions on an appropriate discretization strategy regarding stability can be
drawn. For future work, we propose to implement the parallel integrator described in

[CKL24] for further enhancing the e ciency of the DLRA method.
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A multiplicative DLRA scheme for the
Su-Olson problem

For the construction of e cient DLRA schemes the structure of the underlying problem
has to be taken into account. For instance, it has been shown in [EHY21] that for deriving
an e cient DLRA scheme for the non-linear isothermal Boltzmann-BGK equation it is
advantageous to consider a multiplicative splitting of the distribution function. This
allows for a separation of a generally not low-rank Maxwellian from a remaining low-rank
function, to which the DLRA scheme is subsequently applied. To transfer knowledge
about the construction of e cient DLRA schemes from the Su-Olson problem considered
in Chapter 5 to more general kinetic equations such as given in [EHY21], we reconsider
the Su-Olson problem in this chapter and decide on a multiplicative splitting of the
distribution function. One di culty arising in this context is the treatment of the spatial
derivatives. For the temporal discretization again the potentially sti opacity term has to
be taken into account, leading to a coupled-implicit scheme, which is complicated to solve.
In addition, the multiplicative splitting poses further challenges for the proof of energy
stability and for the construction of a DLRA scheme to which we account for instance by
pursuing a \ rst discretize, then low-rank™ approach.

The structure of this chapter is as follows. In Section 6.1 we explain the considered mul-
tiplicative structure and derive two possible systems for the thermal radiative transfer
equations (RTEs) with multiplicative splitting, which in the continuous setting are equiv-
alent. In Section 6.2 a discretization of both systems in angle, space and time is given.
Section 6.3 is devoted to the subject of energy stability. We show that the advection form
of the multiplicative Su-Olson problem is generally not stable in the sense of von Neu-
mann, whereas for the conservative form an energy estimate can be derived under a classic
hyperbolic CFL condition. In Section 6.4 an energy stable DLRA scheme is presented. In
addition, mass conservation is shown in Section 6.5 when additional basis augmentations
and a suitable truncation strategy are used. The numerical results in Section 6.6 con rm
the derived properties before in Section 6.7 a brief summary and conclusion are given.
The results of this chapter closely follow the presentation in [BEKK25b].
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6. A multiplicative DLRA scheme for the Su-Olson problem

6.1 Thermal radiative transfer equations with multiplicative
splitting

We start from the Su-Olson problem given in equations (5.1) and decide on a multiplicative
splitting of the distribution function f of the form

f(tx )=B({tx)gtx ): (6.1)

Similar to [EHY21], we apply a DLRA approach to the function g. For this system, we de-
rive a mathematically rigorous proof of energy stability and a hyperbolic CFL condition.
As resembling in structure, this chapter can be understood as an intermediate step from
the Su-Olson problem treated in Chapter 5 towards more complicated Boltzmann-BGK
problems with multiplicative splitting as treated in [EHY?21], where the time step size of
the proposed algorithm is not theoretically determined by means of analytical consider-
ations but experimentally chosen small enough to ensure good agreement in numerical
experiments. We insert the multiplicative splitting (6.1) into the continuous Su-Olson
problem (5.1) and obtain the set of equations

@tx )= @atx )+ @ otx ) Forleewo  (62a)
g(tx ) ) -
@B (tx)= B (tx) hg(tx )i 2 (6.2b)

which is called the advection form of the multiplicative system. Using the product rule,
it splits up the spatial derivatives for B and g in (6.2a). This corresponds to the form
in which the multiplicative splitting in [EHY?21] is applied to the non-linear isothermal

Boltzmann-BGK equation. Equation (6.2a) can be equivalently rewritten into a con-
servative form, leaving the spatial derivative of Bg together and leading to the system

@(tx; )= @B Gx)atx, N+ @ gtx ) (6.3)

B (t; x)
g(tx ) oy
B(t,Xé @B(t,X), é
@B (t;x)= B (tx) hg(tx; )i 2 (6.3b)

Note that for both systems we omit initial and boundary conditions for now. In subsequent
considerations, our studies include the conservation properties of the derived numerical
scheme. The mass and the momentum of the multiplicative system are de ned as follows.

De nition 6.1  (Macroscopic quantities). The mass of the multiplicative Su-Olson prob-

lem is de ned as
Z Z

(tx):= f(x )d +B(tx)=B(tx) g(tx )d +B(tx):
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6.2. Discretization of the multiplicative system

The momentum is given by
z z
a(tx) = f (tx; )d =B(t;x) g (tx; )d:

In particular, the multiplicative Su-Olson problem satis es the local conservation law
@ (tx)+ @u(t;x)=0: (6.4)

In the following sections, we discretize both sets of equations (6.2) and (6.3) to compare
them in terms of numerical stability. We derive an energy stable DLRA scheme and give
a concrete hyperbolic CFL condition. Note that in contrast to Chapter 5 and to [EHY21],
we rst discretize the equations and then apply a DLRA approach here.

6.2 Discretization of the multiplicative system

In this section, we fully discretize the advection form (6.2) as well as the conservative
form (6.3) of the multiplicative Su-Olson problem. We start with the angular and spatial
discretizations in Sections 6.2.1 and 6.2.2, followed by the temporal discretization in
Section 6.2.3.

6.2.1 Angular discretization

For the angular discretization a modal approach with normalized rescaled Legendre poly-
nomials P- ( ) as introduced in Section 3.3.2 is applied. The rescaled Legendre polyno-
mials constitute a complete set of orthogonal functions on the interval [ 1; 1] and satisfy
Py ();P- ()i = k. We approximate the distribution function g in terms of a nite
expansion with N expansion coe cients of the form

1

gtx; ) o (tx; )= v (Ex)P():
=0

We insert this representation into the advection form (6.2), multiply (6.2a) with Py ( )
and integrate over . Together with the matrix A 2 RN N de ned in (3.26) we obtain
the angularly discretized equations

N 1 € _ S :
@vi (t;x) = Qv (x) A + p2k0 Vi (t; x) \I;k((tt.’:))@B(t;X) (6.5a)
\=0 1
Kty (t;x) _ .
B (t;x)@B (t,X):“\k‘,
L e S
@B (t;x)= B (t;x) 2w (t;x) 2 : (6.5b)
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6. A multiplicative DLRA scheme for the Su-Olson problem

Analogously, we obtain for the conservative form (6.3) the following equations

N S e € 0
@i (t;x) = BEX) @ (B (t;x) v (t;x)) A + 2 ko V(LX) (6.6a)
Vi (6 X) oy -
B(t;x)ep@B () &
@B (t;x)= B (tx)  2w(tx) 2 : (6.6b)

6.2.2 Spatial discretization

For the spatial discretization we construct a spatial grid with Ny grid cells and equidistant

spacing x = % Spatially dependent quantities are approximated as

Bj (t) B (txj); Vik (1) vk (6 x5) for j =1;::; Ny:

Assuming periodic boundary conditions, rst-order spatial derivatives @ are approxi-
mated using the centered FD method. For stability reasons, a di usion term involving

second-order derivatives@) is added. This term is also approximated by the centered
FD method. We employ the tridiagonal spatial stencil matrices DX 2 RNx Nx given in

(3.8) and D** 2 RNx Nx de ned in (3.11). Recall that the symmetric matrix A is diago-
nalizable in the form A = QMQ > with Q being orthogonal andM =diag( o;:; N 1)

and that we have de ned jAj = QjM jQ”. We insert the proposed discretization into the
advection form (6.5) and add a second-order stabilization term for@v. This leads to

R S -
Vik (t) = Djivi () A + — D vir (1) jAjie (6.7a)
i=1 =0 i=1 =0
€ _ S v () XX Ty (), |
+ 2 ko Vi (1) B B; (1) . B Dji Bi (1) Ak
€p _ =t F
B ()= Bj(t)  2vo(t) 2 : (6.7b)

Inserting the discretization into the conservative form (6.6) and adding a second-order
stabilization term to @ (Bv) gives

B e Lo RNl

Vik (t) = B0, Dji Bi (t) vir (1) A + 280, . D Bi (1) vir (t)jAjk
" €pék0 Vik (t)sv ‘gt ((:))Bi(t); (6.8a)

Bj ()= B (t) €p Vo (t) 28: (6.8b)

Note that due to the di erent structure of the equations the stabilization term in (6.7a)
is applied to @v, whereas in (6.8a) it is added for@ (BvV).
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6.3. Energy stability

6.2.3 Temporal discretization

In Section 5.4 it is shown that constructing a fully discrete energy stable scheme for the
Su-Olson problem is challenging. For the advection form we begin with equations (6.7)
and apply an explicit Euler step to the transport terms. The potentially sti absorption
term is treated implicitly and the time derivative @B is approximated by its di erence
guotient. We obtain the following fully discrete space-time discretization

R X1 x X N .
er|1(+1 = ank t Dj)? VPAk‘ + t7 Dj)?XVPJAJk‘ (6.9a)
i=1 =0 i=1 =0
€p_ S wtleg S X N Lyn
+ ot 2k VT ‘E';n B B t 7D BMA;
l& i=1 =0 J
Bn+1 =B+ B n+1 €p ivn+1 28. (6 9b)
j g j jo ' .

which describes one time step from timet,, to time t,+1 = t, + t. For the conservative
form (6.8), we again apply an explicit Euler step to the transport parts, treat the absorp-
tion term implicitly and approximate @B by its di erence quotient. In addition, we add

n+l

the factor "k in the absorption term of (6.8a). This gives the fully discrete scheme

BT
PR E o 1 XL
Vit = i oy DiB"V!A + t——— DX*BVIjAjc (6.10a)
: J Bjn i=1 =0 : 2 Bin i=1 =0 :
gn+l €p, S v+l € S
i 1 jk 1 .
+ t Bjn 2 KO ank+ ) Bjn Bjn+ BJI’] :
Bn+1 _ Bn + tB n+1 €p évn+1 28 (6 10b)
j ! j jo . .

Note that the evolution equations (6.9b) and (6.10b) for the internal energy B are the

same in both schemes. The main di erence of (6.9a) and (6.10a) consists in the distinct
n+l

second-order stabilization terms and the additional factor Bé_n in (6.10a), which will be

]

explained later in the proof of energy stability.

6.3 Energy stability

The goal of this section consists in investigating energy stability of the derived schemes.
Note that this section is closely related to the considerations in Section 5.4. We rst
introduce the following notations.

De nitg)n g.z. In the following considerations, we denoteuj = Bj'vf,. Note that
uh = uj”k 2 RNX€N §orresponds to the angularly and spatially discretizedf (t;x; ) at
time t, and v" = vj”k 2 RNx N corresponds to the angularly and spatially discretized
g(t;x; ) attime t, in representation (6.1).
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6. A multiplicative DLRA scheme for the Su-Olson problem

Then the de nition of the total energy of a fully discrete system can be given.

De nition 6.3  (Fully discrete total energy). Let u" 2 RNx N be the &illy discrete
angular solution to the full Su-Olson problem at time t, and B" = Bjn 2 RNx the
internal energy at time t,. The fully discrete total energy at timet, is de ned as

1
2

1

E" =
2

ku"kZ + ZkB"kZ ;

where k kg denotes the Frobenius andk kg the Euclidean norm.

In Section 6.3.1 it is shown that the advection form (6.9), in general, is hot humerically
stable. Section 6.3.2 presents a proof of energy stability for the conservative form (6.10).

6.3.1 Advection form

We begin with the advection form (6.9) of the Su-Olson problem, which is comparable
to the considered DLRA discretization in [EHY21] for the isothermal Boltzmann-BGK
equation in the sense that the term@ (Bv) is split up into the sum of B@Qv and v@B.
We can show that this scheme is, in general, not von Neumann stable.

Theorem 6.4. There exist initial values v® 2 RNx N and B" 2 RNx such that the
advection form (6.9) of the Su-Olson problem for =0 is not von Neumann stable.

Proof. Let us assume a solutionvj that is constant in space and direction, e.g.vj; =

For this solution all spatial derivatives are zero and the terms containingD *v" and D**v"
in (6.9a) drop out. We further assume that for the opacity it holds =0, i.e. the Su-
Olson problem reduces to a simple advection equation. From (6.9b) we thus derive the
equality Bj”"l = Bjn = Bj, i.e. the internal energy is constant in time. We insert these
results into (6.9a) and obtain

virt = t%X'\kllDXBA ;
k= B i Pifk
=1 =0 DI
Multiplication with B; leads to
n+1 n %X '\5( ' X N .
ujk = ujk t Djl up Ak‘ .
i=1 =0

This is a discretization of @u+ @xu = 0 with an explicit Euler step forward in time and
a centered FD scheme in space. According to Remark 3.16 this discretization is not von
Neumann stable. m

The consideration of this special case demonstrates that for the fully discrete advection
form (6.9) of the multiplicative Su-Olson problem numerical stability in the sense of von
Neumann as described in Section 3.2.3 cannot be guaranteed. In this sense, Theorem 6.4
serves as a motivation to seek a generally stable numerical discretization as done in the
next section.
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6.3. Energy stability

6.3.2 Conservative form

For the conservative form (6.10) we are able to derive a hyperbolic CFL condition and to
show that under this time step restriction the total energy of the system dissipates.

Theorem 6.5 (Energy stability of the fully discrete system). Under the time step restric-
tion t x the fully discrete system(6.10) is energy stable, i.e. it holdsE"*1  E".

Proof. The proof of this theorem is similar to the proof of Theorem 5.9. We start with
equation (6.10b) and multiply it with Bj”+1. This gives

Bn+1 — B_an+1 + t€Bn+1SZ€p évn+1 Zé
j g M ] jo )
We insert relation (5.15) and sum overj, leading to
Xx € S Xx Xx € S Xx € S, €p _ S
> Bt - ; Bt o5 e 577 O B e o
J:l ]=1 ]:1 ]:1
(6.11)
e .
To obtain a similar expression for uj”kJ'l , we multiply (6.10a) with B'*™* Bj”vj’f("l, sum
overj and k, and use the notationuf, = B;'vj . We obtain
R M1 € 5 XM %!? Xx M1
Bjn+1 Bjn ank+1 — ujnk ujnk+1 t ujnk+l Dj)? uir] Ak‘
j=1 k=0 j=1 k=0 ij =1 k=0
X%X’\Xlnﬂ XX NA
+ t7 Ui - D Ui jAjie (6.12)
ij =1 k;"=0
X N 1g " " €p _ +1v
j=1 k=0
%)(I\k " n+1€n+1v€ n+1 nS
Bi™ viem BT B
j=1 k=0

n+l

Note that for this step the additional factor Bé_n in (6.10a) is crucial. We insert relation
]
(5.18) into (6.12), put the last term of (6.12) to the left-hand side and rearrange. Then,

X 1 S X 1 X 1 S
1RXE S XX "2 1 XX €u”+1 u‘ns2 6.13)
2 ik T 9 jk 2 ik ik :
j=1 k=0 j=1 k=0 i=1 k=0
%X ’\k ' n+l X N X %X ’\k ' N+l XX, NiA;
t ujk DJI ui‘Ak‘ + t— ujk DJI ui‘JAJk‘
i;j =1 k;"=0 i;j =1 k;"=0
XN le & g S
+ t Bjn+1 er|1(+1 2 Ko ank+1
j=1 k=0
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6. A multiplicative DLRA scheme for the Su-Olson problem

In rlge ne>g step, we add arti cial zero terms to the equation. Adding the zero term
Ny N 1

t el o0 ank+l DXul™ A and adding and subtracting the second-order term
gox N TN Lyl pxcgntliag . leads to
2 ij=1 k=0 Yk Pijim U T IAK
1%XI\X 1€ n+1éz 1%X'\X ' 2 1%X’\k 1€ n+1 nSZ
— u: = — u; — u. U:
jk 2 ik 2 ik jk
j=1 k=0 j=1 k=0 j=1 k=0
%x '\k ' n+l X n n+1
t U DUt U Age 0]
i;j =1 k;"=0
X R ,\k ’ n+1 —xx n n+l A
+ ot U Djit ui o up JAJe (1
i =1 k' =0
X R '\k ' N+l XxXx, N+l:a
i;j =1 k;"=0
Xx N 1g S €p_ S
+ t Bjn+1 er|1(+1 2 Ko ank+1
j=1 k=0

We proceed by analyzing the terms (1), (Il), and (1) separately. Let us start with (1)

and (Il) and apply Young's inequality given in Lemma 5.6. For the sum (I) + (ll) this
results in

%X '\k . n+l X n n+1 X %x '\X ' n+1l ~ Xx n n+l pa;
t Ui Dji up U A+t U Djit ui up JAje
i =1 k;"=0 ijj =1 k;"=0 5
%X '\b( ' n n+l ” %x ’\k t X N+l X XX N+l ‘
=t ur Uy Dji i~ A Dyt A
i=1 =0 j=1 k=0
« 1
1% X n n+l1 2
é up u;
i=1 =0 ~
l ” Z 2
L (2R R X ‘

; DU A DR U A

izl ‘=0  j=1 k=0

For (I11) we exploit the properties of the stencil matrices given in Lemma 3.1. This leads
to the equality

” 2 2
X XIX ,\b( ' N+l XX, N+l i p; — X %X '\k ' %x ’\k ! + N+l :a:172
t— Ujk Dji U " JAe = t—2 Dji Uy~ JAJ

ij =1 k;"=0 j=1 °=0 i=1 k=0
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6.3. Energy stability

We insert both relations and obtain

}%X'\k le .”+1§2 }X’X'\X 1

u ul 2
jk ik
j=1 k=0 j=1 k=0
(2R RN
i=1l =0  j=1 k=0
P
X .
= DIF Ui 1A
, Z,
RN RN
t7 Dji Uy~ JAJ
j=1 °=0 i=1 k=0
X I\k ’ n+1 n+1 5y n+1v
ot B Vi 2o Vi
j=1 k=0
With Lemma 5.8 we can conclude that under the time step restriction t X it holds
1 = 1
1 X N olg S, 1 Xx N )
= ank+l > ufl (6.14)
j=1 k=0 j=1 k=0
Xx N 1g S €p _ S
+ ot B/ ank+1 2 ko vj”k+l
j=1 k=0

To obtain an expression for the total energy of the system given in De nition 6.3, we add
equations (6.14) and (6.11). This yields

1% € g, XN le & g S
E™E" S B B T+t BN VR T 240 VR
j:l J:l k=0
Xx € S,€p_ S
+ t Bjn+1 Zvjna'l 2
=1

=] €
The term % szxl Bj”+1 Bjn is non-positive. The remaining two terms on the right-
hand side can be rewritten and bounded as follows:

XN le 8 gy 5 X<€  S€p_ 5
t Bjn+1 ank+1 2 KO ank+l + t Bjn+l 2V1n8'1 2
j=1 k=0 i=1
N le 5§ € § p_

t Bjn+1 ank+1 +2 2ank+l Ko 2 Ko
j=1 k=0
Xx N 1e S, € _ S
= t le’l+l er|1(+1 P 2 xo 0]
i=1 k=0
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6. A multiplicative DLRA scheme for the Su-Olson problem

Hence, we have shown that under the time step restriction t X it holds E"*1  EN,
and the system is energy stable. O

6.4 Energy stable DLRA scheme for multiplicative Su-Olson

Having attained an energy stable discretization of the multiplicative Su-Olson problem,
its practical implementation can still pose numerical challenges such as large memory
demands and computational costs, especially in higher-dimensional settings. To overcome
these problems, we apply the concept of DLRA fo the energy stafgle cogservative form
(6.10) of the Su-Olson problem to evolvev" = va( to v?*1 = ank+1 . First note
that for the derivation of the DLRA scheme we rewrite the equations given in (6.10). In
(6.10a), we put all terms containing ank+1 to the left-hand side and divide by 1 + t.

Further, we multiply (6.10b) with B%. This establishes the system
]

Bjn+1 n+l _ 1 n t 1 R X X pNy,N
B.” ij - 1+ thk l+ tﬁ DjiBiVi\Ak‘ (615a)
J J i=1 "=0
1 p_ n+l
t  x 1 XX 2 tB
+ - D¥*B"NjAje + — ) ;
1+ t2B it BEVEIAL T B kO
BN+l BN+l €p _ S
J — J 1 .
Bn 1+ t? 2anc;r 2 (6.15b)

J J

In what follows, we derive an energy stable and mass conservative DLRA discretization
for equations (6.15) which makes use of the rank-adaptive augmented BUG integrator
described in [CKL22] together with additional basis augmentations and a conservative
truncation strategy. In detail, the DLRA scheme works as follows.

P
In the rst step of the scheme, an update of the quantity vj”k = {n; -1 Xj’;n SUSAVAL

_n+1 P S N
to %ij = ﬁ:- =1 Qjm @m Qk is performed fork 6 0. We introduce the notation
] ;
K" = =1 Xim Sm and solve theK -step equation
_ 1 ¢ o1 R oox o et
Kip = 137K 13 tgn DilBi Ki VAR Vi (6.16a)
J i=1 =1 k;‘=0
t Xl%x XX n)q n’\kln.. n.
t I+ 1 2mr DBl KD VAV
I =1 =1 k;‘:o

The updated basis® of rank 2r is derived from a QR-decomposition of the augmented
quantity % = gr([K ;X"]). Moreover, we perform an additional basis augmentation
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6.4. Energy stable DLRA scheme for multiplicative Su-Olson

step according to

(1] <
A > 1 1
Q —qr R:=n DX(®" X"z D™(B" X" | (6.16b)
which ensures the exactness of the corresponding projection operators in the proof of
energy stability of the DLRA scheme. The symbol denotes a pointwise multiplication
and the vector Bl 2 RNx is de ned to contain the elements g for eachj = 1;::;;Ny.

In addition, we compute and store Bl = 9 > X", Note that for this scheme we perform
full rank updates, leading to an increase from rank 2 to 4r. Quantities of rank 2r are
denoted with one single hat and quantities of rank 4 with double hats.

The L- E,tep can be computed in parallel with the K -step. We introduce the notation

km = =1 Sh V' and solve
— 1 n t ,\5( ' A n %X n n%X X 1 n
I pr R Ac  L'm XimBi  Dji ﬁx (6.16¢)
=0 m=1 i=1 j=1
t '\5( ' X n %X n n %X XX 1 n
1+ t 2 JAJk‘ L Xim Bi DI ﬁx
=0 m=1 i=1 j=1

The updated basis® of rank 2r is derived from a QR-decomposition of the augmented
quantity @ = gr([L ;V"]). Moreover, we perform an additional basis augmentation
step according to

. e . ~3
Q@ =g @:ATVAT V" (6.16d)

leading to a new augmented basis?"*1 of rank 4r. This basis augmentation again
ensures the exactness of the corresponding projection operators and will be made clear
in the proof of energy stability of the DLRA scheme later. In addition, we compute and
store @ = @ >vn.

For the S-step, the previously comput%i solutions obtained in theK - and L-step are

used. We introduce the notation §, = Jk B Sik Q k and solve the equation
qu: 1+ tggp
t R o1 K 3o Ne 1) R
e o agr DB Q.8 0. AcQ, (616e)
j=1 i=1 m; =1 k;" =0
t x R s 1 R X e Wy e
Y1y 12 9 Bi Di* B’ Qim Sh 0. JAJk‘Qkp
j=1 =1 m; =1 k; =0

In the next step, we consider the equations forkk = 0. In this case, the expressions for
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6. A multiplicative DLRA scheme for the Su-Olson problem

B-n+1 B_n+1
gTej”gl and -5+ are coupled and we solve the system
] J

jn+1 n+1 1 X n oh y\/n
B 90 T 17 ¢ Xjm Sm Vo
J m; =1
t 1 Xx X s '\k 1,
=1 m; =1 =0
1
t x 1 Xx X
1287 VB Rash 9
=1 m; =1 =0
P~ n+1
N 2t Bj .
1+ t Bf '
g+l B €p _ S
|;T=1+ thi_n 2¢/0t 2 (6.169)
]

J

€ S € S
Using equations (6.16) and (6.16g)eg ™" = gt andB"* = B! can be retrieved.

n+1 P x 5
The latter is used to multiply the DLRA expression of Bé_n Vi = ﬁ'{. - Qjm @m Qk
J ;

i
. BN . . ,
with the factor Bn—Ll in the form of a transformation step given by
i

B"

Jfrans  _ J .
Kip™™ = ok Kp: (6.16h)
J

From a QR-decomposition we obtain® irans B itrans — gr K '@  Then we perform an
additional basis augmentation step according to

. h R i R h o
Pnil —qr @)1 Q wans and  @"l-qgqr ;@ (6.16i)

where we add‘ig"1 to the updated spatial low-rank basis since the mass of the system

is given by the zeroth order momenteg"l. In the directional basis, we adde; 2 RN .
Again, these basis augmentations ensure the conservation of mass of the DLRA scheme.

Finally, we have to adjust the coe cient matrix from B ians (o Bn+1 o Rlar+1) (r+1) aq
. N . £ S . .
B+l — Qn+1>Q trans transQ e1€] On+l 4 @n+1;> eller On+1. (6.16)

We obtain the updated solution v"*1 = 8n+18n+10Qn+1 5 RNx N |5 4 Jast step, we
truncate the augmented quantities 971 : Bn+1 and ®7*1 from rank 4r +1 to a new rank
rn+1 by using a suitable truncation strategy such as proposed in Section 4.4.2. This
eventually gives the low-rank factors X "*1;S"*1 and V"*1. To provide an overview
of the DLRA scheme, its structure is visualized in Algorithm 2. Note that this scheme
is signi cantly dierent from the one presented in Section 5.4.2 as the multiplicative
structure leads to additional basis augmentations introduced in (6.16b) and (6.16d) as
well as to a di erent solution of the coupled equations given in (6.16f) and (6.169).
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6.4. Energy stable DLRA scheme for multiplicative Su-Olson

Algorithm 2 Flowchart of the energy stable and mass conservative multiplicative DLRA
scheme(6.16).

" internal energy at timetp,: Bn
input " low-rank factors at timety:
~ rank at timetq: r
|
[update bases according ®.16a) and (6.16c)]

FUNRVAY

Jm’

KipiLip
[augment bases withX J?n PV ]
20,
lJ
augment bases Wlﬂb—h— NX DXBMXM . g 12 DBIX]
P P % -
and N_O A V", \=0 jAj,- V" according to(6.16b) and (6.16d)
2.9,
[update coe cient matrix according to(6.16e)]
8,

[update zeroth order moment and internal energy according@al6f) and (6.16g)}

[perform transformation step according t(ﬁ.leh)] B”+1, J”Jl
’ ;trans, ;trans
Qjm ) gI']']

{augment bases wite) ™ ande; according to(6.16i)}

anr;]rl : @n+1
[adjust coe cient matrix 8" according to(6. 161)}
gn+l
[truncate factors@f‘n;' 1. gn+t 9“"1 }
]
~ internal energy at timetn.g : B/

output  ~ Jow-rank factors at timet,+1 X”+1 SUNERVIS
" rank at timetp+1: M+
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6. A multiplicative DLRA scheme for the Su-Olson problem

Proof of energy stability of the proposed multiplicative low-rank scheme. It can be
shown that the DLRA scheme proposed in (6.16) preserves the energy stability of the full
system given in Section 5.4.2. The rewriting of equations (6.10) into (6.15) as well as the
basis augmentations introduced in (6.16b) and (6.16d) di erentiate this DLRA method
from the existing scheme in Section 5.4.2 and are crucial for the proof.

Theorem 6.6 (Energy stability of the proposed multiplicative DLRA scheme). Under
the time step restriction t x the fully discrete multiplicative DLRA scheme (6.16)
is energy stable, i.e. it holdsE"*1  E".

Proof. Similar to the proof of Theorem 6.5, an estimate for the fully discrete energy
introduced in De nition 6.3 is sought. We begin with the internal energy B and multiply
equation (6.16g) with B/'B"**. This leads to
B_n+1SZ — B_nB_n+1 + t€B_n+1Sz€p év_n(;rl 2 -
j | j j '
We insert relation (5.15) to rewrite the product Bjn Bjn+1 and sum overj, rendering the
expression

Xx € S Xix Xx € S
1 Bn+tl © - 1 Bn 2 1 Bntl gn (6.17)
j j
2j=1 J 2j:1 2j:1 J
Xx € S,€p_ S
+ t B pzngl 2

=1

This is the same equatign as§tated in (6.11) in the proof of Theorem 6.5. To obtain

a similar expression for uj“k+1 , we multiply equation (6.16e) with 12 q Qp and sum
P N Y
over g and p. For simplicity of notation, we introduce v = 3&; 9 q qu@ b and
P Y S ! Y Y
Vo= gfp:l 9 q S{;p@ p as well as the projection operatorsPJX = 3;1 2 q qu and
P ! N
PY = ¥ 0,9, We obtain
1
— 1 n t R X 1 R X ph ’\X n \%
\"/ - 1+ '[V 1+ t PJ ﬁ DJI Bi Vi‘Ak‘ Pk (618)
j=1 =1 k;' =0
1
t x X 1 X "X o
"iaotz  Poan DIFBT VAR
j=1 i=1 k;' =0

P A A . .
Further, we denotev"*! := 3?;:11 Q”q” gggl Q”p"l . From equation (6.16j), we can derive
the equation

Bn+l el Bn+1 -
FV =V (1 0)+ e 0

Hence, inserting the schemes for and e”gl, i.e. equations (6.18) and (6.16f), establishes
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the expression

Bn+1 n+1 n %x X 1 XIX X n'\b< ' n \%
?V (1 + t) = Vv t Pj ﬁ DJI Bi Vi‘Ak‘ Pk
j=1 J =1 k;"=0 |
X%x 1 %X '\5( 1 .
ot P gn DBl VAP @ o)
j=1 Ii=1 k; =0
Xx N 1
Vit DYB Vit Ag:
i=1 =0 |
Kx N 1 N+l
X 1 o pP_ B
i=1 =0

We proceed by employing the fact that we have augmented the spatial basis according
to (6.16b) and (6.16d). This allows us to write any function h’ 2 span (X") and " 2
span (V.") as

XIX X 1 %x XpnNRKh — 1 %x X npn ’\k ' n A\ '\k ' n .
P] ﬁ DJI Bi hi - ﬁ D i Bi hi and h‘ Ak‘ Pk - h A Sy
j=1 Joi=1 i=1 k;" =0 =0
X X X l 1
X pX i% DX*XBMhN = i% D*B"h" and X MiAi-PY = % AMNiA -
i Bn ji Bil BN i Bi JAJK Fi A
j=1 I =1 i=1 k;" =0 *=0

To be consistent in notation, we change the indices from to j and from to k at
this point. The basis augmentations as well as the properties of the projection operators
enable us to obtain a representation of the form

n+1 p_ B‘n+1
é_n ank+1 1+ HY=F@Q «k)+F w+ 2 t JB_n kO
J ]
with
— n l %x X n ' n X 1 %X XX n'\k ' nipa; .
F - ij tﬁ DJI Bi Vi‘ Ak‘ + t?ﬁ DJI Bi Vi‘ JAJk .
=1 =0 =1 *=0

On the right-hand side the factor F (g cancels out. This yields the equation

gn+t 1 Xx N1
é_n Vit @+ )= v tom DiB VA
J I =1 =0
1 n+l
x 1 Xx "X . p_- B
I =1 =0 J

In the next step we multiply this expression with Bj”+l Bj“vj”+1, sum overj and k, rear-

range the obtained equation, use the notationuf, = B['vj, and insert relation (5.18).
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This leads to

X 1 S X l X 1 S
}% X €n+1%_ }% X 2 }% N €un+l unSZ
2 ik T 9 jk ik ik
j=1 k=0 j=1 k=0 j=1 k=0
j&x’\xlnﬂ X N X%x'\klnﬂ XX\ N A
t Ui Djiup A+ t—- Uik~ Diji Vit JA] e
i;j =1 k;"=0 i;j =1 k;"=0
X N 1g S €p _ S
+ t Bjn+1 ank+1 2 KO ank+1 :
j=1 k=0

which is the same expression as in equation (6.13) in the proof of Theorem 6.5. We apply
the same estimates as in the proof of Theorem 6.5 and add the resulting equation and
equation (6.17). Analogously to the proof of Theorem 6.5 and due to the fact that the
truncation step does not alter the zeroth order moment, we obtain energy stability of the
multiplicative DLRA scheme under the time step restriction t X. O

6.5 Mass conservation

The multiplicative DLRA scheme described in (6.16) can be shown to be locally mass
conservative when using a suitable truncation strategy. For instance, the truncation
strategy presented in Section 4.4.2 can be easily adjusted to the considered framework,
which includes quantities of rank 4 instead of 2. We translate the macroscopic quantities
introduced in De nition 6.1 to the fully discrete setting.

De nition 6.7  (Fully discrete macroscopic quantities). The mass and the momentum
of the fully discrete multiplicative Su-Olson problem at time t,, are de ned as

P _
= 2B{'vjp+ B/ and a' =" 2B]
It can be shown that the DLRA algorithm proposed in (6.16) together with the conser-
vative truncation strategy ful lls the following local conservation law.

Theorem 6.8 (Mass conservation of the proposed multiplicative DLRA scheme) The
DLRA scheme given in (6.16) together with the conservative truncation strategy presented
in Section 4.4.2 is locally mass conservative, i.e. it ful lls the local conservation law

1 €p* n+l n+l n+l €p* n n néé
= Tognmt n+l oy g 2BM N+ B! (6.19)
t J J J I J
pi%x X n’\b( ' n pi%x XX n,\k ' N:A;
= 2 D“ Bi A AO‘ + 2 D” Bi Vi‘JAJO‘;
i=1 =0 i=1 =0
P

P
where =" [ X[ Sh Vv and M=

M+1 n+l on+lyyn+1
] ij Sh*Vy ~. As done before,

j m; =1
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P o , - .
we denotevi = [ o X[, SR V. This is a discretization of the continuous local
conservation law given in(6.4).

Proof. The conservativeﬁruncatiqn strategy is designed to leave the zeroth order moment
unchanged, i.e. it holds . _ ann‘;l Bn1@ne1 - vig*. In addition, we know from the
basis augmentation performed in (g.lGi) and the adjustment step stated in (6.16j) that
it holds ~ . _; Qf‘gl 81 @1 - ey Xt spr vyt Combining both equalities,
we obtain

IX+1 )él’ A A
n+l _ n+l qn+ly/n+l _ n+l gn+l n+l _ ,n+l.

m; =1 m; =1

We irEert this relation into the coupled equations (6.16f) and (6.16g). We multiply (6.16f)
with ~ 2(1L+ t), rearrange it, and multiply both equations with Bj”. This leads to

o_ b p_ X ¥ Ny 1
28jn+1 jn+1 - ZBjn Jn 2t Dj)?Bin Qim Sr’% 9 Ap
i=1 m; =1 =0
p_ X X P
£ 2t DFBl R 9 A (6.20a)
i=1 m;gzl "=0
+ tBjn+l 2 €p2 J_n+1 Do
p—
Bjn+1 =B+ tBjn+1 2 jn+1 2 - (6.20b)

Due to the basis augmentations withX" and V" introduced by the rank-adaptive aug-
mented BUG integrator it can be concluded that

X X

r R R
P s QO = N OUNSURVLIERY.A

m; =1 m; =1

We insert this relation into expression (6.20a), add equations (6.20a) and (6.20b), and
rearrange the result. This leads to the local conservation law (6.19), ensuring the local
conservation of mass. O

Hence, equipped with a conservative truncation step, the energy stable DLRA algorithm
presented in (6.16) locally conserves mass.

6.6 Numerical results

In this section, we compare the solution of the DLRA scheme (6.16) to the solution of
the full equations (6.15). We provide di erent test examples in 1D which validate our
theoretical results. Section 6.6.1 reconsiders the 1D plane source problem, whereas Section
6.6.2 is devoted to the 1D Marshak wave problem with external source. Note that in this
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6. A multiplicative DLRA scheme for the Su-Olson problem

chapter we focus on the theoretical di culties arising for a multiplicative splitting of the
distribution function and on proper theoretical results. For this reason we refrain from
higher-dimensional examples but expect the DLRA scheme to equally provide accurate
and e cient solutions similar to the 2D result given in Section 5.6.3.

6.6.1 1D plane source

We rst examine the 1D plane source test case. This is a common test example for
thermal radiative transfer and has already been treated in Section 5.6.1 for the non-
multiplicative Su-Olson problem. We consider the spatial domain x =[ 10; 10] and the

angular domain  =[ 1;1]. The initial distribution is chosen to be the cuto Gaussian
1 .1 ’ 1)
v(t=0;x)= —=max 10 % E——exp & 1° ;
BO 2 2 2 IZC

IC

with constant deviation ¢ = 0:03. The traveling particles are initially centered around

x =1 and move into all directions 2 [ 1;1]. The initial value for the internal energy

is set to B = 1 and for the opacity to = 1. For the low-rank computations an initial
rank of r = 10 is prescribed. This value is chosen smaller than in Section 5.6.1 as we
are concerneg, Wlthé%uantltles of ra§k 4 + 1. The total mass m" at time t, is de ned
asm" = x ¥ = 2Bj'vji+ Bj' . As computational parameters we useN = 1000
cells in the spatial andN =500 moments in the angular variable. The time step size is
determined by t = CcrL x with a CFL number of Ccr. = 0:99.

In Figure 6.1 we compare the solution of the DLRA scheme with the solution of the full

system. It is observable that the solutionf (x; ) as well as the scalar ux = 913 H i
and the dimensionless temperatureT = * B at the end time teng = 8 are captured well

by the DLRA scheme. For a chosen tolerance parameter of = 10 'k kg the rank r

increases up tor = 23 before it signi cantly decreases again. The relative mass error
% is of order O 10 2 | j.e. the proposed DLRA scheme is mass conservative up
to machine precision. These results con rm our theoretical considerations and match the

results of the non-multiplicative Su-Olson problem described in Section 5.6.1.

6.6.2 1D external source

In a second example, an external source tern@ (x) is added to the conservative form of
the Su-Olson system (6.3), leading to

@Ex )= Frn@EEX)atx N+ @ g(tx )
g(tx ) Q(x) .
B(txé@B(tX)-'- B gx)’

@B (t;x)= B (tx) mg(tx; )i 2 :
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6.6. Numerical results

Figure 6.1: Top row: Numerical results for the solutiof (x; ) of the plane source problem at time
tend = 8 computed with the multiplicative full solver (left) and the multiplicative DLRA scheme (right).
Middle row: Scalar ux (left) and temperatureT (right) for both the multiplicative full solver and
the multiplicative DLRA schemeBottom row: Evolution of the rank in time for the multiplicative
DLRA method (left) and evolution of the relative mass error in time compared for both methods

(right).

This test example is known as theMarshak wave problem[Mar58] and has already been
considered in Section 5.6.2 for the non-multiplicative Su-Olson problem. In our example,
we use the source functionQ (x) = [ o505 (X) =a with a = 4% being the radiation
constantand | o505 (X) denoting the indicator function on [ 0:5;0:5]. The initial value
for the internal energy is set to B® = 50. All other initial settings and computational
parameters remain unchanged from the previous test example given in Section 6.6.1.

In Figure 6.2 we compare the solution of the full equations (6.15) to the solution obtained
from the DLRA scheme presented in (6.16). Both schemes are adjusted to take the
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6. A multiplicative DLRA scheme for the Su-Olson problem

additional source term into account. The numerical results for the solutbonf (x; ), for
the scalar ux = 15»1—E Hi and for the dimensionless temperatureT = * B at the end
time teng = 3:16, computed with both solvers, are shown. We again observe that the
DLRA scheme captures the solution of the full system. For a chosen tolerance parameter
of # = 10 3k ke the rank r increases up to a value of = 23. Due to the additional
source term, there is no conservation of mass in this test example. These results con rm
our theoretical considerations and match the results of the non-multiplicative Su-Olson
problem described in Section 5.6.2. However, note that for an accurate solution of the
DLRA scheme a smaller truncation tolerance parameter# as well as a higher rankr
are required, indicating that the multiplicative structure numerically poses additional
challenges.

6.7 Summary and conclusion

We have presented a DLRA discretization for the multiplicative Su-Olson problem that
is energy stable and mass conservative. The main research contributions are:

() A multiplicative splitting of the distribution function: Based on the insights gained
in [EHY21] we have considered a multiplicative splitting of the distribution func-
tion for which the spatial discretization had to be carefully derived. Further, the
multiplicative splitting has required additional modi cations in the DLRA scheme
in order to obtain an energy stable numerical discretization of the problem.

(i) An energy stable numerical scheme with rigorous mathematical proofsWe have
given rigorous mathematical proofs for the energy stability of the derived DLRA
scheme, enabling to deduce a classic hyperbolic CFL condition. This allows to com-
pute up to a maximal time step size of t = Ccp. X, enhancing the performance
of the algorithm.

(i) A mass conservative and rank-adaptive augmented integratoiVe have implemented
the rank-adaptive augmented BUG integrator presented in [CKL22]. Since this
integrator allows for further basis modi cations, we have included additional basis
augmentation steps that ensure the exactness of the projection operators needed for
the theoretical proof of energy stability as well as the local conservation of mass,
which has been guaranteed in combination with a suitable truncation strategy as
described in [EOS23, EKS23].

(iv) Numerical test examples con rming the theoretical properties: We have compared
the numerical results obtained from the DLRA scheme with the solution of the
full system for relevant test examples from the literature, validating the derived
properties as well as the accuracy of the proposed DLRA method.

However, the extension of the considered stability analysis from a linear to a non-linear
problem, for example the isothermal Boltzmann-BGK equation treated in [EHY21], poses
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Figure 6.2: Top row: Numerical results for the solutiofi (x; ) of the external source problem at
time teng = 3:16 computed with the multiplicative full solver (left) and the multiplicative DLRA scheme
(right). Middle row: Scalar ux (left) and temperatureT (right) for both the multiplicative full
system and the multiplicative DLRA schemeBottom row: Evolution of the rank in time for the
multiplicative DLRA method.

additional challenges as the general theoretical setting is signi cantly more di cult. Nev-
ertheless, the analysis performed for the multiplicative Su-Olson problem provides valu-
able insights into the choice of a suitable spatial discretization and stabilization when
considering a multiplicative splitting of the distribution function. This splitting approach
can be extremely useful for the construction of DLRA schemes for more complicated
problems.
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A multiplicative DLRA scheme for the
linear Boltzmann-BGK equation

The Boltzmann equation is a fundamental model in kinetic theory describing a gas that
is not in thermodynamic equilibrium. In its full formulation with quadratic Boltzmann
collision operator as given in (2.10), numerically solving the Boltzmann equation is highly
demanding. Instead, the Boltzmann-Bhathagar-Gross-Krook (BGK) equation (2.11) can
be considered. It simpli es the collision term while maintaining the key properties of the
original equation. Still, especially in higher-dimensional settings occurring in practical
applications, its solution can lead to prohibitive numerical costs. To overcome this last
problem, the method of DLRA is applied to the Boltzmann-BGK equation in this chapter.
Inspired by [EHY21, KS16], a multiplicative splitting of the distribution function of the
form f = Mg is considered, splitting a generally not low-rank Maxwellian M from a
remaining distribution function g. In [EHY21], it has been shown that for the Boltzmann-
BGK equation the remaining function g is of low rank even if the distribution function

f is not (which is not true for the classic additive micro-macro decompaosition). Hence,
in order to obtain an e cient scheme, the DLRA approach is applied to the low-rank
distribution function g. Di culties may arise in the discretization. With the knowledge
gained in Chapter 6 an advection and a conservative form of the evolution equation
for g are derived and a \rst discretize, then low-rank" approach is pursued. Further,
the potentially sti collision term is treated with an implicit temporal discretization.
However, di erent from Chapter 6, the Boltzmann-BGK equation requires another notion
of stability, giving rise to additional complexities in the proof of numerical stability. In
addition, for the construction of the DLRA scheme new ideas for the basis augmentations
as well as an adjusted truncation strategy are necessary.

The structure of this chapter is as follows. In Section 7.1 two possible systems for the linear
Boltzmann-BGK equation with multiplicative splitting are derived. Both systems are
equivalent in the continuous setting. In Section 7.2 a discretization in velocity, space and
time is performed, leading to two di erent fully discretized schemes. It is shown in Section
7.3 that the advection form of the multiplicative linear Boltzmann-BGK equation can lead
to a numerical scheme that is not von Neumann stable, whereas for the conservative form
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7. A multiplicative DLRA scheme for the linear Boltzmann-BGK equation

numerical stability can be guaranteed. Section 7.4 is devoted to the derivation of a DLRA
scheme which together with a suitable truncation strategy is shown to be numerically
stable. Numerical experiments both in 1D and 2D, given in Section 7.5, con rm the
derived results before Section 7.6 provides a brief summary and conclusion. The results
of this chapter closely follow the presentation in [BEKK24b].

7.1 Linear Boltzmann-BGK equation with multiplicative
splitting

We start from the Boltzmann-BGK equation given in (2.11) and restrict it to a 1D setting
of the form

@ (tx;v)+vef (tx;v)= (M1 xv) f(txv); (7.1a)

where f (t;x;v) denotes the distribution function depending on the time t 2 R*, the
spatial variable x 2 x R and the velocity variable v 2 R. The collision frequency
of the particles is set to a constant scalar value . In the de nition of the Maxwellian
equilibrium distribution M [f] as provided in (2.8), the number density n (t;x) can be
replaced by the mass density (t;x), which under the assumption of a unity massm are
the same. We refer to this quantity as thedensity (t;x). An evolution equation for the
density is obtained by integrating (7.1a) with respect to v, resulting in
z
@ (Ex)= @ vf(t;x;v)dv: (7.1b)

Following the considerations presented in [EHY?21], we employ the multiplicative decom-
position

f(xiv)=MIIFItxv)g(txv); (7.2)

which is advantageous for the construction of an e cient DLRA scheme asg is low-rank
even if this is not the case for the Maxwellian. In this thesis, we consider an isothermal
Maxwellian without drift, i.e.

t; x) YA

exp =

M [fI(txv)=

This results in a linear model, which we call thelinear Boltzmann-BGK equation. This lin-
ear model has been extensively studied in the PDE community [Eva21, CCEY20, AAC16]
as well as from a numerical point of view [BCHR20]. In the following considerations, we
provide a stability analysis in the context of DLRA simulation using a multiplicative
decomposition as proposed in (7.2). The stability analysis for the simpli ed problem
provides insight into the numerical scheme that has been used in the literature [EHY21]
dealing with the Boltzmann-BGK equation. In particular, our analysis explains why
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such multiplicative schemes need to take relatively small time step sizes even though the
collision operator is treated implicitly.
We rst insert the multiplicative approach (7.2) into the de nition of the density and

obtain
t; x) z
(t;x) = 452— gt x;v)e Y=2dy;

which can be equivalently rewritten as the identity
z

1= p:;— gt x;v)e V=2dv: (7.3)

Then we insert the multiplicative approach (7.2) into equations (7.1a) and (7.1b), yielding

@(tx;v)= v@a(tx;v)+ (1 g(txv)) g(t(txx\;)@(tX) (7.4a)
g(tXV)
Tl @
@ (tx)= 9127@ (tx) gt x;v)ve V=2dv: (7.4b)

This set of equations is called theadvection form of the multiplicative system. It corre-
sponds to the way the equations are treated in [EHY21]. We can rewrite equation (7.4a)
into a conservative form leading to the system

@a(txv) = (t )@( Ex)gtxv)+ (1 g(txv)) (7.5a)
g(tx;v)
G o0, @ 60
@ (tx)= %@ tx)g(tx;v)ve V' =2dv: (7.5b)

Note that for both systems we omit initial and boundary conditions for now. In the
following considerations, we discretize both sets of equations (7.4) and (7.5) to compare
them in terms of numerical stability. We derive a stable DLRA scheme and give a concrete
hyperbolic CFL condition. Similar to Chapter 6, we rst discretize the equations and then
apply a DLRA approach.

7.2 Discretization of the multiplicative system

In this section, we provide a full discretization of both versions (7.4) and (7.5) of the mul-
tiplicative system. Sections 7.2.1 and 7.2.2 discretize equations (7.4) and (7.5) in velocity
and space, leading to semi-discrete systems. In Section 7.2.3 a temporal discretization is
presented, rendering fully discrete schemes.
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7.2.1 Velocity discretization

For the discretization in the velocity space a nodal approach as described in Section
3.3.1 is employed. We prescribe a certain number of grid pointdN, and determine the
quadrature nodesvs; :::; vy, and weights! q;::;; !y, using the Gauss-Hermite quadrature
rule. This choice accounts for the special structure of equations (7.4b) and (7.5b) and
enables an approximation of the following integrals as

Z v

e Vg(txv)dv kg (X Vi) :

R k=1

An approximation of the velocity-dependent distribution function g(t;x;v) is obtained
from an evaluation at each grid point, i.e. by computing

ok (t;x)  g(t;x;vk) for k=1;::Ny:

Considering the advection form (7.4), this leads to the system

@)= wanE+r @ awx) *e wo (e
Ok (t:x) Y -
Vi (t,X)@ (t!X)’
1 R >
@ 0= P @ EN%EN) W e (7.6)
k=1

which is discretized in the velocity variable. Analogously, for the conservative system
(7.5) the following set of equations is derived:

@)= 5@ Eoat+ @ awa) EEe @0 @7
X ,
@ @)= P= @ X5 () v k@ (7.7

k=1

7.2.2 Spatial discretization

Regarding the discretization of the spatial domain , we construct a uniform spatial grid
with Ny grid cells and equidistant spacing x = ﬁ Spatially dependent quantities are
approximated as

i (1) (tx;) and gk (1) ok (txj) for j =1::; Ny:

Assuming periodic boundary conditions, rst-order spatial derivatives @ are approxi-
mated using the centered FD method. For stability reasons, a di usion term involving
second-order derivatives@y is added. This term is also approximated by the centered
FD method. We employ the tridiagonal spatial stencil matrices DX 2 RNx Nx given in
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(3.8) and D** 2 RNx Nx de ned in (3.11).

We insert the proposed spatial discretizations into the advection form (7.6) and add a
stabilizing second-order term for @g. This corresponds to the method used in [EHY21]
for the non-linear isothermal Boltzmann-BGK equation and leads to the semi-discrete
time-continuous system

X %X

@ ®=  Dig®w* -  Dffgk Oivd (7.8a)
i=1 i=1
gi (1) gk ()X, .
+ 1 e (t i (t D& o (1) vy,
@ g®) T Ty i iOw
1 R R -
iM= p= Dii i (1) gik (1) vi! k€"k™ (7.8Db)
i=1 k=1
X %x %v . . 2—2
+ p= D i (1) gik (t) jvij ! k€™
2 2 i=1 k=1

For the conservative form (7.7) the second-order stabilization term is applied to@ ( 9 ).
We obtain the semi-discrete time-continuous system

a X « x 1 X - o
gk (1) = O Dii i (t) gk (t) vk + 250 Di* i(ok Vi  (7.93)
. gk (O .
1 %X %v 2_2
M= p= Dji i (t) gik (1) vi! k€"<™ (7.9Db)
2 o1 k21
X %x %V XX . . v2=2
t P o Di" i (t) Gik (1) jvkj! k€™

Note that due to the di erent structure of the equations the stabilization term in (7.8a)
is applied to @g, whereas in (7.9a) it is added for@ ( g). This marks an important
di erence between both presented schemes.

7.2.3 Temporal discretization

The temporal discretization has to be carefully derived to obtain a possibly numerically
stable scheme. We start with the semi-discrete advection form presented in (7.8) and
perform an explicit Euler step for the transport part in (7.8a) as well as in (7.8b). The
potentially sti collision term is treated implicitly. This is a reasonable approach and
for instance explained in Section 3.1.2. For approximating the time derivative @ the
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corresponding di erence quotient is used. We obtain the fully discrete scheme

n+1 n %X X AN X %X XX AN iy,
9k = Yk t o Digkvkt t—  Djigiivid (7.10a)
i=1 i=1
€ n+l € IS n - Wx
+ t1l gjnk+1 gjkn jn+1 ) tgjirlj Dji {'Vk;
] I =1
n+1 n 1 R R X NAN v2=2
T th== Dii 'Ok k! ke'k (7.10D)
i=1 k=1
X R R XX NN iy, v2=2,
+ t§p2: DJI i gikJVkJ! ke k==
i=1 k=1

which describes one time step from timet, to time t,+; = tp + t. Considering the
conservative form (7.9), we again perform an explicit Euler step for the transport part

n+l

in (7.9a) as well as in (7.9b). The collision term is treated implicitly and a factor -
is added. The special form of this factor will be explained later in the proof of nurﬁer—
ical stability. As done before, the time derivative @ is approximated by its di erence
qguotient. This leads to the fully discretized equations

1 X 1 X

X ..
Gl =gl  th Di fgkver th DF Naljud (7.11a)
J =1 I i=1
n+1 n+l ¢ g
Ok
J +1 ) +1
* = 1 girl‘< n Jn Jn '
J J
n+1 n 1 R R X NN v2=2
= tho= Diji i Gik Vk! k€' (7.11b)
i=1 k=1
X %x %v . . 2—2
+ IQOZj DY Mgkivki! ke'«™:
i=1 k=1

Note that the discretizations for  given in (7.10b) and (7.11b) are exactly the same.
The main di erences between the naive discretization of the advection form (7.10) and
the proposed scheme (7.11) for the conservative form are the stabilization a® (g) in

(7.}1&), opposed to a stabilization of@g as done in (7.10a), and the additional factor

L— in the collision term of (7.11a).
J

7.3 Numerical stability

Although the derivation of the equations proposed in (7.10) and (7.11) is similar, both
systems di er drastically in terms of numerical stability. We rst introduce the following
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notations for the fully discrete setting.

De nition 7.1 (Fully discgete golution and Maxwellian). The fully discrete solution f
at ime t, is given by f" = f§ 2 RNx Nv with entries

1 2_
f = P5= [gke Y
€
The fully discrete Maxwellian at time t,, is denoted by M" = &2 RN Nvowith
entries

1 2=2.
Mjrll = p? jne Vi .

In this section, both fully discrete schemes presented are compared. In Section 7.3.1 it is
shown that the advection form (7.10) is generally not von Neumann stable whereas for
the conservative form (7.11) a proof of numerical stability is established in Section 7.3.2.

7.3.1 Advection form

We begin with the fully discretized advection form (7.10), which is comparable to the
discretization chosen in the article [EHY21] as the term @ (Mg) is split up into the
sum of M@g and g@M . In [EHY21], numerical experiments are given but no explicit
stability analysis is conducted. In the following part, we provide an example showing that
numerical stability in the sense of von Neumann€ca|%not be guaranteed. e &

j
such that the advection form(7.10) of the linear Boltzmann-BGK equation for =0 is

not von Neumann stable.

Theorem 7.2. There exist initial values g" = ¢f 2 R"x " and "= I 2 RW

Proof. Let us assume a solutiongj that is constant in space and velocity, e.g.gj 1.
For this solution the terms containing D*g" and D**g" in (7.10a) are zero. Let us further

assume that there is no collisionality, i.e. = 0. We insert this information into (7.10a)
and derive
g.”+l € S 1 Xix
g'=1 - 7t Di e

J ii=1

After rearranging the equation, we obtain

Wx
M= D) T
i=1
Multiplication with p2-e Vi=2 |eads to
n+1 n %x XfN .
fjk = ka t Djifika- (712)
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7. A multiplicative DLRA scheme for the linear Boltzmann-BGK equation

This expression corresponds to a discretization of the linear advection equation of the form
@f + v@f =0 with an explicit Euler step forward in time and a centered FD method in
space. According to Remark 3.16 this discretization is not von Neumann stable. O

Indeed, it can be shown that the discretization given in (7.12) is not von Neumann stable
but stable in the sense of De nition 3.8 for relatively small time step sizes [LeV07]. This
matches our numerical insights gained from [EHY21], where the spatial discretization is
comparable to (7.10) and small time step sizes are required.

7.3.2 Conservative form

Having found out that for a certain choice of the initial values the system of equations
(7.10) is not von Neumann stable, we now consider equations (7.11) in terms of numerical
stability. We observe that the advection terms are treated explicitly, whereas the collision
term is treated implicitly. As explained in Section 3.1.2, this leads to a removal of the
potential stiness caused by a large number of collisions. We seek a rigorous proof of
stability under a classic hyperbolic CFL condition, which will be derived in the following
norm.

De nition 7.3 (Stability norm) . For f" = (f{) 2 RNx Nv, the H -norm is de ned as

R Ry
K = "2 fh21eM
j=1 k=1

This corresponds to a Frobenius normk ke with weights P 21 e,

The choice of this norm is inspired by the analysis in [AAC16], where hypocoercivity
for the linear Boltzmann-BGK equation is shown. Di erent from the considerations in
[AAC16], we use a fully discrete analogue to the considered weighteldz—nolgm which also
takes the Gauss-Hermite quadrature into account. Note that the factor 2 does not
a ect the stability but is added for consistency.
At each time step the fully discrete distribution function f and the fully discrete density
are required to ful Il the discrete counterpart of its de nition given in De nition 2.5,
namely the identity

X ,
= fi! ke forall n2 N:
k=1

n

With relation (7.3) this identity can be rewritten in a equivalent formulation as

1 R _
1= P g! (€2 forall n2 N: (7.13)
k=1

We are able to show that the equality given in (7.13) holds for the conservative equations
(7.11) under a suitable choice of the initial condition.
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Lemma 7.4. Let us assume that the initial condition for g satis es
— 0 vi=2 ; .
1= p— Ok ! ke’ forall j 2f1;::Nyg:

Then, for all n 2 N, the equality given in (7.13) holds.

Proof. The proof foIIoI\_zys by induction. For the induction assumption let us assume that
the relation 1 = »2-" v, gf ! «€'%=2 holds for onen 2 N. For the induction step we

begin with equation (7.11a), put the terms containing gj”k‘“1 to the left-hand side and

multiply with  "**. This results in
1+ n+l \n+l _ n4n X DX Ngh + l”x DX Mgl ivii + n+l.
( t) Ok~ = 9k t ji i Gk Vk t ji i Gk JVk] t i

J
i=1 2 i=1

Multiplication with p2-! «€'=2 and summation overk leads to

v

1 -
a+ t) jn+1 p? gjnk+1! kevg_z

k=1
J'n A n vZ=2 1 R R X ngn vZ=2
= pzj gjk' K€K™ tp? D“ igika! KEk™
k=1 i=1 k=1
X R R XX NN vZ2=2 N+l o & Ry vZ2=2
+ tPp= D" i G Jvk]! ke'k ™+ ti P I gek™:
2 i=1 k=1 2 k=1

. . , . P -
We insert the induction assumption as well a5912: A k€<=2 = 1. Then, together

with equation (7.11b), this establishes

1 A 2
@+ P gt e = (1 ) M
k=1
Canceling with (1 + t) J-”+1 gives the desired equality forn + 1, and completes the
proof. O

Also the following inequality is indispensable to show numerical stability of the conserva-
tive system (7.11).

Lemma 7.5. Under the time step restriction maxy (jvgj) t X it holds
2

DX**£"*1 diag (jvij) (7.14)
H

t DXf"*! diag (v)

U)‘N‘ <

T N

x D" diag jwj'? o:

Proof. We employ a Fourier analysis similar to [KEC23] and use Lemma 5.7 introducing

107



7. A multiplicative DLRA scheme for the linear Boltzmann-BGK equation

the matrices E and that diagonalize the stencil matrices according to

D E=E with 2fx;xx; +9;
€
where E are unitary and are diagonal matrices. Let us denoteP*1 = 1’0;” 2
CcNx Nv with entries 02 = © Nx E. £1*1 With Parseval's identity given in Proposition
k j=1 Ej Tjk
3.14 we obtain
- X AR € -1—232
t D*f"*1 diag (vk) 7D"Xfn+l diag (jvij) x DT " diag jwj'"
H
€ S € S
= t D*"! diag vk! eedvi 7"DXXfn+l diag jvij! e
= F
n+1 1=2 123v—4Sz
x D*f dlangkj' ek .
€ S € S2
=t *P*ldiag v ! e 7)( P+l diag juj! ¢ 2eSe)
< F
€
X +bn+1 d|a.g jvkjlzz! Ii-:ze3vf:4
E
%x %v ’ i, 2 2
=2 t(JVkJ)Zjl cos( )j J—kjjl cos( )j !yedi? o
=1 k=1

A su cient condition to ensure negativity is that for each index k it must hold
jvii®
(%)

Hence, for max (jvkj) t X, equation (7.14) holds and we have proven the lemma. [

JVk]

t j1  cos( )j —11 cos( )j:

Using the above results, numerical stability of the conservative form of the equations
proposed (7.11) in theH -norm can be shown.

Theorem 7.6 (Energy stability of the fully discrete system). Under the time step re-
striction maxy (jvkj) t x the fully discrete system(7.11) is numerically stable in the
H -norm, i.e. it holds

fn+1 2

©ok kG

Proof. We multiply (7.11a) with J”"l J”glrl‘:l and put the last term of the equation from

the right-hand to the left-hand side. This results in

n+l n+1 n+l yn+1 n+l \n+1 x n
i=1
X
n+l n+1 XX n n+l n+1 n+1 n+l \n+1
ot gk D Ok vkt TG i 9k
i=1
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o . € >
Multiplication with 2 p1-e “c "~ leads to

€ n+1gz ngn+l n+l R X£N n+1 R XXEN 5y, 7

2 ka :2fjkfjk 2 tfjk Djifika+ t ijk DJI fikJVkJ
i=1 & i=1

+2 tf n+1 €M n+1 f n+1 S

jk jk jk

Note that it holds

nen+l € n+1 n 2 € n+1 n <.

We insert this relation and obtain

12 2 G 0™ o et pxrpuee ¢ odrt DR
jk jk ik jk ik ji Tik Vk ik it Tik JVkJ
& i=1 i=1

€
+1 +1 +1
v2 Myt ofh

In the next step, we multiply with P 21 €32 and sum overj and k. This yields

p__Xx Xv € S )
e F o= kNG 2 A
=1 k=1
P KX +1 3vZ=2
2 2t fjrl]( Dj)? fiﬂvk! keVic= (7.16)
i =1 k=1
p -~ %X %v +1 . . 3y2=2
+ 2 t X ij< DY F ik v ! k™™
i =1 k=1
Po- R R +1€ +1 +1S 3vZ=2
j=1 k=1

; Py n+1 2 n+1
According to Lemma 7.4, we can use the equality k=V1€fjk I e% = g Hence, we
can conclude that the term 2 2t R MR MR a1 @2, which
isID addedpin tht?D next step, is equal to zero. Lemma 3.1 implies that also the term
272t g W fRTDXf vl (i, which is subtracted in the next step, is
equal to zero. Furthermore, we add an arti cial zero tq the equation given in (7.16) by
P P

adding and subtracting the expression 2t x {7y FRTTDERT jyj! eVi=2,
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7. A multiplicative DLRA scheme for the linear Boltzmann-BGK equation

This leads to

Xx XWv €
2 _ 2 pi 2
fretl o= KNk 2 AR
j=1 k=1
P R R n+l ~ X n n+1 3vZ=2
ij =1 k=1
+ pzi t %x %V fn+l DXX fn fn+l H il 3VE=2 II
X ik ji ik ik IVk] * k€ (1
i) =1 k=1
P R R N+l XX § N+L G, 3v2=2
+ 2 t X fjk Difu ™ ivkj ! ke™k (1
i =1 k=1
_ Xx Rv € S
P2 iRt M j?(*lSZ! (€2,
j=1 k=1

Now we analyze the terms (1), (II) and (lIl) separately. Let us start with (I) and (I1) and
apply Young's inequality proposed in Lemma 5.6. For the sum (I) + (I1) this leads to

p— KX +1 +1 3vZ=2
i =1 k=1
pf %X %v 1 1 . 2—2
+ 2 t X F D fie fR™ jvid! eV
i =1 k=1
X Rv € p_p__ S
= P 2Et 2 ik
i=1 k=1 Z

”

2—,
n fiE+l p 1.7ke3vk_4

. <
PR X X P ge-
272t DRftve 5 DT et
j=1
p_Rx R _
2 nooEp % e
i=1 k= ~
i 1 ) 5 )
P— 2%X R R ? X § N+l X S xxen+l ; -( 3vZ2=2
+ 2 (1 Djifjk Vi 7Dji fjk VK] Ie?k™:
i=1 k=1 j=1

For (111) we exploit the properties of the spatial stencil matrices given in Lemma 3.1. We
derive the equality

P R R N+l yXxx¢n+l 5, 3vZ=2
2 t X o "D i vk T e™kT
ij =1 k=1
I'2
P_—— R R R = 2_
= 2 tx DifR tjvig'™ e
j=1 k=1 =1
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We insert both relations and obtain

» Z 2
1,2 2 P 2%x R R +1 X +1 3v2=2
kfn+- kH k fr]kH + 2 ( t) [)ﬁ f;a Vk ‘ES*[)ﬁxfji JVkJ ! ke Vk_
i=1 k=1 j=1
I'o
P R R R +en+ly, 1=2 3v2=2
j=1 k=1 i=1
p__ Xx Wv € éz _
22t FR MR e
i=1 k=1

Together with Lemma 7.5 we can conclude that under the CFL condition max (jvkj) t
X it holds fn+! a k f”ka . Hence, under this time step restriction the proposed fully
discrete system (7.11) is numerically stable in theH -norm. O

In principle, we have shown energy stability according to Section 3.2.4 for equations
(7.11). However, as the consideredd -norm is not directly related to the physical energy
of the system, we refer to it asnumerical stability in the sense that the solution remains
bounded over time.

7.4 Stable DLRA scheme for multiplicative linear
Boltzmann-BGK

In practical applications, the implementation of the full system given in (7.11) may lead
to prohibitive numerical costs, especially when computing in higher-dimensional settings.
To reduce computational and memory demands, we apply a DLRA approach to the
distribution function g. We rst rewrite the conservative form of the equations. In

(7.11a), we put all terms containing gjrl‘(‘“1 to the left-hand side and multiply the equation

with 4. Then equations (7.11) can be written in the equivalent form
i

n L W
GG 0= madh e B (T (7.17a)
J J i=1
x 1 Xx o
t ot mr DR (Tdiwd+
j i=1
n+1 n 1 Kx Wv o s
[ tp? Dji i i k! ke’ (7.17h)
i=1 k=1
X %X %V XX NAN g . V2=2
i t?gzj Dii" oikjv)! k%™
i=1 k=1
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7. A multiplicative DLRA scheme for the linear Boltzmann-BGK equation

We propose a numerically stable DLRA implementation that uses the rank-adaptive aug-
mented BUG integrator presented in [CKL22] for equation (7.17a) together with addi-
tional basis augmentations and a suitable truncation strategy. Note that the scattering
term 1+ t is only applied in the S-step as it does not a ect the span of the basis
functions derived in the K - and L-step. In detail, the DLRA scheme works as follows.

P
We rst substitute gj = [n; =1 Xil Sm V' into the update equation (7.17b) and obtain

1 X X X 2_
=0 te= DF T XRSh o Wwlket? (7.18d)
2 i=1 m; =1 k=1
X %X XX n xr n n %V n: . V2=2
+ tgo? D" i Xim Sm Ve JVi) ! ek
i=1 m; =1 k=1

P
For the K -step, we introduce the notation K" = = [ _; X/}, Sf, and solve

n+l — Jn n 1 R X n X n R n n
Kipw = wrKip ter D 1 K W WV (7.18b)
j J i=1 =1 k=1
x 1 X o N X N X N o Ky .
ot DFTOKD O M wiVgt o Vg
j i=1 =1 k=1 k=1

We derive the updated basis®"*! of rank 2r from a QR-decomposition of the augmented
quantity ¥+ =qr K"™1:X" . In addition, we augment the basis according to

Qn+1 = qr ¢ QN+, nsl 253”+1_§ (7.18c)

This basis augmentation ensures the exactness of the corresponding projection operators
in the proof of stability of the proposed scheme. Its explicit form will be made clear later.
We compute and storefl = 9n+1:>xn_ Note that for this scheme we perform full rank
updates, leading to an increase from rank 2 to 4r. Quantities of rank 2r are denoted
with one single hat and quantities of rank 4 with double hats.

r the L-step, which can be computed in parallel with the K -step, we write L}, =
'_, Sh V" and solve

n+l _ X n R n Jn n X n R n n R X 1 n
Lkp - Lkm ij ﬁxjp t VkLkm Xim i DJI ﬁxjp (718d)
m=1 j=1 j m=1 i=1 j=1 i
X X i n R n n X XX 1 n X n
ot Wdbm o Xim 7 Dt Xpt U X!

m=1 i=1 j=1 j j=1

We derive the updated basis®"*! of rank 2r from a QR-decomposition of the augmented
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quantity @+l = gr L"™L:v" _ In addition, we augment the basis according to

. €. s~ —8
n+1 = qr @I’]+l , |e \' —2@n+1 (7186)

leading to a new augmented basi&"*! of rank 4r. This basis augmentation again ensures
the exactness of the corresponding projection operators and will be made clear later in
the proof of numerical stability. We compute and store R=Q@niryn,

For the S-step, the previoustF;omputed solutions from theK - and L -step are used. We

introduce the notation $f, = /- Sk R and solve
X a T s vVooa N
§n+1 _ ;% Qn+1 Jn ® Qn+1gn X @n+1@n+1
a1+ t ja n+l jm ~m k kp
j=1 Ioom =1 k=1
t Ry, 1 X X Snn R St Gno
T 1 R o DXl Rrign = @ity Qnt (7.18f)
j=1 j i=1 m; =1 k=1
X s X T : Voo X
t —X% Qn+1 1 X DX n * ©n+1 en X On+1 5y, i On+1
1+ t 2 ja Tn+ ji i im  ~m k VKl ¥ip
i=1 J i=1 m; =1 k=1
R S - PR A
1+ iq kp
i=1 k=1

The last step consists in truncating the augmented quantities@n+1 , ©n+1 and B*1 from
rank 4r to a new rank rp+1. We use a modi catiorbof the Euncation strategy described
in Section 4.2.2 that ensures that the equalitypd-" [ _, = ¥4 X1 Sk VM1 e =1
stays valid in each time step and works as follows:

() We set Z = (Zx) 2 RV with entries Zy = p1-! &€= and z = Fic» Where

k ke denotes the Euclidean norm. Further, we setH ; = #n+1Bn+1@n+1:> 77> ang
H, = Pn+1Bn+1@n+1> | 27> iy order to ensure

1= Qnﬂ §n+l @n+l >z
= QneiBneQnei > o Qnel el @t €I zz>S z

(H1+ Hp)Z;

wherel 2 RNv Nv represents the identity matrix and 1 2 RNx the vector containing
the value one at each entry. H1 is a matrix of rank one and for H it holds that
H zz =0.

(i) We compute XH1SH1vH1> =gsyd B+1Qn+1>7>  from an SVD, where X H1 2
R¥;SH12 R, and vH1 2 RNv,

(iii) We compute ® 8> =svd B from an SVD, where®: 68 2 R 4 are orthog-
onal matrices and 2 R* “' is the diagonal matrix containing the singular values
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1,55 4. The new rank e 4r is determined such that
” Z =
i 1=2
2 .
j #,
j=e+l

where # denotes a prescribed tolerance parameter. We se8"2 2 R® ® to be the
matrix containing the e largest singular values of8"*! and the matricesP"2; 8H2 2
R* ®to_contain the rst e columns of® and @ respectively. Finally, we compute
XH2 = @n+1PH2 o RNx B gngyHa = | 2722 ~ @n+1@H2 0 RNy &

(iv) We combine both parts and perform a QR-decomposition to obtain

h\ I €’1 _g
XM™IR1=qr $n+lxHi;xH2 and V"RZ2=gr VvHivHz
(v) We compute
n H #
st 0 R2> .

n+l _ 1
S =R 0 gH:

Then the new rank rp+1 is given by rpe1 = e+ 1.

Altogether, this leads to the updated solution g"*1 = X"*1Sn*1yn+l:> after one time
step at time th+1 = tn + t. To provide an overview of the structure of the proposed
DLRA scheme, its working principle is visualized in Algorithm 3. Note that the notation
using brackets refers to a simpli cation of the algorithm that is explained later in Section
7.5.1.

Proof of stability of the proposed multiplicative low-rank scheme. It can be shown
that the DLRA scheme proposed in (7.18) preserves the numerical stability of the full
conservative system presented in (7.11), which has been shown in Theorem 7.6. The
rewriting of equations (7.11) into (7.17), the basis augmentations in (7.18c) and (7.18e)
and the implementation of the described truncation strategy are crucial for the proof. We
begin with the following de nition.

De nition 7.7 (Low-rank approximation of the fully discrete solution)e The low-rank

approximation of the fully discrete solutionf at time t, is given by f" = jr|l 2 RNx Nv
with entries
P S X n cn n, v2=2.
m; =1

Note that in this notation we do not distinguish between the full solution f" and its low-
rank approximation f at time t,. Then we can show that the DLRA scheme (7.18) is
numerically stable.
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Algorithm 3  Flowchart of the (simpli ed) stable multiplicative DLRA schen{&.18).

" density at timety: J”

input " low-rank factors at timet,: Xji, ; Sy 5V
" rank at timetq: r
|
[update density according t()7.18a)]
n+l

j
[update bases according .18b) and (7.18d)}

K_I"I+1 . Ln‘+1

( augment bases witlX . ; V! ]

L
n+l.(n+1l
R

€ S X
augment bases with "~ R0+ and !, e%=2Q0 "
according to(7.18c) and (7.18e)

Qn+1 9n+1

jm

{update coe cient matrix according to(7.18f)}
Bn+1 (or gn+1)

truncate factors@"*1 Bn+1. 9"*1 (or f@”*l g+t @+ )’

€Qn+l.@n+lé
jm Yk

jm
I
~ density at timety1 : j”+1
output  ~ Jow-rank factors at timetp+1 X”+l SIEHVARS

rank at timetp+1: M+
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Theorem 7.8 (Numerical stability of the proposed multiplicative DLRA scheme). Under
the time step restriction maxy (jvgj) t x the fully discrete DLRA scheme(7.18) is
numerically stable in theH -norm, i.e. it holds

2 2
L2 K KR

Proof. We begin with the S-step given in (7. 18f) multlply it with Q”*l 9”*1 and sum

over g and p. For simplicity, the notation g"** := qul 921*1 g”‘“l 9”” as well as
n+. P n+
the projection operators PX"™ = * & 9”*19”"1 and PY"" = ‘” 9”*19”"1
introduced. This leads to
n+1 %X Xn+1 jn %v Vn+1
= PT wr gkPx
j=1 I k=1
t %X Xn+l 1 %X DX n%V PVn+1
1+ t j n+1 ji i glka
j=1 j i=1 k=1
t X %x X N+l 1 %x %V . . yn+l
1y 12 PP -z Dt ' gkiwiPy
j=1 j i=1 k=1
t %x Xn+1 %V Vn+l A
to— P Py
j=1 k=1
We multiply with (1 + t) 922: n+l 2g0+1) &v*=2 and sum over and . Then,
Ko Wy S
@+ t) %27 n+l g”*l%' e 2
2 T
2 R el 1 2%\/ R n+1 29
= P prxtt L gk P g™t
i =1 i k=1 =1
2 t %x n+1 1 2%)( %V %v n+1 2 —
T B A T
=1 j i=1 k=1 =1
Xix Rix X X
X et 1 2 .. n+1 2
+ tpzj p X s n+l Dj);x n gl jvi] PQ/ gn+1! oV’ =2
j=1; j i=1 k=1 =1
2t R . Ry R
+ P pXTT il 2T gl gt putt
=1 =1 k=1

Using the basis augmentations given in (7.18c) and (7.18e), we can deduce that the
equalities
e o € .S e _
ij Lon+1 29n+1 - jn+1 gjn+1 and pY 1gjn+1! V22 Jn+1, I(ev§=2
=1 =1
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hold. We insert these relations and, to be consistent in notation, change the summation
indices on the left-hand side from to j and from to k. This leads to

Xx Xv €
j=1 k=1
_ 2 R R NN N+l n+l|  v2=2 2t R R Nl o+l X e | avi=2
= F? i9k j "Gk ke F? i Yk Dii i Gk V! k€'
j=1 k=1 j=1 k=1 i=1
+ tp;x R R _n+1gn+1 X DX g iviil er=2
A j ik i i Gk IV ok
=1 k=1 i=1
2 t%x R € n+1 S n+1 v2=2
+ % j 9k I ge'k™:
j=1 k=1

We rearrange the equation, insert the notations from De nition 7.1 and use the relation
stated in (7.15), yielding

p__Xx Xv € S )
i F = kNG 2 A
j=1 k=1
P R X +1 3vZ=2
2 2 t fjrl]( Dﬁfiﬂvk!ke"k‘
ij =1 k=1
pf %X %v +1 . . 3y2=2
+ 2 t X ij< DY F ik vk ! k™™
i =1 k=1
P R R +1€ +1 +1S 3vZ=2
+2 2t fix ™ M LA
j=1 k=1

which is exactly expression (7.16) dealt with in the proof of Theorem 7.6. As the trun-
cation step is speci cally designed to leave these expressions unchanged, we can con-
clude analogously to the proof of Theorem 7.6 that the proposed DLRA scheme de-
creases theH -norm and hence is numerically stable under the time step restriction
maxy (jvgj) t X. O

7.5 Numerical results

To validate our theoretical considerations, we compare the solution of the full equations
(7.17) to the solution obtained by the DLRA scheme given in (7.18) for di erent nu-
merical test examples. Section 7.5.1 reconsiders the 1D plane source problem, before in
Section 7.5.2 a 1D tanh problem with more challenging initial distributions is considered.

In Sections 7.5.3 and 7.5.4 2D test examples are presented in order to investigate the
computational bene t of the DLRA scheme in higher-dimensional settings.
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7.5.1 1D plane source

We begin with the 1D plane source test problem, which has already been treated in
Sections 5.6.1 and 6.6.1 for the (multiplicative) Su-Olson problem. We consider the spatial
domain x =[ 10;10] and choose the initial density to be the cuto Gaussian

” ° ( Z
2
(t=0;x)=max 10 4;J%exp X—Z

with constant deviation ¢ = 0:3. The initial distribution function g is assumed to be
constant in space and velocity and we prescribe

g(t=0;x;v)=1:

We consider a relatively large collisionality by choosing = 10. For the low-rank com-
putations an initial rank of r = 20 is prescribed. As computational parameters we use
Ny = 1000 grid cells in the spatial as well asN, =500 grid points in the velocity domain.
Based on this choice, we obtain max(jvkj) 3105, which is adjusted to the next larger
integer. The time step size is determined by t = CcpL 3—§ with Ccp. = 0:99, according
to the corresponding CFL condition.

Practical implementations show that the basis augmentations to rank 4 performed in
(7.18c) and (7.18e), which are needed for the theoretical proof of numerical stability, may
not be necessary for numerical examples and that the standard basis augmentations to
rank 2r provide similar solutions while being signi cantly faster. For this reason, we
propose to leave out the basis augmentations presented in (7.18c) and (7.18e) in practical
applications. In this case, all quantities with double hats related to rank 4 decrease to
guantities of rank 2r with one single hat. The simpli ed scheme with rank 2r is also
visualized (in brackets) in the owchart of Algorithm 3.

In Figure 7.1 we compare the results for the solutionf (t;x;v) computed with the multi-
plicative full solver, the simpli ed multiplicative DLRA scheme with rank 2 r and the basis
augmented multiplicative DLRA scheme with rank 4r at di erent times up to tgnq = 6.
We observe that the reduced as well as the augmented multiplicative DLRA algorithm
capture the main characteristics of the full reference system. This is also true for the
computational results for the density (t; x) displayed in Figure 7.2. Figure 7.3 shows the
evolution of the rank in time, which for a chosen tolerance parameter of# = 10 Sk Ke
increases up tor = 75 before it signi cantly decreases over time. Note that the evolu-
tion of the rank for the reduced as well as for the basis augmented multiplicative DLRA
algorithm show good agreement as the new rank is displayed after the corresponding trun-
cation step. Further, the evolution of the norm kf kf' in time is illustrated. As expected
from the theoretical results, its value decreases smoothly cover I5ime for all congidered

systems. Agditionally, we displayéthe quantiies * :=max; pi- Y gi!ke%2 and

P _ . 2 .
= min 912: N Oik ! «e"=2 . According to Lemma 7.4, it is essential that they are
both equal to 1, which for the DLRA schemes is ensured by the adjusted truncation step.

It can be observed that this property is ful lled up to order O 10 10 .
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7.5. Numerical results

Figure 7.1: Numerical results for the solutioh (t; x; v) of the 1D plane source problem at tinte= 0
(rst column), t =2 (second column)t = 4 (third column), andt = 6 (fourth column), computed
with the multiplicative full solver (rst row), the reduced multiplicative DLRA scheme (second row),
and the basis augmented multiplicative DLRA scheme (third row).

7.5.2 1D tanh

For the next 1D test problem, a more challenging initial density distribution is considered.
The initial density  is chosen to be

8
3 tanh(x) for x< 1;
(t=0:X)=Bl for x 2 [ 1;1];

“coth(x) 2 for x> 1L

The initial distribution function g is assigned to be constant in space and velocity and we
prescribe

gt=0;x;v)=1:

All other initial settings and computational parameters remain unchanged from the pre-
vious test example given in Section 7.5.1.

In Figure 7.4 a comparison of the numerical results for the solutionf (t;x;v) computed
with the three dierent solvers up to tgng = 6 is given. We observe that both DLRA
algorithms are able to reproduce the full solution. This is also true for the computational
results for the density (t;x) displayed in Figure 7.5. In addition, Figure 7.6 shows the
evolution of the rank in time, which for a chosen tolerance parameter of# = 10 °k Ke
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7. A multiplicative DLRA scheme for the linear Boltzmann-BGK equation

Figure 7.2: Numerical results for the density (t;x) of the 1D plane source problem at time= 0,
t=2,t=4,andt = 6, computed with the multiplicative full solver, the reduced multiplicative DLRA
scheme, and the basis augmented multiplicative DLRA scheme.

Figure 7.3: Left: Evolution of the rank in time for the 1D plane source problem for the reduced
multiplicative DLRA scheme and the basis augmented multiplicative DLRA schevhiédle: Evolution

of the H -norm in time for the multiplicative full solver, the reduced multiplicative DLRA scheme, and
the basis augmented multiplicative DLRA scheniight: Evolution of  in time for the multiplicative

full solver, the reduced multiplicative DLRA scheme, and the basis augmented multiplicative DLRA
scheme. The line corresponding to the full system has the constant value

increases up tor = 93 before it signi cantly decreases over time. Again, the evolution
of the rank for the reduced and for the basis augmented multiplicative DLRA algorithm
nearly coincide. Further, the evolution of the norm kf kﬁ in time is illustrated. Its value
decreases smoothly over time for all considered systems. Additionally, we display the
guantities * and de ned in Section 7.5.1, which are required to be equal to 1. This
property is ful lled up to order O 10 8 for all schemes.
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