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Abstract

The numerical method of dynamical low-rank approximation (DLRA) has recently been applied to various
kinetic equations showing a significant reduction of the computational effort. In this paper, we apply this
concept to the linear Boltzmann-Bhatnagar-Gross-Krook (Boltzmann-BGK) equation which due its high
dimensionality is challenging to solve. Inspired by the special structure of the non-linear Boltzmann-BGK
problem, we consider a multiplicative splitting of the distribution function. We propose a rank-adaptive
DLRA scheme making use of the basis update & Galerkin integrator and combine it with an additional basis
augmentation to ensure numerical stability, for which an analytical proof is given and a classical hyperbolic
Courant-Friedrichs-Lewy (CFL) condition is derived. This allows for a further acceleration of computational
times and a better understanding of the underlying problem in finding a suitable discretization of the system.
Numerical results of a series of different test examples confirm the accuracy and efficiency of the proposed
method compared to the numerical solution of the full system.

Keywords: linear Boltzmann equation, BGK relaxation model, dynamical low-rank approximation,
multiplicative splitting, numerical stability, rank adaptivity
2020 MSC: 35L65, 35Q49, 65M12, 656M22

1. Introduction

Numerically solving kinetic equations usually requires immense computational and memory efforts due
to the high-dimensional phase space containing all possible states of the system. The state of a kinetic
system is described by a distribution function f which can be interpreted as the corresponding particle
density in phase space. Instead of solving one high-dimensional equation, the concept of dynamical low-
rank approximation (DLRA) [24] allows us to split the problem into three lower dimensional subequations
leading to an appropriate approximation of the solution. In particular, in a one-dimensional setting we
approximate the distribution function f(¢,z,v), with ¢ € R* denoting the time, z € D C R the spatial, and
v € R the velocity variable, by

fltz,v) = > Xi(t,2)S;(H)Vi(t,v),

4,J=1

and evolve the corresponding low-rank factors in three substeps further in time. The sets {X; : ¢ =1,..,r}
and {V; : j =1, ..,r} contain the orthonormal basis functions in space and in velocity, respectively, and r is
called the rank of this approximation. DLRA has recently gained increasing interest and has been studied
in various fields including radiation transport [2, 21, 13, 31, 34|, radiation therapy [28], plasma physics
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[16, 18, 15, 19], chemical kinetics [32, 17] and Boltzmann type transport problems [12, 14, 11, 23]. The core
idea of this method is to project the solution to a manifold of low-rank functions of the above form and
constrain the solution dynamics there. Different time integrators which are able to ensure this behaviour
and are robust to the presence of small singular values are available. Frequently used integrators for kinetic
problems are the projector-splitting [30] as well as the (rank-adaptive) basis update € Galerkin (BUG) [10, 8]
and the parallel integrator [9]. For the rank-adaptive BUG and the parallel integrator extensions to schemes
with proven second-order robust error bounds have been derived in [7, 26].

For a large number of collisions, the solution f of the Boltzmann-BGK equation stays close to the Maxwellian
equilibrium distribution M which in general is not a low-rank function. Inspired by [14, 25], we use the
multiplicative splitting f = Mg, for which in [14] it has been shown that g is a low-rank function even if
this if not the case for f. Hence, we derive an evolution equation for g and apply the low-rank approach to
this part of the distribution function. Difficulties may arise in the discretization as it is per se not clear how
to treat spatial derivatives.

In this paper we propose a stable dynamical low-rank discretization for the linear Boltzmann-BGK equation.
The main features of this paper are:

o A multiplicative splitting of the distribution function: As the Maxwellian equilibrium distribution M
is generally not a low-rank function, we consider the multiplicative splitting f = Mg and apply the
low-rank ansatz to the remaining function g. It can be considered as a deviation from the equilibrium
and is shown to be of low rank [14].

o A stable numerical scheme for linear Boltzmann-BGK with rigorous mathematical proofs: We show
that a stable discretization has to be derived carefully and compare it with an intuitive discretization
that fails to guarantee numerical stability. We give a rigorous analytical proof of stability and derive a
classic hyperbolic CFL condition. This enables us to choose an optimal time step size of At = CFL-Ax
with CFL denoting the CFL number, leading to a reduction of the computational effort.

o A rank-adaptive integrator: For the low-rank scheme we use the rank-adaptive BUG integrator from
[8], leading to a basis augmentation in both the K- and L-step of the low-rank algorithm. Compared
to the projector-splitting integrator used in [12, 14, 11], this allows us to determine the rank adaptively
in each step avoiding the a priori choice of a certain fixed rank.

o A series of numerical experiments validating the derived properties: We give a number of numerical
examples that validate the derived stability while showing a significant reduction of computational
and memory requirements of the low-rank scheme compared to the full order method.

The paper is structured as follows: After the introduction in Section 1, we provide background information
on the linear Boltzmann-BGK equation, explain the considered multiplicative structure, and derive two
possible systems of equations in Section 2. Both systems are equivalent in the continuous setting. In Section
3, we discretize in velocity and in space, before subsequently time is discretized giving two different fully
discretized schemes. It is then shown in Section 4 that a naive discretization can lead to a numerical scheme
that is not von Neumann stable whereas a more careful treatment guarantees numerical stability. Section 5
gives a brief introduction to the concept of DLRA and applies this method such that a numerically stable
low-rank scheme is obtained. Numerical experiments in both 1D and 2D in Section 6 confirm the derived
results. Section 7 gives a brief conclusion and outlook.

2. Linear Boltzmann-BGK

The Boltzmann equation is a fundamental model in kinetic theory describing a gas that is not in thermo-
dynamic equilibrium [6, 33]. In its full formulation it makes use of the so called “Stosszahlansatz” leading
to a collision operator for which the solution of the Boltzmann equation is demanding. To overcome this,
the BGK model [4], named after Bhatnagar, Gross and Krook, can be considered. It simplifies the collision
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term while maintaining the key properties of the equation. In a one-dimensional setting it reads
O f(t,z,v) + 00, f(t,2,0) = o (M[f](t,,0) — f(t,2,v)), (1a)

where f(¢,z,v) denotes the distribution function depending on the time ¢ € R, the spatial variable = €
D C R and the velocity variable v € R. The constant o describes the collisionality of the particles and M[f]
stands for the Maxwellian equilibrium distribution. It depends on the density p(t,z) = [; f(¢, 2, v)dv for
which we obtain an evolution equation by integrating (1a) with respect to v. This gives

Op(t,x) = fﬁz/vf(t,x,v)dv. (1b)

In [14] it has been shown that using the multiplicative decomposition

f(t,.%‘,?]) :M[f](t,ac,v)g(t,x,v) (2)

is advantageous as g is low-rank even if this is not the case for the Maxwellian (which is not true for
the classic additive micro-macro decomposition). In order to reduce computational and memory costs a
dynamical low-rank approach has then been applied in [14] to treat the resulting evolution equations for
qg.

In this work, we consider an isothermal Maxwellian without drift, i.e.

MIf)(t, 2, v) = ”jg) exp (—0?/2).

This results in a linear model, which we call the linear Boltzmann-BGK equation. It has been extensively
studied in the PDE community (see, e.g., [20, 5, 1]) as well as from a numerical point of view [3]. In this
paper, we provide a stability analysis of this model in the context of dynamical low-rank simulation using
a multiplicative decomposition. The stability analysis for the simplified problem provides insight into the
numerical schemes that have been used in the literature [14] for the Boltzmann-BGK equation. In particular,
it explains why such multiplicative schemes need to take relatively small time step sizes even though the
collision operator is treated implicitly.

We insert the multiplicative approach (2) into (1a) and (1b) and obtain

Org(t,z,v) = —v0,g(t, z,v) + o (1 — g(t,z,v)) — g,it(,x ))Btp(t x) — W@zp(th (3a)
Diplt, ) = —V%am [ ott.2)gtt,zvyve . (3b)

This set of equations is called the advection form of the multiplicative system. It corresponds to the way the
equations are treated in [14]. We can rewrite equation (3a) into a conservative form, leading to the system

dig(t,x,v) = —ﬁm (p(t,x)g(t,z,v)) + o (1 — g(t,z,v)) - Watﬂ(t,f)a (4a)
Op(t,x) = —\/%Bm/p(t,x)g(tm,v)ve_“2/2dv. (4b)

Note that for both systems we omit initial and boundary conditions for now. It is a challenging task
to construct a suitable numerical scheme as it is per se not clear how to treat the spatial derivative in
the transport part of the first equations and which of both systems to prefer. Further, the potentially stiff
collision term requires an implicit time discretization. In addition, the consideration of higher dimensionality
occurring in practical applications leads to prohibitive numerical costs. To overcome this last problem, we
make use of the numerical reduced order method of dynamical low-rank approximation after having derived
a stable discretization.
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3. Discretization of the Mg system

In this section we give a full discretization of both versions (3) and (4) of the Mg system. We start with
discretizing equations (3) and (4) in velocity and space before a time discretization is presented in the next
subsection.

3.1. Discretization in velocity and in space

For the discretization in the velocity space we use a nodal approach and prescribe a certain number of grid
points N,, € N. Due to the special structure of (3b) and (4b) we use a Gauss-Hermite quadrature providing
the quadrature nodes vy, ..., vy, and weights ws, ..., wy, enabling us to approximate integrals as

N,

/ e‘”zg(t,x,v)dv R~ Zwkg(t,x,vk).
R

k=1

For the discretization of the spatial domain D C R we take N, € N grid points and choose a grid x1, ...,z
with equidistant spacing Az = NL We approximate z-dependent quantities by

x

x

p;(t) = p(t, ;) and gik(t) = g(t, x5, v%).

Spatial derivatives 9, are approximated by the tridiagonal stencil matrices D* € RN=*N= corresponding to a
first-order central differencing scheme. Further, a tridiagonal second-order central differencing stabilization
matrix D** € RV=*N= approximating 0, is added. Their entries are defined as

+1 2 1

x xrx rxT

ERES Iy o T T A E T (A

whereas all other entries are set to zero. Note that from now on we assume periodic boundary conditions.
For this reason we set

LNe = 9Ag Ne:sl ™ 9Ag
rxr _ rxr _ 1
1,N, = “Ng,1 — (A$>2

Similar to the proof in [2], one can show that the stencil matrices D* and D** fulfill the following proper-
ties:

Lemma 1 (Summation by parts). Let y,z € RN+ with indices i,7 = 1, ..., N,. Then it holds

N, N, N, N, N,
E yjDjzi = — E ziD5yi E zjDjzi =0, E y; D5z = E 2 D5y
i,j=1 i,j=1 i,j=1 ij=1 i,j=1

Moreover, let Dt € RN=*Ne be defined as

[ )+ — + —
I Az ’ B+l Az '

2
Then, Zi,j:l zj Dz = — Zj:l it Djizi) -

We insert the proposed velocity and space discretization into the advection form (3) and add a stabilizing
second-order term for d,g. This corresponds to the method used in [14] for the non-linear isothermal



1 Boltzmann-BGK equation and leads to the semi-discrete time-continuous system

N, N,
. x ik (
gie(t) == D¥gix(t)vr . ZDﬂ gir()ok] + o (1 = gju(t)) — pﬂj Z D%,p;(t)r,
i=1 =1
(5a)
1 N N Nz N,
. _ ) . 112./2 v7 /2
pi(t) =— D?ipz(t)gzk(t)vkwke g ZZ (t)gin (t)|vi|wre™ '~ (5b)
V2 =D 2V27T im1 k=1

> For the conservative form (4) the second-order stabilization term is applied to 0,(pg). We obtain the
3 semi-discrete system

N, ‘
an(t) = DEpi(OgiOor + 25 S LD g ()loel + o (1 — g0 — 25D 5 0), (6a)

2 < p;(t) p;(t)

Mz

>

7 i (t)

N.L‘

Z
=
Z

Ax
D3pi () g (£)vpwnes/? + D37 pi(t) g () o eore 2. (6b)

it ‘ 221 & =

ﬁ\

@
Il
-
=~
I

1=

4+ 8.2. Time discretization

s The time discretization of both systems has to be derived carefully to ensure numerical stability. We start
s with the advection form (5) and perform an explicit Euler step for the transport part in (5a) as well as in
7 (5b). The potentially stiff collision term is treated implicitly. For approximating the time derivative 9;p the
s corresponding difference quotient is used. We obtain the fully discrete scheme

N, N,
= Ax
gt = g — At Z D591,k + AtT Z DiY gy, |v
=1 =1
g7n+1 gn N
+ oA (1= ghtt) = 2 (pn = pn) — AEIE N DT phay, (7a)
p] p_] i=1
Nz Ny
2 2
p;z+1 Ati ZZDﬂpz gzkvkwkevk/z ZZDjlzlp?chwk'wkevk/Q' (7b)
i=1 k=1 i=1 k=1

1 For the conservative form (6) we again perform an explicit Euler step for the transport part in (6a) as well

1 asin (6b). The collision term is treated implicitly and a factor 2 n: ! coming from the analysis is added. As
12 before, the time derivative 0,p is approximated by its difference quotient. This leads to the fully discretized
13 equations

g;lljl — At Z Dgzpz gzkvk + Ati Z D]Z Pi gzk|vk|
i= 1
’.L+1 gt
+oAtE (1 _g;LF) LA (pn+1 pj) (8a)
Pj Pj
N, N N,
1 @ () x U 2

o7 = i = M= 33 Diiplgione 4 AoS 305 D pgiloclne 2 (5b)

i=1 k=1 11k1

15 Note that the discretizations for p given in (7b) and (8b) are exactly the same. The main differences between
16 the naive discretization of the advection form (7) and the proposed scheme (8) are the stabilization of 9, (pg)

5
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n (8a), opposed to a stabilization of d, g as done in (7a), and the additional factor £-—— _n— in the collision term
of (8a).

In the fully discrete setting, we make use of the following notations.

Definition 1 (Fully discrete solution and Maxwellian). The full solution f of the linear Boltzmann-BGK
equation in the fully discrete setting at time t, is given by f™ = ( j"k) € RN=*Nv with entries

n 1 non _—vi/2

S = —0.(0.:1.6
ik Tﬂpjg]k

For the fully discrete Mazwellian M™ = (M}}) € € RN=*No gt time t,,, we have e~vh/2,

- m/)j

4. Numerical stability

Although the derivation of the equations in (7) and (8) is similar, both systems differ drastically in terms
of numerical stability. In this section, both fully discretized schemes presented are compared.

4.1. Naive discretization

We begin with the naive discretization given in (7) that is comparable to the one chosen in [14] in the sense
that the advection form of the multiplicative splitting is used. In [14], numerical experiments are given but
no explicit stability analysis is conducted. In the following, we give an example which shows that numerical
stability in the sense of von Neumann can not be guaranteed.

Theorem 1. There exist initial values g™ = (g?k) € RN=xNv gnd p™ = (p?) € RN= such that the numerical

scheme proposed in (7) for o =0 is not von Neumann stable.

Proof. Let us assume a solution gjy that is constant in space and velocity, e.g. g7, = 1. For this solution
the terms containing D*g"™ and D**g" are zero. Let us further assume that there is no collisionality, i.e.
o = 0. We insert this information into (7a) and get

n+1 N,

n g 7 T

gt =1- jpk (o3 = pp) - At*Z(Dﬂpz)
J 3 i=1

After rearranging, we have that
Pyt gt = pi — Atz (D§.p}) v

Multiplication with \/%e,vz/ 2 then leads to

fn+1 — At Z D]z ’Lk‘vk (9)

This corresponds to a discretization of d;f + vd,f = 0 with explicit Euler in time and centered finite
differences in space for which it is well-known that it is not von Neumann stable [22, 29]. O

Indeed, one can show that the discretization given in (9) is not von Neumann stable, but stable for relatively
small time step sizes [29]. This matches our numerical insights from [14], where the space discretization is
comparable to (7) and small time step sizes are required.
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4.2. Stable discretization

Having seen that for a certain choice of the initial values the system of equations (7) is not von Neumann
stable, we now consider equations (8) in terms of numerical stability. We observe that the advection terms
are treated explicitly, whereas the collision term is treated implicitly, leading to a removal of the potential
stiffness caused by a large number of collisions. We seek a rigorous proof of stability under a classic hyperbolic
CFL condition that will be derived in the following norm.

Definition 2 (Stability norm). For f" = (f7},) € RN«*Nv  the s#-norm shall be defined as

N, N,
e = VER Y3 (75)" wre
j=1k=1
This corresponds to a Frobenius norm || - ||p with weights v/ 2mwge3vi/2.

The choice of this norm is inspired by the analysis in [1], where hypocoercivity for the linear Boltzmann-BGK
equation is shown. Different from there, we use a fully discrete analogue to the considered weighted L?-norm
that also takes the Gauss-Hermite quadrature into account. Note that the factor V27 does not affect the
stability but is added for consistency in the sense that for g} =1 the condition \/%7 Z]kv'z”l gjﬂkwke“i/ 2=1

holds. This is the discrete counterpart of \/% Jr ge=V"/2dy = 1 which is equivalent to Jg fdv = p that

in a discrete formulation can be written as Zgz“l ]”]T‘kwke”z = pj. This relation shall be preserved by the
numerical scheme.

Lemma 2. Let us assume that the initial condition for g satisfies \/%7 E]kvz“l g?kwke”zﬂ = 1. Then, for all
n € N we have

N,
2
n v
E [iwwre™ =p
k=1

Proof. The proof follows from induction. Let us assume that the induction assumption Z 1 f kwke”k =p7
holds. We then start from equation (8a), bring the terms containing g"Jrl to the left-hand side and multiply

it with pn+1 This gives
N,
Axr =
(1 + UAt) n+1g;lk+1 - p?gjk At Z Djlp’L gkuk? + At7 Z D;sz gzk|vk| + UAtanrl.
i=1
Multiplication with \/%wke”i/ 2 and summation over k leads to
1 N’U 2 1 N’U .Z' ’L)
(1+oAt) pj s Zgﬁjlwke“k/z = pj—— Zg weh2 = At—— Z Z Djip; glkvkwke“k/z
\/ﬁ k=1 v k=1 F i=1 k=1
P} vk et/
=1 k=1

1 all 2
+ oAt — wiels/ 2.
i Ven Z
We insert the induction assumption as well as \/% Z}iV:vl wre¥/2 = 1. Then, together with (8b), we get

(1+0At)p ”+1 Zg?,jlw eUh/2 = (1+cAt)p] Jan

Canceling with (1 + oAt) pj "1 gives the desired equality for n + 1, and completes the proof. O
7



8

9

Also, the following inequality is indispensable to show numerical stability of the above system.
Lemma 3. Under the time step restriction maxy(|vg|)At < Ax it holds

2 2

~ Az HD+f” diag ([ox["/?) H <0.

A
At HDf”f” diag (v) — TxDmf" diag (Jug|) »

H

Proof. We want to apply a Fourier analysis in = that allows us to write the stencil matrices in diagonal
form. As in [2, 27], we define the matrix E € CNe*Ne ag

E;o = VAzexp(iarz;), j,a=1,.., Ny,

where i € C denotes the imaginary unit. It is orthonormal, i.e. EE¥ = EfE = I, where the superscript H
stands for the complex transpose, and diagonalizes the stencil matrices

D"E = EA”, with v € {z, zx, +},

with A7 € CN+*Ne heing the diagonal matrices with entries

r 1 iamAxr _ —iamAxy _ L .
)‘aa - 2Ax (6 € ) = Az Sln(ua),
1 . ) 2
Ao = (ef0TAT _ 9 4 emiamATY — T (cos(ry) — 1),
(Ax)2 ( ) (Am)z (cos(va) )
1 1
)\(—Jit_a = E (e’LoﬂrAx — 1) = E (COS(Va) + isin(z/a) — 1) R

and v, := awrAx. Let us denote fn = (Agk) € CN=*Nv with entries Agk = Z;V:’”l E.; T With Parseval’s
identity we obtain

2 2

At HD””f" ding (1x) — 2D 8" ding ()| — A [ D ing (Juel /2)

w A

A 2
= At ”Df”f” diag (vkwimeg”’z/‘l) — TxDmf" diag (|vk|w;/263“’3/4>

F

2
— Az HD"’f” diag (\vk\lmwime?’”i/‘l) HF

Arseve ~ A - 2
Parseval Ay HAIf” diag (vpw,/e>i/1) — —QxA”f” diag (|vg|wy, *e>i/4))
F

~ 2
- AP diag (o2 e |

F
=2 iz: % At [onf* (1 —cos(vy)) — M(1 —cos(vy)) wye3vi/2 f" ’ .
a=1k=1 (Az)” i Az ) o

A sufficient condition to ensure negativity is that

|vg|?
(Az)®

At (1 =cos(vy)) < %(1 — cos(Vy))

must hold for each index k. This leads to the time step restriction maxy(|vg|)At < Az, which proves the
lemma. O

We can now show numerical stability of the proposed system.

8



1 Theorem 2. Under the time step restriction maxy (|vg|) At < Az, the fully discrete system (8) is numerically
> stable in the F€-norm, i.c.

£ 1% < €115

s Proof. We multiply (8a) with p?“p?g?,:r ! and bring the last term of the equation from the right-hand to

+  the left-hand side. This gives

Ng N,
1 n+1)2 1 n+l 1 n+l Az 1 n+1
(05 g ) " = ph el Tt — ALY o g Do ghon + At pi g DS pl g v
=1 =1
+1, n+1 +1 +1 n+1
oA g (o = ).
. 1. . . 1 —U2/2 2
s Multiplication with 2 (ﬁe k ) then leads to
9 N, N
2(f3) = 2f 0 it = 288> fR DT fhok + AtAz > fRE DI i ok] + 20 At F7 (M — )
=1 =1

s Note that it holds
2 2 2
255 = () + ()" = (5 = )
7 We insert this relation and obtain
2 2 Na Na
2
(Fe)" = ()" = (5 = £50) — 206 3 F5 D5 fion + Atz Y~ F D37 fi o
i=1 =1
+20 ALfIT (M = ).

307 /2

s In the next step, we multiply with v27rwge and sum over j and k. This gives

N, N,
2 2
12 = 17030 — v2r D3 (£ = £13) " wre s/

j=1k=1
Nz Ny Nz Ny
2 . 2
—2V2rAL Y N DS fhowre® 4 VoAt AT YN fREIDIE [ oy fwge k2
i,j=1k=1 i,j=1k=1
N, N,
+1 +1 +1 3v7/2
+2\/27TUAtZZf;’k (M]"k = Ik )wke vi/2,
j=1k=1
o From Lemma 2 we have that fo;l ffkﬂwke”z = p}”l. Hence, we can derive that the following term

w 2V2mo At Z;V:“l S M (Mf,:“l - fﬁjl) wipe®i/? is equal to zero. Lemma 1 gives that also the term

u 2v2mAt Zﬁv;zl ZkNgl f;lkD;?if;}vvkwke?’”im is equal to zero. We subtract both and add an additional zero by



1 adding and subtracting the second-order term 27w AtAx Eﬁvle Zgil nD5E i’}c|vk|wke3”i/2. This leads to

=
Z

x

2
IE" 13 = (1€ 1% — V2r (5 = f) wne™ir?
j=1k=1
Nz N,
2
— 2V2rAt (F5Y = £33 D fivopwre™/? (1)
1,j=1k=1
+V2rAtAz Z Z( L — £ DIE fiklvklwge® s (1)
1,j=1 k=1
N, N, ,
+ V21AtAz Z Z D5 21 og|wpe®Us/2 (I11)
',j*l k=1
2
—2v2 oAtZZ< frHt M;L,jl) wke?’”i/Q.
j=1 k=1

> Now, we consider the parts (I), (I) and (IIT) separately. Let us start with (I) and (II) and apply Young’s
s inequality which states that for a,b € R it holds that a - b < % + g. This gives for (I) +(II)

Ny Ny

CovmRar S0 S (7 A it ¢ vIRAIAe 30 S (£ ) DI foene

1,j=1k=1 i,j=1k=1
N. N, ) Na Az >
_ ( 2 (2r) 1/4 (fn+1 jnk)wimegvk/zx) (\/5(277)1/4 Atz (Dﬁ "ok — . Dza: g |) w;/263”k/4>
j=1k=1 i=1
N. N, ) N. Ny [ Na A 2
2
<Var SO (Ft = ) et 2 1 Var (A Y (Z( fo— D37 n|vk|)> w2
j=1k=1 j=1k=1 \i=1

« For (III) we get with the properties of the stencil matrices given in Lemma 1 that

N, N, N, N, /N, 2
S I - O W O SLITIS IR
j=1k=1 \i=1

i,j=1k=1

5 Inserting these relations then gives

Nz Ny 2
8743 < 16713 +var (807 D2 S (Dffion — 525 fitlunl ) cre®E?
1,7=1k=1
N. N, /N, 2
_WALLAJ:ZZ <Z klvk1/2> wk€3v§/2
j=1k=1 =1
N, N,
—2V2ro At (f;l,:'l M"'H) Wi BVE/2,
Jj=1k=1

s With Lemma 3 we can conclude that under the CFL condition maxy (|vg|)At < Az it holds [f*1]2, <
[|£"(|2,. Hence, with this time step the proposed fully discrete system (8) is numerically stable in the
s J-norm. O

10



20

21

22

23

24

25

26

27

28

29

30

31

32

5. Dynamical low-rank approximation for the stable Mg system

In practical applications, the implementation of the full system given in (8) may lead to prohibitive numerical
costs, especially when computing in higher dimensional settings. To reduce computational and memory
demands, we apply dynamical low-rank approximation to the distribution function g.

5.1. Background on dynamical low-rank approrimation

The concept of dynamical low-rank approximation has been introduced in a semi-discrete time-dependent
matrix setting [24]. Let us consider g € RV+=*No being the solution of the matrix differential equation

g(t) = F(g(1),

where F : RN=xNv _ RN2xNo denotes the right-hand side of the equation. We then seek for an approxima-
tion of g in the following form

g (t) =X(®)S(H)V(t) ", (10)

with X € RN=X" and V € RV *" denoting the orthonormal spatial and orthonormal velocity basis, respec-
tively. The slim matrix S € R"*" is called the coefficient or coupling matrix and determines the rank r of
the approximation. The set of all matrices of the above form (10) constitute the low-rank manifold M,.. Its
corresponding tangent space at g, (t) shall be denoted by Tg, +)M,. We now look for g, (t) € M, such that
at all times ¢ the minimization problem

min 5 (1) — F (g, (
&r(t)€Tg, (ty Mr ||g ( ) (g ( )) ”F

is fulfilled. Following [24], this minimization constraint is equivalent to determining g, (t) € Tg, )M, by an
orthogonal projection onto the tangent space such that

& (t) = P(gr(t) F(g: (1)), (11)

where the orthogonal projector P onto Tg (;) M, applied to an arbitrary quantity G can explicitly be given
as

P(g ()G =XX"G-XX"GVV' +GVV',

Different robust time integrators to solve (11) exist. Frequently used integrators are the projector-splitting
integrator [30], the basis update & Galerkin integrator [10] as well as its rank-adaptive extension [8] and the
parallel integrator [9]. In this paper, we make use of the rank-adaptive BUG integrator whose concept shall
be explained in the following.

In the first two steps, the rank-adaptive BUG integrator updates and augments the bases X and V in
parallel such that their rank increases from r to 2r, for the spatial and velocity basis respectively. We
denote the augmented quantities of rank 2r with hats. Then, for the augmented bases a Galerkin step
is performed before in a last step a new rank r; < 2r is determined using a truncation with prescribed
tolerance. In detail, the rank-adaptive BUG integrator performs the following steps in order to update the
matrix gl = X"S"V™ T at time ¢, to gnt! = X"H8nHIVvnt+LT at time t,41 = t, + At:

K-Step: Let us fix the velocity basis V" at time ¢, and introduce the notation K(¢) = X(¢)S(t). The
spatial basis X" is updated and augmented by first solving the PDE

K(t)=F (K@HV™T) V", K(t,)=X"S",

and then determining X7+l € RNeX2" a5 an orthonormal basis of K(thi1),X"] € RN+X2" g by QR-
decomposition. Then, we compute M = X?+1LTX" ¢ R27x7,

11
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L-Step: Let us fix the spatial basis X" at time ¢, and introduce the notation L(t) = V(¢)S(¢)T. The
velocity basis V™ is updated and augmented by first solving the PDE

L) =F (X"L(H)") X", L(t,) = V"s™T,
and then determining VnHl € RNoX2 a5 an orthonormal basis of [L(tns1), V"] € RV*2" eo. by QR-

decomposition. Then, we compute N = Vn+LTyn ¢ R2rxr,

S-step: Update the coupling matrix from S™ € R"™™" to Sntl g R2rx2r by solving the ODE

A~

S(t) = X" TR (X"HS() VLT Vet S(t,) = MS'NT

Truncation: Compute the singular value decomposition of Sntl — ﬁEQT with ¥ = diag(c;). For a
prescribed tolerance parameter 9 the new rank r; < 27 is chosen such that

1/2
2r /

Z 0]2- < 9.

j=ri+1

Let now S™*! € R™*"1 contain the r; largest singular values and P*+! € R?"*™ and Q+! € R?"X"™ contain
the first 1 columns of P and Q, respectively. Then, the time-updated spatial basis can be determined as
Xntl = Xntlprtl ¢ RN=xm1 and the time-updated velocity basis as V! = VnHiQntl ¢ RNvxm

Altogether, the time-updated approximation of the distribution function after one time step is given by
gn+1 — Xn+lsn+lvn+1,T
n .

5.2. DLRA algorithm for multiplicative linear Boltzmann-BGK

In this section, we apply DLRA to the stable and fully discretized system (8). Bringing all term containing

g",:' ! to the left-hand side of (8a) and multiplying it with nﬂ, equations (8) can be equivalently written

as

gt L+ o) = pnﬂgjk AtZ D5 Pl v anHD (P gi) ve| + oA, (12)
J =1

Pyt = At\ﬁ Z Z DS, p} ghronwre”s/ Z Z D32 pl gl v fwre /2. (12b)

=1 k=1 zlkl

We propose a low-rank implementation that uses the rank-adaptive BUG integrator [8] introduced in the
previous subsection for equation (12a) together with an additional basis augmentation and a suitable trun-
cation strategy. For this scheme we show numerical stability. Note that in the following, for simplicity, we
write g = (g;x) instead of g,.

Starting from (12), we apply the rank-adaptive BUG integrator leading to a splitting of (12a) into three
substeps, the K-, L-, and S-step. In the K- as well as in the L-step we perform an additional basis
augmentation ensuring certain quantities to be contained in the basis at all times. The explicit form of the
basis augmentations will get clear later in the proof of stability of the proposed scheme. The augmented
bases are then used to determine the S-step. Note that the scattering term (1 4+ oAt) is only applied in the
S-step as it does not affect the span of the basis functions derived in the K- and L-step. We obtain the
following DLRA scheme:

12
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Substituting g7, = Z:ne L X7 Sn Vi, into the update equation (12b) yields

jm~m
r N,
v n mn n v2
Pi t= P ZDJ“OZ Z XimsmzZVkevkwke k/2
m,l=1 k=1
2Wor ZDTI P Z Ximm ngde’UﬂwkeU’V/Q (13a)
=1 m,f=1 k=1

r
m= 1

For the K-step we introduce the notation K7, = 3_ FmSme and solve

n+1
= -l S o szmm
J =1
Az 1 &= Ny
J =1 (=1 k=1

This gives the updated matrix K"t! = (K”H) to which together with the old basis X" = (X7,,) a QR-

decomposition is applied, giving the new augmented basis Xt = (X} "+1)

In addition, we augment this basis according to
X = qr (D/Zn—&-l’ (pn,+1)2 §n+1]) (13c¢)

leading to a new augmented basis Xn+l = ()?;’ntl) of rank 47, and we compute M = X"*+1.TX" Note that
all quantities of rank 2r are denoted with one hat and all quantities of rank 4r with double hats.

For the L-step we write L, = >",_, S;: V/} and solve

L"‘H Z L ZX"U n+1 — At Z vkLmk Zszpz ZDU n+1 Xn
+At7 Z |Uk|L kZszpz ZDZI ntl
m=1

Jj=1 J

Xy + oAt Z Xy (13d)
j=1

This gives the updated matrix L"T! = (LZ,? ') to which together with the old basis V" = (V) a QR-
decomposition is applied, giving the new augmented basis Vil = (@’,;H)

In addition, we augment this basis according to
Vil = qr <[v"+17wevz/2\7”+1]) (13e)

leading to a new augmented basis vl = (?Zkﬂ) of rank 4r, and we compute N = Vn+LTyn,

For the S-step we denote S, = > k=1 quj SJ’L,C]/\? ¢, and insert the expressions g7}, = Zfrf =1 X y;;@glﬁgjl
and g"‘"1 = Zi:,@:l ??,zlgnm‘;lf/\;;jl into (12a). We multiply with X"‘HV"‘H and sum over j and k. This

13



1

leads to

N,
a 1 LA p
+1 _ n+1 J n+1 n+1 n+1
SZLp - 1+0At<ZXJq n+1 Z X Sn ZV V
Jj=1

m =1
4r Py
1 Jn+1 1 1
—AtZX"+ n+1 Zpﬂpl >oxph S”,ZZVZX Uk ”+
m, =1
1 (E
+At—ZX"+1 e > Dirpy} Z Xpan Zv"+1|vk|vn+1
j i=1 m, =1

+oAt Z Xt Z vn“) : (13f)
Jj=1

The last step consists in truncating the augmented quantities X", V*+1 and S"*1 from rank 47 to a
new rank r;. We use a modiﬁcatio2n of the truncation strategy described in Section 5.1 that ensures that
\/% > tm=1 ZkN 1 ijS%sz’Zwkevkm = 1 stays valid in each time step and works as follows:

Let us denote Z € RYv being the vector with entries Z, = \/%wkevim and let z = HZZHE’ where || - ||z stands

for the Euclidean norm. We then want to have

1 = Xn+lgntiynt+lTy (}’in+1§n+1{}n+1,TzzT L XnHIgntlyn+LT (1- ZZT)) Z = (H, +H)Z,

with H; = i”+1§”+1v”+1*TzzT,H2 = XnHigntlyntlT (I — ZZT), I € RY*Nv denoting the identity
matrix and 1 € RY= the vector containing ones at each entry. H; is a matrix of rank 1. We determine its
low-rank factors by a singular value decomposition such that XH:SH1 VHLT — gyq <§"+1V”+1’TZZT> with

XHi ¢ R4 SH1 ¢ R, and VI € RVv. For Ha, it holds that HoZ = 0. We apply the truncation strategy
from Section 5.1 to Hs and obtain X*,S* and V*, which shall be of rank ;. Finally, we combine both
parts by performing a QR-decomposition of

X"HRY = [XHXE X0], and VIHR? = [V VY,
and setting

SH: 0}
n+l _ pl 2,T
S =R { 0 g+ R~ .

The new rank r; is then given by r; = 71 + 1. With the time-updated low-rank factors X"+, V»+! and
S™*1, the updated low-rank approximation of the solution is g”'H = e=1 X""'lS”'|r1 ot The steps of
the proposed DLRA scheme are visualized in Figure 1.

From the low-rank approximation of g we can regain the full solution f as follows.

Definition 3 (Low-rank approximation of the full solution). The DLRA approxzimation of the full solution f
of the linear Boltzmann-BGK equation in the fully discrete setting at time t,, is given by £ = ( ]”k) € RNaxNo
with entries

f]nk p] Z ]mSmKVn e vk /2

m =1

14



e density at time ¢,,: p

input e low-rank factors at time t,,: X7, S7,, Viiy
e rank at time t,,: r
|
[update density according to (13&)]
p;H-l
[update bases according to (13b) and (13d)]
n+1 n+1
Kt L
[augment bases with X7 Vk’;}i
vn+l Trn+l s 1
(Xjri Vi) X;ﬁl,vknfl

9 —
[augment bases with (p;-““l) X7+t and wies/2V 1+ according to (13¢) and (13e)}

/An-‘rl Q'rL-i—l
X Ve

Jjm

{update coefficient matrix according to (13f)]

S (or St

Qn+1 vn+l an+l T n+1
Vi (or X200, S50 Vi )}
o density at time t,,1: p "'
- .yl 1
output e low-rank factors at time ¢, 1: X, S0,
e rank at time t,,41: 71

jm S~ me >

[truncate factors X7+1 gntl

1
Vké

Figure 1: Flowchart of the (simplified) stable DLRA scheme (13).

5.8. Stability of the proposed low-rank scheme
We can then show that algorithm (13) is numerically stable.

Theorem 3. Under the time step restriction maxy(|vg|)At < Az, the fully discrete DLRA scheme (13) is
numerically stable in the F€-norm, i.e

1115 < £ 13-

Proof. We start from the S-step in (13f), multiply it with X 3;1 and f/\g;'l and sum over g and p. For

simplicity of notation, we introduce the projections Pc‘i(j = E;l;l X g;;l??j 1 and Pk‘% = Zi;l /Vzp/‘}gp.
This gives

N, N, N, N

) 1 x v pn x v 1

1 X pV X pV

9or = T E E — 379 Py Prs — At E E —g1 D5ird 9in e Pa Prs

1+ oAt )\ 4 ! < .
=1k=1"Pj ij=1k=1Pj

N, N, N; N

A:L' x v 1 x v

calyt S S LDt 033 AR
i,j=1k=1"J j=1k=1
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1 Multiplication with —2= (p2*?

- ) gnglw,@e“gﬂ(l + o At) and summation over « and 3 leads to

z

v

(p2+1 n+1) wﬁevg/z (1+ cAt)

—

= 1M

Z 7

2
gjk X;gZEl (Pt ZP wpe'!?

gl B
) )

<
Il
=
ol
Il

1
N,

oAt Ne Moo X n+1 n+1 e
h m Z Z pn-',-l zpz gzkvk ZP i9a8 l)a Z gwge ’
1,j=1k=1"J

Z n+1 jl plgzk|vk| Z )ggzg-l PZH ZPVMQGUB/Q
1k= 1

Zj 7,7,=1 B=1
N, N
20At - pX +1 1\2 - v 2/2
Z D PXGE (0hT)T ) Plawseta /2.
j,a=1k=1 p=1

> We now use the fact that we have augmented the bases in (13¢) and (13e) such that

N, N,

X 1 1 1 1 2 v2
SOPEGEE e = g (o) and S Plgid twse/? = g wgett/?
a=1 B=1

3 holds. We insert these relations and, to be consistent in notation, change the summation indices on the
+ left-hand side from « to j and 8 to k giving

Ny

2

2 - ( n+1 n+1) vi/2 2 n+1 n+1 2/2
— wre’t 2 (1 4+ oAt) = — 05 95%P; wiek
V2T i VR
N, N
201 2
- T p;'l+1 +1D]7,pz gzkvkwkevk/2
=1 k=1
Ar &= o
2
BB 3SR g e g 2
2 e =
i j—l k=1
20At Z( n+1) n+1w e'uk/Q
j=1k=1

s Analogously to the proof of Theorem 2 and, as the truncation step is designed not to alter these expressions,
¢ we can conclude that the proposed DLRA scheme decreases the #-norm and hence is numerically stable
7 under the time step restriction maxy (|vg|) At < Az. O

s 6. Numerical results

o To validate the theoretical considerations and the proposed DLRA scheme, numerical results for different
1 test examples in 1D as well as in 2D are given in this section.

u  6.1. 1D Plane source

12 We start with a one-dimensional analogue to the plane source problem, which is a common test case for
13 radiative transfer [2, 8, 27, 31], and compare the solution of the full equations (8) to the solution obtained
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by the DLRA scheme given in (13). The spatial domain shall be set to D = [—10, 10]. As initial conditions
we choose the density p to be a cutoff Gaussian

1 2
p(t=0,z) =max [ 107 ———exp (7‘%72) ,
2o 201

where o1¢c = 0.3 denotes a constant deviation, and the function g to be constant in space and velocity, i.e.
g(t = 0,z,v) = 1. We consider relatively large collisionality by choosing ¢ = 10. Computations are started
with an initial rank of » = 20. As computational parameters we use N, = 1000 grid points in the spatial as
well as NV, = 500 grid points in the velocity domain. Due to this choice, we obtain maxy,(|vx|) &~ 31.05, which
shall be adjusted to the next larger integer value such that the time step size is determined by At = CFL- %
with CFL = 0.99, according to the corresponding CFL condition. Practical implementations now show that
the basis augmentations to rank 4 in in (13c) and (13e) needed for the theoretical proof of the numerical
stability may not be necessary for numerical examples and that the standard basis augmentations to rank
2r provide similar solutions while being significantly faster. For this reason, we propose to leave out the
basis augmentations (13c) and (13e) in practical applications. In this case, all quantities with double hats
related to rank 4r reduce to quantities of rank 2r with one single hat. The simplified scheme with rank
2r is also visualized (in brackets) in the flowchart of Figure 1. In Figure 2, we now compare the results
for the full solution f(¢,z,v), computed with the full solver (Mg (reference)), the DLRA scheme with rank
2r (Mg DLRA) and the basis augmented DLRA scheme with rank 4r (Mg DLRA BasisAug) at different
times up to tgnq = 8. We observe that the reduced as well as the augmented DLRA algorithm capture the
main characteristics of the full reference Mg system. This is also true for the computational results for the
density p(t,x), displayed in Figure 3. Figure 4 shows the evolution of the rank, which for a chosen tolerance
parameter of ¥ = 1075||2||2 increases up to r = 76 before it significantly reduces over time. Note that the
evolution of the rank for the reduced as well as for the basis augmented algorithm show good agreement
as the new rank is displayed after the corresponding truncation step. Further, the behavior of the norm
| £]|2, is depicted. As expected, it decreases smoothly over time for all considered systems. Additionally,
* 1= max; (\/% Zivil gjkwkeviﬂ) and £~ := min; (\/% Zgil gjkwke”iﬂ). It
is essential that they are equal to 1, which for the low-rank schemes is ensured by the adjusted truncation
step. It can be observed that this property is fulfilled up to order O (10_9).

we display the quantities s

6.2. 2D Plane source

In higher dimensions, the computational advantages of DLRA schemes are enhanced. For this reason, we give
some two-dimensional test examples starting with the two-dimensional version of the plane source problem
considered in the previous section. The corresponding two-dimensional set of equations becomes

v__. x x,v))+o(1—g(tx,v _9tx.v)
p(t,X) vx(p(t’ )g(t7 ) >)+ (1 g(t7 ) )) p(t,X)

1
Oep(t, x) = —%Vx : /P(t,x)g(t,x,v)ve_‘v‘2/2dv7

atg(taxa V) = - atp(t,x),

where x = (71,72) € D C R? and v = (v1,v2) € R%. We compare the solution of this system with the
solution of the DLRA scheme for which the extension to the two-dimensional setting is straightforward. For
this test example we choose the spatial domain D = [—3, 3] x [—3, 3] and prescribe the initial condition for
the density by

1 102 |x|?
o= o 2 ()
o x) 47 max 47‘(0’120 exp 402

with a constant deviation of o1c = 0.3. The function g shall be set to g(t = 0,x,v) = 1 and the collision
coefficient to o = 100. We allow an initial rank of » = 20. Computations are performed on a spatial grid with
N,, = 128 grid points in 1 and N,, = 128 grid points in xs. For the velocity grid we choose N,,, = 32 grid
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Figure 2: Numerical results for the solution f(¢,z,v) of the 1D plane source analogue at time ¢t = 0 (first column), ¢t = 2
(second column), ¢t = 4 (third column), and t = 6 (fourth column), computed with the full solver (Mg (reference)) (first row),
the reduced DLRA scheme (Mg DLRA) (second row) and the basis augmented DLRA scheme (Mg DLRA BasisAug) (third
row).
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0.000

=25 2.5

points in v; and N, = 32 grid points in ve. Due to this choice, we obtain maxy, (|vg|) &~ 10.08, which shall
be adjusted to the next larger integer value such that the time step size is determined by At = CFL- A"E with
a CFL number of CFL = 0.7. Figure 5 compares the density p(t, z) at different times up to tgng = 3.0, com-
puted with the full solver (Mg (reference)) and the reduced DLRA scheme with rank 2r (Mg DLRA). Note
that we refrain from computations with the basis augmented 47 scheme as in two space and velocity dimen-
sions this would lead to extremely increased computational costs. We observe that the solution of the DLRA
scheme matches the solution of the full system. To determine the evolution of the rank, we use a tolerance pa-
rameter of ¥ = 107°||X||2. In Figure 6, we observe an increasing up to r = 73 before it decreases continuously
over time. Further, the norm ||f||%, is displayed. It decreases smoothly over time for all considered systems.

2
In addition, we plot the quantities x* := max; (% k“ll év“f g(t,x;j,vi, 02 )wéwze( 1) /20(v}) /2) and
K~ := min; (% ij:”ll é\/:v% g(t,x;,v}, v%)w,lwfe( 8 /26(Uk) /2), which are equal to 1 up to order O (10_3).

For this setup, the running time of the DLRA scheme compared to the full solver is clearly faster. It reduces
by a factor of approximately 2 from 3954 seconds to 1926 seconds, confirming the computational advantages
of the DLRA scheme.

6.3. 2D Beam

As a second two-dimensional test example we consider a beam in the spatial domain D = [-5,5] x [—5, 5]
starting at (0,0) in the middle of the spatial plane and moving to the bottom left. The initial values are

18



& — Mg (reference) 0'6 1 A& — Mg (reference)
1.25 i — . MgDLRA i —- Mg DLRA
|:: Mg DLRA BasisAug 0.5 ) '-I Mg DLRA BasisAug
1.00 " i
i 0.4 1 i
0.75 i R
Q H a 0.3 I
0.501 i 0.2 I
0-251 P 0.1 i
0.00 ] rmmmmmm————— R 0.0] memmm————— 4 M ————
=10 -5 0 5 10 -10 -5 0 5 10
X X
t=4 t=6
Fa¥ —— Mg (reference) Fal —— Mg (reference)
0.41 i —: Mg DLRA [ —: Mg DLRA
{ \ Mg DLRA BasisAug 0.34 [ Mg DLRA BasisAug
0.3 i [
i 0.2 {0
2 02] i @ [ )
h ] H ‘u'
0.11 4 0-11 /
] \ / \
(1 1 (R — 4 e A0 § D —— -~ e
-10 -5 0 5 10 -10 -5 0 5 10
X X

Figure 3: Numerical results for the density p(t,x) of the 1D plane source analogue at time t = 0, t = 2, t = 4, and t = 6,
computed with the full solver (Mg (reference)), the reduced DLRA scheme (Mg DLRA) and the basis augmented DLRA scheme
(Mg DLRA BasisAug).

le-9+1
& —-. Mg DLRA Ay —— Mg (reference) —— Mg (reference)
A Mg DLRA BasisAug \ —-+ Mg DLRA = Mg DLRA
601 f 5. 401 ‘.‘ Mg DLRA BasisAug 5] Mg DLRA BasisAug
A ,
! . \, H
] S i \
o 40’_; e, = 30 +>‘< 0,.’_,, ..............................................
20§ 209 -2
s
0 1 2 3 4 5 6 0 1 2 3 3 5 6 0 1 2 3 4 5 6
t t t

Figure 4: Left: Evolution of the rank in time for the 1D plane source analogue for the reduced DLRA scheme (Mg DLRA) and
the basis augmented DLRA scheme (Mg DLRA BasisAug). Middle: Evolution of the .7-norm in time for the full solver (Mg
(reference)), the reduced DLRA scheme (Mg DLRA) and the basis augmented DLRA scheme (Mg DLRA BasisAug). Right:
Evolution of ¥ in time for the full solver (Mg (reference)), the reduced DLRA scheme (Mg DLRA) and the basis augmented
DLRA scheme (Mg DLRA BasisAug). The red line has the constant value 1. The deviations of the DLRA schemes from 1 are
of order O (1079).

given by
02 ‘X|2
=0:x) = g (107 (o))
o x) 47 max 47TUI2C ¢ 40120
102 |V - Vbeam|2
t=20 =C -
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Figure 5: Numerical results for the density p(¢,x) of the 2D plane source analogue at time ¢ = 0 (first column), ¢t = 1 (second
column), ¢ = 2 (third column, and ¢t = 3 (fourth column), computed with the full solver (Mg (reference)) (first row) and the
reduced DLRA scheme (Mg DLRA) (second row).
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Figure 6: Left: Evolution of the rank in time for the 2D plane source analogue for the reduced DLRA scheme (Mg DLRA).
Middle: Evolution of the J#-norm in time for the full solver (Mg (reference)) and the reduced DLRA scheme (Mg DLRA).
Right: Evolution of x* in time for the full solver (Mg (reference)) and the reduced DLRA scheme (Mg DLRA).

where o1c = 0.01 and C' is a normalization constant such that - fg (t=0,%x,v)e ~IVI*/2qy = 1 holds. The
beam velocity Vpeam 1S set t0 Vheam = (:1) and the collisionality to ¢ = 1.5. The initial rank is given as
r = 20. Computations are performed on a spatial grid with NV, = 128 grid points in x; and N,, = 128 grid
points in z5. For the velocity grid we choose N,,1 = 32 grid points in v; and N,, = 32 grid points in v2. As be-
fore, this leads to a time step size of At = CFL- &£ T with a CFL number of CFL = 0.7. Figure 7 compares the
density p(t, x) at different times up to tgna = 3.0, computed with the full solver (Mg (reference)) and the re-
duced DLRA scheme with rank 2r (Mg DLRA). At all displayed time steps the DLRA solution resembles the
solution of the full system. In Figure 8, the evolution of the rank in time is shown. We use a tolerance param-
eter of ¥ = 107%|| ||z and allow a maximal rank of 200. Due to the choice of o the solution of the problem is
not low-rank. For this reason, we observe an increasing of the rank up to the maximal allowed value. Also, the
norm ||f||%, is depicted over time. It decreases continuously, matching our theoretical considerations. Fur-
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ther, it can be observed that the quantities k™ := max; (27r oed S0 g(t, x4, v}, vE wiwie )

and £~ := min, ( Zk L e 2 g(t, xj,vk,vz)w,iw,e( )20 (01)° /2) are equal to 1 up to order O (107'2).
Due to the high rank, the running time of the DLRA scheme compared with the full solver is slightly in-
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Figure 7: Numerical results for the density p(¢,x) of the 2D beam test problem at time ¢ = 0 (first column), ¢ = 1 (second
column), ¢ = 2 (third column, and ¢ = 3 (fourth column), computed with the full solver (Mg reference)) (first row) and the

reduced DLRA scheme (Mg DLRA) (second row).
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Figure 8: Left: Evolution of the rank in time for the 2D beam test problem for the reduced DLRA scheme (Mg DLRA). The
rank increases up to the maximal allowed value of » = 200. Middle: Evolution of the /#-norm in time for the full solver (Mg
(reference)) and the reduced DLRA scheme (Mg DLRA). Right: Evolution of x¥ in time for the full solver (Mg (reference))
and the reduced DLRA scheme (Mg DLRA). The red line has the constant value 1. The deviation of the DLRA scheme from

1 is of order O (10’12).

creased. This example illustrates the relation between the choice of ¢ and the low-rank structure of the
solution. It is expected that for larger values of o the solution becomes low-rank and hence the computational
benefits of the DLRA scheme are enhanced.

7. Conclusion and outlook

We have derived a multiplicative DLRA discretization for the linear Boltzmann-BGK problem that in
contrast to another presented naive discretization is numerically stable. To show this, we have conducted
a stability analysis leading to a concrete hyperbolic CFL condition. In addition, numerical examples in 1D
and 2D confirm the stability, accuracy and efficiency of the proposed DLRA scheme.

The insights gained from this article can be helpful for future work as the employed multiplicative splitting is
attached to the investigation of more complicated equations, e.g. the non-linear Boltzmann-BGK equation
treated in [14]. However, a direct transition of knowledge is hardly possible as for the non-linear case most of
the theoretical concepts applied here are not available, making the analysis much more difficult to consider.
Further, in the non-linear case a discretization of the conservative form of the equations, i.e. by not splitting

21



up the term 9, (Mg), is possible but cannot be efficiently implemented as the Maxwellian M is generally not
low-rank. Even though, we propose to reconsider the chosen discretization in [14] in terms of stabilization,
which may allow for a larger time step size leading to an even more efficient DLRA algorithm.
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