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ABSTRACT

We investigate the semi-discrete Active Flux numerical method on Cartesian grids applied to two-
dimensional linear and nonlinear shallow water equations with Coriolis source terms. These hyper-
bolic systems admit non-trivial stationary solutions governed by a geostrophic equilibrium. In this
setting, we analyze the stationarity-preserving properties of our semi-discrete Active Flux formulation.
To do so for the linear system, we apply a discrete spatial Fourier transform to the semi-discrete
method and analyze the resulting evolution matrix. We show that its discrete kernel is a non-trivial
discretization of the geostrophic equilibrium, which implies that the method preserves a discrete
geostrophic equilibrium state. This is an inherent feature of Active Flux and is achieved without any
additional modifications. Numerical experiments confirm the method’s ability to maintain geostrophic
stationary states for the linear system. Additionally, we numerically investigate the performance of
the Active Flux method for the nonlinear shallow water system.

1 Introduction

A multitude of physical phenomena in the real world are modeled by multidimensional hyperbolic conservation laws
with source terms. In particular, the shallow water equations are extensively utilized in oceanography, tsunami modeling,
and meteorology. They constitute a nonlinear system of hyperbolic partial differential equations where source terms
appear when modeling non-flat topography, Coriolis force effects due to the rotation of the Earth [8, 23, 35, 6, 7, 30],
bottom friction, wind shear stress at the free surface etc. Of particular interest are the asymptotic regimes characterized
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by low Froude, low Rossby, and low Strouhal numbers [5, 23]. In certain asymptotic regimes, the nonlinear shallow
water equations can be understood by suitable linearizations, balancing pressure gradients against rotational forces.
In this work, we are interested in one such linearization of the two-dimensional shallow water equations over a flat
topography in a rotating frame. Specifically, we study the two-dimensional linear acoustics equations augmented with
Coriolis source terms. Such linear hyperbolic systems with Coriolis source terms have been studied previously in
[21, 38, 33, 5, 6, 7, 20], and exhibit non-trivial stationary states governed by a geostrophic equilibrium. An important
property expected of numerical discretizations to such problems is well balancing, the ability to preserve non-trivial
stationary states described by a balance of the flux and source terms, even on coarse meshes. Many physically relevant
waves are perturbations of such steady states [24] and would otherwise become polluted by spurious waves originating in
the method’s failure to preserve the background equilibrium. Thus, numerical methods capable of preserving non-trivial
stationary states are crucial for practical, long-time simulations [22, 5, 16].

In this article, we focus on the semi-discrete Active Flux numerical method [2, 18, 15, 25]. Active Flux is a generalized
finite volume framework that employs a globally continuous spatial reconstruction, thus avoiding the use of exact or
approximate Riemann solvers. In addition to the cell averages which are evolved using a conservative formulation,
Active Flux independently evolves point values located at the cell interfaces. Originally proposed by Roe [27, 28, 29],
the method has since been explored for various classes of hyperbolic equations [11, 10, 14, 13, 26]. Two primary
directions have emerged in recent years for implementing the time evolution in Active Flux: fully discrete and semi-
discrete. The fully discrete Active Flux method [17, 10, 36] relies on deriving problem-specific exact or approximate
evolution operators to update the interface point values in a single stage. The semi-discrete Active Flux strategy
[1, 2, 15, 25] is based on a method-of-lines approach, combining a semi-discretization in space for both the point values
and cell averages with a standard strong stability preserving Runge-Kutta (SSP-RK) [31, 32] time integration. The
semi-discrete approach allows to apply the method to a wide variety of hyperbolic problems without significant changes
in the algorithm.

The Active Flux method has been found to intrinsically satisfy certain desirable properties, like the stationarity
preservation property, in various scenarios, see [17, 14, 11, 18]. For homogenoeus hyperbolic linear systems in
multiple spatial dimensions, [9] characterized the stationarity preservation of standard finite volume and finite difference
methods. This idea was further explored for Active Flux in [11, 18] and it was found that Active Flux naturally admits
discretizations of the relevant stationary states without any modification. It is worth noting that this is not in general true
for finite volume/ finite difference numerical methods, which require additional modifications to achieve stationarity
preservation. Further, for hyperbolic systems with source terms, the Active Flux method has been studied in various
scenarios. A linear problem was studied in [14]. For one-dimensional shallow water equations with topography, a
well-balanced fully discrete Active Flux method was proposed in [13]. The closely related PAMPA methods were
proposed for one-dimensional shallow water equations with general source terms in [3]. For the ideal MHD equations
appended with a Godunov-Powell source term, an Active Flux method was designed in [26], and a PAMPA method for
ideal MHD was studied in [34].

The main objective of this work is to propose and investigate the stationarity preservation properties of a semi-discrete
Active Flux numerical method for two classes of hyperbolic systems with Coriolis source terms: (i) linear acoustics
system, and (ii) shallow water system. In the same spirit of [9, 11, 18], for the linear acoustics system with Coriolis
source terms, we use a Fourier transform analysis on the proposed method, to obtain a semi-discrete evolution matrix.
The ability of the numerical method to preserve nontrivial stationary states can be understood by studying the existence
of a nontrivial kernel for this evolution matrix, see [9]. Using this idea, we establish that the method admits a nontrivial
discrete stationary state. In other words, we show that there exists a discretization of the analytical geostrophic
equilibrium state that is preserved by the numerical method. Furthermore, a fully discrete von Neumann stability
analysis reveals that the inclusion of the rotational source term imposes a stability threshold which is the same as was
found for pure acoustics in [18]. Additionally, we also investigate the Active Flux method for the nonlinear shallow
water equations with Coriolis source terms [23, 7]. The method is demonstrated to perform well for the nonlinear
system, especially in low Froude number regimes, without requiring any structural modifications.

The remainder of this article is organized as follows. Section 2 elaborates on the hyperbolic system of PDE under
consideration and their stationary states. In Section 3, we present the Active Flux numerical method to approximate
the PDE. The Fourier transform of the proposed numerical method is investigated in Section 4 and the kernel of the
resultant semi-discrete evolution matrix is analyzed to understand its stationarity preservation property. Numerical
experiments for the linear and nonlinear systems form the content of Section 5. We conclude the article with some
remarks in Section 6. The formulas for the derivatives of the Active Flux reconstruction are detailed in Appendix A,
while Appendices B, C include details on the Active Flux evolution matrix used in the Fourier analysis.
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2 Hyperbolic systems with Coriolis source terms

Consider the dimensionless shallow water equations over a flat topography (see [5, 4, 7]) with Coriolis source terms,
given by

Stosh + V - (hu) = 0, (2.1)

1 _ (R 1,

where h and u = (u,v) denote the water depth and velocity, u' = (—v,u). For constants U, H, L, and T representing
the characteristic velocity, vertical length, horizontal length, and time scales of the flow, St, Fr, and Ro are the Strouhal,

L U U
Froude, and Rossby numbers, respectively defined as St = T Fr = ﬁ’ Ro = L’ where g and §2 denote the

gravitational acceleration and the angular velocity of the Earth, respectively.

2.1 Low Froude - low Rossby asymptotics
For large-scale oceanographic applications, typical characteristic values are of the order of (see [4])
U~1lm-s', L~10m, H=~10°m, Q=~10"*rad-s™'. (2.2)

Under these physical conditions, Fr = 1072 and Ro = 1072, We are thus led to consider the asymptotic behaviour
with Fr = O(e) and Ro = O(e) in the limit of ¢ — 0. Now, considering small Froude and Rossby numbers and
an O(1) Strouhal number (or equivalently, consider long time evolution), i.e, Fr = Ro = ¢, St = O(1), noting that

h2
v (2) = hVh and rescaling the discharge equations in (2.1) yields

Oh+ V- (hu) =0,

e (Oy(hu) + V - (hu ® u)) + hVh = —ehu™, (@3)
Consider the formal asymptotic expansions
h = ho + €hy + € hy + O(€%), w = ug + euy + 2uy + O(e%), 24)
which when substituted into the discharge equation in (2.3), in the leading order yields
hoVhy = 0. (2.5)
From (2.5), assuming that hy > 0, one obtains the lake-at-rest background state
Vho = 0. (2.6)
At the next order, we obtain
hoVhy = —houg .
Thus, we obtain the following geostrophic equilibrium
Vhy = —ug. 2.7)

Remark 1. We note that the continuity equation in (2.1) does not contribute any further equations at this order that
would be independent from the one already obtained. In fact, substituting the expansions (2.4) into the continuity
equation, together with the assumption of a lake-at-rest background state that satisfies (2.6), results in the divergence-free
condition

V- up=0. 2.8)

If a solution satisfies (2.7), then it straightforward that V - ug = V - (—Vhl)L = 0. One thus observes that the
geostrophic equilibria are given by an under-determined system of equations (two equations (2.7) for the three
unknowns uq, h1).

Remark 2. The asymptotic limit yielding the geostrophic equilibrium state (2.7) need not be a stationary solution to the
nonlinear system (2.1). In other words, for an initial datum which satisfies (2.7), it is not true in general that
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2.2 Linearization around a state of rest

Next, we linearize the system (2.1) around a state of state of rest with constant height and vanishing velocity [38]
h=14+6dn, u=du, (2.10)
with § < 1, neglecting O(6?) terms and defining p := 7n/Fr, results in

1
St@tp+ —V.-u= 0,
Fr

1 1
Stou + —Vp = ——u’.
Fr

Ro
1 1
Further, defining a, = ——— and ¢ = ————, we recover the standard linear acoustics equations with a Coriolis
(StFr) (StRo)

source term (see [21, 38, 33])

0 0 0

il = p — fY(q) = 2.11

59" 5.0 (Q)+8yf (q) = s(q), (2.11)

U axp 0 cv
whereg= |v|,f%(q)=| 0 |, fY(q) = |a.p | and s(q) = | —cu | . The system (2.11) can be equivalently
P Al Qv 0

written in the form

0 0 0

— Jo(q)=— J, —q = 9q, 2.12

54+ Jo(@gat y(q)ayq q (2.12)

0 ¢ O
where S=| —c 0 0 | andJ,(q)=J, and J,(q) = J, are the globally constant (state-independent) Jacobian
0 0 O
matrices for the linear system (2.11), given by
0 0 a. 0 0 O
Jy = 0 0 O , Jy=10 0 a. |- (2.13)
a, 0 0 0 ar O

2.3 Stationary solutions for the linear system

The existence of stationary solutions for a general two-dimensional linear hyperbolic system with source terms (2.12)
can be understood using the Fourier expansion of the solution, see [9, 18]. Solutions g : RT x R? — R™ to (2.11), can
be expressed as linear combinations of Fourier modes of the form

q(t, k) exp(ik - z), (2.14)

for k € R?, where k denotes the wave number vector which denotes the spatial frequency of the mode and §(t, k)
denotes the amplitude. To analyze the existence of stationary solutions, we substitute the mode (2.14) into (2.12) which
yields

d Lo .
%cjﬁ—lJ-q:Sq, (2.15)

where J := (J,, Jy). It follows from (2.15) that a Fourier mode (2.14) is stationary if g € ker(iJ - k — S). Note that k
determines the spatial behaviour of the mode. Stationary states of (2.12) that require particular values of k are called
trivial: for them, no component of g can be chosen freely as a function of the independent spatial variable x, (see [9])
for more details. For instance, for the system (2.11), upon choosing k := (0,0) and ¢ = (0, ...,0) € R™, one obtains
a trivial stationary state, which is globally constant. If det(iJ - k — S) = 0 for all k € R?, then there exist non-trivial
stationary states for the linear system (2.11). This is indeed the case for the system (2.11), since for any k € R?,

0 —c  ikga,
det(iJ -E—S)=| ¢ 0 ikya.| = ckykya? — ckykya? = 0. (2.16)
ikza. ikya. 0
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The kernel of the matrix (2.16) is spanned by (—ikya., ikza., c)T. For (2.14) to be a nontrivial stationary solution, the
vector ¢ = (4,9, )" has to be in the kernel, which is equivalent to pa.ik, = —ci, paik, = cb, k4 + ko = 0,
easily recognizable as the Fourier transforms of the relations
a.Vp = —cu™, (2.17)
V-u=0. (2.18)
The nontrivial stationary state described by the equations (2.17), (2.18) for the linear system (2.11) is called a geostrophic
equilibrium, by analogy with the shallow water case (2.7)-(2.8). Observe that for the linear system (2.11), it is a

stationary state. As before, the condition (2.18) is a consequence of (2.17). In the rest of the article, for the sake of
simplicity, we consider the system (2.11) with a, = 1.

3 The semi-discrete Active Flux method

In this section, we propose an Active Flux numerical method to approximate the solutions to (2.11). The Active Flux
method evolves point values at the cell interfaces, in addition to the cell-averages.

3.1 Discretization and degrees of freedom

The two-dimensional spatial domain R? is discretized into a Cartesian grid with uniform mesh-sizes Az and Ay, in the
x and y directions, respectively:

1 o1 1 1
R? := | U Cij, Ci; = {(z — 2) Az, <z+ 2) Am] X [(j - 2) Ay, (] + 2) Ay] .
i,j€Z2
At any given time ¢ > 0, we consider nine degrees of freedom (DoF) for the cell Cy;, i, j € Z: (i) the cell-average

g;,;(t), and (ii) the point value evaluations at the four nodes g, 1 ;. 1 (¢), and the four edge centers g; 1 1 ;(t), q; j+ 1 (£)-

Since each nodal point value (q; 1+l (t)) is shared by four cells and each edge center point value (g, 1 (t) or
q;,j+ (1)) is shared by two cells, the effective degrees of freedom corresponding to acellis (4 x )+ (4 x 3) +1 = 4.

For the sake of consistency, in the rest of the article, we set the four degrees of freedom belonging to the cell Cj; to be
the following:

E
@iy (1) = iy 1 541 (8), a;" (t) = a; ;1.1 (1),
E A —
qijv (t) = qit+ 1, (t), qij<t) = qi ;(t).

A visualization of a typical cell C; ;, with the corresponding nine degrees of freedom (DoF) is given in Figure 1.
Active Flux reconstruction. In each cell C;, 4, j € Z, we consider the unique biparabolic reconstruction g; j (1) :
C;; — R™, determined by the following nine relations:

1 ~ _ - -
Aziy //qij(t) dzdy = g;,5(1), Gij(Tiz 1, Y5,t) = Qixd o
Qij (i, yj+1) = q; j+1 (1), Qi j(Tie1,Yja1,t) = Qg ja1 (D).
Since the point values g, 1 ;(t),q; ;1 (t) and g; 1 ;. 1(t), i,j € Z are shared by adjacent cells, this leads to a
globally continuous reconstruction §(-, -, t) defined by
q(xayat) = q~1](£a?~/7t) for (:Cay) € Cl] (31)
The reconstruction (3.1) need not be differentiable at the Cartesian cell interfaces, i.e., the left and right traces of the

spatial partial derivatives of p(-, -, t) may not coincide.

3.2 Semi-discrete numerical method

We are interested in a semi-discrete formulation of Active Flux, originally proposed in [1, 2]. The main idea is to
derive semi-discrete evolution formulas for the cell-average using the conservative formulation (2.11) and the point
values using the quasilinear formulation (2.12), resulting in a system of ordinary differential equations for each of the
degrees of freedom. These are then evolved in time using a suitable Strong Stability Preserving (SSP) Runge Kutta time
integrator [37, 31].
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Figure 1: The four degrees of freedom q¢”¥, ¢®#, ¢®v, and g corresponding to a cell C; ; for the Active Flux method

in a 2-D Cartesian cell.

3.2.1 Evolution of cell-averages

Integrating the system (2.11) in the cell C; yields the semi-discrete formula
d _ 1 T T 1 Yy Yy S
%ql‘ﬁj(t) = Az ( i35, fi—%,j) T Ay ( ij+y fm‘+%) + i, (3.2)

1 Yirl [T1

for the evolution of the cell-average values q;; := NN / e / ? q(z,y,t)dedy, where §5;; =
z y Y. xX. 1
i-3

1 /ijr% /f’:u%
s(g(z,y,t))dxdy and
), ) st
2 2

Nf=

i—

1 4 1 it}
o= ay) + = )+ < ) %/ * flalzya,y)) dy,
3076 6 6 _ 2
=3
1., 4 1., Titd
fZH% = gfy(qi]\il,j) + gfy(ng) + éfJ(qzij) ~ / ’ f(Q(x7yj+%)) dz,
x 1

=3
are the approximations to the flux integrals on the interfaces computed using the Simpson’s quadrature rule. We note
that for source terms s(q) considered in this article, which are linear functions of g (s((u,v,p)T) = (cv, —cu, 0)T for
(2.11) and s((h, hu, hv)T) = (0, Riohv, —Riohu)T in (2.1)) the source term cell-average §;; can be computed easily as
linear combinations of g;;. Unlike usual finite volume methods, owing to the continuity of the solution reconstruction
(3.1) across the cell interfaces, no Riemann solver is required in the cell-average evolution formula (3.2).

3.3 Evolution of point values

Next, for the update of the point values qf ; where P € {Ey, N, Ev}, fixing (z,y) = P, from the quasilinear
formulation (2.12), we can write
d P _

L P _ 7P
i J(q")

9 p 9 p P
529 oy +S(q"). (3.3)
o P 0

To approximate the partial derivatives 5-q", a—yqp appearing in (3.3), we consider the reconstruction ¢ defined in (3.1).
The property that the left and right traces of the derivatives of g need not be equal, can be used to induce upwinding
in the formula (3.3). This can be achieved (also see [2, 18]) by splitting the positive and negative components of the
Jacobian matrices J, = 0f*/0q and J, = 0fY/0q, to act on the left and right traces of the reconstruction (3.1),
yielding a semi-discrete point value evolution formula:

d
—q” =-JF(q")D}(q") - J; (a")D; (q") (3.4)

dt
~J @)Dy (a") = J; (a")Dy (a") + s(a"),
with the splitting J, = J;F + J,J, = J; +J, where J+ and in are the positive and negative components .J,, and

Jy respectively, and D*q" and D;th are the traces of the x and y derivatives of the reconstruction (3.1) respectively,
at the point P, see [18, 15] for details.

Jy(qP)
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Using the diagonalization of the Jacobian matrices

Jp = Rpdiag(\F, ..., \%)R, L, J, = Rydiag(\Y, ..., AR

y

we compute the positive and negative matrices .JJ.*, JF in (3.4) as in [18] as follows:

z Yy
Ji = Rediag (X)), (\3)F) By Ty = Rydiag (W)F, - (AR)) By (35)
where a™ := max{0,a} and a= = min{0,a} fora € R.

Now, substituting the Jacobian matrices (2.13) corresponding to the system (2.11) in (3.4), we obtain the following
semi-discrete evolution formula for the point values:

4 [ . —(DF+D;)p cv
prl I = —(Df + Dy )p + | —cu (3.6)
P/ (wy)=p ~DE A D= Dy D)) o N O yep
—(Df = Dy)u
+ - —(Dyf = Dy v

P/ (oyp

Remark 3. (Central Active Flux method) In the semi-discrete point value evolution formula (3.6), the term Zp acts as
numerical diffusion. Without Zp, the semi-discrete formula (3.6) together with (3.2) constitutes the central Active Flux
method (see [18, 19]).

Remark 4. An alternative to the Jacobian splitting given in (3.5) is to consider a, := {max }{\/\(Jw)\}, ay =
i€{1,2,....m

{max }{|)\(Jy)|}, using which we can define the Rusanov splitting (see [18]):
1€{1,2,....m

1 1
+ +
Jr = 3 (Jo £azly), Jy = 3 (Jy £ayly), 3.7
where 1,, is the m x m identity matrix. However, as was in the case for homogenous linear acoustics system in [20],
this splitting yields an Active Flux method which, as we will observe in Section 5, is not stationarity preserving.

3.4 Discretization in time

The system (3.2), (3.4) of ordinary differential equations can be evolved in time using the strong stability preserving
Runge Kutta (SSP-RK3) third-order time integration [37, 31, 32]. The time-step At needs to satisfy a Courant-
Friedrichs-Lewy (CFL) condition

min{Axz, Ay}

>\max

At < Cerr (3.8)
where Ay represents the maximum spectral radius of the flux Jacobians 0 f*/0q and 9fY/dq. The analysis in
Section 4 reveals that Ccrp < 0.27 for the fully-discrete method to remain stable in two-spatial dimensions.

4 Stationarity preservation

Fourier analysis of numerical methods for linear PDE systems on Cartesian grids is used to ensure that under a suitable
time-step restriction, the modes of the numerical solution are non-increasing and remain stable. Further, Fourier modes
that remain stationary under the application of the numerical method can be used to characterize its discrete stationary
states. The stationarity preservation of linear numerical methods on Cartesian grids have been analyzed using the
discrete Fourier transform in [9, 11, 18, 12]. Often, most numerical methods are only capable of preserving trivial
stationary states (refer to Section 2.3 for the definition). A numerical method is said to be stationarity preserving for a
system of PDEs, if it discretizes all the analytical stationary states of the PDE ([9]). From the discussion in Section 2.3,
for the system (2.11) this means that a stationarity preserving numerical method should admit some discretization of
the geostrophic equilibrium (2.17) which is kept stationary by the method.
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4.1 Stationarity preservation of semi-discrete Active Flux using the discrete Fourier transform

We apply a dlscrete spatial Fourier transform to the semi-discrete Active Flux formulas (3.2), (3.4). Consider a discrete
grid function ql /(t) representing a degree of freedom of type X € {A, Ey, By, N} in cell (4, j) with grid spacings
Az and Ay. ThlS spatlal data can be expressed as a superposition of discrete Fourier modes, as follows

(¢ Z (t, k) exp(i(kziAz + kyjAy)), X € {A,Ey, By, N}, (4.1)

where k = (ky, k,) is the spatial frequency (wave number vector) and the coefficient ¢~ (¢, k) € R™ denotes the
discrete Fourier transform of the function ¢*. To simplify the notation, we define the translation factors: t, =
exp(ikyAx),t, = exp(ik,Ay). Now, any spatial shift in the grid stencil corresponds simply to multiplying the Fourier
coefficient X by the appropriate powers of ¢, and t,, i.e.,

Gop ) = (tht g™ (t,k)) exp(i(kyiAz + kyjAy)), (4.2)
k

see [18], Section 4 for more details. Since (2.11) consists of three variables (u, v, p), and in the Active Flux method
(3.2), (3.4) we have four types of spatial degrees of freedom corresponding to each cell (one cell average, one horizontal
edge, one vertical edge, and one node), the full discrete state of a cell is described by 12 degrees of freedom. When we
substitute this Fourier ansatz into the semi-discrete evolution formulas (3.2), (3.4), the global exponential factors drop
out of the equations, yielding a linear system of ordinary differential equations

d
Etarty)G =0, 43
74+ €t ty)q 4.3)
where ¢ = (a4, 04, pA, o oFr pFr gBv pBv pEv oN 5N pN)T with a 12 x 12 complex-valued dense evolu-

tion matrix € (tz, t,). For 81mp11c1ty, we denote the matrix by £ and represent it in the form

Eaa  Eary  Eary  EanN

Eepa EEnEn EEnby EEN

&= , 4.4)

Erva EpvEnw EBvEy EEUN
Ena  EneEn  EnEv  ENN,

where each submatrix £x, x, denotes the effect of G2 on the evolution of §** for X1, X, € {A,Ey,Ey,N}. The
submatrices can be obtained trivially from (3.2)-(3.4) (see for eg., Appendix C in [18]). Note that (4.3) can be seen as
a discrete analogue of the expression (2.15), with matrix £ being the discrete counterpart of iJ - k — S. From (4.3),
it is immediate that the kernel of the matrix £ corresponds to the Fourier transform of the discrete datum that is kept
stationary by the numerical method. For the method to be stationarity preserving, the kernel of (4.4) has to be non-trivial
for any choice of ¢, t, (i.e., of k) [9, 18]. Due to the excessive length of computations, the kernel of the matrix & is
evaluated using MATHEMATICA and is found to be non-trivial, as described in the following theorem.

Theorem 4.1. The Active Flux evolution matrix £ in (4.3) satisfies det(€) = 0 for all wave numbers k € R?. The
kernel of £ is the one-dimensional space spanned by the vector

(144t +t2)(1 —t,) (te — 1)(1 +4t, +t2) (14 4ty +12)(1 +4t, +12)
3c Ayt (14 ty)t, 3cAxt,ty,(1+1t,) ’ Op(1+t,)ty(1+1t,)
(14 6t, +t2)(t, — 1) ty — 1 1+ 6t, + t2
20 Ayt (1+t,)(1+t,)" cAxt,’ 4, + 412
1—t, (te —1)(1+6t, +t2)  1+6t,+1;
cAyt,’ 2cAx(1+t)ty (1 +1t,)"  4t, +4t2 7
2(1 — t,) 21— ty) .
cAy +cAyt,’ cAx +cAxt,
4.5)
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Corollary 4.1. The semi-discrete Active Flux method (3.2), (3.4) is stationarity preserving for the two-dimensional
linear acoustics system with Coriolis source terms (2.11). The discrete stationary state of the method is characterized
by the following relations

A A A A A
M=t +dui g 4 P — P

=0 4.6
6 2Ay ’ *0)
z 1,j +4U it UHI J pﬁrl,j 7p§4*1’j -0 4.7)
6 2Ax ’ .
N _pN N _ N
Cvff{ _ P Af:—l,g -0, CUEJV n Di; Al;m—l =0, 4.8)
1J+1+ ,j+p£\,[j+17p1]'\,]jzo Z+1]+v,j_pﬁ1ajipgj:0 (4.9)
2 Ay ’ 2 Az ’ '
E E
i TG P TR, vy o iy P 0, (4.10)
2 Ay 2 Az
AplY +pi¥y) =Py —6pl; — Py =0, (4.11)
ApZt +pPf ) — o —6p; — i =0, (4.12)
A A A A
Npi; +Pit1,; T Pije1 T DPiv1j+1) — pﬁl,jfl - 4pi]\£1,j _pij\il,jﬂ (4.13)

N N N N N N
— i1 — 16pi; —Apii — Pita 1 — Wity — Pitaga =0

Proof. Let q be the discrete Fourier transform of a discrete stationary solution {q }i.jez. Its Fourier transform ¢ is
proportional to the basis vector given in (4.5), by Theorem 4.1. The ratio of the first and third components of the vector
in (4.5) is

. (1+4t,+t3) (¢, —1)

[ = T e L 3(ty — 1)

HA T (LAt +t2)(1+4t,+t2) — cAy(l - 4t 12)°
p 9t1(1+t1)ty(1+yty)y cAy(l+4ty + 1))

Cross-multiplying and dividing by 6¢,Ay yields

tol 44t t, —t1

~A Y Y ~A Y Y
- | +p — | =0. 4.14
( 6 ) ( 2Ay ) 0 ( )

0

Now, applying the inverse discrete Fourier transform yields (4.6), which is a discretization of cu + M p=0,in (2.17).
Y

The remaining formulas can be derived similarly.

O

Remark 5. For the central Active Flux method described in Remark 3, a similar Fourier analysis as above yields that
the kernel of the matrix is one-dimensional and is the same as that of the upwind Active Flux (3.2), (3.6) as given by
(4.5). This implies that the numerical diffusion in the point value evolution formula (3.4) vanishes on the kernel (4.5) of
the upwind/central Active Flux matrix.

4.2 Dispersion analysis

The presence of spurious oscillatory modes has been studied for the system (2.11) in [21, 33]. In this section, we
analyze the dispersion behaviour of the Active Flux method. Similar to the approach in [21], this can be done by
analyzing the imaginary parts of the eigenvalues of the matrix £ in the semi-discrete evolution formula (4.3).

For a given wave number vector k = (kg, k), consider the 12 complex eigenvalues \; (k) of the matrix £ given in
(4.3):
Ai(k) =o0;(k)+iwi(k), je{1,2,...,12}. (4.15)
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Here, the imaginary part w; (k) = Im(}\;) represents the discrete wave frequencies supported by the method (numerical
dispersion), and the real part o;(k) = Re()\;) represents the amplitude decay of the corresponding mode (numerical
dissipation). These numerical modes are compared against the exact analytical frequencies (refer to the derivation in

Section 2.3 of [21]) given by wexaer € {0, 4 /k2 + ki + ¢2}. We assume that k, = k, = k and set Az = Ay = 1.

The imaginary parts of the 12 eigenvalues of the Active Flux evolution matrix £ are displayed in Figure 2(a). Comparing
with the 3 known analytical modes (also displayed in Figure 2(a)), 3 out of the 12 modes can be identified as physical. In
Figure 2(b), the absolute dispersion errors of the 3 physical Active Flux modes in comparison with the exact analytical
modes are displayed. Since the continuous physical equations are non-dissipative (gexact = 0), the absolute dissipation
error is the magnitude of the real part of the eigenvalues, |0 (k)|. In Figure 2(c) the absolute dissipation errors of the 12
Active Flux modes are shown. The physical modes show an error convergence rate of order 4 for both the dispersion
and dissipation errors in Figure 2(b) and Figure 2(c), respectively. Further, Figure 2(a) indicates the presence of modes
other than the physical ones, but the method assigns correspondingly high numerical diffusion to such modes as seen in
Figure 2(c), indicating that they will be damped.

1~ Mode 1 Mode 8
Mode 2 (Physical) ---- Mode 9
Mode 3 ---- Mode 10
] ---- Mode 4 === Mode 11 (Physical)
7 ---- Mode 5 ---- Mode 12
PeRll IELE Mode 6 s Exact Continuous Modes
" { === Mode 7 (Physical)

Wexaetl

lwnum —
s =
_
[Re(d)]
2
>
i

10719 1071
10718
107* 1073 1072 107! 10° 10 1073 102 10" 100
k k
(b) Dispersion Error (physical modes) (c) Dissipation Error

Figure 2: For each wave number k = k, = k,, let A\;(k) = 0;(k) + iw;(k), i € {1,2,...,12}, be the corresponding
eigenvalues of the matrix £ in (4.3) for Az = Ay = 1 and Coriolis parameter ¢ = 1. (a) The numerical dispersion (the
imaginary part w;(k)) plotted against k. (b) The absolute dispersion error |wnumerical — Wexact | Of the physical numerical
modes with respect to the known exact analytical modes. (c) The numerical dissipation error | Re(A(k))| = |o(k)|.

4.3 Fully discrete stability analysis

For an analysis of numerical diffusion, following Section 6 of [18], the Fourier transform of the fully discrete Active
Flux method is given by

"t = A(s, 0)d", (4.16)

with the amplification matrix of the third-order Runge-Kutta method given by

1 1
A=T1- At + §At252 - éAt3£3, 4.17)

10
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where & is the matrix in (4.3). The vector k = (ky,k,)7 is parametrized using s € [—m, 7] and ¢ as
k = s(cosp,sing)T. Figure 3 shows the absolute values of the 12 eigenvalues of A as a function of the wave
number s for different time steps At and ¢. We set Az = Ay = 1 and the Coriolis parameter ¢ = 1. Von Neumann
stability requires that the spectral radius satisfies p(A) < 1. As observed in Figure 3, a time step up to At = 0.275
remains stable for all wave numbers. However, for time steps At > 0.29, the method violates the stability threshold.

At=0.25 At=0.25 At=0.25

309

<
n
=

R
&
\

)

A

=0.275 At=0.275 At=0.275

b

=

W
Lo
N
3

At=

o
N
3
=
W

Mﬁ/

A
IS
i

il

-2 -1

Figure 3: The absolute value of the eigenvalues of the amplification matrix (4.17) for Ax = Ay = 1, ¢ = 1, is plotted
as a function of s € [—m, 7] for different time steps At (rows) and ¢ (columns).

5 Numerical experiments

We present a series of numerical test cases to evaluate the performance of the semi-discrete Active Flux method
(3.2), (3.4). Throughout all experiments, Ccgp, in (3.8) is set to 0.27, in accordance with the Fourier stability analysis
of Section 4. Periodic boundary conditions are assumed, unless otherwise stated. In the first part, we assess the
performance of the method for the linear system (2.11), thereby also validating the theoretical results in Section 4. In a
later part, we examine the application of the method to the case of nonlinear shallow water equations with Coriolis
source terms.

5.1 Linear system
In this section, we focus on numerical experiments for the linear acoustics system with Coriolis source terms (2.11).
The reference speed a, in (2.11) is fixed at a,, = 1.0 for all experiments.

Example 1. (Stationary geostrophic vortex) In this example, from [20], we consider a stationary geostrophic

equilibrium solution to (2.11). The computational domain is chosen to be [0, 1] x [0, 1], and the Coriolis parameter in
(2.11) is set to ¢ = 0.2. The initial datum is given by

1
w®(z,y) = —h(|z — wl|) (”E N ) : 5.1)
Y—7Y

P(a,y) =1 = cg(lla — o)),

11
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1
where g(p) = 10 exp(—100p?) and h(p) := 20 exp(—100p?). The initial datum (5.1) (see Figure 4(a)) is evolved

using the semi-discrete Active Flux method (3.2), (3.3) up to ¢t = 10? using a 20 x 20 grid (see Figure 4(b)). Also, a
diagonal cross-section (along = = y) of the numerical solution for p (cell averages) at times ¢ = 10, 100 is plotted in
Figure 4(c). For comparison, we show the solution obtained by evolving the same initial datum (5.1) until ¢ = 100
using the Active Flux method with Rusanov-type splitting (3.7) on a 40 x 40 grid in Figure 5. The degradation of the
numerical solution by £ = 100 can be observed in this case.

The Fourier transform of the initialization of the continuous initial datum (5.1) need not strictly lie within the kernel
(4.5) of the Active Flux spatial discretization. Instead, during an initial layer, the numerical solution is observed to
converge towards the discrete steady state as time evolves as displayed in the L*-error plot in Figure 4(d). Furthermore,
the temporal evolution of the discrete geostrophic equilibrium residuals (4.6)-(4.13) which characterize the discrete
stationary state for the Active Flux method, plotted in Figure 4(e), confirms that the numerical solution approaches the
exact discrete stationary state. This is in contrast to a different discretization of the geostrophic equilibrium (2.17)

A A
A Pit1; —Pio1

A A
A L Dij+1 —Pij—1
b 2Azx

I 2Ay
also plotted in Figure 4(e), which does not decay with time.

cu =0, cv =0, (5.2)

Next, we evaluate the experimental order of convergence (E.O.C.) of the method (3.2), (3.4). The initial datum (5.1) is
1 1 1 1
Ived using th thod up to time ¢ = 1.0 with different hsizes h = Az = A —,—,—,—— . Th
evolved using the method up to time 0 with different mesh sizes x y€{20’40’80’160} e
log-log plot of the L!-errors against Az for the Active Flux method (3.2), (3.4) is plotted in Figure 4(f). It is observed
that the method attains the desired third-order convergence.

Example 2. (Well-prepared datum) In this example, we construct a discrete initial datum which is well-prepared in the
sense that its Fourier transform belongs to the span of the vector (4.5). In particular, we seek a well-prepared solution
of the form g exp(ikziAx + ik, jAy), where the vector g is parallel to (4.5). This would lead to a complex-valued
solution, so we consider only the real parts, which can also be understood as the average of the solutions corresponding
to the wavenumbers k = (k;, ky) and —k = (—k;, —k,).

First, we fix the wave numbers k, = 2w, k, = 207, 0, = k, Az, 0, = k,Ay. Let the index (¢, j) correspond to the
physical coordinate (iAz, jAy). Denote &, = b, + jO,, ®F# = (i — 1) 0, +j,, ®FY =0, + (j — 1) 0,, 24, =
(i - Db+ —3) 0,. We start by setting by = 1, from which we obtain pi; = cos(®)) = Re(exp(i(if, +jby))).
Using further algebraic simplifications, the remaining well-prepared discrete degrees of freedom can be derived as
follows:

= Wm@gj), vy = —%ﬁn@%)y (53)
o _W sin(@F7), pPy = m cos(®FY), (5.5)
oty = S ety oy - e, 6o
= S ) oo
i = 2(2;fo§3(?: }5;’ B suo,). (5:8)
i = ‘2(2;2;8552(2; /(Z';/Q) sin(®7). (59

a6 The L!-errors (with the well-prepared initial datum as the reference) in the Active Flux numerical solution (u, v, p)

307
308

obtained upon evolving the well-prepared discrete initial datum (5.3) until #+ = 10 is displayed in Figure 6. The
L'-errors are close to the machine precision and indicate only the presence of round-off errors.

12
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Loooo 10 1.0
0.6 0.6
0.9975 ¢ g 0.8
0.4 0.4
0.9950
0.6 0.2 0.6 1 0.2
0.9925 -
= 0.0 = 0.0
0-9900 04 | -02 04 -0.2
0.9875 —04 —04
0.2 0.2 1
0.9850 -0.6 -0.6
0.0 ' ' ' ' 0.0 ' ' ' '
00 02 04 06 08 10 00 02 04 06 08 1.0
xr x
s 0,0 0y 4
(a) Initial datum (p~', ", v") given by (5.1).
1.0 1.0
1.0000
0.6 0.6
0.9975 |
0.8 04 0.8 0.4
0.9950
0.6 . 02 0.6 02
09925 _ 00 = 1 ' 0.0
0.9900  0.41 . _op 04 o2
0.9875 _ -
02 04, 0.4
0.9850 -0.6 -0.6
0.0 0.0
00 02 04 06 08 1.0 00 02 04 06 08 1.0
xr xT xT
(b) Active Flux solution of (p, u, v) (cell average) at ¢ = 1000.0.
: 0.0035 - i i
1.0000 B 2
0.0030 [ A B
0.9975 | . .l
0.0025 ,X g
0.9950 - — //
/ -
8 0.0020 & Py
0.9925 1 5 -0- U
= 0.0015 - —A= V|4
0.9900 —
0.0010 [ b
0.9875 —
— Initial datum 0.0005 - R
0-9850 --O-- Active Flux (¢ = 100) e o
0,082 -¥-- Active Flux (t = 500) 0.0000 - foSooh-—--O---0-O-D----O----0 |
0825 ] : . :
0.0 02 o 06 08 o 10° 10' 10 10°
T=y Time t
(c) Diagonal cross-section (z = y) of p. (d) L*-error evolution until ¢ = 500.
—-— p
‘ 1072 = u 2 .
-V
Ll i
10 — Residual 1 — Residual 6 — Residual 10 -=- Order 3
Residual 2 Residual 7 — Residual 11 10—3 L «
— Residual 3 — Residual 8 Diff disc. of cu+py, =0
104k ~—— Residual 4 Residual 9 —. Diff disc. of cv—px=0| |
Residual 5 é
—
-4 4
510
1076 B —
-
107°F E
1070 b
1076¢ 1
10710 - .
1073 107!
10—12 -

(e) Decay of the discrete residuals (4.6)-(4.13).

1 1 1 1 1 1 1 1 1 1
0 2500 5000 7500 10000 12500 15000 17500 20000
Time (t)

(f) Log-log plot of L*-errors in the cell-average solutions at

t=0.1.

Figure 4: Example 1. Active Flux evolution of the stationary vortex (5.1) on a 20 x 20 grid.
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1. 1. 1.
0 0 04 0 04
1.000
08 0003 081 0.8
0.2 0.2
0.996
> 0.994 = 00 = 0.0
04 0.992 04 "III' 0.4
0.990 -0.2 -0.2
0.2 0.2 0.2 1
0.988
-04 -04
0.0 0.0 ' ' ' ' 0.0 ' ' ' '
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
T T T

Figure 5: Example 1. Evolution of the stationary geostrophic vortex (5.1) with a non-stationarity preserving method.
Active Flux solution (cell-average) with Rusanov splitting (3.7) at ¢ = 100 on a 40 x 40 grid.

le-12
1
7H —F P A
A
—o- U

| i
ey K
A

c’___0____4,_—0—'0
A
3_ Qp / N
o
g A
2 & A g
o X
_o” &
ite=” &7 1
b g T
g ARA :n::lﬂnﬂ
0_e====32=ﬁ—ﬁuuul:u:|—-n--.u.___n._--n-—n—u-nun d
L L L
10° 10! 10? 10°
Time t

Figure 6: Example 2. L!-errors in the Active Flux (cell-average) solutions on a 50 x 50 grid as a function of time, upon
evolving the well-prepared initial datum (5.3).

Next, a local perturbation is added to the pressure (p) component of the well-prepared discrete stationary state (5.3).
The perturbed initial datum for the variable p is given by

Hexp<1—;) if r < 7y,

p(z,y,0) = pup(x,y) + 0p(z,y), op(z,y) = 1=(r/ro)? ! (5.10)
0 otherwise,

with r = /(@—2p)2+ (y —yp)?, (2p,yp) = (0.4,0.43) with a radius of ry = 0.02 and an am-

plitude of § = 1072  The initial velocity datum is not perturbed. Plot of [g"™ — V7|2 =

\/ (upt™ — u Y 7)2 4 (oI — oY 7)2 4 (pIMM — iV )2 for the evolved semi-discrete Active Flux numerical so-

lution (cell-average) g™ at ¢+ = 0.3 is displayed in Figure 7(a). We observe that the perturbation is propagated

effectively by the semi-discrete Active Flux method without any spurious waves (The result is comparable to the result
in Figure 4 of [20]), thereby also validating its stationarity preservation property. This is in contrast to the case of the
Rusanov splitting method (3.7), which is not effective in propagating the perturbation, as displayed in Figure 7(b).

5.2 Nonlinear shallow water equations

In this section, we consider the nonlinear shallow water equations on a flat bottom topography with Coriolis source
terms (2.1), written in the conservative form (2.11) where

h hu hv 0
q=|hu|, fo=| 0l g2 | V= huhy slg)=| Qw |, .11)
hw huhe ()” 4 1 g2 —Qhu,

14
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(a) Active Flux (b) Active Flux with Rusanov splitting

Figure 7: Example 2. Evolution of a perturbation of the well-prepared (WP) solution. Plot of ||gnum — qw p||2 for the
cell-average solution at t = 0.3 for the perturbed initial datum (5.10) on a 40 x 40 grid with 6 = 1072,

where h is the water depth, v and v are the velocities, g is the gravitational acceleration, and 2 is the Coriolis parameter.
We only consider the system (2.11)-(5.11) with a constant 2 as in [5, 7].

Active Flux for the nonlinear system. Since the Coriolis source term in the nonlinear shallow water system (2.11)-
(5.11) is a linear function of the conservative momentum variables hu and hv, the Active Flux numerical method can
be formulated in a way similar to the linear case (3.2), (3.4). The crucial difference is that point value evolution formula
(3.4) now relies on the state-dependent Jacobian matrices J,(q) = 0f*/0q and J,(q) = 0 fY/0q which are defined
using the primitive velocities u = hu/h and v = hv/h as follows

0 1 0 0 0 1
Jo(@)=|—-v?+gh 2u 0|, J,(q) = —uw voou
—uv v —v24+gh 0 2v

The positive and negative split Jacobians (.J and Jj) required in (3.4) are then computed pointwise using the eigenvalue
decomposition J(g¥) = R(g")A(g")R=*(q"). For the z-direction, the eigenvalues are A\, € {u — ¢, u,u + ¢}, and
for the y-direction, A, € {v — ¢, v, v + ¢}, where ¢ = \/gh.

Example 3. (Stationary vortex) We consider a stationary vortex test case for the nonlinear system (2.11)-(5.11),

considered in [5]. The computational domain is [—0.5, 0.5]2. The initial velocity profile is defined as u® = ug(r)es,
where for € > 0, we consider

up(r) =& [5rx(esy + 2= 51X ceny] (5.12)
where eg = (—sin(f), cos(d)), r = y/x2 + y? is the radial distance from the origin and £ > 0 is the vortex strength
parameter. We set g = 9.81, {2 = 1, and the initial water height (ho) is obtained as the C° solution to
(5eQr + 25€%r), 1< i,
(6(2—57“)9—1—62M 1<r<

r )

(5.13)

(SN

)

OSal—al~

1 2
8rh0 = - (QU@ + %> =
g T
, elsewhere.

This is an exact stationary solution of the nonlinear system (2.11)-(5.11), but it is not in geostrophic equilibrium (2.7)
since gVh? + Q (uO)L = 1(ug)?e,, where e, = (cos(f),sin(f)) is the radial unit vector. However, when ¢ — 0,
the stationary solution (5.12)-(5.13) becomes close to the geostrophic equilibrium, i.e., gVh? + Q (uo)L ~ 0, see
[5, 7]. We note that scaling the velocity field with a parameter ¢ — 0, corresponds to low Froude and low Rossby
numbers (which are proportional to the velocity field). The numerical solution (cell-average) obtained by evolving
the initial datum (5.12)-(5.13) with € = 0.01 on a 40 x 40 grid up to time ¢ = 200 is shown in Figure 8. In Figure 9,
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following [7], for e = 107,102,107 3and 10~*, we plot the relative error of the water height at ¢ = 200, given by
| min(h fing) — min(Ringe )| /max(hinic) — min(hi,ge ). The relative error is observed to decay as e — 0, indicating
that the method provides reliable approximations to the stationary vortex in low Froude-low Rossby regimes. In contrast,
Figure 10 shows that evolving the datum (5.12)-(5.13) with € = 0.001 up to t=500 using an Active Flux method with
Rusanov flux splitting (3.7) leads to a breakdown of the vortex structure.

0.00020

0.00015

0.00005

>
0.00010

0.4

0.2

0.0

-0.2

-0.4

-04 -02 0.0

x

0.4

0.005

(a) Initial datum (h°, (hu)®, (hv)®) given by (5.12)-(5.13) with € = 0.01.
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0.0 ' ' 0.000
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0.0075
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0.0050
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0.0 I 0.0000
—0.0025
—-0.0050
-0.4
—-0.0075
-04 -02 00 02 04

x

(b) Active Flux solution (cell-average) at ¢ = 200.0 on a 40 x 40 grid.

; — Initial datum
=v- Active Flux ||

0.00020

0.00015F

< 0.00010
-0.002}

0.00005 . —0.004}

— Initial datum
=v- Active Flux

0.00000H " “VE THX | = .
0.0 0.2 0.4
X=y

—0.006

0.0 0.2 0.4 0.6

x=y
(c) Diagonal 1D cut of & (along z = y). (d) Diagonal 1D cut of hu (along x = y).

Figure 8: Example 3. Active Flux solution on a 40 x 40 grid at time ¢ = 200 obtained by evolving the stationary vortex
(5.12)-(5.13) where € = 0.01. The bottom row displays the diagonal (x = y) 1D cuts of the solution.

Example 4. (Translated vortex) Next, we simulate the translated vortex test case studied in [7]. For € > 0, the initial
datum is given by:

52—267“2, r <0.2,
Wo(e,y) =1+ o+ { £ — 20327 +25r%), 02<r<04, (5.14)
g ?—;, r > 0.4,
0 —berey, r <0.2,
u’(z,y) = <£) + ¢ —(2—5r)eeg, 0.2 <r <04, (5.15)
a 0, r> 0.4,
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Figure 9: Example 3. Relative error of water depth at ¢ = 200 obtained with the Active Flux method as the Froude
parameter € in (5.12)-(5.13) tends to O.

le-5+1
2.0 047 0.0004 041 0.0004
0.2 1 - 0.0002 0.2 1 0.0002
1.5
= 0.0 0.0000 = 0.0 0.0000
10 _go - ~0.0002  _go | ~0.0002
s o4 -0.0004  _ | ~0.0004
—04 —-02 00 02 04 —04 -02 00 02 04 —04 -02 00 02 04
xr xr xr

Figure 10: Example 3. The evolution of the stationary vortex (5.12)-(5.13) with ¢ = 0.001 using Active Flux with
Rusanov splitting (3.7). The degradation of the vortex structure (cell-average solution of (h, hu, hv) is shown) by time
t = 500, when computed on a 40 x 40 grid can be observed.

where r = /22 + y2, 0 are the polar coordinates and ey := (sin(6), cos(6))”. We set the parameters to g = 1, Q = 1,
and € = 0.01. The computational domain is [—0.5,0.5]2, which is discretized using a 40 x 40 grid. We note that the
datum (5.14) is in geostrophic equilibrium. Similarly to [7], we enforce periodic boundary conditions at y = £0.5,
and wall-type boundary conditions at z = £0.5. Figure 11 displays the initial datum and the Active Flux cell-average
solutions (h, hu, hv) at t = 20.0. The Active Flux method is observed to preserve the vortex structure and amplitude of
the solution.

Example 5. (Geostrophic adjustment) Finally, we consider the geostrophic adjustment test proposed in [22]. The
computational domain is [—10, 10]2. We set the gravity and Coriolis parameters to g = 1 and w = 1. The fluid is
initially at rest with an elliptical perturbation in the water height:

ho(z,y) = 1+ (1 — tanh (10 (\/2.5:52 0497 — 1))) , (5.16)

4
’U/()(-Tf,y> 207 ’UQ(CL’,ZU) =0.

We note that this initial state is not in geostrophic equilibrium (2.7). Figure 12 displays the numerical solution for
water height (h) (cell-averages) obtained using the Active Flux method at ¢ = 4 and ¢ = 8. It is observed that the
method gives a good approximation of the outward-propagating discontinuities and preserves the overall structure of
the solution.

6 Conclusion

In this work, we investigated a semi-discrete Active Flux method for approximating linearized and nonlinear shallow
water equations with Coriolis source terms. Our Fourier analysis established that for the linearized system, the method

17
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(a) Initial datum (h°, (hu)?, (hv)°) given by (5.14)-(5.15).
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(b) Active Flux solution (h, hu, hv) at t = 20.
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(c) Cross section (y = 0) of A for the initial datum and y = 0.2 (d) Cross section (x = 0) of h for the initial datum and the
for the Active Flux solution (cell-averages) at t = 20.0. Active Flux solution (cell-averages) at t = 20.0.

Figure 11: Example 4. Active Flux solution on a 40 x 40 grid with e = 0.01.

admits discrete stationary states corresponding to the analytical geostrophic equilibrium, proving it to be stationarity-
preserving without requiring additional modifications. This highlights the intrinsic stationarity preservation properties of
the Active Flux method, extending previous findings for homogeneous linear systems [11, 18]. Numerical experiments,
including simulation of a stationary vortex (Figure 4) and that of a well-prepared initial datum (see Figure 6) validate
the theoretical results for the method in the linear system case. Numerical investigation in the case of nonlinear shallow
water equations also indicated good performance of the proposed method, especially in regimes near the geostrophic
equilibrium. Future research will focus on deriving an energy stability property for the semi-discrete Active Flux
method, as well as extending the theoretical well-balanced analysis to the method in the nonlinear system case.

A Discrete differential operators in the Active Flux point value update

In this section, we elaborate on the formulas for the discrete differential operators used in the Active Flux point update
(3.4). The discrete spatial derivatives in the z-direction evaluated at the node P = (z;1 /25 Yj+1 /2) are given by:

1
D (a) = 5= (30 + i, —4a77) (A1)
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(c) Water height h (cell-averages) at ¢t = 8. (d) Cross-section along y = O of h att = 8.

Figure 12: Example 5. Active Flux solution of the water height h using a 50 x 50 grid. The top row shows the numerical
solution at ¢ = 4, and the bottom row at ¢ = 8. The left panels display the cell-average solution, and the right panels
display the corresponding 1D cross-section.

- 1
D (a) = A7 (—3q§,vj — iy + 4qﬁf§,j) : (A2)

a7 The discrete spatial derivatives in the y-direction evaluated at the node
377 P = (Ti41/2,Y;+1/2) are given by:

1
Di(aly) = 5, (3l +alr —4aly ). (A3)
_ 1
Dy (al) = 5, (=308 = als +4a80) (A4)

a7s The discrete spatial derivatives in the x-direction evaluated at the vertical edge midpoint P = (41 /2,9;):

1
E E E E E
D:(‘]i,}/) = Ar (4(11',3"/ +2¢;7 ;+ 4 T4

+

-~ =

N N N N A
(@i + @ite; i1+ ity 1) — 9qi,j>, (A.5)
1
—r F E E E E
Dy (qz‘,}/) = Az < - 4‘11‘,}/ - 2Qi+vl,j - qi—Q—q,j - Qi—i-Hl,j—l

L N N N N A
=3 (@ el @ et ) + 90 )
s7e  The discrete spatial derivatives in the y-direction evaluated at the vertical edge midpoint P = (z;, 1 /25 yj)

1 ) 1
Dy(a) = x5 (@ —al51). Dy (a)) = g, (= 1) (A.6)

380 The = and y spatial derivatives at the horizontal edge midpoint P = (;,,1/2) can be computed similarly.
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B Update equations upon applying the Fourier transform

381
The semi-discrete update formulas (3.2)-(3.4) upon the the application of the Fourier transform are elaborated in this

382 i-di
section. The update of the nodal point value can be written as

383
d 1 1 1
. + - - +
o_dtq |:JIA <3+t$>+JIA (=3 —ts) +J, Ay< +3>
T ——(—ty = 3)| @V + | —(JF — I t,)| "
ray gt =3 0 | S )| .
4 coN
+ [Ay(J; - Jyty)} v — | —caV
0
384+ The update equation for the point value at a vertical edge is
dAEV 9 1+ - A 1 + 1 - ta B
= Ut — 14+ — pll IR B
0= 4 +[ s — (=, ,,)}q t1Ag J, +ty +J, p, q
ol (o () ) [
1 1 1 1 1 1t B.2)
Jr—— — J —_— —— =ty -1 (B.
+[IAx(ry ty tw)+$4Ax(ty ty )
1 1 1 1 c
Jr 1—— ) +J, 1—— )| gY = | —caBv
i () ey g |
0
sss and for the update of the point value at a horizontal edge
d e 9 _ A 2 (1 _ B
= - —J,t — 2 —2—t H
0 Erid +[ Ay (Jy =, y)]q + Ay Jy ty +2 )+ J,( v) |4
lag ( (o) + o ()
1 1 _ 1 1 1 1 1 1 B.3)
11— = 1—-— — —4+1+— (B.
) e (e o )
~Ex
1 1 by \| .~ chE
+Jy m 71‘;7 1-— y 7 q — —cuH
x x 0
sss The update of the average is computed as follows
d 1 1
0=—¢" Jy — )| ¢ + | ——J, — | &
it iy () [ o ()
1 111 1 111 v B4
—Jp (1 —— 4+ — - —Jy (1 - — 4+ — - PN — | —cat
* {6Ax @ < Ty txty) oAy’ ( i, h tggty)} 1 00“

C The evolution submatrices for semi-discrete Active Flux method

387
Using the update formulas given in Section B, the submatrices in the evolution matrix £ of semi-discrete Active Flux

388 i
389 given in (4.4) can be derived as follows
0 ¢ O 0 —c O
Scor =|—c 0 O y 5AA = _Scor = |cC 0 0
0 0 O 0 0 0
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0

JLTAt) At -t
(t, ' +4+1t,)

(ty ! —t,)

Az

EEVEV == C O 0
Aty —t) 0 At A ts)
=tz +6+ty) —c A=ty —ty)
c Ay (ty 1 +6+1,) Ay (ty ! — ty)
L (4= 14— (b +6+t,) | (8, "+6+ty)
sz (' — ) gty —t) [ 2Ax T 3Ay
0 0 0 0 0 1—t;!
i 0 0 1—¢1 & = i 0 0 0
3Ay L vl ABv 7 3Az L
0 1—t; 0 1—tz;1 0 0
(=14t:)(A+ty)
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Eav=| 0 0 WHICHE)
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6AxT t,t, 6AYy tyty
0 0 0
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1 0 0 0
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Yy C(tta)(=14ty) (At (J+ty)
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00 0 , [THte 0 1t
Eva=0 0 0|, Ewvmy=-7-] 0 0 0 |,
00 0 1—t, 0 141,
0 0 0

2
ENEy ="A 0 14+t 1-t,
0 1—t, 1+t,
Only the submatrices E44, €k, By, EEy By and Enn along the diagonal of £ have the influence of the source terms.
This is owing to the fact that that in the semi-discrete Active Flux formulas, the discretization of the source terms in the

cell-average evolution formula only involves the cell-averages of the conserved variables and the evolution formula for
the point value involve only the respective point value of the conserved variable.

C.1 Evolution submatrices for the central Active Flux

Following a similar procedure as in Section 4 for the central Active Flux method, we obtain a system of ordinary
differential equations of the form (4.3) with an evolution matrix £ of the form (4.4) with the submatrices given by(4.4)
with the submatrices given by

0 —c O 0 —c
Ean=lc 0 0|, &gy, =|c 0 Aiy(tgjl_ty) )
0 0 0 0 ayt," —ty) 0
0 —c a=(tzt —ta)
EEvEy c 0 0 ,
~ (7t —t) 0 0
0 —c az(tat —ta
EnNN = c 0 Kly(tqjl —ty) |,
1 — 1 _
saz(tz! —te) axy(ty ! —ty) 0
, [0 0 0 ) 0 0 1-t;*
gAEH:m 0 0 1—t;1 R SAEV:?)AT 0 0 0 s
0 1—t," 0 1—t;1 0 0
(=14t2)(1+1y)
0 0 6Ax t,t,y
EaN = 0 0 7(”6@(*”%)
tot ?
(C1+6)(15t) () (—1+t,) 0
6Az tyt, 6Aytyty
0 0 0
19 - 0 0 1t
EHA - 2Ay y ?
0 1—t, 0
. 0 0 0
£ - _ (ta) (= 142y)
T ’ (14t ?(—1+t ) - 7
0 0 —(1- t;l)2
(I4ta)(=14¢2)
Epyn = 0 0 -7 =7
1 _ (1+t2)(—14t2)
(=12 — Ay, © 0
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EEVA:—E 0 O 9
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0 0 — Lttt
£ 1 0 0 0
EvEn — A _ )
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— et 0
Y
_ 2
0 o - 000
EpyN = 0 0 =t |, Eva=1]0 0 0],
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