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Abstract. Computational methods for thermal radiative transfer problems exhibit high com-
putational costs and a prohibitive memory footprint when the spatial and directional domains are
finely resolved. A strategy to reduce such computational costs is dynamical low-rank approximation
(DLRA), which represents and evolves the solution on a low-rank manifold, thereby significantly de-
creasing computational and memory requirements. Efficient discretizations for the DLRA evolution
equations need to be carefully constructed to guarantee stability while enabling mass conservation.
In this work, we focus on the Su-Olson closure leading to a linearized internal energy model and
derive a stable discretization through an implicit coupling of internal energy and particle density.
Moreover, we propose a rank-adaptive strategy to preserve local mass conservation. Numerical re-
sults are presented which showcase the accuracy and efficiency of the proposed low-rank method
compared to the solution of the full system.
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1. Introduction. Numerically solving the radiative transfer equations is a chal-
lenging task, especially due to the high dimensionality of the solution’s phase space.
A common strategy to tackle this issue is to choose coarse numerical discretizations
and mitigate numerical artifacts [23, 27, 32] which arise due to the insufficient reso-
lution; see, e.g., [3, 15, 1, 24, 39]. Despite the success of these approaches in a large
number of applications, the requirement of picking user-determined and problem de-
pendent tuning parameters can render them impracticable. Another approach to deal
with the problem’s high dimensionality is the use of model order reduction techniques.
A reduced order method which is gaining a considerable amount of attention in the
field of radiation transport is dynamical low-rank approximation (DLRA) [20] due to
its ability to yield accurate solutions while not requiring an expensive offline train-
ing phase. DLRA’s core idea is to approximate the solution on a low-rank manifold
and evolve it accordingly. Past work in the area of radiative transfer has focused on
asymptotic-preserving schemes [10, 9], mass conservation [34], stable discretizations
[21], imposing boundary conditions [22, 18], and implicit time discretizations [35].
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A discontinuous Galerkin discretization of the DLRA evolution equations for thermal
radiative transfer has been proposed in [5].

A key building block of efficient, accurate, and stable methods for DLRA is the
construction of time integrators which are robust irrespective of small singular values
in the solution [19]. Three integrators that move on the low-rank manifold while not
being restricted by its curvature are the projector-splitting (PS) integrator [25], the
basis update € Galerkin (BUG) integrator [8], and the parallel integrator [7]. Since
the PS integrator evolves one of the required subflows backward in time, the BUG
and parallel integrators are preferable for diffusive problems while facilitating the
construction of stable numerical discretization for hyperbolic problems [21]. Moreover,
the BUG integrator allows for a basis augmentation step [6], which can be used
to construct conservative schemes for the Schrédinger equation [6] and the Vlasov—
Poisson equations [14].

In this work we consider the thermal radiative transfer equations using the Su—
Olson closure. This leads to a linearized internal energy model for which we propose
an energy stable and mass conservative DLRA scheme. The main novelties of this
paper are as follows:

o A stable numerical scheme for thermal radiative transfer: We show that a
naive IMEX scheme fails to guarantee energy stability. To overcome this un-
physical behavior we propose a scheme which advances radiation and internal
energy implicitly in a coupled fashion. In addition, our novel analysis gives
a classic hyperbolic CFL condition that enables us to operate up to a time
step size of At =CFL - Ax.

e A mass conservative and rank-adaptive integrator: We employ the basis aug-
mentation step from [6] as well as an adaptation of the conservative truncation
strategy from [14, 17] to guarantee local mass conservation and rank adap-
tivity. In contrast to [14, 17] we do not need to impose conservation through
a modified L-step equation but solely use the basis augmentation strategy
from [6].

Both of these properties are extremely important as they ensure key physical principles
and allow us to choose an optimal time step size which reduces the computational
effort. Moreover, we demonstrate numerical experiments which underline the derived
stability and conservation properties of the proposed low-rank method while showing
significantly reduced computational costs and memory requirements compared to the
full-order system.

This paper is structured as follows: After the introduction in section 1, we review
the background on thermal radiative transfer and dynamical low-rank approximation
in section 2. In section 3 we present the evolution equations for the thermal radiative
transfer equations when using the rank-adaptive BUG integrator. Section 4 discretizes
the resulting equations in angle and space. The main method is presented in section 5,
where a stable time discretization is proposed. We discuss local mass conservation of
the scheme in section 6. Numerical experiments are demonstrated in section 7.

2. Background.

2.1. Thermal radiative transfer. In this work, we study radiation particles
moving through and interacting with a background material. By absorbing particles,
the material heats up and emits new particles which can in turn again interact with the
background. This process is described by the thermal radiative transport equations

SO (U, + 10 F 0,,10) = o (B(t,2) — (1, 4),
Ore(t,a) =o({(t,2.:)) ~ Blt.2),
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where we omit boundary and initial conditions for now. This system can be solved
for the particle density f(t,z,u) and the internal energy e(t,z) of the background
medium. Here, x € D C R is the spatial variable and u € [—1, 1] denotes the directional
(or velocity) variable. The opacity o encodes the rate at which particles are absorbed
by the medium, and we use brackets (-),,(-); to indicate an integration over the
directional domain and the spatial domain, respectively. Moreover, the speed of light
is denoted by ¢, and the black body radiation at the material temperature T is denoted
by B(T). It often is described by the Stefan-Boltzmann law

B(T) = acT*,

where a = 495E s the radiation density constant and ogp is the Stefan-Boltzmann

constant. Different closures exist to determine a relation between the temperature T’
and the internal energy e. Following the ideas of Pomraning [37] and Su and Olson
[38], we assume e(T") = aB(T'). Without loss of generality we set & =1 and obtain

(2'13) atf(taxau) + ,uaa:f(t:xnu) = O-(B(t>$) - f(tﬁl’aﬂ)),
(2.1b) Oy B(t,x) =o({f(t,2,"))u — B(t,x)).

We call this system the Su—Olson problem. It is a linear system for the particle
density f and the internal energy B that is analytically solvable and serves as a
common benchmark for numerical considerations [33, 30, 31, 28]. Note that we leave
out the speed of light by doing a rescaling of time 7 =¢/c and in an abuse of notation
use t to denote 7 in the remainder. Constructing numerical schemes to solve the above
equation is challenging. First, the potentially stiff opacity term has to be treated by an
implicit time integration scheme. Second, for three-dimensional spatial domains the
computational costs and memory requirements of finely resolved spatial and angular
discretizations become prohibitive. To tackle the high dimensionality, we choose a
dynamical low-rank approximation which we introduce in the following.

2.2. Dynamical low-rank approximation. The core idea of DLRA is to ap-
proximate the solution of a given equation 0, f(¢,z,u) = F(f(t,x,u)) by a represen-
tation of the form

(2'2) f(t,l‘,u) ~ Z Xi(t7$)sij(t)vv]'(tvu)v

i,j=1
where the orthonormal functions {X; :i=1,...,7} depend only on ¢ and x and the
orthonormal functions {V;:j=1,...,r} depend only on ¢ and p. The number of basis

functions is set to r and we call r the rank of this approximation. This terminology
stems from the matrix setting for which the concept of DLRA has been introduced
[20]. Then, (2.2) can be interpreted as a continuous analogue to the singular value
decomposition for matrices. As representation (2.2) is not unique, we impose the
Gauge conditions (X;, X;), = 0 and (V;,V;), = 0, from which we can conclude that
{X;} and {V;} are uniquely determined for invertible S = (S;;) € R™*" [20, 10, 13].
That is, we seek an approximation of f that for each time ¢ lies in the manifold

M, = {f e L*(D x [-1,1]): f(-,z,p) = Z Xi(+,2)Si5(-)V;(-, ) with invertible
ij=1

S =(Si;) ER™" X, € L*(D),V; € L*([-1,1]) and (X;, X;). = ds,

<Vz‘7Vj>u=5iy‘}-
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Note that in the following we denote the full rank and the low-rank solutions as f.
Let f(t,-,-) be a path on M,. A formal differentiation of f with respect to ¢ leads to

Ft) =3 (Kalt )80V () + Xalt, S (OV (1) + Xilt, ) S (V5 (E,9))
i,j=1
These functions restrict the solution dynamics onto the low-rank manifold M, and
constitute the corresponding tangent space which under the Gauge conditions reads

TiM, = {f € LD x [-11): flm )= Y (Xl ) Sy (Vi)
X @) 85 (W (o) + Xl 2) S5 () V; (o))
with S;; € R, X; € L*(D),V; € L*([-1,1]) and (X;, X;), =0,

<Vi7 VJ>M = O}'

Having defined the low-rank manifold and its corresponding tangent space, we now
wish to determine f(t,-,-) € M, such that 0,f(t,-,-) € TfM, and |0 f(t,-,-) —
F(f(t,-,)llz2(px[~1,1)) is minimized. That is, one wishes to determine f such that

(2.3) (Bif(t,) = F(f(t,), f e =0 forall feTiM,.
The orthogonal projector onto the tangent plane 7;M, can be explicitly given as

T

P(AF() =D Vi, F(fNuV; = D XXV, F(f))anVi + > Xi(Xi, F(f)) e

j=1 i,5=1 i=1

With this definition at hand, we can reformulate (2.3) as

atf(tﬁrnu) = P(f(t,:ﬂ,u))F(f(t,:L’,/,&)).

To evolve the approximation of the solution in time according to the above equation is
not trivial. Indeed standard time integration schemes suffer from the curvature of the
low-rank manifold, which is proportional to the smallest singular value of the low-rank
solution [20]. Three integrators which move along the manifold without suffering from
its high curvature exist: the projector—splitting integrator [25], the BUG integrator
[8], and the parallel integrator [7]. In this work, we will use the basis-augmented
extension to the BUG integrator [6], which we explain in the following.

The rank-adaptive BUG integrator [6] updates and augments the bases { X}, {V;}
in parallel in the first two steps. In the third step, a Galerkin step is performed for the
augmented bases followed by a truncation step to a new rank r1. In detail to evolve

the approximation of the distribution function from f(to,z,p) =, ; =1 XP(x)SHVY (1)
at time to to f(t1,o,p) = Y 1% X} (2) SV} (1) at time ) =t + At the integrator

performs the following steps.

K-step. Write K;(t,z) =>_._, X;(t,2)5;;(t). Then we obtain the representation
flt,z,u) = Z;zl K;(t,z)V} () with {V}'} kept fixed in this step. The basis functions
X9(z) with i=1,...,r are updated by solving the partial differential equation

atKj(t’x):<‘/]Q’F (ZK’i’(t?$)Vk0>> ) t07 ZXO z]a
k=1 u
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and applying Gram-Schmidt to [K;(t1,z), X] = Z2T Xl( % ;- Then, the updated
and augmented basis in physical space consists of X () with i = 17 ...,2r. Note that
Rj; is discarded after this step. Compute My, = (Xk,X0>

L-step. Write L;(t,pn) = Z] 1 Si;(t)Vj(t, ;). Then we obtain the representation
flt,z,p) = Zz 1XOL (t, ) with {XO} kept fixed in this step. The basis functions
Vjo(u) with 7 =1,...,r are updated by solving the partial differential equation

615Li(t7 /‘l’) = <X?7F (Z X?Lf(tnu’)) > ) t07 ZSO VO
/=1 T

and applying Gram-Schmidt to [L;(t1, p), Vi ()] = Z T 1(,u)R§j. Then, the up-
dated and augmented basis in velocity space consists of Vl( ) with j=1,...,2r. Note
that R7; is discarded after this step. Compute Ng] <Ve V-

S-step. Update Sj; with i,j=1,...,7 to S}J with 4,5 = 1,...,2r by solving the
ordinary differential equation

. 2r T
Sij(t) = <X VEE S XStV > ., Sijlto) = M1, S9N
£,k=1 e kl=1

Truncation. Let :S'\Zl be the entries of the matrix S'. Compute the singular value
decomposition of S = PXQT with ¥ = diag(c;). Given a tolerance ¥, choose the
new rank r; < 2r as the minimal number such that

1/2
2r /

Z 0]2» <.

j=ri+1

Let S' with entries 51] be the 7, x r; diagonal matrix with the r; largest singular
values and let P! with entries P1 and Q! with entries Q contain the first r; columns
of P and Q. respectlvely Set Xl( )= ZQT Xl( x)PL fori=1,...,r and V}(u) =
ZJ Vi V() Q} jiforj=1,....m

The updated approximation of the solution after one time step is then given by
[t o) =320 X} (2)S}; V' (). Note that we are not limited to augmenting with
the old basis, which we will use to construct our scheme.

3. Dynamical low-rank approximation for Su—Olson. Let us now derive
the evolution equations of the rank-adaptive BUG integrator for system (2.1), i.e
the partial differential equations appearing in the K- and L-steps and the ordinary
differential equation for the S-step. To simplify notation, all derivations are performed
for one spatial and one directional variable. However, the derivation trivially extends
to higher dimensions. We start with considering the evolution equations for the low-
rank approximation of the particle density (2.1a).

K-step. Write K(t,z) = ._; X;(t,2)S;;(t). Then we have the representation
flt,z,p)=>" =1 K (t )V (u) for the low-rank approximation of the solution. Again
{VO} denotes the set of orthonormal basis functions for the velocity space that shall
be kept fixed in this step. Inserting this representation of f into (2.1a) and projecting
onto V2(u) gives the partial differential equation

(3.1) O Ki(t,z)= Za Kj(t,2) (V2 uV) + o (Bt 2) (V) — Ki(t,z)) .

7j=1
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L-step. Write L;(t,u) = Z;Zl Sij(t)V;(t, ;). Then we have the representation
ftz,p)=>""_ X2(x)L;(t, p) for the low-rank approximation of the solution. Again
{X?} denotes the set of spatial orthonormal basis functions that shall be kept fixed
in this step. Inserting this representation of f into (2.1a) and projecting onto X?(z)
yields the partial differential equation

(3'2) 8th L, p __MZ<XI<:7 > Li(t7ﬂ)+0(<ngB(t7')>x_Lk(tnu))'

Lastly, we derive the augmented Galerkin step of the rank-adaptive BUG integrator.
We denote the time updated spatial basis augmented with X! as X 1. The augmented
directional basis V1 is constructed in the corresponding way. Then, the augmented
Galerkin step is constructed according to the following step. R
S-step. We use the initial condition Sj;(to) = Dbk (XD 2 X0 )2 Se (to) (V; Vi)

and approximate the solution f as f(t,z,pu) = 223 le( )S ()Vl( ). Inserting

this representation into (2.1a) and testing against X} i and Vz gives the ordinary
differential equation

(3.3)
2r
= ~ d ~ ~ ~ ~ ~ ~ ~
Skf(t) = Z <Xlia dxle> Sij(t)<vélnu‘/jl>,u to ((XliaB(tv )>$<‘/€1>u - Sk@(ﬂ) )
ij=1 x

from which we get the augmented quantity §Z-j (t). Inserting all augmented low-rank
factors into (2.1b) leads to the partial differential equation

T
(3.4) aB(tr) = | S0 XH@)S0F - B(t,2)
i,j=1
Before repeating this process and evolving the subequations further in time, we trun-
cate the augmented quantities to a new rank r; using a suitable truncation strategy.

4. Angular and spatial discretization. Having derived the K-, L-, and S-
steps of the rank-adaptive BUG integrator, we can now proceed with discretizing in
angle and space. For the angular discretization, we use the modal representations

N-1 N-1 N-1
Y1) =Y ViliPa(u), Vi) =D ViPa(p),  Li(t,n) =Y Lui(t)Py
n=0 n=0 n=0

where P, are the normalized Legendre polynomials. Note that in the following, we
use Einstein’s sum convention when not stated otherwise to ensure compactness of
notation. Let us define the matrix A € RN*¥ with entries A,,, := (P, pPy) . Then
we can rewrite (V;), uVy), = Vi) AmnVj),. The evolution equations with angular

discretization then read
(4.1a)

O Ky (t,x) = —0,K;(t, x)vfjAmnvgk + o (B(t,z)Vy), — Ki(t,z)),
(4.1b)
Lmk(t) = - <X18, $X10> Lni(t)Amn +o (<X](<);7 B(ta )>x5m0 - Lmk(t)) y

BN ~,. d -~ ~ —~ ~ ~ ~
(4.16) Ske(t) =~ <X;, dxX?> S5OVt Amn Vg + 0 (XL Bt ))a Vo = See(®))
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For the angular discretization of (3.4) we get
(4.1d) 8.B(t,z) =0 ()?} ()8 (1) — B(t, :13)) .

To derive a spatial discretization we choose a spatial grid z; < --- < x,, with
equidistant spacing Az. The solution in a given cell p is then approximated by

1 Tp+1 1 Tp+1
Xpi(t) = Aac/ Xi(t,z)de, Kp(t)= Ax/ Ky (t,z)dz,

1 Tp4+1 d
B,(t) ~ — B(t,z)dx.
0= x; [ B
Spatial derivatives are approximated and stabilized through the tridiagonal stencil
matrices D% =~ 0, and D** ~ %Amam with entries

+1 1 1

x rxr rxr

p,pEl T 2Az’ PP Ag p,pEl — AL

Applying the matrix D* € R"**"= corresponds to a first order and the stabilization
matrix D** € R"=*"= to a second order central differencing scheme. Moreover, from
now on we assume periodic boundary conditions. Recall the symmetric matrix A. It is
diagonalizable in the form A = QMQT with Q orthogonal and M = diag(cy,...,0,).
We define matrix |A| as |[A| = Q|M|QT. We then obtain the spatially and angular
discretized matrix ODEs

(4.22)  Kpi(t) = = D, Kpj ()Vie; A Vi + Digi Ko (V3| Aln Vi,
+0 (Bp(t)Vor, — Kpi(t))
(4.2b) Lk (t) = = Amn L (£) X3, Dl X0 + | Al L (£) X, D X 0,

qap~q
+ 0o ((SmQBp(t)ng — Lmk(t)) s

(42¢)  Spe(t) == X Do X0 Sii (V5 Anan Vig + X Dt X 0S5 () V5 | Al Vi
to (X;kBp OV, — Skg(t)) .

Lastly, we obtain from (4.1d) for the internal energy B the spatially discretized equa-
tion

(4.2d) By(t) = o (X3:85(0V0; = By(t)) = o (upo(t) = By(1))

where we use the notation )/(\';ZS\” (t)‘/}nlw =:u,,,(t). We can now show that the semi-
discrete time-dependent system (4.2) is energy stable. For this, let us first give a
definition of the total energy of the system.

DEFINITION 4.1 (total energy). Let the matriz u'(t) € R"»*N with low-rank en-
tries up,, (t) = X;8:;(t)V,,; denote the angularly and spatially discretized approzima-
tion of the solution of (2.1a) and B(t) € R™* be the spatially discretized approzimation
of the solution of (2.1b). Then we call

B(#) = o ()] + 5 B3

with || - || denoting the Frobenius and || - ||g denoting the Fuclidean norm, the total
energy of the system (4.2).

Further, we note the following properties of the chosen spatial stencil matrices,
which we write down denoting all sums explicitly.
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LEMMA 4.2 (summation by parts). Let y,z € R™ with indices p,q =1,...,n,.
In addition, we set yo = yn, and ynp+1 = Y1, for z respectively, due to the periodic
boundary conditions. Then the stencil matrices fulfill the following properties:

Mg Ny Ny Ny Mg
x _ x T _ T _ TT
g YpDpyzq = E 2pDpgYqs E 2pDpy2g =0, E YpDipg 2q = E 2p Dy Y-
p,q=1 p,q=1 p,q=1 p,q=1 p,q=1

Moreover, let DT € R X" be defined as
+ —1 + 1

D o D= ———
p,p \/m p,p+1 29Ar
Then, Y 0 4 2pDiezg = =30 (3002 Diyzg)?

Proof. The assertions follow directly by plugging in the definitions of the stencil
matrices and rearranging the sums of the products in an adequate way:

Ny N 1 Ng 1 Ny
> pDyazg= 2Az D Uy (zpr1—2p1) = N > 2 (Ups1 = Up-1)

p.g=1 p=1 =
uzs
=— Z 2pDpqYqs
p,q=1
> wDra== ) #Dpz=0,
p,q=1 P,q=1
Ny 1 N 1 i
35 g S g S 20
p,g=1 p=1 p=l
JR 1 & S
= 2 A+ 5z 2w +Up-) = Y 5Dirya,
=1 p=1 p,q=1
Zp s Zg= AL Zp AL Zp\Zp+1 Zp—1
p,q=1 p=1 p=1
1 & L 5
2 2 ?
=~z 2 (B =2+ ) =~ g5 D (o= 2w
p=1 p=l

Ng Ng 2
= Z (Z D;:lzq> . 0
p=1 \qg=1

With these properties at hand, we can now show dissipation of the total energy.

THEOREM 4.3. The semidiscrete time-continuous system consisting of (4.2) is
energy stable; that is, E(t) <0.

Proof. Let us start from the S-step in (4.2c):
Ske(t) = = Xpp Dy X 0iSis OV Amn Voo + Xpp Dt X 03.Si5 () V.5 | Al mn Vi
+ 0 (K (@) By(0) Vo — See(t))
We multiply with Xékffﬁle, wherea=1,...,n, and §=0,...,N—1, sum over k and ¢,

and introduce the projections Pjg;l = X’Ol‘k)?;k and le = ‘77%6‘7,6}5' With the notation
X3S (V. = ul, (t) we get
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g x v, T vV,
s (1) = = Pog  Digud, (6) An Py + oyt D, (£)] Alun Py

to <Pj§;1Bp(t)50um:3 ol ﬁ(t)) .
Next, we multiply with u} 5(t) and sum over a and (. Note that

Poctuls(t) =ups(t)  and  Pygups(t) =ul,,(t).
This leads to

1 d x xrx
e )3 = = ek (0D () A+ 1, () D0, (1) Al

+o (upm<t> By (£)3om — [[u(£)]1?) -

Recall that we can write A = QMQ' with M = diag(o1,...,0n). Inserting this
representation gives

1 d

+ (uzlom(t) p()00m — [[u' (1)]7)
= — Oy (t) Dypgtig () + o [ty (8) D g ()
+ (U () Bp(t)om — [0’ (1)) ,

where ﬁ},k (t) = Up,, (£)Qmi. With the properties of the stencil matrices we get

1d

(4.3) oY

St 13 =~ (Db OIAILZ) + 0 (upo(OB,(0) ~ (D))

Next we consider (4.2d). Multiplication with B, (¢) and summation over p gives

(44) 3 SIB@OIE =0 (mo(t)B, (1) ~ IBO)I3).

For the total energy of the system it holds that E(t) = 1|u!(¢)[|%+ 3 (|B(?)[|%. Adding
the evolution equations (4.3) and (4.4), we get

th< 1) =~ (D (t >|A|3,{2)2 + 0 (upo (1) By (1) — [0 ()17
+ 0 (upo (0B, (1) = [B(1)])
= — (Dt >|AI”2) = ((upo(t) = Bp())* + (1 (£))* (1 = 61m0))

where we rewrote |[B(t)[|% = By(t)? and [[u'(t)||% = (u,,,(t))*. This expression is
strictly negative, which means that F is dissipated in time. Hence, the system is

energy stable. a

5. Time discretization. Our goal is to construct a conservative DLRA scheme
which is energy stable under a sharp time step restriction. Constructing time dis-
cretization schemes which preserve the energy dissipation shown in Theorem 4.3 while
not suffering from the potentially stiff opacity term is not trivial. In fact a naive IMEX
time discretization potentially will increase the total energy, which we demonstrate
in the following.
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5.1. Naive time discretization. We start from system (4.2), which still de-
pends continuously on the time ¢. For the time discretization we choose a naive IMEX
Euler scheme where we perform a splitting of the internal energy and radiation trans-
port equation. That is, we use an explicit Euler step for the transport part of the
evolution equations, treat the internal energy B explicitly, and use an implicit Euler
step for the radiation absorption term. Note that the scheme describes the evolution
from time ¢y to time t; = tg + At but holds for all further time steps equivalently.
This yields the fully discrete scheme
(5.1a) Ky =Ky — AtDY KD V) A Vi + AtDET KD V| Al Vi,

+o (AtBSVOk — AtK,,),

+o (AthkBgamo - Athk) :

(5.1b) L

We perform a QR-decomposition of the quantities [K ok Xp 0] and [L} ke V 1) to obtain
the augmented and time updated bases X ;k and Vp according to the rank—adaptive
BUG integrator [6]. Lastly, we perform a Galerkin step for the augmented bases
according to

(5.1¢) Sp,=S89, — AtXlkDI XLSOVL AL VL, + AtX )L DI X LSOV | Al Vi,

qr—) n] qr—ry T ng

where S0, := )A(;ngiS?jVT?f/Je. The internal energy is then updated via

(5.1d) B! = B+ oAt (X1 SLVL - ) .

prT)

However, this numerical method has the undesirable property that it can increase
the total energy during a time step. In Theorem 5.1 we show this analytically. This
behavior is, obviously, completely unphysical.

THEOREM 5.1. Let u® € R *N with entries u —XORSMVOZ denote the angu-
larly and spatzally discretized low- mnk appmmmatzon of the function f at time t =tg,
and let u' € R™*N with entries uaﬁ = XakSkev,Be denote the basis augmented angu-
larly and spatially discretized low-rank approrimation at time t = t1 using the rank-
adaptive BUG integrator. Further, B® € R" shall denote the spatially discretized
low-rank approzrimation of B at time t =tq, and B* € R™* at time t =t1, respectively.
The total energy at time t =ty is denoted by E° and E' at time t = t,, respectively.
Then, there exist initial value pairs (u°, B®) and time step sizes At such that the naive
scheme (5.1) results in (u',B'), for which the total energy increases, i.e., for which
E'>E°.

Proof. Let us multiply the S-step (5.1c) with X! k‘/}ﬁé and sum over k and /.
Again we make use of the projections Po)é;l = )A(ollk)? . and PV1 = VUVM With the
definition of 5,(3@ we obtain
(5.2)  upg=ul, — Py AtDE ul, Ay Prs + P  AEDE U, | Al Py

pg —gqn pq qn

X,1 10 V1
+o (AtPap BlSmo Py — Atuls)

Let us choose a constant solution in space, i.e., le, = B! and “(115 = uléﬁo for
all spatial indices p,ae = 1,...,n,. The scalar values B' and u' are chosen such that
B! =u! + «, where
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oAt 1
u-.
1+ oAt + 02At? + Fo3At3

I<a<

We can now verify that we obtain our chosen values for B}) and u, 3 after a single step
of (5.2) when using the initial condition

(5.3a) Bngl +oAta=u"+ a(l + cAt),
(5.3b) ugm = (u' +oAt(u' - BS)) Smo = (u' — o Ata(1+ o At)) Smo.

To show this, note that since the solution is constant in space, all terms containing
the stencil matrices D% and D** drop out, and we are left with

(5.4) uly =1l +o (AtPof;’lBgémoPn‘fﬁl - Atugﬁ> .

Since Bg is constant in space and d,,¢ lies in the span of our basis, we know that
all projections in the above equation are exact. Plugging the initial values (5.3) into
(5.4), we then directly obtain u}xﬁ = u'dgp. Similarly, by plugging (5.3) into (5.1d),
we obtain B; =B
Then, we square both of the initial terms (5.3) to get
(Bg)2 = (Bl)2 + 20 AtaB! + a2 At?a? = (Bl)2 + QJAta(ul +a)+ o2 At?a?,
(upm)? = ((u")? = 20 Atau’ (1 4+ o At) + 0> At*a* (1 + 0 At)?) pmo.

Summing over p and m, adding these two terms, and multiplying with % yields
E'=E° + o’ At?au’ — o Ata® — %UQAtQaQ — %UQAtQaQ(l + o At)?,
Note that E* > EO if
oAtut —a — %O‘AtO& - %aAta(l +oAt)? >0.

Rearranging gives

< oAt 1
« u-.
1+ oAt +02At? + L3 A3

This is exactly the domain « is chosen from. Hence, we have E' > E°, which is the
desired result. O

5.2. Energy stable space-time discretization. We have seen that the naive
scheme presented in (5.1) can increase the total energy in one time step. The main
goal of this section is to construct a novel energy stable time integration scheme for
which the corresponding analysis leads to a classic hyperbolic CFL condition that
enables us to operate up to a time step size of At = CFL - Az. For constructing this
energy stable scheme, we write the original equations in two parts followed by a basis
augmentation and correction step.

In detail, we first solve
(5.5a) ok =Koy — AtDY KDV A Vo + AtDET KD VY| Al Vi

(5.5b) woke = Lo — AtX DE XD LD A, + AtX 0, DEZ X)Ly | Al
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We perform a QR-decomposition of the augmented quantities X*R = [K*, X% and
V*R = [L*, VY] to obtain the augmented and time updated bases X* and V*. Note
that R and R are discarded. With SOB = X7 X Sekakaﬁ we then solve the S-step
equation

(5.5¢) Sip=S05—AtX ) D2 XSOV A Vit g+ ALX S DEEX 5 SOV | Al Vi 5
Second, we solve the coupled equations for the internal energy B € R™* and the
quantity tg = (ujy); € R™ to which we refer as the zeroth order moment according
to

+ o*At(B1 A;O),

(5.5¢) B} = B} + o At(uj, — B}).

Following [21, section 6] we perform the opacity update only on L = V*S* according
to

(5 5f) L*,scat — 1

— L, for k40
mk 1+ Ato & or k7

and perform a QR-decomposition V*scatgscat, T — Jxscat ¢4 yetrieve the factorized

basis V*5¢@ and the coefficients from the matrix S*5¢*, We then augment the basis
matrices according to

(5.5g) X! = qr([ug, X*]), V!=qr(fe;, V=5)).
Third, the coefficient matrix is updated via

(5.5h)
§1 _ XI,TX*S*,scatV*,scat,T(I - eleil')vl + Xl,Tﬁ(l)eL_l_{fl c R(2T+1)X(2T+1).

Then, we obtain the updated solution X1SIVLT g RN, Lastly, we truncate this
rank 2r + 1 solution to a new rank r; using a suited truncation strategy such as that
proposed in [6] or the conservative truncation strategy of [14]. This finally gives the
low-rank factors X!, S!, and V!. We show that the given scheme is energy stable and
start with the following lemma.

LEMMA 5.2. Let us denote uj,g = X1 SaﬁVkﬁ Under the time step restriction
At < Az it holds that

At
(5.6) - (D] Ul Are — D;?fu}k\AmV—( i zk:’A|1/2) <0.

Proof. Following [21], we employ a Fourier analysis, which allows us to write the
stencil matrices D**®7 in diagonal form. Let us define E € C"=*"+ with entries

Eka:@exp(iaﬂxk), k,a:L...,nx,

with i € C being the imaginary unit. Then, the matrix E is orthonormal, i.e., EEf =
E”E =1 (the uppercase H denotes the complex transpose), and it diagonalizes the
stencil matrices:

(5.7) D" E = EAT T
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The matrices A®*®7T are diagonal with entries

1 , — ?
)\g’a _ AL (ezaTrAac —e zaﬂ'Aaz) _ Ix sm(wa) ,
Tx 1 iamAx —tamAz
)\aa:%(e AT _94e A):E(cos(wa)—l),
1 1

+ (eiomAx o 1) _

A
@Y V/2Ax V2Azx

where we use wq := arAx. Moreover, recall that we can write A = QMQ', where
M =diag(o1,...,0n). We then have with @;, = E;ptsm Qmk

At - 1/2
Sl Dgub A — DI ulel Alie)? — (Dl AL

2
7‘)‘;6]/\;]90/{ )\xx gk|ak|’ ’)\—l—/\l |0k|1/2‘

<|At ’“’“‘2-\1—cos(w-)\ Lol costn)] @)z
- Ax? J Az J ik

(cos(wq) +isin(wy) — 1),

To ensure negativity, we must have

ok |? |ok|
— <L 2. — . .
At( 2 |1 cos(w])| . 11 cos(wj)\

Az
lokl]”

We can now show energy stability of the proposed scheme.

Hence, for At < (5.6) holds. Since |ok| <1, we have proven the lemma. 0O

THEOREM 5.3. Under the time step restriction At < Ax, the scheme (5.5) is
energy stable; i.e.,

1 1 1 1
68 SIBUE L XSVIT R < B 4 L XSOV
Proof. First, we multiply (5.5e) with le- and sum over j. Then,

()

1) =BIB} + oAt (ulyB) - (B))®).

J

Let us note that

B1)?  (BY)?
Hence,
1 1 1
69 (B =5 (B) = (B - B ont (w8 - (5))°).

To obtain a similar expression for (ulk)2, we multiply (5. 5c) with X7 Vs and

sum over o and . For simplicity of notation, let us define u% ie= X x S* BVkﬂ and
0 = SaﬁVkﬁ as well as the projections PX = X7 X0a and Py = VisVins-
Then, we obtain the system

ir*~'pq - ip g Yan
Next, we define u] g = = X! ga BVk 5 and note that by construction we have that

]OL

Uiy = Uin010.
kT T Y gAL T 00ko
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Hence, plugging in the schemes for 7, and ﬁ}o, that is, (5.10) and (5.5d), we get
(1+ oAt)uly = (ufy — AtP3 Dy uo, A Pry + APy Dl | Al Py, ) (1= 010)

Jp =~ Ppq —gn Jp P4 qn

+ ( X0,80 VS, — AtD?, X150, Vit Ao + ALDEX 5,80 Vi Alos

m=nm m=nm

+ O'AtB;)(SkO

Let us note that PV Pjp k= =ul ik for k # 0. Hence, multiplying the above equation

with u! ;i and summing over j and k gives

1 2 1 2 1

+ UAtul-k(Bl-(Sko - uk)

Let us now add the zero term Atul D;‘Z 0
Atu]kDm s|A|ke. Then,

1 2 1 2 1
5 (W) =5 ()" — 5 (e —wje)® — Atujy DFy (uly — uig) Axe

+ Atu]kD ( ugy — uly)| Alge + Atujiji ulo| Alre

1 Ape and add and subtract the term

In the f20110w1ng, we use Young’s inequality, which states that for a,b € R we have
a-b< % . We now apply this to the term

— Atul D% (uy — uly) Ape + Atul, D (00 — uly)| Al

1 At?
< 5(u o — Uig)” +7(D uipAre — DI Alke)?.

Hence, using u}kfou}AAW = (D;: },JA\M )2, we get
1 2 1 2, At?
5 (W)’ <35 (ugk) (D5 u]kAM DIl | Alge)? — At (D+um|A|1/2)

As for the continuous case, we add (5.11) and (5.9) to obtain a time update equation

for 0 := (u?k) + l(BQ)2:

At?
El < EO + T(D U kAké D;szu}“A‘kz)Q - At ( Ji zk‘A’1/2>

jity
1 2
+ oA (ulyB] - (u})?) - 5(B) = BY)? + 0t (u)yB} — (B})’)
0 At2 z, 1 zz, 1 2 1/2
<E"+ T(Djiujk:AM — Dy ujp|Alke)” — At ( i i | Al )
1
(5.12) — o AU(B] —uj;)* — 5(B} — B))%.
With Lemma 5.2 we have that
At oz 1/2
Sl (Dgul A — Dby Al — (Dfub A1) <0

for At < Az. Since the truncation step is designed to not alter the zero order moments,
we conclude that E' < EY and the full scheme is energy stable under the time step
restriction At < Aux. O
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6. Mass conservation. A drawback of dynamical low-rank approximation us-
ing the classical integrators introduced in section 1 is that the method does not pre-
serve physical invariants. It has been shown in [12] that this problem can be overcome
when using a modified L-step equation. On this basis, [14, 17] have presented conser-
vative DLRA algorithms where they additionally introduced a conservative truncation
step. In contrast to [14, 17], we do not need to consider a modified L-step equation
due to the applied basis augmentation strategy from [6] but use the conservative trun-
cation step. Then we can show that besides being energy stable, our scheme ensures
local conservation of mass. The conservative truncation strategy works as follows:

1. Compute K=X!S! and split it into two parts K=[K¢"s, K™, where KCOnS
corresponds to the first and K‘”em consists of the remaining columns of K.
Analogously, distribute V= [VCOHS Vrem], where V" corresponds to the
first and V**™ consists of the remaining columns of V.

2. DeI‘lVG XCOI’IS KCODS/HKCOHSH and SCOI’IS — HKCOHSH _ B

Perform a QR-decomposition of K™ to obtain Krem = Xremgrem,

4. Compute the singular value decomposition of S™™ = USW ' with ¥ =
diag(cj). Given a tolerance ¥, choose the new rank r; < 2r as the minimal
number such that

@

1/2
2r /

> o] =
j=ri+1

Let S™™ be the 1 xr; diagonal matrix with the r; largest singular values, and
let U™ and W'™ contain the first 71 columns of U and W, respectively.
Set Xrem XremUrem and Yrem — VremWrem‘

5. Set X = [Xcons, XM and V = [e1, VI*"]. Perform a QR-decomposition of
X =X!'R! and V= VIR2.

6. Set
11 | S 0 2T
S'=R [ 0 grem R~

The updated solution at time t; = to + At is then given by u! = XSV T,
Then, the scheme is conservative.

THEOREM 6.1. The scheme (5.5) is locally conservative. That is, for the scalar
fluz at time t,, denoted by @7 = XTS5}, Vi,,, where n € {0,1} and u?k = XJOZS Ve,
it fulfills the conservation law

(6.1a) O} =Y — AtDFudy Aor + AtDIFuf|Alos + o At(Bj — ©5),

JZZ J

(6.1b) Bj = B} + o At(®; — B)).

Proof. The conservative truncation step is designed such that it does not alter
the first column of X!'S'V1 T, Together with the basis augmentation (5.5g) and
correction step (5.5f) we then know that

B = XL 1, Vi, = K150, T =
Hence, with (5.5d) and (5.5e) we get that
+ o At(Bj — @j),

1_ 0 1 1
Bl = BY + o At(®} - B).
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e internal energy at time to: BY
input o factored moments at time to: X7, 7, Vi,
e rank at time to: 7

—[augment basis with XJQZ’ Vkom}

!
[update basis according to (5.5a) and (5.5b).]

* *
jE’Lk:m

* *
i Vkm

[update coefficient matrix according to (5.5c)]

*
af

@

date scalar flux and internal energy according to (5.5d), (5.5e)%

4>[augment basis according to (5.5g) with ﬂ}o}i

[perform absorption step according to (5.5f)j Bj |,

*,scat *,scat
Vk:m ’ Saﬁ

v1

[correct coefficient matrix S}, according to (5.5h)]

Q1
Sﬂm

vl Q1 7171
[truncate factors ng, St Vkmj

!

e internal energy at time t;: Bj

output o factored moments at time t1: Xj,, 57, Vi,

e rank at time ¢1: 7

Fi1a. 1. Flowchart of the stable and conservative method (5.5).

Since the basis augmentation with X° and V° ensures X3,S) Vi, = X 50
uY, the local conservation law (6.1) holds.

Hence
presented

, equipped with a conservative truncation step, the energy stable algorithm
in (5.5) conserves mass locally. To give an overview of the algorithm, we

visualize the main steps in Figure 1.

7. Numerical results. In this section we give numerical results to validate the
proposed DLRA algorithm. The source code to reproduce the presented numerical

results is openly available; see [2].

7.1. 1D plane source. We consider the thermal radiative transfer equations as
in (2.1a) on the spatial domain D = [-10,10]. As initial distribution we

described

choose a cutoff Gausian
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1 —1)?
u(t=0,r)=max | 107*, ———exp <—(552)) ,
‘/27"0120 201¢

with constant deviation o;c = 0.03. Particles are initially centered around z =1 and
move into all directions p € [—1,1]. The initial value for the internal energy is set to
BY =1 and we start computations with a rank of r = 20. The opacity o is set to the
constant value of 1. Note that this setting is an extension of the so-called plane source
problem, which is a common test case for the radiative transfer equation [16]. In the
context of dynamical low-rank approximation it has been studied in [6, 21, 34, 36]. We
compare the solution of the full coupled-implicit system without DLRA, which reads

(7.1a) ujlk = U?k - AtD;”iugéAM + Athfu?AAW + aAt(B]léko - u;k),
(7.1b) Bj = B} + o At(uj, — Bj),
to the presented energy stable mass conservative DLRA solution from (5.5). We
refer to (7.1) as the full system. The total mass at any time ¢,, shall be defined as
mt=Azx>" j (u?o + B]") As computational parameters we use n, = 1000 cells in the
spatial domain and N =500 moments to represent the directional variable. The time
step size is chosen as At = CFL - Ax with a CFL number of CFL =0.99. In Figure 2
we present computational results for the solution f(z,u), the scalar flux ® = (f),,
and the temperature T' at the end time t.,q = 8. Further, the evolution of the rank
r in time, and the relative mass error % are shown. One can observe that the
DLRA scheme captures well the behavior ofl the full system. For a chosen tolerance
of ¥ =1071||X||2 the rank increases up to r = 24 before it reduces again. The relative
mass error is of order O(10~14). Hence, our proposed scheme is mass conservative up
to machine precision.

7.2. 1D Su—Olson problem. For the next test problem we add a source term
Q(x) to the previously investigated equations leading to

Onf(t,x, ) + py f(t, 2, p) = o(B(t,x) — f(t,z,p1)) + Q(),
0:B(t,x)=0((f(t,x,-)), — B(t,x)).

In our example we use the source function Q(x) = X[—0.5,0.5/(%)/a with a = 40’%
being the radiation constant. Again we consider the spatial domain D = [—10,10]
and choose the initial condition

1 —1)2
uw(t=0,z) =max [ 107, ———exp <_(x2)> ,
\/271'0120 2010

with constant deviation ojc = 0.03 and particles moving into all directions p € [—-1,1].
The initial value for the internal energy is set to By = 50, and the initial value for
the rank is set to »r = 20. The opacity o is again chosen to have the constant value
of 1. As computational parameters we use n, = 1000 cells in the spatial domain
and N = 500 moments to represent the directional variable. The time step size is
chosen as At = CFL - Az with a CFL number of CFL = 0.99. The isotropic source
term generates radiation particles flying through and interacting with a background
material. The interaction is driven by the opacity o. In turn, particles heat up the
material leading to a traveling temperature front, also called a Marshak wave [26].
Again this traveling heat wave can lead to the emission of new particles from the
background material generating a particle wave. At a given time point tenq = 3.16
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F1G. 2. Top row: Numerical results for the solution f(x,u) of the plane source problem at time
tend = 8 computed with the full coupled-implicit system (left) and the DLRA system (right). Middle
row: Traveling particle (left) and heat wave (right) for both the full system and the DLRA system.

Bottom row: Ewolution of the rank in time for the DLRA method (left) and relative mass error
compared for both methods (right).

this wave can be seen in Figure 3, where we display numerical results for the solution
f(z, ), the scalar flux ® = (f),, and the temperature 7. We compare the solution of
the full coupled-implicit system differing from (7.1) by an additional source term to the
presented energy stable mass conservative DLRA solution from (5.5), where we have
also added this source term. Further, the evolution of the rank in time is presented for
a tolerance parameter of ¥ = 1072||X||2. Again we observe that the proposed DLRA
scheme approximates well the behavior of the full system. In addition, a very low

rank is sufficient to obtain accurate results. Note that due to the source term there
is no mass conservation in this example.

7.3. 2D beam. To approve the computational benefits of the presented method
we extend it to a two-dimensional setting. The set of equations becomes
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F1a. 3. Top row: Numerical results for the solution f(x,u) of the Su—Olson problem at time
tend = 3.16 computed with the full coupled-implicit system (left) and the DLRA system (right).
Middle row: Traveling particle (left) and heat wave (right) for both the full system and the DLRA
system. Bottom row: Evolution of the rank in time for the DLRA method.

O f(t,%x, Q)+ Q- Vi f(t,x,Q)=0(B(t,x) — f(t,x,Q)),
aB(t,x) =0 ((f(t,x,"))a — B(t,x)).

For the numerical experiments let x = (z1,72) € [—1,1]x[-1,1], Q = (1,,Q3) € §2,
and o =0.5. The initial condition of the two-dimensional beam is given by

1 Q1 — Q*)2 + (23 — Q*)2
s——exp | — 5 ,
2mog 204

1 x||?
f(t=0,x,Q)=10°. mexp <—||20|1%)
with Q* = %, 0, = 0q = 0.1. The initial value for the internal energy is set to BY =1,
and the initial value for the rank is set to » = 100. The total mass at any time t,
shall be defined as m"™ = Azx1Azy ) j (u?o + B;‘) We perform our computations on
a spatial grid with Ncepsx = 500 points in 1 and Ngensy = 500 points in x5, For
the angular basis we use again a modal approach, namely the spherical harmonics
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Fi1Gc. 4. Numerical results of the scalar flur and the temperature for the 2D beam example for
the full coupled-implicit system (left) and the DLRA system (right) at the time t =0.5.

(Py) method. Technical details can be found in [4, 31, 29], whereas [36, 22] relate
the method to dynamical low-rank approximation. The polynomial degree shall be
chosen large enough such that the behavior is captured correctly but small enough to
stay in a reasonable computational regime. An increasing order of unknowns usually
leads to an increasing complexity and therefore to the need of a higher polynomial
degree. For our example we use a polynomial degree of npn = 29 corresponding to 900
expansion coefficients in angle. The time step size is chosen as At = CFL - Az with
a CFL number of CFL = 0.7. We compare the solution of the two-dimensional full
system corresponding to (7.1) to the two-dimensional DLRA solution corresponding
to (5.5). The extension to two dimensions is straightforward. In Figure 4 we show
numerical results for the scalar flux ® = [, f(t,x,-) dQ and the temperature T' at the
time ¢t =0.5. We again observe the accuracy of the proposed DLRA scheme. For this
setup the computational benefit of the DLRA method is significant as the run time
compared to the solution of the full problem is reduced by a factor of approximately
8 from 20023 seconds to 2509 seconds. For the evolution of the rank r in time and

[m_—m"|

the relative mass error o e consider a time interval up to ¢ =1.5. In Figure 5
one can observe that for a chosen tolerance parameter of ¥ =5-107%||X||2 the rank
increases but does not approach its allowed maximal value of 100. Further, the relative
mass error stagnates and the DLRA method shows its mass conservation property.
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F1G. 5. Ewvolution of the rank in time for the 2D beam example for the DLRA method (left) and
relative mass error compared for both methods (right) until a time of t =1.5.

8. Conclusion and outlook. We have introduced an energy stable and mass
conservative dynamical low-rank algorithm for the Su—Olson problem. The key points
leading to these properties consist in treating both equations in a coupled-implicit way
and using a mass conservative truncation strategy. Numerical examples both in 1D
and 2D validate the accuracy of the DLRA method. Its efficiency compared to the so-
lution of the full system can especially be seen in the two-dimensional setting. For fu-
ture work, we propose to implement the parallel integrator of [7] to further enhance the
efficiency of the DLRA method. Moreover, we expect to draw conclusions from this
Su—Olson system to the Boltzmann-BGK system and the DLRA algorithm presented
in [11] regarding stability and an appropriate choice of the size of the time step.

REFERENCES

[1] 1. ABU-SHUMAYS, Angular quadratures for improved transport computations, Transp. Theory
Stat. Phys., 30 (2001), pp. 169-204.

[2] L. BauMANN, L. EINKEMMER, C. KLINGENBERG, AND J. KuscH, Numerical test-
cases for “Energy stable and conservative dynamical low-rank approximation for the
Su-Olson problem,” 2023, https://github.com/JonasKu/publication-Energy-stable-and-
conservative-dynamical-low-rank-approximation-for-the-Su-Olson-problem.git.

. CAMMINADY, M. FRANK, K. KUPPER, AND J. KUSCH, Ray effect mitigation for the discrete
ordinates method through quadrature rotation, J. Comput. Phys., 382 (2019), pp. 105-123.

@
H

[4] K. M. CASE AND P. F. ZWEIFEL, Linear Transport Theory, Addison-Wesley, Reading, MA,
1967.

[6] G. CeruTI, M. FRANK, AND J. KuscH, Dynamical Low-Rank Approzimation for Marshak
Waves, CRC 1173 Preprint 2022/76, Karlsruhe Institute of Technology, 2022.

[6] G. CeruTl, J. KuscH, AND C. LUBICH, A rank-adaptive robust integrator for dynamical low-
rank approrimation, BIT, 62 (2022), pp. 1149-1174.

[7] G. CeruTl, J. KuscH, AND C. LUBICH, A Parallel Rank-Adaptive Integrator for Dynamical
Low-Rank Approximation, preprint, arXiv:2304.05660, 2023.

[8] G. CERUTI AND C. LUBICH, An unconventional robust integrator for dynamical low-rank ap-
proxzimation, BIT, 62 (2022), pp. 23—44.

[9] L. EINKEMMER, J. Hu, AND J. KuscH, Asymptotic—Preserving and Energy Stable Dynamical

Low-Rank Approximation, preprint, arXiv:2212.12012, 2022.

[10] L. EINKEMMER, J. HU, AND Y. WANG, An asymptotic-preserving dynamical low-rank method
for the multi-scale multi-dimensional linear transport equation, J. Comput. Phys., 439
(2021), 110353.

[11] L. EINKEMMER, J. Hu, AND L. YING, An efficient dynamical low-rank algorithm for the
Boltzmann-BGK equation close to the compressible viscous flow regime, SIAM J. Sci.
Comput., 43 (2021), pp. B1057-B1080, https://doi.org/10.1137/21M1392772.

[12] L. EINKEMMER AND J. ILON, A mass, momentum, and energy conservative dynamical low-rank
scheme for the Viasov equation, J. Comput. Phys., 443 (2021), 110493.



B158 BAUMANN, EINKEMMER, KLINGENBERG, AND KUSCH

(13]

[14]
(15]
[16]
(17]
18]

[19]

20]

21]

L. EINKEMMER AND C. LUBICH, A low-rank projector-splitting integrator for the Viasov—Poisson
equation, SIAM J. Sci. Comput., 40 (2018), pp. B1330-B1360, https://doi.org/10.1137/
18M116383X.

L. EINKEMMER, A. OSTERMANN, AND C. SCALONE, A Robust and Conservative Dynamical
Low-Rank Algorithm, preprint, arXiv:2206.09374, 2022.

M. FraNK, J. KuscH, T. CAMMINADY, AND C. D. HAUCK, Ray effect mitigation for the discrete
ordinates method using artificial scattering, Nucl. Sci. Eng., 194 (2020), pp. 971-988.

B. D. GANAPOL, Analytical Benchmarks for Nuclear Engineering Applications, Case Studies
in Neutron Transport Theory, NEA 6292, OECD, 2008.

W. Guo AND J.-M. Qiu, A Conservative Low Rank Tensor Method for the Viasov Dynamics,
preprint, arXiv:2201.10397, 2022.

J. Hu AND Y. WANG, An adaptive dynamical low rank method for the nonlinear Boltzmann
equation, J. Sci. Comput., 92 (2022), 75.

E. Kieri, C. LuBicH, AND H. WALACH, Discretized dynamical low-rank approzimation in
the presence of small singular values, STAM J. Numer. Anal., 54 (2016), pp. 10201038,
https://doi.org/10.1137/15M1026791.

O. KocH AND C. LUBICH, Dynamical low-rank approzimation, SIAM J. Matrix Anal. Appl.,

29 (2007), pp. 434-454, https://doi.org/10.1137/050639703.

KuscH, L. EINKEMMER, AND G. CERUTI, On the stability of robust dynamical low-rank
approzimations for hyperbolic problems, SIAM J. Sci. Comput., 45 (2023), pp. A1-A24,
https://doi.org/10.1137/21M1446289.

J. KUSCH AND P. STAMMER, A robust collision source method for rank adaptive dynamical low-

rank approzimation in radiation therapy, ESAIM Math. Model. Numer. Anal., 57 (2023),
pp- 865-891.

K. D. LATHROP, Ray effects in discrete ordinates equations, Nucl. Sci. Eng., 32 (1968),
pp- 357-369.

K. D. LATHROP, Remedies for ray effects, Nucl. Sci. Eng., 45 (1971), pp. 255—268.

C. LuBicH AND I. V. OSELEDETS, A projector-splitting integrator for dynamical low-rank ap-

R

K

<~

proximation, BIT, 54 (2014), pp. 171-188.
. E. MARSHAK, Effect of radiation on shock wave behavior, Phys. Fluids, 1 (1958), pp. 24-29.
. A. MATHEWS, On the propagation of rays in discrete ordinates, Nucl. Sci. Eng., 132 (1999),
pp. 155-180.

R. G. McCLARREN, T. M. Evans, R. B. LOWRIE, AND J. D. DENSMORE, Semi-implicit
time integration for P, thermal radiative transfer, J. Comput. Phys., 227 (2008),
pp. 7561-7586.

R. G. McCLARREN AND C. D. HAUCK, Robust and accurate filtered spherical harmonics ex-
pansions for radiative transfer, J. Comput. Phys., 229 (2010), pp. 5597-5614.

R. G. McCLARREN, J. P. HoLLowAYy, AND T. A. BRUNNER, Analytic P1, solutions for time-
dependant, thermal radiative transfer in several geometries, J. Quant. Spectrosc. Radiat.
Transf., 109 (2008), pp. 389-403.

R. G. MCCLARREN, J. P. HoLLowAY, AND T. A. BRUNNER, On solutions to the Py, equations
for thermal radiative transfer, J. Comput. Phys., 227 (2008), pp. 2864-2885.

J. MoOREL, T. WAREING, R. LOWRIE, AND D. PARSONS, Analysis of ray-effect mitigation tech-
niques, Nucl. Sci. Eng., 144 (2003), pp. 1-22.

G. L. OLsoN, L. H. AUER, AND M. L. HALL, Diffusion, P1, and other approximate forms of
radiation transport, J. Quant. Spectrosc. Radiat. Transf., 62 (2000), pp. 619-634.

Z. PENG AND R. G. MCCLARREN, A high-order/low-order (HOLO) algorithm for preserving
conservation in time-dependent low-rank transport calculations, J. Comput. Phys., 447
(2021), 110672.

Z. PENG AND R. G. MCCLARREN, A sweep-based low-rank method for the discrete ordinate
transport equation, J. Comput. Phys., 473 (2023), 111748.

Z. PENG, R. G. McCLARREN, AND M. FRANK, A low-rank method for two-dimensional time-
dependent radiation transport calculations, J. Comput. Phys., 421 (2020), 109735.

G. C. POMRANING, The non-equilibrium Marshak wave problem, J. Quant. Spectrosc. Radiat.
Transf., 21 (1979), pp. 249-261.

B. Su AND G. L. OLSON, An analytical benchmark for non-equilibrium radiative transfer in an
isotropically scattering medium, Ann. Nucl. Energy, 24 (1997), pp. 1035-1055.

J. TENCER, Ray effect mitigation through reference frame rotation, J. Heat Transf., 138 (2016),
112701.



