SUPPLEMENTARY MATERIALS: ACTIVE FLUX METHODS FOR
HYPERBOLIC CONSERVATION LAWS—FLUX VECTOR
SPLITTING AND BOUND-PRESERVATION™

JUNMING DUAN', WASILIJ BARSUKOW!, AND CHRISTIAN KLINGENBERGS

A 2D flux vector splitting

A.1 Local Lax-Friedrichs flux vector splitting

This flux vector splitting can be written as
L 1
F = E(FZ(U) + o,U),

where «y is determined by
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and g, is the spectral radius of the Jacobian matrix 0F/0U .

A.2 Upwind flux vector splitting

The flux can also be split based on each characteristic field as follows
1
F = L(R(U) £ |JJU), |7 = RiA] — AR, (45)

with J, = 0F,;/0U = RgAgRZl the eigen-decomposition of the Jacobian matrix.
For the Euler equations, the explicit expressions in the z-direction are

fo*
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o 7 (atvr +a(Ay — AT))
1= -Z%aivg g
2 a2
£ (S0* ol + o (0 = 2§) + 25 0F + )

where \; = vy, Ao = v +a, A3 =v, —a, o =2(y— AT + A5 + A5, and a = \/yp/p is
the sound speed. The expressions in the y-direction can be obtained using the rotational
invariance.

A.3 Van Leer-Hanel flux vector splitting for the Euler equations

For the z-direction, the flux is split according to the Mach number M = v;/a as

, pa12\4 1 +1pa(M £ 1)
F, = . (%+ 2 =F'+F, Ff = i%p%(M iy 1)2U12+ r
paMuvg ’ +pa(M £ 1),
pa® M(3M? + L) + 2252 Eapa(M £ 1) H

with the enthalpy H = (E + p)/p, and the pressure-splitting p* = (1 +~vM)p.
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B Bound-preserving property of intermediate states

Similar to the proofs in [48] [49], the following lemmas hold.

Lemma B.1. For the scalar conservation laws (17), the intermediate state u = %(uL +
ugR) + i(fg(UL) — fo(ug)) stays in G if a > max{o(ur), 0r(ug)}-

Proof. The partial derivatives of the intermediate state satisfy

Ouup,up) 1 (1 filur)\ o 0 Qulug,ur) L[ filur)Y o
8UL 2 (67 - 8uR 2 -

«
As ﬂ(mo,mo) = My, ﬂ(MO, Mo) = Mo, it holds mo g u g Mo. ]

Lemma B.2. For the Euler equations, the intermediate state U = TUL+UR)+ 5 (F,(UL)—
Fy(Ug)) stays in G if o =2 max{o,(Up), 00(Ug)}.

Proof. For the Euler equations, as the intermediate state is a convex combination of Uy, —
LF,(U.) and Ug + 2 F,(Ug), we only need to show that the U + £ F,(U) belongs to G.
The density component (p £ (pvy)/«) is positive since o« > |vy|. The recovered internal
energy is

1 i X o (U = LE))|:
pe (U - aFe(U)) =E (U + aFZ(U)) T 9 (U £ LRU))

2
p Vg
—(1- 5L ) (1) e,
( 2(a+ ’Ug)szG) al e
so that one has pe (U + LF,(U)) > 0 < %;e < (atv)? < 72—;1a2 < (o % vp)? for
the perfect gas EOS, which holds as a > |v] + a. O

C 1D bound-preserving active flux methods

For the scalar conservation law , its solutions satisfy a strict maximum principle (MP)
[14], i.e.,
G={u]|mo<u< M}, mo=minuy(z), My=maxuy(z). (46)

For the compressible Euler equations, the admissible state set is

G={U = (p.p0. B) | p>0, p=(7-1) (E~ (p0)/(20)) >0} (47)

which is convex, see e.g. [51].

C.1 Convex limiting for the cell average

This section presents a convex limiting approach to achieve the BP property of the cell
average update. The low-order scheme is chosen as the first-order LLF scheme

U :U? — M <ﬁf]r% - ﬁZL_

(2

N|=

) y i = Atn/A.’ﬂZ,

1 az’—&-% (—n
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@l = maX{Q(ﬁf), QK(U?H)]U
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where o is the spectral radius of 0F /OU. Note that here o, +1 is not the same as the one
in the LLF FVS (12). Following [22], the first-order LLF scheme can be rewritten as

_L —n ~ ~
U, = [1 — M (%‘f% + ai+%>} U, + /Liaif%Uif% + /MQH%UH%, (48)
with the first-order LLF intermediate states defined as
U1 =5 (Ui + Uiil) + [F(Uz) - F<Uii1)] : (49)

2
The proofs of ﬁ’l +1 € G are similar to Appendix |B, for the scalar case and Euler equations.

Lemma C.1. If the time step size At" satisfies
AIZ‘

n
AP —
Q1+ 05,1

(50)

then 18 a convexr combination, and the first-order LLF scheme is BP.

The proof (see e.g. [22 37]) relies on U, , ﬁii% € G and the convexity of G.
Upon defining the anti-diffusive flux Aﬁii% = 1?’111 — I/iil with I/'jil = F(Ug1), a

1

forward-Euler step applied to the semi-discrete high-order scheme for the cell average (4)
can be written as

UI; =U; - Ni(ﬁil —F' ) =T, - /M(ﬁil —F",) - Ni(AE+l — AF, 1)
T2 =3 3 =3 2 2
= |1 = p (O‘z’—é + ai+%>} U, + Nz‘%f%UiH,E + MiaiJr%U;Ij%; (51)
_ _ AF,_, - _ AF, .
U = (U_1 + 2|, U, = U, — 2.
=3 2 Oéifé i+ 2 ai+%

With the low-order scheme and high-order scheme having the same abstract form,
one can blend them to define the limited scheme for the cell average as

—=Lim —-n nd 7 -+ nd 7 ,—
U~ = [1 — 1 <ozi_% + aH%)] U, + ,uiozi_%Ui_r; + ,uiozH%UHg : (52)
where the limited intermediate states are
AFLin 0..1AF. .
oy i £5 i it its
U.Llr;l’$ — U'il T 3 — L1 F #7 (53)
2 T g ol QgL

and 0, 1€ 0, 1] are the blending coefficients. The limited scheme reduces to the first-
order LLF scheme if 0, 1=0, and recovers the high-order AF scheme (4) when 6, 1=1

C.1.1 Application to scalar conservation laws

Similar to the 2D case, the convex limiting is applied to scalar conservation laws , such
that the limited cell averages satisfy the MP v < 4™ < u® | where u™" = min N\,
u* = max N, and N will be defined later. The limited anti-diffusive flux is

(i = 1)} i ASLy >0,

max {Afi+%7 04¢+%<U?£T - ﬂi+%)7 O‘z‘+§(@i+§ — u)

[

A frim min {Af”%’ Q1 (U1 — ™),

1 =
i+

2

, otherwise.
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Finally, the limited numerical flux is
lem f/[/+ + Alem ) (54)
If considering the global MP, N' = (J.{a} ,u?, 1 }. For the local MP, one can choose
2

K3 3 7

intermediate states.

UV RS ~ . . : : .
N = min {uz y U1y Uiy 1, Uy, Uz‘+1}7 which consists of the neighboring cell averages and

C.1.2 Application to the compressible Euler equations

This section aims at enforcing the positivity of density and pressure. To avoid the effect of
the round-off error, we need to choose the desired lower bounds. Denote the lowest density
and pressure in the domain by

e :==min{U; ", U}, & = min{p(T;), p( )b (55)
7 2 7

where U*? and p(U*) denote the density component and pressure recovered from U*,
respectively. The limiting is feasible if the constraints are satisfied by the first-order
LLF intermediate states , thus the lower bounds can be defined as
e == min{10713 ¢, Uf 1,U” 1} el == min{107" gp,p(Ulﬁ) p(ﬁH%)}.
i) Positivity of density. The first step is to impose the density positivity ﬁjﬁ’i’p >
2

e’ 1 = min{ef,ef;,}. Similarly to the derivation of the scalar case, the corresponding
2

density component of the limited anti-diffusive flux is
: g p =P : P
N L AR CAEL ) ST

ity 4 = _[JP i
max{AFHl, Qjy 1 <5i+% U+2>}, otherwise.

Then the density component of the limited flux is F’ prine — ﬁ’;rpl + Aﬁgff*’p , with the
2 2
other components remaining the same as lei 1
2
ii) Positivity of pressure. The second step is to enforce pressure positivity p(UiLﬁ’i) >
2

7p _ .
EipL = = min{e}, el }. Since
6 1 AFle *
1
Lim,+ r i+3 Lim,* Lim,* L
UZ+7 Ui+%i — , AFH% —FZ.+% F+%,
i+5
the constraints lead to two inequalities
2
Air3Oisy £ Binybipy <Gy, (56)

with the coefﬁcients
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Following [31], the inequalities hold under the linear sufficient condition

<maX {O,AH%} + ’BH% > 0,

if making use of ‘91'2+l <Oip1, i1 € [0,1]. Thus the coefficient can be chosen as
2

< C’i+%7

[NIES

. Cip1
L —=mind1 2
Z+% min 3 max{(), Az_’_%} + |BZ+%| )

and the final limited numerical flux is

/\

Fle ok F 1 9 AFle * ) (57>

41
H—z 2 +3 Z+2

l\')

C.1.3 Shock sensor-based limiting
In 1D, the Jameson’s shock sensor [29] is

|Dit1 — 2Di + Pi1|
|Dit1 + 20; + Pica]’

(p1)i =

and the modified Ducros’ shock sensor reduced from the 2D case [15] is

(52); = max {_ ] w+} — Vi1 _ 0} .

|'Ui+1 - Ui—1| + 10 40°

Note that v; and p; are the velocity and pressure recovered from the cell average U,. The
blending coefficient is designed as

07,1 = exp(—r(p1)ses (92)s) € (0, 1],
(905) 1= maX{(ws)iv (908)i+1}> s=1,2,

2

where the problem-dependent parameter x adjusts the strength of the limiting, and its
optimal choice needs further investigation. The final limited numerical flux is

ﬁ}j%“ =F\,+ Ger;AFL““**, (58)

: ALim SLim,*x _—
with AF7"" = F — F
it+3 it+3 it3’

Li . .
and szf** given in 1)
2

C.2 Scaling limiter for point value

A first-order LLF scheme for the point value update can be written as

NG _
L n n n _ FL n n
ULy = Ul = 5t An (FraUy, Uy — FHUE L UL)) . (59)

with the numerical flux
~ ~ 1 Q;
L _ LLF n n o n n 7 n
Fr=F <Ui—%’ Ui-i—%) D) (F(Ui—%> + F<Ui+%)> 9 (Ui—i-
a; = max{o(U" 1), o(U}\ 1)}

[N

Similarly to Lemma it is straightforward to obtain the following Lemma.
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Lemma C.2. The LLF scheme for the point value is BP under the CFL condition

Ax; + Az

At" < .
2(042' + Oéi+1>

(60)

The limited solution is obtained by blending the high-order AF scheme with the
forward-Euler scheme and the LLF scheme as U;fg = 0, +%U;{+% + (1 -9, +%)Ulﬁr L
such that Ule cg.

C.2.1 Application to scalar conservation laws

This section enforces the MP u”jrm < Ui‘ﬂ < ufT using the scaling limiter [48]. The
2 2 2

limited solution is

ukn :9i+% 1 +<1 QH_%) u17+%, (61)

i+35

with the coefficient

min max __ ,,L
: Uil = U1 Uil = Uiy s
0,1 =minq 1 2 : 2 2
it: = J L _ H _ L :
ubt  —ul wl o, —uk
i+ z+2 i+3 +5
The bounds are determined by u™ + = min N, u“ff = max .\, where the set N consists

of all the DoFs in the domain, i.e., N = Udaf, v} ;} for the global MP. One can also

consider the local MP, e.g., N = l. 1, u”+1 , uZ s } which at least includes all the DoFs
2 2 2

appeared in the first-order LLF scheme (59).

C.2.2 Application to the compressible Euler equations
The limiting consists of two steps. .
i) Positivity of density. First, the high-order solution UZH+ , is modified as Ujﬂ’*, such
2

, 2
that U;fi’*’p > e? | = min{10713 ¢?, UZ,LJ’r ) } with &” given in 1' Solving the inequality
2 2

H—%
yields
U;—:;_Pl - 67,—‘,-2 . Hp p
g . = U —pytr’ if Uz+§ < 8i+%’
i+ iy~ Uiy
1, otherwise.

Then the density component of the limited solution is U"1*” = §* , U™, +(1— 6* )U A,
—l—2 +5  it3 i+5

with the other components remaining the same as U
ii) Positivity of pressure. Then the limited solutlon U;m’* is modified as U} 11, such
2
that it gives positive pressure, ie., p(U1) > &/, = mln{l() P, p(U} )} with P
2 2
given in (55). Let the final limited solution be
im *% L1m * Kok

2+2
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The pressure is a concave function of the conservative variables (see e.g. [50]), so that
(ULim) >0 1p(U.Lim’*) + (1 — 0;.*;) p(U}, 1) based on Jensen'’s inequality and ULJ:’"’*’p >
2 2 2
0, U L > 0, 9** 1 € [O 1]. Thus the coefficient can be chosen as

'L+% . Lim,* P
. if p(UT") <€l
_ L Lim,*\ 7 1 1y
9;*—% = p(Uz‘+%) _p(Ui-‘r% ) e B
1, otherwise.

Theorem C.1. If the initial numerical solution U UO 1 € @ for all 7, and the time step

size satisfies (0] and . then the AF methods . equlpped with the SSP-RK3 ((14))
and the BP limltmgs

(54) and preserve the maximum principle for scalar case;
(57) and preserve positive density and pressure for the Euler equations.

Remark C.1. For uniform meshes, and if taking the maximal spectral radius of OF /OU in
the domain as [|g|| ., the following CFL condition

Ax
2ol

fulfills the time step size constraints and .

At" <

D Additional numerical results

Example D.1 (1D accuracy test for the Euler equations). This test is used to examine
the accuracy of using different point value updates, following the setup in [1]. The domain
s [—1,1] with periodic boundary conditions. The adiabatic index is chosen as v = 3 so
that the characteristic equations of two Riemann invariants w = u + a are w; + ww, = 0.
The initial condition is po(x) = 1 + (sin(mx),vo = 0,py = p and ¢ € (0,1) controls the
range of the density. The exact solution can be obtained by the method of characteristics,
given by p(z,t) = 1 (po(x1) + po(x2)) , v(z,t) = V3 (p(z,t) — po(x1)), where z; and w5 are
solved from the nonlinear equations = 4 v/3po(21)t — z1 = 0, 2 — v/3po(22)t — 25 = 0. The
problem is solved until 7= 0.1 with ( =1 — 1077

As ( =1—1077, the minimum density and pressure are 10~7 and 10~2! respectively, so
that the BP limitings are necessary to run this test case. The maximal CFL numbers allow-
ing stable simulations are obtained experimentally, which are around 0.47,0.43,0.32,0.18
for the JS, LLF, SW, and VH FVS, respectively, thus we run the test with the same CFL
number as 0.18. Figure [17| shows the errors and corresponding convergence rates for the
conservative variables in the ¢! norm. It is seen that the JS and all the FVS except for
the SW FVS achieve the designed third-order accuracy, showing that our BP limitings do
not affect the high-order accuracy. To examine the reason why the scheme based on the
SW FVS is only second-order accurate, Figure [18] plots the density and velocity profiles
obtained using the SW FVS with 80 cells. One can observe some defects in the density
when the velocity is zero, similar to the “sonic point glitch” in the literature [41]. One
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possible reason is that the SW FVS is based on the absolute value of the eigenvalues, and
the corresponding mass flux is not differentiable when the velocity is zero [44]. Such an
issue remains to be further explored in the future.

error

107" 4
—6— JS average
=%=JS point
—3— LLF average
-=A-- LLF point
—+— SW average
SW point
VH average
=P+ VH point

2"’5 2"7 2"" 2"5
Az

Figure 17: Example @, the accuracy test for the 1D Euler equations. The BP limitings
are necessary.
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Figure 18: Example @, the density (left) and velocity (right) obtained with the SW FVS
and 80 cells for the 1D Euler equations.

Example D.2 (Double rarefaction problem). The exact solution to this problem contains
a vacuum, so that it is often used to verify the BP property of numerical methods. The
test is solved on a domain [0, 1] until 7" = 0.3 with the initial data

(0.9.9) (7,-1,0.2), if z<0.5,
7/U7 = .
PP (7,1,0.2),  otherwise.

In this test, the AF method based on any kind of point value update mentioned in this
paper gives negative density or pressure without the BP limitings. Figure shows the
density computed with 400 cells and the BP limitings for the cell average and point value
updates. The CFL number is 0.4 for all kinds of point value updates, except for 0.1 for the
VH FVS. One observes that the BP AF method gets good performance for this example.

Example D.3 (Blast wave interaction). The power law reconstruction is useful to reduce
oscillations for the fully-discrete AF method [5], thus we would also like to test its ability
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Figure 19: Example @, double rarefaction Riemann problem. The density, velocity, and
pressure are computed by the BP AF methods on a uniform mesh of 400 cells. From left
to right: JS, LLF, SW, and VH FVS.

for the generalized (semi-discrete) AF method. Figure [20] shows the density profiles and
corresponding enlarged views obtained by using the BP limitings and power law recon-
struction on a uniform mesh of 800 cells. It is seen that the power law reconstruction can
suppress oscillations, but the results are still more oscillatory than those using the shock
sensor-based limiting. Note that the CFL number reduces to 0.1 when the power law recon-
struction is activated. This kind of reduction of the CFL number is also observed in other
test cases thus we do not recommend using the power law reconstruction for the generalized
AF methods, which also motivates us to develop the shock sensor-based limiting.

Example D.4 (1D Sedov problem). In this problem, a volume of uniform density and
temperature is initialized, and a large quantity of thermal energy is injected at the center,
developing into a blast wave that evolves in time in a self-similar fashion [39]. An exact
analytical solution based on self-similarity arguments is available [30], which contains very
low density with strong shocks. For the background value, the initial density is one,
velocity is zero, and total energy is 10712 everywhere except that in the centered cell, the
total energy of the cell average and point values at two cell interfaces are 3.2 x 10°/Ax
with Az = 4/N with N the number of cells, which is used to emulate a J-function at the
center. The test is solved until 7' = 1073.

This test is run with N = 801 cells, and the density plots in the right half domain are
shown in Figure The BP limitings are adopted for the cell average and point value
updates. The LLF FVS is used and the CFL number is taken as 0.4.

Example D.5 (Shock reflection problem). The computational domain is [0,4] x [0, 1],
which is divided into a 120 x 30 uniform mesh. The boundary conditions are outflow at
the right boundary, reflective at the bottom boundary, and inflow on the other two sides
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Figure 20: Example , blast wave interaction. The density computed with the power law
reconstruction and BP limitings, and the corresponding enlarged views in [0.62,0.82] are
shown in the bottom row. From left to right: JS, LLF, SW, and VH FVS.
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Figure 21: Example @, 1D Sedov problem. The numerical solutions are computed with
the LLF FVS and the BP limitings on a uniform mesh of 801 cells.
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with the data

(1.0, 2.9, 0.0, 1.0/1.4), if =0, 0
(1.69997, 2.61934, —0.50632, 1.52819), ify=1, 0

S
NN

<p7 Ul)v27p) = {

<
<

This test is solved until 7" = 6 thus the numerical solution converges.

The density plots obtained without any limiting (x = 0) and with the shock sensor-
based limiting (x = 0.5) are shown in Figure 22| and the blending coefficients based on the
shock sensor are plotted in Figure[23] The numerical solutions converge in both cases, and
the shock sensor can correctly locate the shock waves. It is also interesting to look at the
residual between two successive time steps, presented in Figure with respective to the
number of iterations. The limiting based on the shock sensor accelerates the convergence
after the reflective shock is fully formed, showing the advantage of using the shock sensor.

0.0 =
1.0 1.5 2.0 2.5 3.0 3.5 4.0 0.0 0.5 . 5 2. 2.5 3.0 3.5 4.0

Figure 22: Example @, shock reflection problem. The density obtained without (k = 0,
left) or with the shock sensor (x = 0.5, right) on the 120 x 30 uniform mesh. 10 equally
spaced contour lines from 0.901 to 2.829 are shown.
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0.0

Figure 23: Example @, shock reflection problem. The shock sensor-based blending coef-

ficients 67 , . (left) and 07 i1 (right) on the 120 x 30 uniform mesh. £ = 0.5.
20 JT3
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Figure 24: Example |D.5, shock reflection problem. The residual decay with respect to the
number of iterations.
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Example D.6 (2D Riemann problem). This problem corresponds to the configuration 3
in [33], containing four initial shock waves, with the initial data

(1.5, 0, 0, 1.5), x>0.8, y>0.28,

(0.5323, 1.206, 0, 0.3), r <0.8, y>0.8,
(pa Ul7v27p) =

(0.138, 1.206, 1.206, 0.029), z < 0.8, y < 0.8,

(0.5323, 0, 1.206, 0.3), z>08, y<0.8.

The test is solved on the domain [0, 1] x [0, 1] until 7" = 0.8.

Without the BP limitings, the simulation crashes due to negative pressure. The density
plots obtained without (x = 0) and with the shock sensor (x = 0.5) are shown in Figure[25]
Without the shock sensor, the numerical solutions contain spurious oscillations, and they
are reduced drastically by the shock sensor-based limiting. As mesh refinement, the shock
waves are captured sharply, and the small-scale features are preserved well, as evidenced by
the roll-ups around the mushroom-shaped jet, which are in good agreement with the results
in the literature. The values of the shock sensor-based blending coefficients 6,1 ;,0, ;1
are also plotted in Figure which indicates that the shock sensor can locate the shock
waves correctly.

1.07

0.8

0.6

Figure 25: Example @, 2D Riemann problem. The density obtained with the BP limitings
and without or with the shock sensor. From left to right: 200 x 200 mesh with x = 0,
200 x 200 mesh with £ = 0.5, 400 x 400 mesh with x = 0.5. 30 equally spaced contour
lines from 0.135 to 1.754.

.0 .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 26: Example @, 2D Riemann problem. The shock sensor-based blending coeffi-

cients 07 , (left) and 071 (right) on the 400 x 400 uniform mesh.
20 JT3
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Example D.7 (Double Mach reflection). The computational domain is [0, 3] x [0, 1] with
a reflective wall at the bottom starting from x = 1/6. A Mach 10 shock is moving towards
the bottom wall with an angle of /6. The pre- and post-shock states are

~J(4, 0,0, 1), x>1/6+ (y+20t)/V3,
(P01, 02:P) =9 (3§ 95 cos(n/6), —8.25 sin(r/6), 116.5), & < 1/6+ (5 + 200)/v/3.
The reflective boundary condition is applied at the wall, while the exact post-shock condi-
tion is imposed at the left boundary and for the rest of the bottom boundary (from x =0
to x = 1/6). At the top boundary, the exact motion of the Mach 10 shock is applied and
the outflow boundary condition is used at the right boundary. The results are shown at
T=0.2.

The AF method without the BP limitings gives negative density or pressure near the
reflective location (1/6,0), so the BP limitings are necessary for this test. The numerical
solutions are computed without or with the shock sensor (k = 1) on a series of uniform
meshes. The density plots with enlarged views around the double Mach region are shown in
Figure and the blending coefficients based on the shock sensor are shown in Figure
When the shock sensor is not activated, the noise after the bow shock is obvious, and it
is damped with the help of the shock sensor. As mesh refinement, the numerical solutions
converge with a good resolution and are comparable to those in the literature. Compared
to the third-order P? DG method using the TVB limiter [12] with the same mesh resolution
(Azx = Ay = 1/480), the roll-ups and vortices are comparable while the AF method uses
fewer DoFs (4 versus 6 per cell).
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