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Abstract9

The numerical solution of parameter identification inverse problems for kinetic equations can exhibit high

computational and memory costs. In this paper, we propose a dynamical low-rank scheme for the re-

construction of the scattering parameter in the radiative transfer equation from a number of macroscopic

time-independent measurements. We first work through the PDE constrained optimization procedure in a

continuous setting and derive the adjoint equations using a Lagrangian reformulation. For the scattering

coefficient, a periodic B-spline approximation is introduced and a gradient descent step for updating its

coefficients is formulated. After the discretization, a dynamical low-rank approximation (DLRA) is applied.

We make use of the rank-adaptive basis update & Galerkin integrator and a line search approach for the

adaptive refinement of the gradient descent step size and the DLRA tolerance. We show that the proposed

scheme significantly reduces both memory and computational cost. Numerical results computed with dif-

ferent initial conditions validate the accuracy and efficiency of the proposed DLRA scheme compared to

solutions computed with a full solver.
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1. Introduction13

A classical problem in medical imaging consists in the reconstruction of properties of the examined tissue

from measurements without doing harm to the human body. In optical tomography, the propagation of

near-infrared light through tissue can be modeled using the radiative transfer equation (RTE) [22, 15, 14].

Neglecting boundary effects, the time-dependent form of this kinetic partial differential equation (PDE) can

be given in one-dimensional slab geometry as{
∂tf (t, x, v) + v∂xf (t, x, v) = σ (x)

Ä
1

|Ωv| ⟨f (t, x, v))⟩v − f (t, x, v)
ä
,

f (t = 0, x, v) = fin (x, v) ,
(1)

where f (t, x, v) : R+
0 × Ωx × Ωv → R+

0 denotes the distribution function that describes the repartition14

of photons in phase space. Here, t stands for the time variable, x ∈ Ωx ⊆ R for the space variable and15

v ∈ Ωv = [−1, 1] for the angular variable. An integration over the corresponding domain is denoted by16
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brackets ⟨·⟩ and |Ωv| measures the length of the domain Ωv. The function σ (x) represents the properties1

of the background medium, indicating the probability of particles at position x to be scattered into a new2

direction. We refer to it as the scattering coefficient. At the initial time t = 0 the function fin (x, v) shall3

be prescribed for the distribution function.4

The inverse problem associated to the RTE (1) considers the reconstruction of the scattering coefficient5

σ (x) from measurements. For the theoretical background on inverse problems in general as well as on the6

theoretical requirements on σ (x) and f (t, x, v) in the inverse transport problem the reader is referred to [13]7

and to the review articles [1, 24], respectively. For the numerical solution of this parameter identification8

problem, PDE constrained optimization is deployed. In this setting, we aim for the minimization of the9

difference between the measurements and the computed solutions under the assumption of the validity of the10

RTE. Similar to recent papers [18, 7, 11, 9], we pursue a gradient-based approach for which in each iteration11

the evaluation of both the forward and the adjoint problem is required. Clearly, this can numerically become12

very costly, especially in higher-dimensional settings.13

To reduce the computational cost and memory requirements for the solution of kinetic equations, dynamical

low-rank approximation (DLRA) [16] can be applied. This approach approximates the kinetic distribution

function f up to a certain rank r as

f (t, x, v) ≈
r∑

i,j=1

Xi (t, x)Sij (t)Vj (t, v) , (2)

where {Xi : i = 1, .., r} are the orthonormal basis functions in space and {Vj : j = 1, .., r} are the orthonormal14

basis functions in angle. The matrix S = (Sij) ∈ Rr×r contains the coefficients of the approximation and15

therefore is called the coefficient or coupling matrix. The idea of DLRA then consists in constraining the16

evolution dynamics to functions of the form (2). There are different integrators that are able to evolve the17

low-rank factors in time while not suffering from this solution structure. For instance, the projector-splitting18

[19], the (augmented) basis update & Galerkin (BUG) [6, 4], and the parallel BUG integrator [5] are widely19

used in various areas of research [2, 17, 10, 8].20

For the solution of the inverse transport problem associated to (1) the following approach is pursued in this21

paper: “first optimize, then discretize, then low-rank”, i.e. we first perform the optimization in a continuous22

setting before the resulting equations are discretized and a dynamical low-rank approximation is used. The23

main features of this paper are:24

– An application of DLRA to a PDE parameter identification inverse problem: The scattering parameter25

σ (x) is determined by PDE constrained optimization for which after the discretization the dynamical26

low-rank method is used. To our knowledge, this is the first paper that combines inverse problems and27

DLRA, leading to a reduction of computational effort from O
(
Ndx+dv

)
to O

(
rNmax(dx,dv)

)
in each28

step, where N denotes the number of grid points in physical as well as angular space and dx, dv the29

dimensions in space and angle, respectively.30

– A setup close to realistic applications: In most applications measurements are not able to access the full31

distribution function but at most angle-averaged quantities, i.e. its moments. We will consider such a32

setup here where it is assumed that only the first moment is accessible by measurements. In addition,33

optimal tomography commonly relies on a multitude of measurements from different positions which34

we incorporate by probing multiple initial values.35

– An adaptive gradient descent step size and an augmented low-rank integrator: The minimization is36

performed using a gradient descent method for updating the coefficients of a periodic B-spline approx-37

imation of σ (x). Similar to [23], the step size is chosen adaptively by a line search approach with38
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Armijo condition. Also the rank of the DLRA algorithm is chosen adaptively by using the augmented1

BUG integrator from [4]. This allows us to choose the rank in each step such that a given error2

tolerance is satisfied. In the context of optimization, this enables us to start with a comparatively3

small rank (when we are still far from the minimum) and then gradually increase the rank as the4

optimization progresses, thereby enhancing the performance of the low-rank scheme.5

– A series of numerical test examples: A series of numerical text examples confirms that for the recon-6

struction of the scattering coefficient the application of DLRA shows good agreement with the full7

solution while being significantly faster, suggesting that the combination of low-rank methods and8

inverse problems is a promising field of future research.9

The structure of the paper is as follows: After the introduction in Section 1, the PDE constrained optimiza-10

tion procedure for the solution of the inverse parameter identification problem is explained in Section 2.11

Section 3 is devoted to the discretization of the forward and the adjoint equations as well as of the gradient12

in angle, space, and time, leading to a fully discrete gradient descent scheme. In Section 4, the concept of13

DLRA is introduced and subsequently applied to the forward and adjoint equations. An adaptive line search14

method for refining the gradient descent step size and the DLRA rank tolerance is presented. Numerical15

results given in Section 5 confirm the accuracy and efficiency of the DLRA scheme compared to the solutions16

computed with the full solver. Finally, Section 6 gives a brief conclusion and an outlook for possible further17

research.18

2. PDE constrained optimization19

For the reconstruction of the scattering coefficient σ (x) a multitude of NIC measurements shall be taken

into account. We assume the measurements to be generated by a measurement operator M acting on the

angle-averaged solution of the RTE at the final time t = T , that has been generated using the corresponding

initial condition fin,m. For simplicity, the computed data dm is assumed to be close to the measurements of

an angle-averaged solution, i.e.

dm (x) ≈ M
(
⟨fσ,m (t = T, x, v)⟩v

)
for m = 1, ..., NIC,

where fσ,m (t, x, v) is a solution of{
∂tfm (t, x, v) + v∂xfm (t, x, v) = σ (x)

Ä
1

|Ωv| ⟨fm (t, x, v))⟩v − fm (t, x, v)
ä
,

fm (t = 0, x, v) = fin,m (x, v) .
(3)

One then tries to minimize the square loss between the simulated angle-averaged solution and the measured

data, i.e. one tries to solve the minimization problem

min
σ

J (σ) with J (σ) =
1

2

NIC∑
m=1

¨∣∣⟨fσ,m(t = T, x, v)⟩v − dm (x)
∣∣2∂

x
subject to (3). (4)

Note that this setup is close to realistic applications in the sense as described above. For real-word ap-20

plications we point out that the considered setting with one spatial and one angular variable may not be21

sufficient. In addition, it is assumed that there is no noise in the measurements which in practical applica-22

tions is clearly infeasible. Even though, the results gained from the considered setup can directly be extended23

to higher-dimensional settings and give valuable insights into the combination of parameter identification24

and DLRA, which this paper aims for.25

In Subsection 2.1 we make use of the method of Lagrange multipliers to derive the adjoint equations associ-26

ated to the forward problem (3). We then derive the explicit gradient descent step in Subsection 2.2.27
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2.1. Lagrangian formulation1

To reformulate the PDE constrained minimization problem (4) into an unconstrained optimization problem

the method of Lagrange multipliers is used. Note that from now on, for brevity, we write fm (t, x, v) instead

of fσ,m (t, x, v). We aim for a solution of

minL (f1, ...fNIC
, g1, ..., gNIC

, λ1, ..., λNIC
, σ) ,

where

L = J (f1, ..., fNIC
) +

NIC∑
m=1

≠
gm, ∂tfm + v∂xfm − σ (x)

Å
1

|Ωv|
⟨fm⟩v − fm

ã∑
t,x,v

+

NIC∑
m=1

⟨λm, fm (t = 0, x, v)− fin,m(x, v)⟩x,v

and gm (t, x, v) and λm (x, v) are Lagrange multipliers with respect to fm (t, x, v) and fin,m (x, v) for m =

1, ..., NIC, respectively. Applying integration by parts and assuming periodic boundary conditions, the

Lagrangian can be rewritten as

L = J (f1, ..., fNIC
) +

NIC∑
m=1

≠
fm,−∂tgm − v∂xgm − σ (x)

Å
1

|Ωv|
⟨gm⟩v − gm

ã∑
t,x,v

+

NIC∑
m=1

⟨gm(t = T, x, v), fm(t = T, x, v)⟩x,v −
NIC∑
m=1

⟨gm (t = 0, x, v) , fm (t = 0, x, v)⟩x,v

+

NIC∑
m=1

⟨λm, fm (t = 0, x, v)− fin,m (x, v)⟩x,v .

The corresponding adjoint or dual problems associated to (3) can then be derived by setting ∂L
∂fm

= 0 for

m = 1, ..., NIC. By straightforward calculation one obtains{
−∂tgm (t, x, v)− v∂xgm (t, x, v) = σ (x)

Ä
1

|Ωv| ⟨gm (t, x, v)⟩v − gm (t, x, v)
ä
,

gm (t = T, x, v) = −⟨fm (t = T, x, v)⟩v + dm (x) .
(5)

The solution of the forward equations (3) as well as the adjoint equations (5) will then be used for the2

computation of the gradient in the following gradient descent step.3

2.2. Optimization parameters and gradient descent step4

When evaluating the scattering coefficient σ (x) at each point of the spatial grid and taking these values

as the parameters to be optimized, there are several computational disadvantages. For instance, a huge

parameter space is obtained and very rough functions are part of the ansatz space. To avoid this, we

consider the parametrization of σ (x) by splines. In particular, we approximate

σ (x) ≈
Nc∑
i=1

ciBi (x) , (6)

where Nc denotes the finite number of spline functions, Bi (x) are the periodic B-spline basis functions,5

and ci the coefficients of the approximation. In Figure 1 the basis functions for cubic periodic B-splines for6

Nc = 3 and Nc = 5 are illustrated.7
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Figure 1: Cubic periodic B-spline basis functions for Nc = 3 (left) and Nc = 5 (right) on different spatial domains.

The gradient descent step for the solution of the minimization problem (4) then updates the coefficients cni
to cn+1

i for i = 1, ..., Nc in each step by determining

cn+1
i = cni − ηn

dJ (f1, ..., fNIC
)

dci

∣∣∣∣∣
ci=cni

, (7)

where ηn denotes an adaptively chosen step size.1

As fm satisfies the PDE constraints (3) and gm solves the adjoint equations (5) for m = 1, ..., NIC, it

holds

L (f1, ..., fNIC , g1, ..., gNIC , λ1, ..., λNIC , σ) = J (f1, ..., fNIC) ,

and thus

dJ (f1, ..., fNIC
)

dci
=

dL (f1, ..., fNIC
, g1, ..., gNIC

, λ1, ..., λNIC
, σ)

dci

=

NIC∑
m=1

Å
∂L
∂fm

∂fm
∂σ

∂σ

∂ci
+

∂L
∂gm

∂gm
∂σ

∂σ

∂ci
+

∂L
∂λm

∂λm

∂σ

∂σ

∂ci
+

∂L
∂σ

∂σ

∂ci

ã
.

The first three terms again vanish since (3) and (5) are fulfilled, leading to

dJ (f1, ..., fNIC
)

dci
=

NIC∑
m=1

∂L
∂σ

∂σ

∂ci
=

NIC∑
m=1

Å
− 1

|Ωv|
⟨⟨fm⟩v, ⟨gm⟩v⟩t + ⟨fm, gm⟩t,v

ã
Bi. (8)

Hence, we have derived an explicit formulation depending on the forward and on the adjoint equation as2

well as on the B-spline basis functions to compute the gradient in the gradient descent step (7).3

3. Discretization4

For the numerical implementation we discretize the forward problem (3), the adjoint problem (5) and the5

gradient (8) in angle, space and time, leading to a fully discrete scheme. We begin with the angular6

discretization in Subsection 3.1, followed by a discretization in space in Subsection 3.2 and in time in7

Subsection 3.3. Subsection 3.4 then summarizes the fully discrete gradient descent method.8
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3.1. Angular discretization1

For the discretization in angle we decide on a modal approach making use of normalized Legendre polyno-

mials Pℓ. This is a standard approach that is commonly used for radiative transfer problems and the derived

methods are referred to as PN methods [21, 3, 20]. We use a rescaling of the Legendre polynomials such

that ⟨Pk, Pℓ⟩v = δkℓ and P0 = 1√
2
holds. They constitute a complete set of orthonormal functions on the

interval [−1, 1]. We expand the distribution functions fm and gm for m = 1, ..., NIC in terms of the rescaled

Legendre polynomials and obtain the following approximation

fm (t, x, v) ≈
Nv−1∑
ℓ=0

uℓm (t, x)Pℓ (v) and gm (t, x, v) ≈
Nv−1∑
ℓ=0

wℓm (t, x)Pℓ (v) , (9)

where the expansion coefficients uℓ (t, x) and wℓ (t, x), respectively, are called the moments and Nv is called

the order of the approximation. We insert these representations into the forward problem (3) as well as the

adjoint problem (5), multiply with Pk and integrate over the angular variable v. Using the orthonormality

condition from above and the notation Akℓ = ⟨Pk, vPℓ⟩v leads to{
∂tukm (t, x) = −

∑Nv−1
ℓ=0 ∂xuℓm (t, x)Akℓ + σ (x)ukm (t, x) (δk0 − 1) ,

ukm (t = 0, x) = uin,km (x) ,
(10)

for the forward equations and{
−∂twkm (t, x) =

∑Nv−1
ℓ=0 ∂xwℓm (t, x)Akℓ + σ (x)wkm (t, x) (δk0 − 1) ,

wkm (t = T, x) =
Ä
−2u0m (t = T, x) +

√
2dm (x)

ä
δk0,

(11)

for the adjoint equations for m = 1, ..., NIC . We collect the entries Akℓ in the symmetric matrix A =

(Akℓ) ∈ RNv×Nv and note that A is diagonalizable in the form A = QMQ⊤ with Q orthonormal and

M = diag(σ1, ..., σNv ). We then set |A| = Q|M|Q⊤. For the angular discretization of the gradient we insert

the representations (9) into (8) and obtain

dJ (f1, ..., fNIC
)

dci
≈

NIC∑
m=1

(
−⟨u0m (t, x) , w0m (t, x)⟩t +

Nv−1∑
k=0

⟨ukm (t, x) , wkm (t, x)⟩t

)
Bi (x) . (12)

3.2. Spatial discretization2

The discretization in the spatial variable is performed on a spatial grid with Nx grid cells and equidistant

spacing ∆x = 1
Nx

such that

ujkm (t) ≈ ukm (t, xj) , wjkm (t) ≈ wkm (t, xj) , σj ≈ σ (xj) , djm ≈ dm (xj) , Bji ≈ Bi (xj) .

Spatial derivatives are approximated using a centered finite difference scheme to which a second-order

stabilization term is added. We denote ∂x ≈ Dx ∈ RNx×Nx and ∂xx ≈ Dxx ∈ RNx×Nx for the tridiagonal

stencil matrices with nonzero entries only at

Dx
j,j±1 =

±1

2∆x
, Dxx

j,j = − 2

(∆x)
2 , Dxx

j,j±1 =
1

(∆x)
2 .

In addition, we assume periodic boundary conditions which results in setting

Dx
1,Nx

=
−1

2∆x
, Dx

Nx,1 =
1

2∆x
, Dxx

1,Nx
= Dxx

Nx,1 =
1

(∆x)
2 .
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The spatially discretized forward equations with centered finite differences and an additional second-order

stabilization term can then be obtained from (10) as
∂tujkm (t) = −

∑Nx

i=1

∑Nv−1
ℓ=0 Dx

jiuiℓm (t)Akℓ +
∆x
2

∑Nx

i=1

∑Nv−1
ℓ=0 Dxx

ji uiℓm (t) |A|kℓ
+ σjujkm (t) (δk0 − 1) ,

ujkm (t = 0) = uin,jkm,

(13)

and the spatially discretized adjoint equations from (11) as
−∂twjkm (t) =

∑Nx

i=1

∑Nv−1
ℓ=0 Dx

jiwiℓm (t)Akℓ +
∆x
2

∑Nx

i=1

∑Nv−1
ℓ=0 Dxx

ji wiℓm (t) |A|kℓ
+ σjwjkm (t) (δk0 − 1) ,

wjkm (t = T ) =
Ä
−2uj0m (t = T ) +

√
2djm

ä
δk0,

(14)

For the spatial discretization of the gradient we get from (12) that

dJ (f1, ..., fNIC
)

dci
≈

NIC∑
m=1

(
−⟨uj0m (t) , wj0m (t)⟩t +

Nv−1∑
k=0

⟨ujkm (t) , wjkm (t)⟩t

)
Bji. (15)

3.3. Time discretization1

To obtain a fully discrete system, the time interval [0, T ] is split equidistantly into a finite number Nt of

time cells. An update of the forward equations (13) from time tn to time tn+1 = tn +∆t is then computed

using an explicit Euler step forward in time such that
un+1
jkm = un

jkm −∆t
∑Nx

i=1

∑Nv−1
ℓ=0 Dx

jiu
n
iℓmAkℓ +∆t∆x

2

∑Nx

i=1

∑Nv−1
ℓ=0 Dxx

ji u
n
iℓm |A|kℓ

+ σj∆tun
jkm (δk0 − 1) ,

u0
jkm = uin,jkm.

(16)

For the adjoint equations (14) we start computations with an end time condition after Nt steps and evolve

the solution from time tn to time tn−1 = tn−∆t by an explicit Euler step backwards in time such that
wn−1

jkm = wn
jkm +∆t

∑Nx

i=1

∑Nv−1
ℓ=0 Dx

jiw
n
iℓmAkℓ +∆t∆x

2

∑Nx

i=1

∑Nv−1
ℓ=0 Dxx

ji w
n
iℓm |A|kℓ

+ σj∆twn
jkm (δk0 − 1) ,

wNt

jkm =
Ä
−2uNt

j0m +
√
2djm

ä
δk0.

(17)

The fully discretized gradient can be obtained from (15) by approximating integrals with respect to time by

step functions. We get

dJ (f1, ..., fNIC)

dci
≈ 1

Nt + 1

NIC∑
m=1

Nt∑
n=0

(
−un

j0mwNt−n
j0m +

Nv−1∑
k=0

un
jkmwNt−n

jkm

)
Bji. (18)

3.4. Fully discrete optimization scheme2

The strategy for the fully discrete gradient descent method for the solution of the PDE parameter iden-3

tification problem is summarized in Algorithm 1. Note that for the stopping criterion an error estimate4

estimated-err for the deviation of the computed coefficients from the true coefficients is required to run5

the algorithm.6
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Algorithm 1 Gradient descent method for the PDE parameter reconstruction

Input: measurements dm = (djm) ∈ RNx for m = 1, ..., NIC,

initial data u0
m =

(
u0
jkm

)
∈ RNx×Nv for m = 1, ..., NIC,

initial guess for the coefficients c0 =
(
c0i
)
∈ RNc ,

initial step size η0,

estimated error estimated-err,

error tolerance errtol,

maximal number of iterations maxiter

Output: optimal coefficients copt = (copt,i) ∈ RNc within the prescribed error tolerance

while estimated-err > errtol and n ≤ maxiter do

Compute σn =
(
σn
j

)
∈ RNx from given coefficients cn according to (6);

Solve the forward problem according to (16) for each m = 1, ..., NIC;

Solve the adjoint problem according to (17) for each m = 1, ..., NIC;

Compute the gradient dJ
dcni

using (18) and the solutions of (16) and (17);

Update the coefficients according to (7): cn+1
i = cni − ηn dJ

dci

∣∣
ci=cni

, where ηn is determined adaptively by line

search;

end while

4. Dynamical low-rank approximation1

For the solution of the PDE parameter identification problem the coefficients ci of the spline approximation2

(6) of σ are updated several times in the gradient descent step (7). For each iteration the solution of the3

fully discretized forward equations (16) as well as of the fully discretized adjoint equations (17) have to be4

computed and stored in order to compute the fully discretized gradient (18). A method for the reduction of5

computational and memory effort for kinetic equations is the concept of dynamical low-rank approximation6

that shall be applied to the considered inverse transport problem. We begin with some general information7

on DLRA in Subsection 4.1, before Subsection 4.2 is devoted to a DLRA algorithm for the considered8

discrete optimization problem.9

4.1. Background on dynamical low-rank approximation10

In [16], the concept of DLRA has been introduced in a semi-discrete time-dependent matrix setting. We

follow the explanations there. Let f (t) ∈ RNx×Nv be the solution of the matrix differential equation

ḟ (t) = F (f (t)) ,

for which the right-hand side shall be denoted by F (f (t)) : RNx×Nv → RNx×Nv . We then seek an approxi-

mation of f (t) of the form

fr (t) = X (t)S (t)V (t)
⊤
, (19)

where the matrix X (t) ∈ RNx×r contains the orthonormal basis functions in space and V (t) ∈ RNv×r the

orthonormal basis functions in angle. The coefficients of the approximation are stored in the coupling matrix

S (t) ∈ Rr×r. The set of all matrices of the form (19) then constitutes a low-rank manifold that we denote

by Mr. Its tangent space at fr (t) shall be denoted by Tfr(t)Mr. For the evolution of the low-rank factors

in time we seek a solution of the minimization problem

min
ḟr(t)∈Tfr(t)Mr

∥∥∥ḟr (t)− F (fr (t))
∥∥∥
F

8



at all times t, where ∥·∥F denotes the Frobenius norm. In [16] it has been shown that this minimization

constraint is equivalent to determining

ḟr (t) = P (fr (t))F (fr (t)) , (20)

where P denotes the orthogonal projector onto the tangent space Tfr(t)Mr that can be explicitly given

as

P (fr (t))F = XX⊤F−XX⊤FVV⊤ + FVV⊤.

There are different robust time integrators for the solution of (20) that are able to evolve the low-rank1

solution on the manifold Mr while not suffering from potentially small singular values [12]. The projector-2

splitting [19], the (augmented) BUG [6, 4], and the parallel BUG integrator [5] are frequently used.3

In this work, we use the augmented BUG integrator from [4] that evolves the low-rank factors as follows:4

In the first two steps, the BUG integrator updates and augments the spatial basis X and the angular basis5

V in parallel, leading to an increase of rank from r to 2r. Having the augmented bases at hand, a Galerkin6

step for the coefficient matrix S is performed. In the last step, all quantities are truncated back to a new7

rank r1 ≤ 2r that is chosen adaptively depending on a prescribed error tolerance. In detail, the augmented8

BUG integrator evolves the low-rank solution from fnr = XnSnVn,⊤ at time tn to fn+1
r = Xn+1Sn+1Vn+1,⊤

9

at time tn+1 = tn +∆t as follows:10

K -Step: We denote K (t) = X (t)S (t) and solve the PDE

K̇ (t) = F
(
K (t)Vn,⊤)Vn, K (tn) = XnSn.

The spatial basis is then updated by determining “Xn+1 ∈ RNx×2r as an orthonormal basis of [K(tn+1),X
n] ∈11

RNx×2r, e.g. by QR-decomposition. We store M̂ = “Xn+1,⊤Xn ∈ R2r×r. Note that we denote augmented12

quantities of rank 2r with hats.13

L-Step: We denote L (t) = V (t)S(t)⊤ and solve the PDE

L̇ (t) = F
Ä
XnL (t)

⊤ä⊤
Xn, L (tn) = VnSn,⊤.

The angular basis is then updated by determining “Vn+1 ∈ RNv×2r as an orthonormal basis of [L (tn+1) ,V
n] ∈14

RNv×2r, e.g. by QR-decomposition. We store “N = “Vn+1,⊤Vn ∈ R2r×r.15

S-step: We update the coefficient matrix from Sn ∈ Rr×r to Ŝn+1 ∈ R2r×2r by solving the ODE

˙̂
S (t) = “Xn+1,⊤F

Ä“Xn+1Ŝ (t)“Vn+1,⊤
ä “Vn+1, Ŝ (tn) = M̂Sn“N⊤.

Truncation: We compute the singular value decomposition of Ŝn+1 = “PΣ“Q⊤, where “P,“Q ∈ R2r×2r are

orthogonal matrices and Σ ∈ R2r×2r is the diagonal matrix containing the singular values σ1, ..., σ2r. The

new rank r1 ≤ 2r is determined such that Ñ
2r∑

j=r1+1

σ2
j

é1/2

≤ ϑ,

where ϑ denotes a prescribed tolerance. We set Sn+1 ∈ Rr1×r1 to contain the r1 largest singular values16

of Ŝn+1 and Pn+1 ∈ R2r×r1 and Qn+1 ∈ R2r×r1 to contain the first r1 columns of “P and “Q, respectively.17

Finally, we compute Xn+1 = “Xn+1Pn+1 ∈ RNx×r1 and Vn+1 = “Vn+1Qn+1 ∈ RNv×r1 .18

The update of fnr after one time step is then given by fn+1
r = Xn+1Sn+1Vn+1,⊤. Note that in the following,19

to simplify notation, we will write f instead of fr.20

9



4.2. Dynamical low-rank approximation for the discrete optimization problem1

The goal of this subsection consists in applying DLRA to the fully discrete gradient descent method proposed2

in Algorithm 1. To this end, we reformulate the forward equations (16) as well as the adjoint equations (17)3

using the dynamical low-rank method with augmented BUG integrator.4

The initial low-rank factors X0,for
m ,S0,for

m , and V0,for
m for the forward equations (16) are obtained by a singular5

value decomposition of u0
m, where u0

m =
Ä
u0
jkm

ä
∈ RNx×Nv , for which the number of singular values is6

truncated to the initial rank r. In each time step, the low-rank factors Xn,for
m ,Sn,for

m , and Vn,for
m are then7

evolved according to the following scheme.8

First, we solve in parallel the equations

Kn+1,for
m = Kn,for

m −∆tDxKn,for
m Vn,for,⊤

m A⊤Vn,for
m +∆t

∆x

2
DxxKn,for

m Vn,for,⊤
m |A|⊤Vn,for

m (21a)

+ ∆tdiag(σ)Kn,for
m Vn,for,⊤

m EVn,for
m ,

Ln+1,for
m = Ln,for

m −∆tALn,for
m Xn,for,⊤

m Dx,⊤Xn,for
m +∆t

∆x

2
|A|Ln,for

m Xn,for,⊤
m Dxx,⊤Xn,for

m (21b)

+ ∆tELn,for
m Xn,for,⊤

m diag(σ)Xn,for
m ,

where E = diag([0,−1, ...,−1]). In the next step, we perform a QR-decomposition of the augmented quan-

tities
[
Kn+1,for

m ,Xn,for
m

]
and

[
Ln+1,for
m ,Vn,for

m

]
to obtain the augmented and time updated spatial bases“Xn+1,for

m and angular bases “Vn+1,for
m , respectively. For the S-step we introduce the notation S̃n,for

m =“Xn+1,for,⊤
m Xn,for

m Sn,for
m Vn,for,⊤

m
“Vn+1,for

m and compute

Ŝn+1,for
m = S̃n,for

m −∆t“Xn+1,for,⊤
m Dx“Xn+1,for

m S̃n,for
m
“Vn+1,for,⊤

m A⊤“Vn+1,for
m

+∆t
∆x

2
“Xn+1,for,⊤

m Dxx“Xn+1,for
m S̃n,for

m
“Vn+1,for,⊤

m |A|⊤“Vn+1,for
m (21c)

+ ∆t“Xn+1,for,⊤
m diag(σ)“Xn+1,for

m S̃n,for
m
“Vn+1,for,⊤

m E“Vn+1,for
m .

Finally, we truncate the time-updated augmented low-rank factors for each m = 1, ..., NIC to a new9

rank r1 ≤ 2r. The time-updated numerical solutions of the forward problem are then given by un+1
m =10

Xn+1,for
m Sn+1,for

m Vn+1,for,⊤
m ∈ RNx×Nv .11

For the adjoint equations (17) we perform a singular value decomposition of the end time solutions wNt
m =12 Ä

wNt

jkm

ä
∈ RNx×Nv , truncate to the prescribed initial rank r and obtain the low-rank factors XNt,adj

m ,SNt,adj
m ,13

and VNt,adj
m . Then, in each step, the low-rank factors Xn,adj

m ,Sn,adj
m , and Vn,adj

m are evolved backwards in14

time as follows.15

First, we solve in parallel the equations

Kn−1,adj
m = Kn,adj

m +∆tDxKn,adj
m Vn,adj,⊤

m A⊤Vn,adj
m +∆t

∆x

2
DxxKn,adj

m Vn,adj,⊤
m |A|⊤Vn,adj

m

+∆tdiag(σ)Kn,adj
m Vn,adj,⊤

m EVn,adj
m ,

Ln−1,adj
m = Ln,adj

m +∆tALn,adj
m Xn,adj,⊤

m Dx,⊤Xn,adj
m +∆t

∆x

2
|A|Ln,adj

m Xn,adj,⊤
m Dxx,⊤Xn,adj

m

+∆tELn,adj
m Xn,adj,⊤

m diag(σ)Xn,adj
m .

In the next step, we perform a QR-decomposition of the augmented quantities
[
Kn−1,adj

m ,Xn,adj
m

]
and[

Ln−1,adj
m ,Vn,adj

m

]
to obtain the augmented and time updated spatial bases “Xn−1,adj

m and angular bases

10



“Vn−1,adj
m , respectively. For the S-step we set S̃n,adj

m = “Xn−1,adj,⊤
m Xn,adj

m Sn,adj
m Vn,adj,⊤

m
“Vn−1,adj

m and com-

pute

Ŝn−1,adj
m = S̃n,adj

m +∆t“Xn−1,adj,⊤
m Dx“Xn−1,adj

m S̃n,adj
m
“Vn−1,adj,⊤

m A⊤“Vn−1,adj
m

+∆t
∆x

2
“Xn−1,adj,⊤

m Dxx“Xn−1,adj
m S̃n,adj

m
“Vn−1,adj,⊤

m |A|⊤“Vn−1,adj
m

+∆t“Xn−1,adj,⊤
m diag(σ)“Xn−1,adj

m S̃n,adj
m
“Vn−1,adj,⊤

m E“Vn−1,adj
m .

Finally, we truncate the time-updated augmented low-rank factors for each m = 1, ..., NIC to a new1

rank r1 ≤ 2r. The time-updated numerical solutions of the adjoint problem are then given by wn−1
m =2

Xn−1,adj
m Sn−1,adj

m Vn−1,⊤,adj
m ∈ RNx×Nv .3

Having determined the low-rank solutions of the forward and the adjoint problems, we can use them to4

compute the gradient as given in (18). For the update of the coefficients according to (7) we determine5

the step size adaptively by a line search approach with Armijo condition similar to [23] and as described in6

Algorithm 2. For a given step size ηn the coefficients and the scattering coefficient are updated to cn+1 and7

σn+1, respectively. Then, the truncation error tolerance ϑ is adjusted using the given step size ηn and the8

maximal absolute value of ∇cnJ . We add some safety parameters h2 and h3 as well as a lower bound h1 for9

the truncation tolerance. In the next step, we compute the value of the goal function J with the low-rank10

factors of the forward problem at hand. We then solve the forward problem (21) with σn+1 and the updated11

ϑ to evaluate the goal function J again with the obtained low-rank factors. While the difference between12

those values of the goal function J is larger than a prescribed tolerance, the gradient descent step size is13

reduced by the factor p and the procedure is repeated.14

5. Numerical results15

We consider the following test examples in one space and one angular dimension to show the computational16

accuracy and efficiency of the proposed low-rank scheme.17

5.1. Cosine18

For the first numerical experiment the spatial as well as the angular domain shall be set to Ωx = Ωv = [−1, 1].

We consider NIC = 3 initial distributions of Cosine type of the form

um (t = 0, x) = 2 + cos

ÅÅ
x− 2m

3

ã
π

ã
for m = 1, 2, 3.

The true and the initial spline coefficients for the approximation of the scattering coefficient σ are chosen

as

ctrue = (2.1, 2.0, 2.2)
⊤

and cinit = (1.0, 1.5, 3.0)
⊤
.

The order of the spline basis functions is set to 3, i.e. cubic periodic B-splines are considered. As computa-19

tional parameters we use Nx = 100 cells in the spatial domain and Nv = 250 moments for the approximation20

in the angular variable. The end time is set to T = 1.0 and the time step size of the algorithm is chosen21

such that ∆t = CFL ·∆x with a CFL number of CFL = 0.99. For the low-rank computations we start with22

an initial rank of r = 5 in the forward as well as in the adjoint problem. The maximal allowed value of23

the rank in each step shall be restricted to 20. We begin the gradient descent method with a step size of24

η0 = 5 · 105 and a truncation error tolerance of ϑ = 10−2 ∥Σ∥2. For the rescaling of the gradient descent25

step size and the DLRA rank tolerance we use the step size reduction factor p = 0.5 as well as the constants26

11



Algorithm 2 Line search method for refining the gradient descent step size and the DLRA rank tolerance

Input: goal function J ,

coefficients cn,

gradient ∇cnJ computed using (18),

low-rank factors Xn,for
m ,Sn,for

m ,Vn,for
m of the forward problem (21) for m = 1, ..., NIC,

step size ηn,

rank error tolerance ϑ,

step size reduction factor p,

constants h1, h2, h3, h4

Output: refined step size ηn+1, refined rank error tolerance ϑ, updated coefficients cn+1

Update the coefficients: cn+1 = cn − ηn∇cnJ ;

Compute σn+1 from coefficients cn+1 according to (6);

Update ϑ = max
(
h1,min

(
h2, h3 ∥∇cnJ∥∞ ηn

))
;

Compute Jn = J
Ä
Xn,for

1 Sn,for
1 Vn,for

1 , ...,Xn,for
NIC

Sn,for
NIC

Vn,for
NIC

ä
;

Compute X
n,for
m S

n,for
m V

n,for
m from (21) for m = 1, ..., NIC with σ = σn+1 and the updated ϑ;

Compute J
n
= J
Ä
X

n,for
1 S

n,for
1 V

n,for
1 , ...,X

n,for
NIC

S
n,for
NIC

V
n,for
NIC

ä
;

while J
n
> Jn − ηnh4 ∥∇cnJ∥22 do

Update ηn+1 = pηn;

Update cn+1 = cn+1 − ηn+1∇cnJ ;

Compute σn+1 from updated coefficients cn+1;

Update ϑ = max
(
h1,min

(
h2, h3 ∥∇cnJ∥∞ ηn+1

))
;

Compute X
n,for
m S

n,for
m V

n,for
m from (21) for m = 1, ..., NIC with σ = σn+1 and the updated ϑ;

Compute J
n
= J
Ä
X

n,for
1 S

n,for
1 V

n,for
1 , ...,X

n,for
NIC

S
n,for
NIC

V
n,for
NIC

ä
;

end while

Set ηn+1 = ηn;

h1 = 10−3 ∥Σ∥2 for a lower bound of the rank tolerance and h2 = 0.1, h3 = 0.1 as safety parameters. Also1

h4 = 0.5 is added as a safety parameter to ensure a reasonable difference between J
n
and Jn in Algorithm 2.2

The whole gradient descent procedure is then conducted until the prescribed error tolerance errtol = 10−4
3

or a maximal number of iterations maxiter = 500 is reached.4

In Figure 2 we compare the solutions of the parameter identification problem computed with the full solvers5

and the DLRA solvers for both the forward and the adjoint equations. We plot three curves corresponding to6

the different initial conditions of the scalar flux Φ = 1√
2
⟨f⟩v at the initial step (uinit n = 0), computed with7

the true coefficients (u True end) and at the end of the optimization procedure (optimized end), evaluated8

with both the full and the DLRA solver. We observe that the DLRA solution captures well the behavior of9

the full solution and that they both approach the solutions computed with the true coefficients. In addition,10

the parameter reconstruction inverse problem for determining σ is resolved accurately with both solvers. It11

can be seen that beginning with σinit both the full and the DLRA method converge to the true solution12

σtrue. Further, the evolution of the rank r is depicted, where we have averaged the ranks of the forward13

equations computed with the different initial conditions to obtain rfor and the ranks of the adjoint equations14

computed with the different initial conditions to obtain radj and finally set r = 1
2 (rfor + radj). We observe15

that in the beginning the averaged rank decreases as the initial rank was chosen larger than required. From16

12



Figure 2: Top left: Numerical results for the scalar flux Φ of the Cosine problem computed with the full solvers and the

DLRA solvers at the initial step n = 0, with the true coefficients and with the optimization gradient descent scheme. Top

right: Evolution of the averaged rank r for the DLRA method. Bottom row: Iterations for the reconstruction of the scattering

coefficient σ computed with both the full solvers (left) and the DLRA solvers (right).

then on, we observe a relatively monotonous increase until it stays at approximately r = 9. This evolution1

of the rank reflects the fact that in the beginning of the optimization the error tolerance ϑ is chosen quite2

large as the computed solution is still comparably far away from the true solution. As the optimization3

algorithm approaches the true coefficients, the DLRA rank tolerance ϑ is decreased, resulting in a higher4

averaged rank. For the considered setup, the computational benefit of the DLRA method compared to the5

solution of the full problem is significant. Written in Julia v1.11 and run on a MacBook Pro with M1 chip,6

the run time decreases by a factor of approximately 2.5 from 139 seconds to 56 seconds while retaining the7

accuracy of the computed results. Concerning the memory costs, the solutions of the forward problem and8

of the adjoint problem have to be stored in order to compute the gradient. For each initial condition, the9

storage of the solution of the forward problem corresponds to a memory cost of 8 (Nt + 1)NxNv, which for10

the DLRA method can be lowered to 8 (Nt + 1)
(
rNx + rNv + r2

)
, where r is the maximal averaged rank11

in the simulation.12

5.2. Gaussian distribution13

In a second test example, we set Ωx = [0, 10] for the spatial and Ωv = [−1, 1] for the angular domain. We

consider NIC = 5 Gaussian initial distributions of the form

um (t = 0, x) = max

Ñ
10−8,

1»
2πσ2

IC

exp

Ç
− (x− x0)

2

2σ2
IC

åé
for m = 1, 2, 3, 4, 5,

13



that are centered around equidistantly distributed x0 and extended periodically on the domain Ωx. The

standard deviation is set to the constant value σIC = 0.8. The true and the initial spline coefficients for the

approximation of the scattering coefficient σ are chosen as

ctrue = (2.1, 2.0, 2.2, 2.0, 1.9)
⊤

and cinit = (2.8, 1.5, 3.0, 2.1, 1.2)
⊤
.

All other settings and computational parameters remain unchanged from the previous test example.1

Figure 3: Top left: Numerical results for the scalar flux Φ of the Gauss problem computed with the full solvers and the

DLRA solvers at the initial step n = 0, with the true coefficients and with the optimization gradient descent scheme. Top

right: Evolution of the averaged rank r for the DLRA method. Bottom row: Iterations for the reconstruction of the scattering

coefficient σ computed with both the full solvers (left) and the DLRA solvers (right).

In Figure 3 we compare the solutions of the parameter identification problem computed with the full solvers2

and the DLRA solvers for both the forward and the adjoint equations. We plot five curves corresponding to3

the different initial conditions of the scalar flux Φ = 1√
2
⟨f⟩v at the initial step (uinit n = 0), computed with4

the true coefficients (u True end) and at the end of the optimization procedure (optimized end), evaluated5

with both the full and the DLRA solver. Again we observe that the DLRA solution captures well the6

behavior of the full solution and that they both approach the solutions computed with the true coefficients.7

For the reconstruction of the scattering coefficient σ it can be seen that beginning with σinit both the full and8

the DLRA method converge to the true solution σtrue. The averaged rank r first decreases as the initial rank9

was chosen larger than required. From then on, we observe the expected relatively monotonous increase until10

it stagnates at a value of approximately r = 11.5. Written in Julia v1.11 and run on a MacBook Pro with M111

chip, the computational time of the DLRA method compared to the solution of the full problem decreases12

by a factor of approximately 2 from 11.5 seconds to 6 seconds, showing its computational efficiency.13

14



6. Conclusion and outlook1

We have presented a fully discrete DLRA scheme for the reconstruction of the scattering parameter in the2

radiative transfer equation making use of a PDE constrained optimization procedure. For a further en-3

hancement of its computational advantages compared to a standard full solver, the step size of the gradient4

descent method is determined adaptively in each step and the allowed DLRA rank tolerance is adjusted5

accordingly. This leads to an efficient and accurate numerical DLRA scheme. For further considerations,6

numerical examples in more than one spatial and angular variable are of interest as in higher dimensions the7

savings by the DLRA method are expected to be larger by orders of magnitude. Also, theoretical consid-8

erations concerning for instance the stability of DLRA schemes applied to inverse parameter reconstruction9

problems can provide valuable insights into the structure of such problems. In addition, various questions10

arise when the structural order of the problem is changed, meaning that for example a “first low-rank,11

then optimize, then discretize” strategy is pursued. For instance, it is not clear how the adjoint equations12

can be derived from the low-rank components of the forward problem as the low-rank equations are highly13

nonlinear. Summarizing, the combination of DLRA methods and parameter identification problems is an14

interesting field of research with various open problems that are left to future work.15
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