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An adaptive dynamical low-rank optimizer for solving kinetic parameter
identification inverse problems*

Lena Baumann®, Lukas Einkemmer*, Christian KIingenbergT, and Jonas Kusch §

Abstract. The numerical solution of parameter identification inverse problems for kinetic equations can exhibit
high computational and memory costs. In this paper, we propose a dynamical low-rank scheme
for the reconstruction of the scattering parameter in the radiative transfer equation from a number
of macroscopic time-independent measurements. We first work through the PDE constrained op-
timization procedure in a continuous setting and derive the adjoint equations using a Lagrangian
reformulation. For the scattering coefficient, a periodic B-spline approximation is introduced and a
gradient descent step for updating its coefficients is formulated. After the discretization, a dynami-
cal low-rank approximation (DLRA) is applied. We make use of the rank-adaptive basis update &
Galerkin integrator and a line search approach for the adaptive refinement of the gradient descent
step size and the DLRA tolerance. We show that the proposed scheme significantly reduces both
memory and computational cost. Numerical results computed with different initial conditions val-
idate the accuracy and efficiency of the proposed DLRA scheme compared to solutions computed
with a full solver.

Key words. parameter identification, inverse problem, dynamical low-rank approximation, radiative transfer
equation, PDE constrained optimization, rank adaptivity
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1. Introduction. A classical problem in medical imaging consists in the reconstruction of
properties of the examined tissue from measurements without doing harm to the human body.
In optical tomography, the propagation of near-infrared light through tissue can be modeled
using the radiative transfer equation (RTE) [22, 15, 14]. Neglecting boundary effects, the
time-dependent form of this kinetic partial differential equation (PDE) can be given in one-
dimensional slab geometry as

Of (t,2,0) + 00, f (t,2,0) =0 (@) (g (f (b2,0))e = f (£,2,0))
f({t=0,z,0) fin (z,0),

where f(t,z,v) : R} x 2 x Q, — R denotes the distribution function that describes the
repartition of photons in phase space. Here, ¢ stands for the time variable, x € 2, C R for
the space variable and v € §, = [—1,1] for the angular variable. An integration over the
corresponding domain is denoted by brackets (-) and |€2,| measures the length of the domain

(1.1)
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2 L. BAUMANN, L. EINKEMMER, C. KLINGENBERG AND J. KUSCH

Q,. The function o (z) represents the properties of the background medium, indicating the
probability of particles at position x to be scattered into a new direction. We refer to it as
the scattering coefficient. At the initial time ¢ = 0 the function fi, (z,v) shall be prescribed
for the distribution function.

The inverse problem associated to the RTE (1.1) considers the reconstruction of the scat-
tering coefficient o (x) from measurements. For the theoretical background on inverse prob-
lems in general as well as on the theoretical requirements on o (x) and f (¢, z,v) in the inverse
transport problem the reader is referred to [13] and to the review articles [1, 24], respectively.
For the numerical solution of this parameter identification problem, PDE constrained opti-
mization is deployed. In this setting, we aim for the minimization of the difference between
the measurements and the computed solutions under the assumption of the validity of the
RTE. Similar to recent papers [18, 7, 11, 9], we pursue a gradient-based approach for which in
each iteration the evaluation of both the forward and the adjoint problem is required. Clearly,
this can numerically become very costly, especially in higher-dimensional settings.

To reduce the computational cost and memory requirements for the solution of kinetic
equations, dynamical low-rank approzimation (DLRA) [16] can be applied. This approach
approximates the kinetic distribution function f up to a certain rank r as

(1.2) Fltaw) ~ 3 X (ha) Sy (1) V; (£0),

i,j=1

where {X; : ¢ = 1,..,r} are the orthonormal basis functions in space and {V; : j = 1,..,7}
are the orthonormal basis functions in angle. The matrix S = (S;;) € R™" contains the
coefficients of the approximation and therefore is called the coefficient or coupling matriz.
The idea of DLRA then consists in constraining the evolution dynamics to functions of the
form (1.2). There are different integrators that are able to evolve the low-rank factors in time
while not suffering from this solution structure. For instance, the projector-splitting [19], the
(augmented) basis update & Galerkin (BUG) [6, 4], and the parallel BUG integrator [5] are
widely used in various areas of research [2, 17, 10, §].

For the solution of the inverse transport problem associated to (1.1) the following approach
is pursued in this paper: “first optimize, then discretize, then low-rank”, i.e. we first perform
the optimization in a continuous setting before the resulting equations are discretized and a
dynamical low-rank approximation is used. The main features of this paper are:

e An application of DLRA to a PDE parameter identification inverse problem: The
scattering parameter o (x) is determined by PDE constrained optimization for which
after the discretization the dynamical low-rank method is used. To our knowledge, this
is the first paper that combines inverse problems and DLRA, leading to a reduction
of computational effort from O (N d“*d”) to O (rN maX(dﬂfvdv)) in each step, where IV
denotes the number of grid points in physical as well as angular space and d,, d, the
dimensions in space and angle, respectively.

o A setup close to realistic applications: In most applications measurements are not able
to access the full distribution function but at most angle-averaged quantities, i.e. its
moments. We will consider such a setup here where it is assumed that only the first
moment is accessible by measurements. In addition, optimal tomography commonly
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relies on a multitude of measurements from different positions which we incorporate
by probing multiple initial values.

e An adaptive gradient descent step size and an augmented low-rank integrator: The
minimization is performed using a gradient descent method for updating the coeffi-
cients of a periodic B-spline approximation of o (x). Similar to [23], the step size is
chosen adaptively by a line search approach with Armijo condition. Also the rank
of the DLRA algorithm is chosen adaptively by using the augmented BUG integra-
tor from [4]. This allows us to choose the rank in each step such that a given error
tolerance is satisfied. In the context of optimization, this enables us to start with a
comparatively small rank (when we are still far from the minimum) and then gradually
increase the rank as the optimization progresses, thereby enhancing the performance
of the low-rank scheme.

o A series of numerical test examples: A series of numerical text examples confirms that
for the reconstruction of the scattering coefficient the application of DLRA shows good
agreement with the full solution while being significantly faster, suggesting that the
combination of low-rank methods and inverse problems is a promising field of future
research.

The structure of the paper is as follows: After the introduction in Section 1, the PDE
constrained optimization procedure for the solution of the inverse parameter identification
problem is explained in Section 2. Section 3 is devoted to the discretization of the forward
and the adjoint equations as well as of the gradient in angle, space, and time, leading to a
fully discrete gradient descent scheme. In Section 4, the concept of DLRA is introduced and
subsequently applied to the forward and adjoint equations. An adaptive line search method for
refining the gradient descent step size and the DLRA rank tolerance is presented. Numerical
results given in Section 5 confirm the accuracy and efficiency of the DLRA scheme compared
to the solutions computed with the full solver. Finally, Section 6 gives a brief conclusion and
an outlook for possible further research.

2. PDE constrained optimization. For the reconstruction of the scattering coefficient
o (z) a multitude of Nic measurements shall be taken into account. We assume the measure-
ments to be generated by a measurement operator M acting on the angle-averaged solution of
the RTE at the final time ¢t = T', that has been generated using the corresponding initial con-
dition finm. For simplicity, the computed data d,, is assumed to be close to the measurements
of an angle-averaged solution, i.e.

dm () = M ((fon t =T, z,v)),) for m=1,.., N,

where f,., (t,z,v) is a solution of

2.1) {8tfm (t,z,v) + v0y frn (t,2,0) =0 (2) (\lel (fm (£, 2,0)))0 — fin (t,x,v)) ,

Jm (t=0,2,v) = finm (7, 0).
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4 L. BAUMANN, L. EINKEMMER, C. KLINGENBERG AND J. KUSCH

One then tries to minimize the square loss between the simulated angle-averaged solution and
the measured data, i.e. one tries to solve the minimization problem

(2.2)
Nic
HgnJ(a) with  J (o) = % Z <’(f0,m(t =T,z,v)), —dn (x)’2>x subject to  (2.1).
m=1

Note that this setup is close to realistic applications in the sense as described above.
For real-word applications we point out that the considered setting with one spatial and one
angular variable may not be sufficient. In addition, it is assumed that there is no noise in the
measurements which in practical applications is clearly infeasible. Even though, the results
gained from the considered setup can directly be extended to higher-dimensional settings and
give valuable insights into the combination of parameter identification and DLRA, which this
paper aims for.

In Subsection 2.1 we make use of the method of Lagrange multipliers to derive the adjoint
equations associated to the forward problem (2.1). We then derive the explicit gradient descent
step in Subsection 2.2.

2.1. Lagrangian formulation. To reformulate the PDE constrained minimization problem
(2.2) into an unconstrained optimization problem the method of Lagrange multipliers is used.
Note that from now on, for brevity, we write fp, (¢,z,v) instead of fs, (t,2,v). We aim for a
solution of

min £ (fh "'lecagla -y YNic» >\17 seey )\Nlcva) ’

where
NIC 1
L=J g ey IC+ m78 m + aacm_ m/y — Jm
(Fis o i) n;<g 001 fn =7 @) (i U = £ )>t
Nic
+ Z <)\mafm (t = O,QT,’U) - fin,m($7v)>;p,v
m=1

and g, (t,z,v) and A, (xz,v) are Lagrange multipliers with respect to f,, (¢,z,v) and the
initial distributions fin », (z,v) for m = 1, ..., Nic, respectively. Applying integration by parts
and assuming periodic boundary conditions, the Lagrangian can be rewritten as

Nic

£= T (i frie) & 3 (e =0em = 192 = 7 @) (7 (amd = 9m))
m=1 v

Nic
+ Z (gm(t = T7 {L‘,U), fm(t = T,.’IZ’,'U)>Z7,U

m=1
Nic

o Z <gm (t - 0,.’E,U) 7fm (t = O,.’IJ,U))LU
m=1

Nic

+ Z <)\ma fm (t = 0,1‘,’0) - fin,m (:L‘a U)>:v,v .

m=1

t,x,v
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Figure 1. Cubic periodic B-spline basis functions for No = 3 (left) and N. =5 (right) on different spatial
domains.

The corresponding adjoint or dual problems associated to (2.1) can then be derived by setting
E?Tfn =0 for m =1, ..., Nic. By straightforward calculation one obtains

(2.3) {_8t9m (t,2,0) = v0agm (t,2,0) =0 (@) (g (gm (1 2,0))y = g (t2,0))
gm(t:T7x7U) :—<fm(t=T,x,U)>U+dm(x),

The solution of the forward equations (2.1) as well as the adjoint equations (2.3) will then
be used for the computation of the gradient in the following gradient descent step.

2.2. Optimization parameters and gradient descent step. When evaluating the scatter-
ing coefficient o (x) at each point of the spatial grid and taking these values as the parameters
to be optimized, there are several computational disadvantages. For instance, a huge param-
eter space is obtained and very rough functions are part of the ansatz space. To avoid this,
we consider the parametrization of o (z) by splines. In particular, we approximate

Nc

(2.4) o(r)~ Z ¢iBi (),

=1

where N, denotes the finite number of spline functions, B; (z) are the periodic B-spline basis
functions, and ¢; the coefficients of the approximation. In Figure 1 the basis functions for
cubic periodic B-splines for N, = 3 and N, = 5 are illustrated.

The gradient descent step for the solution of the minimization problem (2.2) then updates

the coefficients c' to C;?H for i = 1,..., N, in each step by determining
dJ
(2.5) C?H = - (f1s e INie) ’
dci N
C;=C;

k3

where n™ denotes an adaptively chosen step size.
As f,, satisfies the PDE constraints (2.1) and g,, solves the adjoint equations (2.3) for
m =1,..., Ni¢, it holds

E(fla '”7fNIC,gla '”7gNlca)\17 ""ANlcva) = J(fla "'7lec))
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6 L. BAUMANN, L. EINKEMMER, C. KLINGENBERG AND J. KUSCH

and thus

d‘](flu"‘qulc) _ dﬁ(fh"'7fNIcugl7"'7gNIC))‘17"‘7ANlc7O-)
de; de;
Nic

35 (982 do | OL Do O D0y O OLOTY

0f,, 00 96, " Dg 0o 0 | On, 0o 0c | 00 0

The first three terms again vanish since (2.1) and (2.3) are fulfilled, leading to

Nic

dJ(fla"’JfNIC) _ %870- _ <_
(2:6) de; B « 0o Oc; N W;

m=

<<fm>’ua <gm>v>t + <fm,gm>t7v> B;.

|20

Hence, we have derived an explicit formulation depending on the forward and on the adjoint
equation as well as on the B-spline basis functions to compute the gradient in the gradient
descent step (2.5).

3. Discretization. For the numerical implementation we discretize the forward problem
(2.1), the adjoint problem (2.3) and the gradient (2.6) in angle, space and time, leading to a
fully discrete scheme. We begin with the angular discretization in Subsection 3.1, followed by
a discretization in space in Subsection 3.2 and in time in Subsection 3.3. Subsection 3.4 then
summarizes the fully discrete gradient descent method.

3.1. Angular discretization. For the discretization in angle we decide on a modal ap-
proach making use of normalized Legendre polynomials P,. This is a standard approach
that is commonly used for radiative transfer problems and the derived methods are referred
to as Py methods [21, 3, 20]. We use a rescaling of the Legendre polynomials such that
(Py, Py), = 6pe and Py = % holds. They constitute a complete set of orthonormal functions

on the interval [—1, 1]. We expand the distribution functions f,, and g, for m =1, ..., Nj¢ in
terms of the rescaled Legendre polynomials and obtain the following approximation

(3.1) m (t,x,v) Zugmta:Pg() and g, (t,z,v) szmtang()

where the expansion coefficients wuy (¢,x) and wy (¢,x), respectively, are called the moments
and N, is called the order of the approximation. We insert these representations into the
forward problem (2.1) as well as the adjoint problem (2.3), multiply with Py and integrate
over the angular variable v. Using the orthonormality condition from above and the notation
Age = (P, vPy), leads to

32y {Oen (t2) = =30 Ot (8) Ave + 0 (@) i (8:2) (Bro = 1),
’ upm (t=0,2) = Uin,km (),

for the forward equations and

(3.3) — 0wk, (t,x) = Zé\f:vo—l OpxWppy (t, ) Age + 0 () Wiy, (E, ) (00 — 1),
‘ Wi (t =T, ) = (—2uom (t = T, ) + V2dm (z)) 610,
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for the adjoint equations for m = 1,..., Njo. We collect the entries Ay, in the symmetric
matrix A = (Ayy) € RV>*No and note that A is diagonalizable in the form A = QMQT with
Q orthonormal and M = diag(oy, ...,on,). We then set |A] = QM|QT. For the angular
discretization of the gradient we insert the representations (3.1) into (2.6) and obtain

(3.4)
Nic Ny—1
J (flziCl’ fNIC ~ Z ( 'LLOm ) Wom, (ta ‘T)>t + Z <ukm (ta .T) y Wkm (t7 x)>t> B; (JZ) :

k=0

3.2. Spatial discretization. The discretization in the spatial variable is performed on a
spatial grid with N, grid cells and equidistant spacing Az = Niw such that

Wjkm (1) = Ukm (6,25) s Wikm (1) & W (8, 25) , 05 =0 (25), djm = dp (25), Bji = B;(xj).

Spatial derivatives are approximated using a centered finite difference scheme to which a
second-order stabilization term is added. We denote 0, ~ D* € RN+*Ne and 9,, ~ D** ¢
RN2xNa for the tridiagonal stencil matrices with nonzero entries only at

+1 2 1
DE. = p¥—___°  pm -
J,g+1 I9AL ' JsJ (Aw)Q ) J,g£l (Al‘)2

In addition, we assume periodic boundary conditions which results in setting

1 1 1

T — T TT TT

1,N, — TA.Z' ) Ngl = 72Aa: ) 1,N, — YN,1 = 7(Ax)2

The spatially discretized forward equations with centered finite differences and an additional
second-order stabilization term can then be obtained from (3.2) as

Dewjim (1) = — N SN Do () Are + 32 SN SN D i, (£) | Al
(3.5) + 0jUjkm (1) (6ro — 1),
Ujkm (t = O) = Uin,jkm,

and the spatially discretized adjoint equations from (3.3) as

—Owjkm () = o0 Yy Dhwiem () Ake + 55 0 Yo DS wigm (t) [ Al
(3.6) + 0jwjgm (1) (5k0 —-1),
Wikm (t=T) = <_2uj0m (t=T)+ \@djm) 0k0s

For the spatial discretization of the gradient we get from (3.4) that

Nic Ny—1

(3.7) (fl’" Ivie) Z ( (jom (£) s wiom (), + D (Wikm (£) , Wikm (t))t) Biji.
k=0
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8 L. BAUMANN, L. EINKEMMER, C. KLINGENBERG AND J. KUSCH

3.3. Time discretization. To obtain a fully discrete system, the time interval [0, T is split
equidistantly into a finite number N; of time cells. An update of the forward equations (3.5)
from time ¢, to time t,+1 = t, + At is then computed using an explicit Euler step forward in
time such that

n+l Ny—1 Az Nyo—1 pzz u”
ujkm u]km_AtZz 1 =0 ]z zZmAM—i_At Zz 1 =0 Jt zZm|A|kZ
(3.8) + UJAtujkm (0go — 1),
0 _
Wik, = Uin,jkm-

For the adjoint equations (3.6) we start computations with an end time condition after IV
steps and evolve the solution from time ¢, to time t,_1 = ¢, — At by an explicit Euler step
backwards in time such that

—1 Nv—l A Ny—1
w?km = w]km + At Zz 1 £44=0 z[mAkf + AtSF :v Zz 1 £44=0 Dﬁxw?ém
(3.9) + o Atwy, (6o — 1),
wit = (=2ule, + V2djm) So.

|Alke

The fully discretized gradient can be obtained from (3.7) by approximating integrals with
respect to time by step functions. We get

A7 (i, fric) b )
e JNe) u? .
(310) dCZ' Nt +1 Z Z ]Om jOm + Z Ujkm ]km B]z.

m=1n=0

3.4. Fully discrete optimization scheme. The strategy for the fully discrete gradient
descent method for the solution of the PDE parameter identification problem is summarized
in Algorithm 3.1. Note that for the stopping criterion an error estimate estimated-err for
the deviation of the computed coefficients from the true coefficients is required to run the
algorithm.

4. Dynamical low-rank approximation. For the solution of the PDE parameter identifi-
cation problem the coefficients ¢; of the spline approximation (2.4) of o are updated several
times in the gradient descent step (2.5). For each iteration the solution of the fully discretized
forward equations (3.8) as well as of the fully discretized adjoint equations (3.9) have to be
computed and stored in order to compute the fully discretized gradient (3.10). A method
for the reduction of computational and memory effort for kinetic equations is the concept of
dynamical low-rank approximation that shall be applied to the considered inverse transport
problem. We begin with some general information on DLRA in Subsection 4.1, before Sub-
section 4.2 is devoted to a DLRA algorithm for the considered discrete optimization problem.

4.1. Background on dynamical low-rank approximation. In [16], the concept of DLRA
has been introduced in a semi-discrete time-dependent matrix setting. We follow the expla-
nations there. Let f (t) € RV=*Nv be the solution of the matrix differential equation

This manuscript is for review purposes only.
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Algorithm 3.1 Gradient descent method for the PDE parameter reconstruction

Input: measurements d,, = (d;m) € RN+ for m = 1, ..., Nic,
initial data u?, = (u?km) € RN=*Nv for m = 1, ..., Nic,
initial guess for the coefficients ¢ = (c?) € RNe,
initial step size n°,
estimated error estimated-err,
error tolerance errtol,
maximal number of iterations maxiter
Output: optimal coefficients cop, = (Copt,i) € R¥e within the prescribed error tolerance

while estimated-err > errtol and n < maxiter do
Compute o” = ((T;L) € RY= from given coefficients ¢ according to (2.4);
Solve the forward problem according to (3.8) for each m =1, ..., Ni¢;
Solve the adjoint problem according to (3.9) for each m =1, ..., Ni¢;
Compute the gradient ;ch using (3.10) and the solutions of (3.8) and (3.9);

n dJ
dCi

Update the coefficients according to (2.5): /™' = ¢ —p

where 1" is determined

ci=c}'’
adaptively by line search;
end while

for which the right-hand side shall be denoted by F (f (¢)) : RNe*Ne s RNaXNo  We then seek
an approximation of f (¢) of the form

(4.1) £ =XOSOVE),

where the matrix X (t) € RV=*" contains the orthonormal basis functions in space and V (t) €
RNvX" the orthonormal basis functions in angle. The coefficients of the approximation are
stored in the coupling matrix S(¢) € R™". The set of all matrices of the form (4.1) then
constitutes a low-rank manifold that we denote by M,. Its tangent space at f, (¢) shall be
denoted by g, (1)M,;. For the evolution of the low-rank factors in time we seek a solution of
the minimization problem

~ min
f’!‘ (t) 67;‘7‘ (t)MT

£, (1)~ F (£ (1)

at all times ¢, where ||| denotes the Frobenius norm. In [16] it has been shown that this
minimization constraint is equivalent to determining

(4.2) £(0) =P (& () F (£ (1)),

where P denotes the orthogonal projector onto the tangent space T, ;) M, that can be ex-
plicitly given as

P(f,(t) F=XX"F-XX'FVV' +FVV'.

There are different robust time integrators for the solution of (4.2) that are able to evolve
the low-rank solution on the manifold M, while not suffering from potentially small singular
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10 L. BAUMANN, L. EINKEMMER, C. KLINGENBERG AND J. KUSCH

values [12]. The projector-splitting [19], the (augmented) BUG [6, 4], and the parallel BUG
integrator [5] are frequently used.

In this work, we use the augmented BUG integrator from [4] that evolves the low-rank
factors as follows: In the first two steps, the BUG integrator updates and augments the spatial
basis X and the angular basis V in parallel, leading to an increase of rank from r to 2r. Having
the augmented bases at hand, a Galerkin step for the coefficient matrix S is performed. In
the last step, all quantities are truncated back to a new rank r; < 2r that is chosen adaptively
depending on a prescribed error tolerance. In detail, the augmented BUG integrator evolves
the low-rank solution from f? = X"S"V™ T at time t, to £ = X"+18nH VLT at time
tht1 = tn, + At as follows:

K-Step: We denote K () = X (¢) S (t) and solve the PDE

K()=F (K@) V") V", K(t,)=X"S".

The spatial basis is then updated by determining X+l ¢ ]RN”C/X\QT as an orthonormal basis of
[K(tni1), X" € RN2X2" ¢ g by QR-decomposition. We store M = X"+LTX" ¢ R Note
that we denote augmented quantities of rank 2r with hats.

L-Step: We denote L (t) = V (¢)S(t)" and solve the PDE

L(t)=F(X"L (t)T)T X", L(t,) =V"S™'.

The angular basis is then updated by determining Vit ¢ RN”XQ’" as an orthonormal basis of
[L (tni1), V"] € RVoX2" e.o by QR-decomposition. We store N = Vn+LTyn ¢ R2rxr,

S-step: We update the coefficient matrix from S" € R™*" to S**! € R2"*2" by solving
the ODE

S(t) =X""LTF (X8 (1) VT Vit S (t,) = MS™NT.

Truncation: We compute the singular value decomposition of Sntl = /ISE/Q\T, where

P, Q € R?"*2" are orthogonal matrices and ¥ € R?"*?" is the diagonal matrix containing the
singular values o1, ..., 09,. The new rank r; < 2r is determined such that

1/2
2r /

S ) <o

J=ri+l

where ¥ denotes a prescribed tolerance. We set S"t! € R"*" to contain the 71 largest
singular values of Sl and Pl € R2r*m1 and Q"+ € R?™*" to contain the first r; columns
of P and Q, respectively. Finally, we compute X"+! = XrHIpntl ¢ RNexm1 gpd Vitl =
Vn+1Qn+1 c RNvxT1

The update of f? after one time step is then given by f?! = Xn+lgntlyn+LT  Note
that in the following, to simplify notation, we will write f instead of f,..
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4.2. Dynamical low-rank approximation for the discrete optimization problem. The
goal of this subsection consists in applying DLRA to the fully discrete gradient descent method
proposed in Algorithm 3.1. To this end, we reformulate the forward equations (3.8) as well
as the adjoint equations (3.9) using the dynamical low-rank method with augmented BUG
integrator.

The initial low-rank factors X?,’for, S%’for, and VY for the forward equations (3.8) are
obtained by a singular value decomposition of u?,, where ud, = (U9km) € RN+xNv for which
the number of singular values is truncated to the initial rank r. In each time step, the low-rank
factors X750 ST and VI are then evolved according to the following scheme.

First, we solve in parallel the equations
(4.3a)

K'rz—l—l,for —_ Kn,for AthKn forVn for TATVn for + AtA
m m

D:m:Kn forVn for, T |A|TVn Jfor

+ At diag(U)Kfﬂfoerdfor,TEV%,for7
(4.3b)
L:Ln+17for - L?ﬂfor AtALn forxn for TD® TXn for + At |A|Ln foan for T D TXn for

+ AtELMPrxmon T diag (o) Xmfor,

where E = diag([0, —1,...,—1]). In the next step, we perform a QR-decomposition of the
augmented quantities [K"mﬂ’for,XZ{for} and [anﬂ’for,V?,{for] to obtain the augmented and
time updated spatial bases~§ﬁb+l’f°r and angular bases V5 %" respectively. For the S-step
we introduce the notation S%for = Xan’for’TX%forS”’fOTV%for’TV%H’for and compute

§n+1,for _ gn,for . Atin—l—l,for,‘l’Dm}/in—l—l,forgn,for{\/—n—s—l,for,TAT{\/—n—i-l,for
m - ~Ym

(4.3c) + AtA Xn+1 for TDanJrl forsn forVn+1 for, T ’A’Tvn_l,_l for

+ AtX:LnJrl,for,T diag(O_)X:LnJrl,forS:Lﬁfoern+1,for,TEV:Ln+1,for‘

Finally, we truncate the time-updated augmented low-rank factors for each m =1, ..., Njo to
a new rank r; < 2r. The time-updated numerical solutions of the forward problem are then
glven by un+1 Xrnzl—i—l,forS:Ln—i—l,forV;zn—l—l,for,T c ]RNIEXN’U.

For the adjoint equations (3.9) we perform a singular value decomposition of the end
Ny

time solutions th = (w.

’ km) e RN+*Nv truncate to the prescribed initial rank r and obtain

the low-rank factors X%t’adj, STNn"adj, and VYradi, Then, in each step, the low-rank factors

xmadi gradi o nq vinadl are evolved backwards in time as follows.
First, we solve in parallel the equations

Kn l,adj __ Kn ,adj + AthKn adJVn adj, TATVn adj + AtA DxacKn adJV’Vl adj, T ’A|Tvn ,adj
+ At diag (o) K2V TEV 2,

Ln l,adj __ Ln ,adj + AtALn adJXn adJ,TDZ‘ TXn adj + At |A|Ln adJXn adj, TDac;r TXn adj
+ AtELp VX724 T diag (o) XY,
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In the next step, we perform a QR-decomposition of [K?n_l’adj, X?r;adj] and [Lﬁfl’adj, Vf,{adj]

to obtain the augmented and time updated spatial bases X%fl’adj and angular bases ?%fl’adj,

respectively. For the S-step we set Sreadj _ xn—ladj, Tynadjgn.adjy nadj, Tyzn=ladj o, q com-
pute

S:Lnfl,adj _ S%adj + AtX:Lnfl,adJ,TDxX;Lnfl,adJS;L@,adjvafl,adj,TATVnmfl,adJ
Ax ~ . ~ ~ L~ . —~ .
n—1,adj, T hyzxy n—1,adjqn,adjyrn—1,adj, T Tx7rn—1,adj
+ AtX DX Ladignadiyn ATV
+ AtX;Lnfl,adJ,T diag(o_)Xnmfl,adJS:Lﬁadjvgfl,adj,TEV;lnfl,adJ'

Finally, we truncate the time-updated augmented low-rank factors for each m =1, ..., Njo to
a new rank r; < 2r. The time-updated numerical solutions of the adjoint problem are then
given by w1 = X tadign-lLadiyn=l.Tadi ¢ pNax Ny

Having determined the low-rank solutions of the forward and the adjoint problems, we
can use them to compute the gradient as given in (3.10). For the update of the coefficients
according to (2.5) we determine the step size adaptively by a line search approach with Armijo
condition similar to [23] and as described in Algorithm 4.1. For a given step size " the
coefficients and the scattering coefficient are updated to ¢”*' and "1, respectively. Then,
the truncation error tolerance ¥ is adjusted using the given step size " and the maximal
absolute value of VenJ. We add some safety parameters hy and hs as well as a lower bound
hy for the truncation tolerance. In the next step, we compute the value of the goal function J
with the low-rank factors of the forward problem at hand. We then solve the forward problem
(4.3) with ™! and the updated 9 to evaluate the goal function J again with the obtained
low-rank factors. While the difference between those values of the goal function J is larger
than a prescribed tolerance, the gradient descent step size is reduced by the factor p and the
procedure is repeated.

5. Numerical results. We consider the following test examples in one space and one
angular dimension to show the computational accuracy and efficiency of the proposed low-
rank scheme.

5.1. Cosine. For the first numerical experiment the spatial as well as the angular domain
shall be set to Q, = Q, = [—1, 1]. We consider Nic = 3 initial distributions of Cosine type of
the form

2
um(tzo,x):2+cos<<x—;n>7r) for m=1,2,3.

The true and the initial spline coefficients for the approximation of the scattering coefficient
o are chosen as

Cirue = (2.1,2.0,2.2)"  and ¢y = (1.0,1.5,3.0)" .

The order of the spline basis functions is set to 3, i.e. cubic periodic B-splines are considered.
As computational parameters we use N, = 100 cells in the spatial domain and N, = 250
moments for the approximation in the angular variable. The end time is set to 7' = 1.0 and
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Algorithm 4.1 Line search method for refining the gradient descent step size and the DLRA rank
tolerance

Input: goal function J,
coefficients ¢,
gradient VenJ computed using (3.10),
low-rank factors X for gn.for yn.for of the forward problem (4.3) for m = 1, ..., Nic,
step size 0",
rank error tolerance 1,
step size reduction factor p,
constants hi, hs, hs, ha
Output: refined step size 77!, refined rank error tolerance 9, updated coefficients ¢ *!

Update the coefficients: c"*1 = c" — 7"V J;
Compute o™ from coefficients ¢! according to (2.4);
Update ¥ = max (hy, min (ho, hg [|[Ven J|| o 0™));

Compute J" = .J (Xrsporvier | xplrgplorypior),
5 n.for gn,for=n,f .
Compute XZL “s” OrV:Ln * from (4.3) for m = 1,..., Ni¢ with & = "' and the updated 9;

< n,for gn,for—=n,for —n,forfn,for—n,for)

Compute J" = J (x1 SV L RN SN

m

i

while J" > J" — yhy |[Ven J|2 do
Update n" 1 = pn™;

Update c¢"t! = ¢! — gtV en J;
Compute o™ ! from updated coefficients ¢"*!;
Update ¢ = max (hy, min (hg, h3 [|[Ven J|| o 7))

< n,forzn,for—n,for

Compute X, S,, "V from (4.3) for m = 1, ..., Ni¢ with & = ™! and the updated 9;

m m
-n < n,forzn,for—n,for < n,for zn,for—n,for
Compute J" = J (X1 SRR VRIS Sy Aty )
end while
Set n™ ! =

the time step size of the algorithm is chosen such that At = CFL - Az with a CFL number
of CFL = 0.99. For the low-rank computations we start with an initial rank of » = 5 in the
forward as well as in the adjoint problem. The maximal allowed value of the rank in each step
shall be restricted to 20. We begin the gradient descent method with a step size of n° = 5-10°
and a truncation error tolerance of ¥ = 1072 || £||,. For the rescaling of the gradient descent
step size and the DLRA rank tolerance we use the step size reduction factor p = 0.5 as well as
the constants hy = 1073 ||X||, for a lower bound of the rank tolerance and he = 0.1, h3 = 0.1
as safety parameters. Also hy = 0.5 is added as a safety parameter to ensure a reasonable
difference between J ' and J" in Algorithm 4.1. The whole gradient descent procedure is
then conducted until the prescribed error tolerance errtol = 104 or a maximal number of
iterations maxiter = 500 is reached.

In Figure 2 we compare the solutions of the parameter identification problem computed

This manuscript is for review purposes only.
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3.0 uinit n=0 91
. == optimized end
: uTrue end 8
B '/ <=+ UuinitDLRA n=0 1
2571 ¢ zlp:‘tlimized rI:‘)LRAend
'\ ;N uTrueDLRA end
< : > 71
€20 . <
_____ 275 _ 61
1.5 :}::
RN 54
1.01 Yoo —— DLRA
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X n
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Figure 2. Top left: Numerical results for the scalar flur ® of the Cosine problem computed with the full
solvers and the DLRA solvers at the initial step n = 0, with the true coefficients and with the optimization
gradient descent scheme. Top right: FEvolution of the averaged rank r for the DLRA method. Bottom row:
Iterations for the reconstruction of the scattering coefficient o computed with both the full solvers (left) and the
DLRA solvers (right).

with the full solvers and the DLRA solvers for both the forward and the adjoint equations. We

plot three curves corresponding to the different initial conditions of the scalar flux ® = - (f) v

2
at the initial step (uinit n = 0), computed with the true coefficients (u True end) and\/:;t the
end of the optimization procedure (optimized end), evaluated with both the full and the DLRA
solver. We observe that the DLRA solution captures well the behavior of the full solution and
that they both approach the solutions computed with the true coefficients. In addition, the
parameter reconstruction inverse problem for determining o is resolved accurately with both
solvers. It can be seen that beginning with ay,i; both the full and the DLRA method converge
to the true solution ou. Further, the evolution of the rank r is depicted, where we have
averaged the ranks of the forward equations computed with the different initial conditions to
obtain 7, and the ranks of the adjoint equations computed with the different initial conditions
to obtain 7,q; and finally set r = % (rfor + radj). We observe that in the beginning the averaged
rank decreases as the initial rank was chosen larger than required. From then on, we observe
a relatively monotonous increase until it stays at approximately » = 9. This evolution of the
rank reflects the fact that in the beginning of the optimization the error tolerance ¥ is chosen
quite large as the computed solution is still comparably far away from the true solution. As
the optimization algorithm approaches the true coefficients, the DLRA rank tolerance ¥ is
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decreased, resulting in a higher averaged rank. For the considered setup, the computational
benefit of the DLRA method compared to the solution of the full problem is significant.
Written in Julia v1.11 and run on a MacBook Pro with M1 chip, the run time decreases by a
factor of approximately 2.5 from 139 seconds to 56 seconds while retaining the accuracy of the
computed results. Concerning the memory costs, the solutions of the forward problem and
of the adjoint problem have to be stored in order to compute the gradient. For each initial
condition, the storage of the solution of the forward problem corresponds to a memory cost of
8 (N + 1) Ny N,, which for the DLRA method can be lowered to 8 (N; + 1) (er +rN, + TZ),
where r is the maximal averaged rank in the simulation.

5.2. Gaussian distribution. In a second test example, we set 0, = [0, 10] for the spatial
and €, = [—1, 1] for the angular domain. We consider Nic = 5 Gaussian initial distributions
of the form

1 R
Uy (t=0,2) = max [ 1078, ———exp (—M) for m=1,2,3,4,5,

2
\/ 27r<712C 201

that are centered around equidistantly distributed x¢ and extended periodically on the domain
Q.. The standard deviation is set to the constant value o;c = 0.8. The true and the initial
spline coeflicients for the approximation of the scattering coeflicient o are chosen as

Cirue = (2.1,2.0,2.2,2.0,1.9)"  and ¢ = (2.8,1.5,3.0,2.1,1.2) .

All other settings and computational parameters remain unchanged from the previous test
example.

In Figure 3 we compare the solutions of the parameter identification problem computed
with the full solvers and the DLRA solvers for both the forward and the adjoint equations. We
plot five curves corresponding to the different initial conditions of the scalar flux ® = % (f),
at the initial step (uinit n = 0), computed with the true coefficients (u True end) and at the
end of the optimization procedure (optimized end), evaluated with both the full and the
DLRA solver. Again we observe that the DLRA solution captures well the behavior of the
full solution and that they both approach the solutions computed with the true coefficients.
For the reconstruction of the scattering coefficient ¢ it can be seen that beginning with o
both the full and the DLRA method converge to the true solution oye. The averaged rank r
first decreases as the initial rank was chosen larger than required. From then on, we observe
the expected relatively monotonous increase until it stagnates at a value of approximately
r = 11.5. Written in Julia v1.11 and run on a MacBook Pro with M1 chip, the computational
time of the DLRA method compared to the solution of the full problem decreases by a factor

of approximately 2 from 11.5 seconds to 6 seconds, showing its computational efficiency.

6. Conclusion and outlook. We have presented a fully discrete DLRA scheme for the
reconstruction of the scattering parameter in the radiative transfer equation making use of
a PDE constrained optimization procedure. For a further enhancement of its computational
advantages compared to a standard full solver, the step size of the gradient descent method
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0.51 uinit n=0 11.51 — oira
LAY R L optimized end
uTrue end 11.0
0.4 1 “+ UinitDLRA n=0
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031 \ \ | 1004
© .
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Figure 3. Top left: Numerical results for the scalar flur ® of the Gauss problem computed with the full
solvers and the DLRA solvers at the initial step n = 0, with the true coefficients and with the optimization
gradient descent scheme. Top right: FEvolution of the averaged rank r for the DLRA method. Bottom row:
Iterations for the reconstruction of the scattering coefficient o computed with both the full solvers (left) and the
DLRA solvers (right).

is determined adaptively in each step and the allowed DLRA rank tolerance is adjusted ac-
cordingly. This leads to an efficient and accurate numerical DLRA scheme. For further con-
siderations, numerical examples in more than one spatial and angular variable are of interest
as in higher dimensions the savings by the DLRA method are expected to be larger by orders
of magnitude. Also, theoretical considerations concerning for instance the stability of DLRA
schemes applied to inverse parameter reconstruction problems can provide valuable insights
into the structure of such problems. In addition, various questions arise when the structural
order of the problem is changed, meaning that for example a “first low-rank, then optimize,
then discretize” strategy is pursued. For instance, it is not clear how the adjoint equations
can be derived from the low-rank components of the forward problem as the low-rank equa-
tions are highly nonlinear. Summarizing, the combination of DLRA methods and parameter
identification problems is an interesting field of research with various open problems that are
left to future work.
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