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Abstract

The numerical solution of parameter identification inverse problems for kinetic equations can exhibit high
computational and memory costs. In this paper, we propose a dynamical low-rank scheme for the re-
construction of the scattering parameter in the radiative transfer equation from a number of macroscopic
time-independent measurements. We first work through the PDE constrained optimization procedure in a
continuous setting and derive the adjoint equations using a Lagrangian reformulation. For the scattering
coefficient, a periodic B-spline approximation is introduced and a gradient descent step for updating its
coefficients is formulated. After the discretization, a dynamical low-rank approximation (DLRA) is applied.
We make use of the rank-adaptive basis update & Galerkin integrator and a line search approach for the
adaptive refinement of the gradient descent step size and the DLRA tolerance. We show that the proposed
scheme significantly reduces both memory and computational cost. Numerical results computed with dif-
ferent initial conditions validate the accuracy and efficiency of the proposed DLRA scheme compared to
solutions computed with a full solver.

Keywords: parameter identification, inverse problem, dynamical low-rank approximation, radiative
transfer equation, PDE constrained optimization, rank adaptivity
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1. Introduction

A classical problem in medical imaging consists in the reconstruction of properties of the examined tissue
from measurements without doing harm to the human body. In optical tomography, the propagation of
near-infrared light through tissue can be modeled using the radiative transfer equation (RTE) [22, 15, 14].
Neglecting boundary effects, the time-dependent form of this kinetic partial differential equation (PDE) can
be given in one-dimensional slab geometry as

{atfu,x,v)wamf(t,x,v) =0 @) (g (b, v = f (t2,0) O

vl
f(tzovxav) :fin(mvv )

where f(t,z,v) : Rl x Q, x Q, — R denotes the distribution function that describes the repartition
of photons in phase space. Here, t stands for the time variable, x € 2, C R for the space variable and
v € Q, = [-1,1] for the angular variable. An integration over the corresponding domain is denoted by
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brackets (-) and |€2,| measures the length of the domain Q,. The function o (z) represents the properties
of the background medium, indicating the probability of particles at position x to be scattered into a new
direction. We refer to it as the scattering coefficient. At the initial time ¢ = 0 the function fi, (x,v) shall
be prescribed for the distribution function.

The inverse problem associated to the RTE (1) considers the reconstruction of the scattering coefficient
o (z) from measurements. For the theoretical background on inverse problems in general as well as on the
theoretical requirements on o (z) and f (¢, x,v) in the inverse transport problem the reader is referred to [13]
and to the review articles [1, 24], respectively. For the numerical solution of this parameter identification
problem, PDE constrained optimization is deployed. In this setting, we aim for the minimization of the
difference between the measurements and the computed solutions under the assumption of the validity of the
RTE. Similar to recent papers [18, 7, 11, 9], we pursue a gradient-based approach for which in each iteration
the evaluation of both the forward and the adjoint problem is required. Clearly, this can numerically become
very costly, especially in higher-dimensional settings.

To reduce the computational cost and memory requirements for the solution of kinetic equations, dynamical
low-rank approximation (DLRA) [16] can be applied. This approach approximates the kinetic distribution
function f up to a certain rank r as

fltzo)~ Y Xi(tx) Sy (1) V; (tv), (2)

i,5=1

where {X; : i = 1, .., r} are the orthonormal basis functions in space and {V; : j = 1, ..,7} are the orthonormal
basis functions in angle. The matrix S = (S;;) € R™*" contains the coefficients of the approximation and
therefore is called the coefficient or coupling matriz. The idea of DLRA then consists in constraining the
evolution dynamics to functions of the form (2). There are different integrators that are able to evolve the
low-rank factors in time while not suffering from this solution structure. For instance, the projector-splitting
[19], the (augmented) basis update & Galerkin (BUG) [6, 4], and the parallel BUG integrator [5] are widely
used in various areas of research [2, 17, 10, 8].

For the solution of the inverse transport problem associated to (1) the following approach is pursued in this
paper: “first optimize, then discretize, then low-rank”, i.e. we first perform the optimization in a continuous
setting before the resulting equations are discretized and a dynamical low-rank approximation is used. The
main features of this paper are:

— An application of DLRA to a PDE parameter identification inverse problem: The scattering parameter
o (x) is determined by PDE constrained optimization for which after the discretization the dynamical
low-rank method is used. To our knowledge, this is the first paper that combines inverse problems and
DLRA, leading to a reduction of computational effort from O (Nd“'d“) to O (TNmaX(d“d“)) in each
step, where IV denotes the number of grid points in physical as well as angular space and d,,d, the
dimensions in space and angle, respectively.

— A setup close to realistic applications: In most applications measurements are not able to access the full
distribution function but at most angle-averaged quantities, i.e. its moments. We will consider such a
setup here where it is assumed that only the first moment is accessible by measurements. In addition,
optimal tomography commonly relies on a multitude of measurements from different positions which
we incorporate by probing multiple initial values.

— An adaptive gradient descent step size and an augmented low-rank integrator: The minimization is
performed using a gradient descent method for updating the coefficients of a periodic B-spline approx-
imation of o (). Similar to [23], the step size is chosen adaptively by a line search approach with
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Armijo condition. Also the rank of the DLRA algorithm is chosen adaptively by using the augmented
BUG integrator from [4]. This allows us to choose the rank in each step such that a given error
tolerance is satisfied. In the context of optimization, this enables us to start with a comparatively
small rank (when we are still far from the minimum) and then gradually increase the rank as the
optimization progresses, thereby enhancing the performance of the low-rank scheme.

— A series of numerical test ezamples: A series of numerical text examples confirms that for the recon-
struction of the scattering coefficient the application of DLRA shows good agreement with the full
solution while being significantly faster, suggesting that the combination of low-rank methods and
inverse problems is a promising field of future research.

The structure of the paper is as follows: After the introduction in Section 1, the PDE constrained optimiza-
tion procedure for the solution of the inverse parameter identification problem is explained in Section 2.
Section 3 is devoted to the discretization of the forward and the adjoint equations as well as of the gradient
in angle, space, and time, leading to a fully discrete gradient descent scheme. In Section 4, the concept of
DLRA is introduced and subsequently applied to the forward and adjoint equations. An adaptive line search
method for refining the gradient descent step size and the DLRA rank tolerance is presented. Numerical
results given in Section 5 confirm the accuracy and efficiency of the DLRA scheme compared to the solutions
computed with the full solver. Finally, Section 6 gives a brief conclusion and an outlook for possible further
research.

2. PDE constrained optimization

For the reconstruction of the scattering coeflicient o (z) a multitude of Nic measurements shall be taken
into account. We assume the measurements to be generated by a measurement operator M acting on the
angle-averaged solution of the RTE at the final time ¢ = T', that has been generated using the corresponding
initial condition fin . For simplicity, the computed data d,, is assumed to be close to the measurements of
an angle-averaged solution, i.e.

dp, () %M((f,,,m (t:T,x,v)>v) for m=1,..., N,

where fo., (t,z,v) is a solution of

{atfm (8,2, 0) + 0o fon (t2,0) =0 (@) (7 {fn (t,2,0)))0 = fon (. 2,0))

(3)
fm (t:(),l',’[)) :fin,m (l’,’U).

One then tries to minimize the square loss between the simulated angle-averaged solution and the measured

data, i.e. one tries to solve the minimization problem

Nic

minJ (o) with J (o) = ;mz_:l {|{fom(t =T z,0)), — dn (x)’2>z subject to  (3). (4)
Note that this setup is close to realistic applications in the sense as described above. For real-word ap-
plications we point out that the considered setting with one spatial and one angular variable may not be
sufficient. In addition, it is assumed that there is no noise in the measurements which in practical applica-
tions is clearly infeasible. Even though, the results gained from the considered setup can directly be extended
to higher-dimensional settings and give valuable insights into the combination of parameter identification
and DLRA, which this paper aims for.

In Subsection 2.1 we make use of the method of Lagrange multipliers to derive the adjoint equations associ-
ated to the forward problem (3). We then derive the explicit gradient descent step in Subsection 2.2.
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2.1. Lagrangian formulation

To reformulate the PDE constrained minimization problem (4) into an unconstrained optimization problem
the method of Lagrange multipliers is used. Note that from now on, for brevity, we write f,, (¢,z,v) instead
of fom (t,z,v). We aim for a solution of

minﬁ (fl, ...fNIC,gl, ...,gNIC, )\1, ceey >‘N1c70) s

where
LI i) + 3 (om0t + 00— ) (2 (s — 1))
1545 JN1c ot 9m,0tJm xJm ‘Qvl m/y m -
Nic
+ Z <Am7fm (t = O,LL',U) - fin,m((E,v»w,v
m=1

and g, (t,z,v) and A\, (z,v) are Lagrange multipliers with respect to fp, (¢,z,v) and finm (z,v) for m =
1, ..., Nic, respectively. Applying integration by parts and assuming periodic boundary conditions, the
Lagrangian can be rewritten as

Nic

1
£ (oo S + 3 (o= = 0s9m = 0) (g ) =om))
Nic Nic
+ Z <gm(t = T,.]?,U),fm(t = TaJ?aU»a:,v - Z <gm (t = O,a:,v),fm (t = O,J),U»I)v
— m=1
Nic

+ Z <)\m; fm (t = 071',1)) - fin,m (xav»g;’u .

m=1

The corresponding adjoint or dual problems associated to (3) can then be derived by setting E’BTL = 0 for
m =1, ..., Nic. By straightforward calculation one obtains

{_6tgm (t,x,v) — 0029m (t,I,’U) =0 (l‘) (|le‘ <gm (tax’ U)>v —9m (t,l‘,’l))) ) (5)

gm (t =T, 2,0) :*<fm(t:Tvxvv)>v+dm(m)'

The solution of the forward equations (3) as well as the adjoint equations (5) will then be used for the
computation of the gradient in the following gradient descent step.

2.2. Optimization parameters and gradient descent step

When evaluating the scattering coefficient o (x) at each point of the spatial grid and taking these values
as the parameters to be optimized, there are several computational disadvantages. For instance, a huge
parameter space is obtained and very rough functions are part of the ansatz space. To avoid this, we
consider the parametrization of o (z) by splines. In particular, we approximate

Nc
o @)~ 3 b)) (6)
i=1

where N, denotes the finite number of spline functions, B; (z) are the periodic B-spline basis functions,
and ¢; the coefficients of the approximation. In Figure 1 the basis functions for cubic periodic B-splines for
N, =3 and N, = 5 are illustrated.
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Figure 1: Cubic periodic B-spline basis functions for N. = 3 (left) and N. = 5 (right) on different spatial domains.

The gradient descent step for the solution of the minimization problem (4) then updates the coefficients ¢!

to c?“ for i =1,..., N, in each step by determining
dJ (fl s IV )
n+1 n n I j{e]
. = . _ — = R 7
G a de; (7)

ci=cy
where ™ denotes an adaptively chosen step size.
As f,, satisfies the PDE constraints (3) and g, solves the adjoint equations (5) for m = 1,..., Nic, it
holds

‘C(flw--afNIcagh"'7gNlca)‘1)"'7)‘N1070-) = J(f17"'7lec)a
and thus
dJ(f17"'7lec) _ d‘c(fla"'7fN1cagl7"'agNIC7)\1a"'a)\NlcaU)

dCi dci

_ %(85%80+8£%80+ oL BAm30+B£80>
o — Ofm 0o Oc;  0gm Oc Oc; O\, 0o Oc; 0o dc;/

The first three terms again vanish since (3) and (5) are fulfilled, leading to

NIC NIC 1

Y1y frie) _ R 0LO7 _ 5% (IQI (oo (Gl + (s Gds ) B ®)

de; 0o Oc;
m=1 m=1

Hence, we have derived an explicit formulation depending on the forward and on the adjoint equation as
well as on the B-spline basis functions to compute the gradient in the gradient descent step (7).

3. Discretization

For the numerical implementation we discretize the forward problem (3), the adjoint problem (5) and the
gradient (8) in angle, space and time, leading to a fully discrete scheme. We begin with the angular
discretization in Subsection 3.1, followed by a discretization in space in Subsection 3.2 and in time in
Subsection 3.3. Subsection 3.4 then summarizes the fully discrete gradient descent method.
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3.1. Angular discretization

For the discretization in angle we decide on a modal approach making use of normalized Legendre polyno-
mials Py. This is a standard approach that is commonly used for radiative transfer problems and the derived
methods are referred to as Py methods [21, 3, 20]. We use a rescaling of the Legendre polynomials such
that (Py, Py), = i and Py = % holds. They constitute a complete set of orthonormal functions on the
interval [—1, 1]. We expand the distribution functions f,, and g,, for m = 1, ..., Nj¢ in terms of the rescaled
Legendre polynomials and obtain the following approximation

N,—1 N, -1
fm (2, 0) & Z U, (t,2) Py (v)  and g, (t,2,0) =~ Z Wem (t8,2) Py (v) 9)
=0 =0

where the expansion coefficients u (¢, 2) and wy (¢, x), respectively, are called the moments and N, is called
the order of the approximation. We insert these representations into the forward problem (3) as well as the
adjoint problem (5), multiply with Py and integrate over the angular variable v. Using the orthonormality
condition from above and the notation A = (Py,vFP;), leads to

Oppm, (t, x) = — Zé\[:”(;l Oplom (t, 3?) Ao +o (33) Ukm (t, :L‘) (6k0 — 1) , (10)
Ukm (t = 07 .13) = Uin,km (Z‘) 5

for the forward equations and
— W (t,x) = é\/:“’o_l Oz W (t, @) Age + 0 () W (¢, 2) (0o — 1), (11)
W (t=T,2) = (—2uom (t =T, 2) + V24 (x)) Gro,

for the adjoint equations for m = 1,..., Nyo. We collect the entries Ay in the symmetric matrix A =
(Ape) € RNv*No and note that A is diagonalizable in the form A = QMQ' with Q orthonormal and
M = diag(oy, ...,on, ). We then set |A| = QM|QT. For the angular discretization of the gradient we insert
the representations (9) into (8) and obtain

Nic Ny—1
dJ(fl’d—Cl’fNIC) ~ Z (— (uom (t, ) , wom (t,x)), + Z (W (t,2) , Wim (t,ac)>t> B; (x). (12)

m=1 k=0

3.2. Spatial discretization

The discretization in the spatial variable is performed on a spatial grid with N, grid cells and equidistant
spacing Ax = Ni such that
Ujkm (£) R Ukm (£,25) , Wjkm (1) = wem (E,25) ;0 R o (25),  djm =~ dm (2;),  Bji = Bi(z;) .

Spatial derivatives are approximated using a centered finite difference scheme to which a second-order
stabilization term is added. We denote 0, ~ D* € RN+*Ne and 0,, ~ D** € R¥=*N= for the tridiagonal
stencil matrices with nonzero entries only at

+1 2 1

x xrx

— l)ibm —
PRES By 9T T ag) T R (A
In addition, we assume periodic boundary conditions which results in setting

1,N, 2AZE ? Ng,1 2A.’E ? 1,Nz Ng,1 (A.’I;)z :
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The spatially discretized forward equations with centered finite differences and an additional second-order
stabilization term can then be obtained from (10) as

N'n Nv_ x X v rxr
Oyt jim () == ic1 2 =0 ' Diuiom (t) Are + A Zz 1 Ze ' D5 wiem () [Al,
+ ojUjkm (t) (Oko — 1), (13)
Ujkm (t =0) = Uin jkm,

and the spatially discretized adjoint equations from (11) as

—Opwjm () = Y0 Yoty Dewiem (8) Are + 52 30 Sy Diwiem (£) Al
+ 0jWjkm () (ko — 1), (14)
Wjkm (t = T) = (_2uj0m (t = T) + \/idjm) Oro,

For the spatial discretization of the gradient we get from (12) that

Nic N,—1
AT (frs s i) S <_ (jom (8 wjom (D) + > ik (1), wjem (t)>t> B;:. (15)

dci m=1 k=0
3.8. Time discretization

To obtain a fully discrete system, the time interval [0, 7] is split equidistantly into a finite number N; of
time cells. An update of the forward equations (13) from time ¢, to time ¢,y; = ¢, + At is then computed
using an explicit Euler step forward in time such that

+1 v—1 A v—1
u;'lkm u]km At Zz 1 ZZ D;cz ’anmAké + At5F Zz 1 Z 0 Dxx ZLEm |A|kf
+ 0 Atufy, (Gko — 1), (16)
U?km = Uin,jkm-
For the adjoint equations (14) we start computations with an end time condition after NV; steps and evolve

the solution from time ¢,, to time t,,_1 = t,, — At by an explicit Euler step backwards in time such that

-1 A Ny—1
w?k:m - w]km + Atz =1 l 0 D wzlmAke + AtSF Zz 1 Z@ Dmm &m ‘A|k€
+ JjAtwjkm (0go — 1), (17)
wﬁ;m = ( 2u%’m + \/dem) 0ko-
The fully discretized gradient can be obtained from (15) by approximating integrals with respect to time by
step functions. We get

J(frdnie) o 1 R =
Ly JNic) Nien Neen )
de; - Ny +1 mE::ME:: ( JOm jOt’rn + Z 'Uzjkm ]k‘tm ) sz. (18)

3.4. Fully discrete optimization scheme

The strategy for the fully discrete gradient descent method for the solution of the PDE parameter iden-
tification problem is summarized in Algorithm 1. Note that for the stopping criterion an error estimate
estimated-err for the deviation of the computed coefficients from the true coefficients is required to run
the algorithm.



Algorithm 1 Gradient descent method for the PDE parameter reconstruction

Input: measurements d,, = (djm) € RM= for m =1, ..., Nic,
initial data u), = (ufy,,) € RY**™ for m =1,..., Nic,
initial guess for the coefficients c® = (c?) € RV,
initial step size n°,
estimated error estimated-err,
error tolerance errtol,
maximal number of iterations maxiter

Output: optimal coefficients Copt = (Copt,i) € R™¢ within the prescribed error tolerance

while estimated-err > errtol and n < maxiter do
Compute o" = (O‘;l) € RM= from given coefficients ¢ according to (6);
Solve the forward problem according to (16) for each m = 1, ..., Nic;
Solve the adjoint problem according to (17) for each m = 1, ..., Nic;
Compute the gradient -4 using (18) and the solutions of (16) and (17);

de™
i

Update the coefficients according to (7): ¢! = ¢ — o™ jCJL cimen where n" is determined adaptively by line
search;
end while

4. Dynamical low-rank approximation

For the solution of the PDE parameter identification problem the coefficients ¢; of the spline approximation
(6) of o are updated several times in the gradient descent step (7). For each iteration the solution of the
fully discretized forward equations (16) as well as of the fully discretized adjoint equations (17) have to be
computed and stored in order to compute the fully discretized gradient (18). A method for the reduction of
computational and memory effort for kinetic equations is the concept of dynamical low-rank approximation
that shall be applied to the considered inverse transport problem. We begin with some general information
on DLRA in Subsection 4.1, before Subsection 4.2 is devoted to a DLRA algorithm for the considered
discrete optimization problem.

4.1. Background on dynamical low-rank approximation

In [16], the concept of DLRA has been introduced in a semi-discrete time-dependent matrix setting. We
follow the explanations there. Let f (t) € RN=*Nv be the solution of the matrix differential equation

£(t)=F(f(1)),

for which the right-hand side shall be denoted by F (f (¢)) : RNeXNo — RNeXNo  We then seek an approxi-
mation of f (¢) of the form

B0 =XOSOVE, (19)

where the matrix X (t) € RV=*" contains the orthonormal basis functions in space and V (t) € RNv*" the
orthonormal basis functions in angle. The coefficients of the approximation are stored in the coupling matrix
S (t) € R"™*". The set of all matrices of the form (19) then constitutes a low-rank manifold that we denote
by M,.. Its tangent space at f, (¢) shall be denoted by T, 1) M,. For the evolution of the low-rank factors
in time we seek a solution of the minimization problem

~ min

£ (£)ETs,. 1y M

£ ()~ F (£ (1)



at all times ¢, where |[|-||  denotes the Frobenius norm. In [16] it has been shown that this minimization
constraint is equivalent to determining

fr (t) =P (fr (t)) F (fr (t)) ’ (20)

where P denotes the orthogonal projector onto the tangent space T, ()M, that can be explicitly given
as

P (t)F=XX"F-XX'FVV' +FVV',

There are different robust time integrators for the solution of (20) that are able to evolve the low-rank
solution on the manifold M, while not suffering from potentially small singular values [12]. The projector-
splitting [19], the (augmented) BUG [6, 4], and the parallel BUG integrator [5] are frequently used.

In this work, we use the augmented BUG integrator from [4] that evolves the low-rank factors as follows:
In the first two steps, the BUG integrator updates and augments the spatial basis X and the angular basis
V in parallel, leading to an increase of rank from r to 2r. Having the augmented bases at hand, a Galerkin
step for the coefficient matrix S is performed. In the last step, all quantities are truncated back to a new
rank r; < 2r that is chosen adaptively depending on a prescribed error tolerance. In detail, the augmented
BUG integrator evolves the low-rank solution from f? = X"S"V™ T at time t,, to f+! = Xn+igntiyntiT

at time t,,41 = t, + At as follows:
K-Step: We denote K (t) = X (¢) S (¢) and solve the PDE
Kt)=F(K(@#V"")V", K(t,) =X"S"

The spatial basis is then updated by determining X+l € RN=*2" a5 an orthonormal basis of K(tn+1), X" €
RN=%27 e o by QR-decomposition. We store M = X"T1LTX" ¢ R?"*" Note that we denote augmented
quantities of rank 2r with hats.

L-Step: We denote L (t) = V (¢)S(t) " and solve the PDE
. T
Lit)=F(X"L(t)") X", L(t,)=V"s™T.

The angular basis is then updated by determining V7l € RNoX2" a5 an orthonormal basis of [L(th41), V"] €
RNvX27 e o by QR-decomposition. We store N = V*+1LTyn ¢ R2rxr,

S-step: We update the coefficient matrix from S™ € R™*" to §"1 € R2"*2" by solving the ODE

A

S(t) =X"HTE (XS () Vit T) Vit S(t,) = MS™NT.

Truncation: We compute the singular value decomposition of Sntl = /ﬁEQT, where /P;, /Q € R27%27 are
orthogonal matrices and X € R?"*?" is the diagonal matrix containing the singular values oy, ..., 02,. The
new rank r; < 2r is determined such that

1/2
2r /

> o) =9

j=ri+1

where 9 denotes a prescribed tolerance. We set S"*! € R™*™ to contain the r; largest singular values
of S"*1 and P! € R?"*™ and Q"*! € R?"*" to contain the first 7; columns of P and Q, respectively.
Finally, we compute X"+ = Xn+1pntl ¢ RNaxmi apd Vn+l = VnrlQntl ¢ RVox7

The update of £ after one time step is then given by f7*! = X»+1gn+lyn+LT Note that in the following,
to simplify notation, we will write f instead of f..



4.2. Dynamical low-rank approximation for the discrete optimization problem

The goal of this subsection consists in applying DLRA to the fully discrete gradient descent method proposed
in Algorithm 1. To this end, we reformulate the forward equations (16) as well as the adjoint equations (17)
using the dynamical low-rank method with augmented BUG integrator.

The initial low-rank factors X%°r, S0.fr and V9fr for the forward equations (16) are obtained by a singular

value decomposition of u?,,

where u?, = (ugkm) € RN=xNo  for which the number of singular values is

truncated to the initial rank r. In each time step, the low-rank factors X7for §nfor and V7for are then
evolved according to the following scheme.

First, we solve in parallel the equations

KiHLor — genfor _ AypeniforynfonT A Tynifor | AtAQ D orynlonT| A Ty for (21a)
+ At diag(o) K}, Vi n TEV R
Lot lfor — pufor - Ay AL mforgnfor, Tya Txnifor | At |A|Ln forynfor, T pyza, Ty nfor (21b)
+ AtEL X T diag (o) X,
where E = diag([0, —1, ..., —1]). In the next step, we perform a QR-decomposition of the augmented quan-

tities [Kﬁjl’f‘“,xzﬁ’r} and [L"m“’for,VZ{for] to obtain the augmented and time updated spatial bases

Xr+lfor and angular bases VLT respectively. For the S-step we introduce the notation S7for =
/\n+1,for,T n,forQn,for n,for,T/\n—i-l,for
X XatorGrtory i, v and compute

§n+17for _ gn,for o Atirﬂr1,forq,TDa:§n+17forgn,for§n+1,for,TATvn+1,f0r
m m

+ AtA Xn+1 for TDxxXn+1 forSn forVn+1 for, T ‘A|Tvn+1 ,for (21C)

n+1,for,T : ' n+1,forgn,foryrn+1,for, Ty rn+1,for
+ AtX7] diag(o)X, StV EV], .

Finally, we truncate the time-updated augmented low-rank factors for each m = 1,..., N;jo to a new

rank ;1 < 2r. The time-updated numerical solutions of the forward problem are then given by u "+1 =
Xn+1,forsn+1,forvn+1 for, T c RN X Ny
m m m N

For the adjoint equations (17) we perform a singular value decomposition of the end time solutions wit =

<w§\,2’m> € RN=xNv_truncate to the prescribed initial rank 7 and obtain the low-rank factors quvj’adl, S,],V;’adl,

and VNe:adi Then, in each step, the low-rank factors X™%adi Sn-adi and Vm.adi are evolved backwards in

time as follows.

First, we solve in parallel the equations
Kn l,adj __ Kn ,adj + AtD:cKn adjvn adJ,TATvn adj + AtA Dzan adjvn adj, T|A|Tvn ,adj
: v,adj ,adj, T v,adj
+ At diag(o) K2 vradi TEymadi
—1,adj dj dj, T ,T dj dj dj, T T
L?n l,adj __ Lna j +AtALn adjxnaj D% Xna j +At |A|Lna ana j, Tpze, Xn ,adj
+ AtELEAIX AT diag (o) X120,

In the next step, we perform a QR-decomposition of the augmented quantities [Kfn_l’adj,XZ;adj] and

[L;‘;l’adj,V;‘;adJ‘] to obtain the augmented and time updated spatial bases ﬁﬁl—l’adj and angular bases
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20

21

22

23

24

25

26

Vi-badi s yespectively. For the S-step we set S7adl = Xn—badj,Txn.adjgn.adjyn.adj, Tyn-1adj and com-

pute

Qn—1,adj _ Qn,adj xn—1,adj, Tyexyn—1,adjqn,adjixrn—1,adj, T A Txrn—1,adj
Sr—tadi — Gnadi | AfX"- D*X7-ladign.adiyn- ATV
Ax ~ . ~ o~ L~ . —~ .
n—1,adj, T yrzeyn—1,adjgn,adjyrn—1,adj, T Txrn—1,adj
+AX] DX - Ladignadiyn- ATV

xn—1,adj, T 3 xn—1,adj@n,adjxrn—1,adj, Ty rn—1,adj
+ AtX], diag(o)X, SV EV), .

Finally, we truncate the time-updated augmented low-rank factors for each m = 1,..., N;jo to a new

rank r; < 2r. The time-updated numerical solutions of the adjoint problem are then given by w? ! =

m
Xg;l,ad] S:Lnfl,adjvzznfl,"r,adj c RNz ><Nv'

Having determined the low-rank solutions of the forward and the adjoint problems, we can use them to
compute the gradient as given in (18). For the update of the coefficients according to (7) we determine
the step size adaptively by a line search approach with Armijo condition similar to [23] and as described in
Algorithm 2. For a given step size 7" the coefficients and the scattering coefficient are updated to ¢! and
o1, respectively. Then, the truncation error tolerance 1 is adjusted using the given step size n” and the
maximal absolute value of V¢nJ. We add some safety parameters ho and hg as well as a lower bound h; for
the truncation tolerance. In the next step, we compute the value of the goal function J with the low-rank
factors of the forward problem at hand. We then solve the forward problem (21) with ™! and the updated
¥ to evaluate the goal function J again with the obtained low-rank factors. While the difference between
those values of the goal function J is larger than a prescribed tolerance, the gradient descent step size is
reduced by the factor p and the procedure is repeated.

5. Numerical results

We consider the following test examples in one space and one angular dimension to show the computational
accuracy and efficiency of the proposed low-rank scheme.

5.1. Cosine

For the first numerical experiment the spatial as well as the angular domain shall be set to Q, = Q, = [-1,1].
We consider Ni¢ = 3 initial distributions of Cosine type of the form
2m
U (t =0,2) =2 + cos T |7 for m=1,2,3.
The true and the initial spline coefficients for the approximation of the scattering coefficient ¢ are chosen
as

Corve = (2.1,2.0,2.2)"  and ¢ = (1.0,1.5,3.0) " .

The order of the spline basis functions is set to 3, i.e. cubic periodic B-splines are considered. As computa-
tional parameters we use N, = 100 cells in the spatial domain and N,, = 250 moments for the approximation
in the angular variable. The end time is set to 7" = 1.0 and the time step size of the algorithm is chosen
such that At = CFL - Az with a CFL number of CFL = 0.99. For the low-rank computations we start with
an initial rank of » = 5 in the forward as well as in the adjoint problem. The maximal allowed value of
the rank in each step shall be restricted to 20. We begin the gradient descent method with a step size of
n® = 5-10° and a truncation error tolerance of ¥ = 1072 ||X||,. For the rescaling of the gradient descent
step size and the DLRA rank tolerance we use the step size reduction factor p = 0.5 as well as the constants
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Algorithm 2 Line search method for refining the gradient descent step size and the DLRA rank tolerance

Input: goal function J,
coefficients ¢,
gradient VenJ computed using (18),
low-rank factors X7 §mfor vmfor of the forward problem (21) for m = 1, ..., Nic,
step size 1",
rank error tolerance 19,
step size reduction factor p,
constants hi, ha, hs, ha

Output: refined step size n" !, refined rank error tolerance ¢, updated coefficients ¢"*!

Update the coefficients: ¢™*!

n—+1

=c" —n"Vend
Compute o from coefficients ¢" ! according to (6);
Update ¥ = max (hy,min (ha, h3 [|[Ven J|| o 7™));

n __ n,for gn,fory 7n,for n,for gn,fory 7n,for
Compute J - =J ()f( ? v X ervien);
Compute Xn OrSn OrVn °" from (2 ) for m =1, ..., Nic with o = ™! and the updated 9;

n, for n,for —n,for < n.forgn, forfn for)
’

Compute J —J(X1 S17 Vi, XNie Shie ViNie

while J" > J" — 5"hy |[Ven J||2 do

Update n"“ =pn";

Update c" ™! = ¢! — "1V J;

Compute o™ from updated coefficients ¢"1;

Update ¥ = max (hl, min (hz, hs ||Ven J|| o 77"“));

< n,for gn,for—n,for

Compute X,, S,, V,, from (2 ) for m =1, ..., Nic with o = ¢"*! and the updated ¥;

n, for n,for— n for < n.forg n for n,for
Compute J " = J (X1 Sy oo X Shre Ve );
end while
Set p" ! = pm;

hi = 1072 ||X||, for a lower bound of the rank tolerance and hy = 0.1, hg = 0.1 as safety parameters. Also
hy = 0.5 is added as a safety parameter to ensure a reasonable difference between J " and J™ in Algorithm 2.
The whole gradient descent procedure is then conducted until the prescribed error tolerance errtol = 104
or a maximal number of iterations maxiter = 500 is reached.

In Figure 2 we compare the solutions of the parameter identification problem computed with the full solvers
and the DLRA solvers for both the forward and the adjoint equations. We plot three curves corresponding to
the different initial conditions of the scalar flux ® = % (f), at the initial step (uinit n = 0), computed with
the true coefficients (u True end) and at the end of the optimization procedure (optimized end), evaluated
with both the full and the DLRA solver. We observe that the DLRA solution captures well the behavior of
the full solution and that they both approach the solutions computed with the true coefficients. In addition,
the parameter reconstruction inverse problem for determining o is resolved accurately with both solvers. It
can be seen that beginning with o, both the full and the DLRA method converge to the true solution
Oirue- Further, the evolution of the rank r is depicted, where we have averaged the ranks of the forward
equations computed with the different initial conditions to obtain 7¢,, and the ranks of the adjoint equations
computed with the different initial conditions to obtain 7,4; and finally set r = % (Ttor + Tadj). We observe
that in the beginning the averaged rank decreases as the initial rank was chosen larger than required. From
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Figure 2: Top left: Numerical results for the scalar flux & of the Cosine problem computed with the full solvers and the
DLRA solvers at the initial step n = 0, with the true coefficients and with the optimization gradient descent scheme. Top
right: Evolution of the averaged rank r for the DLRA method. Bottom row: Iterations for the reconstruction of the scattering
coefficient o computed with both the full solvers (left) and the DLRA solvers (right).

then on, we observe a relatively monotonous increase until it stays at approximately » = 9. This evolution
of the rank reflects the fact that in the beginning of the optimization the error tolerance 1 is chosen quite
large as the computed solution is still comparably far away from the true solution. As the optimization
algorithm approaches the true coefficients, the DLRA rank tolerance ¥ is decreased, resulting in a higher
averaged rank. For the considered setup, the computational benefit of the DLRA method compared to the
solution of the full problem is significant. Written in Julia v1.11 and run on a MacBook Pro with M1 chip,
the run time decreases by a factor of approximately 2.5 from 139 seconds to 56 seconds while retaining the
accuracy of the computed results. Concerning the memory costs, the solutions of the forward problem and
of the adjoint problem have to be stored in order to compute the gradient. For each initial condition, the
storage of the solution of the forward problem corresponds to a memory cost of 8 (N; + 1) N, N,,, which for
the DLRA method can be lowered to 8 (Ny + 1) (rN, + rN, + r?), where 7 is the maximal averaged rank
in the simulation.

5.2. Gaussian distribution

In a second test example, we set €, = [0, 10] for the spatial and 2, = [—1, 1] for the angular domain. We
consider Nic = 5 Gaussian initial distributions of the form

Up, (t = 0,2) = max [ 1078, for m=1,2,3,4,5,

1 ( (x — x0)2>
———exp |
\/2mol, 207¢
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that are centered around equidistantly distributed zy and extended periodically on the domain €2,. The
standard deviation is set to the constant value o;c = 0.8. The true and the initial spline coefficients for the

approximation of the scattering coefficient ¢ are chosen as

All other settings and computational parameters remain unchanged from the previous test example.

Corue = (2.1,2.0,2.2,2.0,1.9) "

and

Cinit = (2.8,1.5,3.0,2.1,1.2) " .

0.5 1 N uinit n=0 11.59 — bira
== optimized end
N \ ~1 P uTrue end 11.01
041 i/ \} /N N, - UinitDLRA n=0
J \t \.  +++ optimized DLRA end 10.5
; \‘ % ) uTrueDLRA end
0.31 / \ \ \ 10.01
e i -
0.2 1 / 9.5
' 9.0
0.1
8.5
0.0 8.0,
0 2 4 6 8 10 0 10 20 30 40
X n
2.6
2.44
_ 2.2
S
2.0
1.84
1.6

Figure 3: Top left: Numerical results for the scalar flux ® of the Gauss problem computed with the full solvers and the
DLRA solvers at the initial step n = 0, with the true coefficients and with the optimization gradient descent scheme. Top
right: Evolution of the averaged rank r for the DLRA method. Bottom row: Iterations for the reconstruction of the scattering
coefficient o computed with both the full solvers (left) and the DLRA solvers (right).

In Figure 3 we compare the solutions of the parameter identification problem computed with the full solvers
and the DLRA solvers for both the forward and the adjoint equations. We plot five curves corresponding to
the different initial conditions of the scalar flux ® = % (f), at the initial step (uinit n = 0), computed with
the true coefficients (u True end) and at the end of the optimization procedure (optimized end), evaluated
with both the full and the DLRA solver. Again we observe that the DLRA solution captures well the
behavior of the full solution and that they both approach the solutions computed with the true coefficients.
For the reconstruction of the scattering coefficient ¢ it can be seen that beginning with o,;; both the full and
the DLRA method converge to the true solution o,.. The averaged rank r first decreases as the initial rank
was chosen larger than required. From then on, we observe the expected relatively monotonous increase until
it stagnates at a value of approximately r = 11.5. Written in Julia v1.11 and run on a MacBook Pro with M1
chip, the computational time of the DLRA method compared to the solution of the full problem decreases

by a factor of approximately 2 from 11.5 seconds to 6 seconds, showing its computational efficiency.
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6. Conclusion and outlook

We have presented a fully discrete DLRA scheme for the reconstruction of the scattering parameter in the
radiative transfer equation making use of a PDE constrained optimization procedure. For a further en-
hancement of its computational advantages compared to a standard full solver, the step size of the gradient
descent method is determined adaptively in each step and the allowed DLRA rank tolerance is adjusted
accordingly. This leads to an efficient and accurate numerical DLRA scheme. For further considerations,
numerical examples in more than one spatial and angular variable are of interest as in higher dimensions the
savings by the DLRA method are expected to be larger by orders of magnitude. Also, theoretical consid-
erations concerning for instance the stability of DLRA schemes applied to inverse parameter reconstruction
problems can provide valuable insights into the structure of such problems. In addition, various questions
arise when the structural order of the problem is changed, meaning that for example a “first low-rank,
then optimize, then discretize” strategy is pursued. For instance, it is not clear how the adjoint equations
can be derived from the low-rank components of the forward problem as the low-rank equations are highly
nonlinear. Summarizing, the combination of DLRA methods and parameter identification problems is an
interesting field of research with various open problems that are left to future work.
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