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Abstract

The Active Flux (AF) method employs a globally continuous approximation, like continuous
Finite Element methods. This is achieved through the placement of point values at cell interfaces
which are shared between adjacent cells. With, on average, K + 1 degrees of freedom per cell,
Active Flux achieves a polynomial approximation of degree K + 1, while the Discontinuous
Galerkin (DG) method uses only polynomials of degree K, i.e. one degree less with the same
number of degrees of freedom. Despite all the differences, in this paper we show, however, that
for linear problems in one and several dimensions as well as—in some sense—for nonlinear ones,
semi-discrete AF and DG are the same method. We identify a mapping between their respective
degrees of freedom, upon which the updates of these degrees of freedom turn out to agree. On
the one hand, AF therefore seems more economical then DG for a given value of the error,
and we confirm this in numerical experiments. On the other hand, this is a way to understand
superconvergence of DG in a natural way, and we show how Radau polynomials and their zeros
appear in the mapping between DG and AF: In the Radau points, AF ”shines through“ as the
background high-order scheme behind DG.
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1 Introduction

The numerical error of high-order methods decreases as a high power of the discretization length, at
least on smooth solutions. The construction of such methods always amounts to an approximation of
the solution by a polynomial of high degree; however, it is possible to distinguish different strategies
to construct the polynomial. The most important distinction is associated to whether the stencil
is compact. If only one degree of freedom is stored per computational cell, as in Finite Difference
(FD) or Finite Volume (FV) methods, then a high-degree polynomial can only be constructed
by considering sufficiently many neighbours, increasingly far away. Finite Element (FE) methods
by construction consider the numerical solution to be a polynomial in every cell, with varying
requirements on what happens at cell interfaces. To this end, they store several degrees of freedom
in every cell. The evolution of any degree of freedom in some cell depends at most on degrees of
freedom in the cells which are immediate neighbours. Such methods shall be referred to as compact.

Compact methods cannot in general be seen as FD methods on a finer mesh, because first of
all, the degrees of freedom might not be associated to point values, and second because even then,
and even if the point values are equidistant, their update equations are different. Such a method
with, say, N degrees of freedom per cell, could in principle be seen as a Finite Difference method
on a finer mesh, if one accepts that there are N different update prescriptions and the value at a
FD index i € Z is updated according to prescription ¢ mod N. Such an interpretation, however,
amounts to no simplification.
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While classical Finite Element methods are usually derived from a variational form of the PDE
(Galerkin methods), other ways of evolving a given set of degrees of freedom can be conceived. The
Active Flux (AF) method, introduced in [vL77, [ER13], specifies directly what the update equations
for its degrees of freedom are. These are, classically, a cell average and a shared point value at
each cell interface, augmented by further point values or moments to obtain higher than 3rd order
accuracy. The shared point values enforce global continuity of the approximation.

The original Active Flux method employs so-called evolution operators (e.g. [ER13, [FR15,
BHKR19, [HKS19, Bar21, [(CHLM?24, Bar25a]) to specify the new value of the degrees of freedom
directly, amounting to a single-stage fully discrete method. Such methods have advantages, e.g.
a large domain of stability and computational efficiency due to their single-stage nature, but for
sufficiently complicated problems general algorithms are unavailable so far. While for linear advec-
tion back-tracking of characteristics allows to compute the new point value efficiently, for multi-d
problems so far evolution operators are only available for specific equations. Here, we instead focus
on the semi-discrete version of Active Flux ([Abg22| [AB23]), where only space derivatives are dis-
cretized while time is left continuous according to a method-of-lines approach. In the case of the
semi-discrete Active Flux method, the update equation of the average is inspired by FV methods,
but taking into account the continuity, while the update of the point values is inspired by FD
methods. It has, however, also been shown recently ([Bar25b]) that the semi-discrete Active Flux
method can actually be derived from a variational form by considering a biorthogonal set of test
and basis functions. The latter property implies that the (global) mass matrix is just identity. This
exemplifies once more that there are different derivations leading to the same method.

We are interested in hyperbolic PDEs, in particular conservation laws. It is well-known that
some form of stabilization is required for the numerical method to be amenable to explicit inte-
gration in time. This can be done either by directly introducing artificial viscosity in the PDE
and thus effectively discretizing a regularized parabolic problem instead (e.g. SUPG, see [BH82]),
or by choosing the discretization to have a directional bias (upwinding), an approach inspired by
Riemann solvers for FV methods. One of the most prominent examples of Finite Element methods
following the latter approach are Discontinuous Galerkin (DG) methods [LR74) ICLS89]. They al-
low for discontinuities at cell interfaces, and use a Riemann solver to compute the flux. Active Flux
includes upwinding only in the update of the point values, while continuity of the approximation
allows to retain a central update of averages/moments through an integration by parts.

Here, we intend to compare AF and DG theoretically and experimentally. At first glance it
seems that DG, based on a discontinuous approximation and a variational form, must be very
different from AF, which approximates the numerical solution continuously with direct updates
of the degrees of freedom (mass-matrix-free). As has been mentioned above, AF can actually be
derived from a variational form, though. In this work, we show a much more surprising result—
AF and DG are in many cases exactly the same method. By this we mean that up to a linear
mapping between the degrees of freedom of these methods, a DG method with polynomials of
degree K amounts to exactly the same update equations for its degrees of freedom as AF based on
polynomials of degree K + 1. Both methods, however, have some freedom (the choice of numerical
flux for DG, the choice of the point value update in AF, etc.), and by equivalence we thus mean
that there exists an AF-type method that is equivalent to a given DG method for some given PDE.
In this sense, we show equivalence of DG and AF for linear and nonlinear systems in 1-d and for
linear advection on Cartesian meshes in 2-d.

In its simplest form, this result appears already in [Roel7] for linear advection in 1-d, but in
our opinion is not accorded sufficient importance, even though it is key to understanding the su-
perconvergence of DG. Our present work can be understood as a generalization of this result. We
also show why Radau points/polynomials appear naturally in the mapping between DG and AF.




The superconvergence of DG thus finds a new interpretation: at Radau points, the DG approxi-
mation agrees with the AF approximation, and the underlying higher-order accuracy of AF can be
measured in the DG setting.

High order of accuracy does not tell everything about the properties of the method. In partic-
ular, with increasing order the computational effort might also increase, possibly in a prohibitive
manner. In the second part of this work, we thus also perform comparisons of computational com-
plexity and cost. Equivalence of the two methods means that they have the same number of degrees
of freedom per cell, but certain degrees of freedom might be computationally easier to update than
others. Active Flux tends to make more use of point values, whose updates do not require expen-
sive numerical quadratures. In multi-d it is not clear to what level equivalence between AF and
DG can be established for non-tensorial bases, of which some have been recently proposed for AF
in [BCKL25|. Some limited, but encouraging results are available concerning superconvergence of
DG in these more complicated situations, though, e.g. [KF03| [(CSZ25]. We thus complement our
theoretical study by a set of careful measurements of run time of AF and DG as function of order
of accuracy, degrees of freedom and numerical error. We give some practical guidance concerning
the tradeoff between cost and error.

In [RMF18], which carries a title very similar to that of the present work, only the Active
Flux method based on evolution operators was compared to DG. While [RMF18] finds that this
fully discrete version of Active Flux is more efficient than DG, in the present work we find that
a similar statement still holds even for the semi-discrete AF, which employs the method of lines
and Runge-Kutta time integrators, just as DG. Most importantly, however, the theoretical aspects
of equivalence and superconvergence were not addressed in [RMF18], which was entirely devoted
to a practical comparison. We recently have also become aware of [AL25], where the relation
between AF and DG is studied, but without sufficient attention to the important role played by
the upwinding in the point value update/numerical flux in DG, and without making the link to
superconvergence of DG.

The paper is structured as follows: Section[2|gives an overview of AF, DG and the all-important
Radau polynomials. Section [3| presents the equivalence and superconvergence results. Section [4]is
dedicated to an analysis of the expected computational complexity and a comparison to experi-
mental measurements.

A computational cell C; in 1-d is [mi_; , .I‘H_;], with x; its centroid. We assume Az := x, x
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to be constant. PX(I) is the space of univariate polynomials of degree at most K on the interval I,
which we will omit whenever clear. Certain polynomials carry as a superscript their degree (usually,
K or K +1); we believe that no confusion with powers is reasonably possible. Computational cells
in 2-d are Cj; := [xi_%,xi+%] X [yj_%,yj+%], with Ay := Yjrl =YL, also considered constant. We
restrict ourselves here to tensor-product spaces PXK = QK .= PX x PK. Indices never denote
derivatives.

2 Cast

In one spatial dimension, denote by VE*! and Vblr( the following spaces:

o VEFL .= {4 e C°, v|e, € PEFL i € 7} is the space of continuous, piecewise polynomial (of

degree K + 1) functions (the natural approximation space of AF) and

. Vb[r( := {v,v|c, € PK Vi € Z} is the space of piecewise polynomial functions of degree K (the
natural approximation space of DG).



Both have K degrees of freedom per cell. We use the letter ¢ for the exact solution of the conser-
vation law under consideration. To distinguish approximations and degrees of freedom of DG and
AF, we denote the latter in capitals, i.e. the approximations are g € Vb[f and Qj € VE+L where
the subscript A here, by tradition, merely indicates the fact of being an approximation, since we
prefer the notation Az, Ay for the grid cell size otherwise. We denote their restrictions onto cell
C; by ¢; € PK ([—%, %D and Q; € PK+! ([—%, %]), respectively. In multiple dimensions,
we consider tensor-product spaces VEL = {y ¢ Co,v\cij € QF™Y} and V£ = {v,vc,, € QF}
instead, with analogous restrictions
weor (FES]F24]) aeo(4)-[43)
22 2° 2 2 2 27 2
The dependence of @y or g, on time will frequently be omitted, and we will not adapt the
notation for the spaces in case of PDE systems, i.e. when ¢ actually has several components.

2.1 Active Flux

By Active Flux we mean in the following the semi-discrete arbitrary-order generalization with
additional moments (such as [AB23| [BCKL25]), discussed now in one and several space dimensions
separately.

2.1.1 One spatial dimension

The arbitrary-order version of AF with additional moments appeared first in [Abg22] (for 1-d).

The degrees of freedom are the (shared) point values at cell interfaces Q, 1 (t) ~ q(t, Tip1 ) and the
moments
A Tirl
ng):k/ o bi(x — z;)q(t, x) dx E=0,..., K—-1 (1)
Az [,
i=3
where by, span PK~1 ([—%, %]), and Ay are normalizations. A possible choice is b, = (2—“;)’“ and

Ay = k + 1, which ensures that ng) =1 for ¢ = 1if k even. Given @),, 1 and {ng)}kzo,m’K,l, in
2

every cell a polynomial @Q; of degree K +1 is uniquely determined. It is called the AF reconstruction

or the AF approximation. Tthe interpolation of the shared point values implies global continuity:

Qi(5%) = Qip1 = Qip1(—5Y).

The semi-discrete Active Flux method for the m x m hyperbolic system of conservation laws

Oq+ 0:f(q) =0 f:R™ = R™ (2)
then amounts to the following moment update
Ax + -
d A 2 bk f(QH_l)_bk f(QZ_l)
Zok) _ 2k / . A 2 2’ _
dtQ Az | a bi(2) f(Qi(x)) dz + Ay Ar 0 3)
where b,f := br(£Ax/2). Observe that no Riemann fluxes are necessary. The integral can be
evaluated exactly for linear f or by quadrature. The point value update can, for example, be
d d d
Qi1 +JT—Q; J—Qi =0 4
a0 T ¢ otz T dz i, Az @

but there exist other versions (see e.g. [ABK25, [DBK25]) for nonlinear problems. Here, J := V f
is the flux Jacobian evaluated in ¢);,1 and J * are the positive/negative parts of J according to
2

the sign of the eigenvalues.



2.1.2 Two spatial dimensions

The classical (third-order) AF method in two space dimensions ([ER13]) employs point values at
nodes and at edge midpoints, as well as a cell average. On Cartesian grids ([BHKR19, HKS19])
this leads to 4 node values, 4 edge values and 1 average accessible to a grid cell, and thus naturally
to a locally Q2 and globally continuous approximation. The point values are shared and there are
4 degrees of freedom per cell: one average, one node value, one value on midpoints of horizontal
edges, and one on vertical ones. As will be seen below, the interplay with DG will suggest new
choices of degrees of freedom, that will be introduced then.

Several arbitrary-order extensions using additional points along the cell interfaces and additional
moments have been suggested in [BCKL25|. Here, a tensorial approach will appear upon the
comparison to DG. It is, however, inefficient from a practical point of view, because the number
of degrees of freedom is (asymptotically) about twice the number required to reach the desired
order of accuracy. Naive ways to minimize the number of moments involved can lead to a loss
of unisolvence. In [BCKL25|, the most economical choice was that of serendipity-type degrees of
freedom; the reader is referred to this work for further details. Our experimental study is based on
this more efficient approach.

2.2 Radau polynomials

It is well-known that the zeros of Radau polynomials are important in the context of supercon-
vergence of DG. We briefly review how they appear in the context of numerical quadrature and
contrast them with Legendre polynomials. Recall that long division of a polynomial f € P?5X+1(I),
K > 0 allows to write it as f = p.Z% 1 4q, where p,q € PX(I) and £%*! is a Legendre polynomial
of degree K + 1 chosen such that

/b(a:)o?KH(az) de =0  Vbe PE(I) (5)
1

over some interval I. Observe that these are K +1 equations for K +2 coefficients of #X 1, leaving
one free for normalization. But then,

[ e = [ g@)as (6)

while the point values of ¢ and f agree in the zeros of Z%+1. This is Gauss-Legendre quadrature.
LK+ does not vanish at the endpoints of 1.

Gauss-Radau quadrature arises upon including one of the endpoints of I, say z*. Thus, instead
of (f)), the defining relations for the Radau polynomial ZX+! € PET(]) are

BEH (%) = 0 (7a)
/ b@)ZS (@) de =0  Wbe PK-! (7h)
I

with K > 1 this time. Observe that these are again K + 1 equations for K + 2 coefficients
of Z#K+1 leaving one free for normalization. Observe also that orthogonality now happens with
respect to polynomials one degree lower, such that one is only interested in writing f = pZ&X+1 +¢
for p € PX=1(I). Here, g (the remainder of long division of f by ZX*1) is still of degree K, and
f therefore is only of degree 2K, one less than for Gauss-Legendre quadrature. The rest of the
arguments is entirely analogous.



Correspondingly, while
/b(f—Pf)dxzo Vb € PE(I) (8)
I

defines the L? projection Pf € PK(I) of f € L?, the Gauss-Radau projection Pgrf € PX(I) is,
for K > 1, defined by

f(@*) = Pgrf(z*) =0 (9)
/b(fPGRf) de =0  Vbe PEL(I) (10)
I

From one is easily led to the ansatz of a linear combination of Z%+1 and £ for 2K+
The exact coefficients in the linear combination depend on the normalizations chosen for the Leg-
endre and the Radau polynomials and on the interval /. With the usual choices, if x* is the right
endpoint of I, 25X+ is a difference of these Legendre polynomials, and if z* is the left endpoint, it
is their sum.

2.3 Discontinuous Galerkin

The DG method for the conservation law is given by the variational form
¥ d 1 [ v fig1 —vTf

1 _1
—q;dz — — / i) d 2 2 = 11
Az ) s '@t Ax/_gw“f(Q) Tt A 0 (11)

for all v € PK ([—%, %D, and where v* := v(:l:%). The second integral needs to be replaced
by a quadrature. With qijE = qi(i%), the numerical flux f; +1 is assumed to be a two-point flux

Fuvs = Flafai) (12)
The upwind flux, for example, amounts to the choice

+ —

fi_;_% _ f(qz ) +2f(qz+1) o %(J.i_ o J_)(qi_Jrl o qj.) (13)

The superconvergence properties of DG have been known for a long time and are mentioned,
studied and used e.g. in [LR74, BDF94, ADFK02], and there is also extensive literature on e.g.
parabolic equations. Concerning recent results on hyperbolic PDEs, we refer the reader to [CS08|,
CS10, [YS12, |GZQ13] [CZZ14, ICLYZ17] for the linear 1-d case, to [CSYZ15, XZ22| for the linear
scalar tensor-product 2-d case, to [CSZ17] for variable-coefficient linear problems in 1-d and to
[CSYZ18] for nonlinear scalar problems in 1-d, among others. High-order solutions can in certain
cases be recovered through post-processing, see e.g. [CLSS03, [RSAOQ5].

The following orders of accuracy for smooth solutions are known for DG with P¥ approximation
(possibly under suitable assumptions on the grid and the initial data) at least for linear problems:

e 2K + 1 for cell averages and numerical fluxes,
e K + 2 at Radau points (zeros of the Radau polynomial) or their generalizations,

e K + 2 between the DG solution and the Gauss-Radau projection of the exact solution (see
e.g. [2S04)]),

The necessity to consider generalizations of Radau points is connected to choices other than that
of the upwind numerical flux (see e.g. [CLYZ17]).



3 Equivalence between DG and Active Flux and superconvergence
of DG

In this Section, consider K > 1. Observe that the space VET! of continuous, piecewise polynomial
(of degree K + 1) functions has the same dimension as the DG space Vblf of piecewise polynomial
functions of degree K: both have K + 1 degrees of freedom per cell.

Definition 3.1. Methods My and My are equivalent, if there exists a bijection B from the degrees
of freedom of M1 to those of Mo, such that upon the action of B the update equations of the degrees
of freedom of My become those of Ms.

In the following we show that the DG method, naturally associated to ber( , 1s equivalent to
Active Flux, which is naturally associated to VE*!. Often methods are equivalent because they
consider different bases of the same approximation space (e.g. modal and nodal DG); in the present
case the situation is more interesting since the approximation spaces are not the same. Also, a DG
method with polynomial degree K is usually associated to a K + 1 order of accuracy; Active Flux
with polynomial degree K + 1 has order of accuracy K + 2 (JAB23]). The equivalence between the
methods thus is a path towards understanding the superconvergence of DG.

This paper has been greatly influenced by ideas in [Roel7] and [Coc25], one of which, however,
lacks a general proof, and the other does not make a link to Active Flux. In this paper we close
these gaps and generalize the results significantly.

3.1 One-dimensional linear problems

The semi-discrete Active Flux method f for the linear advection equation 0;q + U0,q = 0 for
U > 0 reads as follows:

d d
0. U—Q,; =0 14
at@irs TV Qi s 14
Az + —
d (k) Ak 2, bk QH_l - bk Qi_l
—Q;" —U— b i(x)d UA 2 2 =0 15
SQP U [T @)@ de U (15)
For U < 0, the point value is upwinded the other way:
d d
&Q”% + U@Qiﬂ‘ a0 (16)

2

In [Bar25b, BKL™25] also the average of these updates has been considered (central Active Flux):

dt 2

2

d 1 d d
Qi1 +5U (dei e T @Qiﬂ‘ _ Az) =0 (17)

The approximation @); in a cell can be written in a basis dual to the degrees of freedom

K-1
K+1 (k) K+1 K41 Ar Az

Qi) = Qg R+ X QUSE@ + Qi e ST 9

with basis functions RI{(/}'{I, S K+l ¢ pK+1 1 fact, RL /Jﬁ , associated to the point values, are Radau
polynomials with the choice I = [—%, %} in and with the normalization choice is as follows:

Ax Ax Ax Ax
K+1 K+1 K+1 K+1
R <—2> =1 RLT (—2) =0 RfT <2> =0 Rp" (2> =1 (19



Figure 1 Left: Radau polynomials RI{( *1 for values K € {1,...,5}, with Az = 1. Right: Overview
of the equivalent DG and AF methods and their degrees of freedom.
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The analogue of Equation for them reads
%
/ b(z)RE T (2)de =0  vbe PE! (20)

Az
2

Radau polynomials are thus a most natural ingredient of the approximation space of Active Flux.
Next, the equivalence between DG and AF for 1-d linear advection is shown. The DG method
for the linear advection equation is given by the variational form

Azx Azx =+ = —
1 2 d 1 2 Vg1~V g;_1
- - d _ U* / d U 2 2 — 0 21
Ax ,%Udtqz o Ax ,%qu v Ax (21)
for all v € PK ([—%, %D Here, ¢, 1 is obtained from the numerical flux le ~Uqas G 1:=
2 2 2
fix1/U (U # 0). The upwind flux amounts to the choices
2
+
A q; U=>0
q;, 1= L (22)
2 1 U<O0

We generalize [Coc25], and adapt the proof to Active Flux. First, upon an integration by parts,
can be rewritten as follows:

Az Az +/A + N _
1 /3 d 1 3 v (G —q7 ) —v (G —q;)
—q; d U "d U 2 2 =0 23
Az ,%vdtq T Az ,%vql T Az (23)
Observe that now

Az Az
_ 1 Az 1 Az

v © 4 RE g * L pK g, (24)

AT Ar) s ds

= —_— V—
Ax —as dx

and similarly for v+ and Rr. The latter equality holds true because v' € PX~1. The DG method
thus can be written as

1 Az d 1 Az
2 2
— v—q;dz 4+ U—-—

d N . _
Az ) o at A | a Ve Gy = @R + Gy — R ) do =0 (25)
T2 T2



Remark 3.2. Observe that the derivative in the second integral is a polynomial of degree K.

Identification 1. Given the DG approzimation, the mapping to the degrees of freedom of Active
Fluz is defined as

N\»—A

Qi1 = a4y QM = / brgide VK< K —1 (26)

Remark 3.3. Consider the upwind numerical flux for U > 0. Then, Q; 1 = q2-+7 but ¢, #
2
Qif% = qur—l'
Now, more can be said about the function appearing under the derivative in ([25)):

Theorem 3.4. The (broken) DG approrimation ¢; € PX augmented by the two Radau polynomials
G+ Qi — GHRE™ + (61 — ¢ )R (27)

is the (globally continuous) AF approximation Q; € PEX+ as it was introduced in Section .
Proof. Using the defining properties of the Radau polynomials and Identification |1| one finds

A A A 5
a(F)=0n  a(-F)=ey B[, new-a

Thus the DG approximation plus the scaled Radau polynomials is the (continuous) Active Flux
approximation (of one polynomial degree higher). O

The final question is whether the DG method implies the same update equations for the degrees
of freedom of Active Flux as the classical Active Flux method. It is answered in the affirmative by
the following

Theorem 3.5. For K > 1, consider the DG method ( with a linear two-point numemcal flux

f f (qr,qR) — f(qL,qR) such that f+1 = f(qZ qu+1) is a linear combination U(a™ —l—a ql_H)
of the two states. Then, this is the Actwe Flux method for the degrees of freedom gwen in the
Identiﬁcation with the average update and the point value update employing the same linear
combination of the two adjacent slopes, i.e.

d

dt
Proof. Use the form of the DG method: By Riesz’ representation theorem, there exist vy, v €
P¥ such that

d
Qi1 +U (04+in .

4
W o demL:_A;) —0 (28)

2

Ax
1 2 _
E / e V1.9; dl’ = qZ (29)
Ax / A, URYi dz = Q;r (30)
T2

By linearly combining for cells ¢ and 7 4+ 1 with, respectively, vgr and vy, as test function, one
obtains the evolution equation for @, 1 through Identification [I, Due to Remark the second
2

integral in will then be reducing, respectively, to the derivative of @); at T = and that of

Qi+1 at x = —A— , giving in total rise to the linear combination given in . For the choice of
the upwind flux thls reduces to Equations (14)/(16) and to . ) for the central flux. The update
equation for the moments is immediately obvious by choosing v = by. O



The approach immediately generalizes to linear systems in 1-d (see (4))).

Corollary 3.6. Consider the upwind fluzx and, for definiteness, U > 0. Then, the Active Flux
approrimation QQ; is

Qile) = aiw) + (61 — 7 )RE P (@) (31)

Active Fluz is a method of order of accuracy K + 2, while DG is usually associated with an order
of accuracy K + 1. However, at the zeros of Rf“ (so-called downwind Radau points, e.g. [YS12])
both approximations agree and the higher order of accuracy becomes visible as superconvergence of
DG. We cannot at this point establish the 2K + 1 superconvergence, valid only at the cell interface
and not in the interior Radau points.

Remark 3.7. For the central flux ¢, 1= %, the difference between the DG and the AF
approximations remains a weighted sum of both Radau polynomials. Their zeros are distinct such
that none of the two sets of points allows to measure superconvergence directly. However, one
can study the zeros of the weighted sum of Radau polynomials, see [FR20]. The superconvergence

would also become measurable in the moments (which agree), or upon post-processing.

Remark 3.8. The important Remark can be rephrased as: The derivative of the AF approxi-
mation is in the (broken) DG space. One will see below that the generalization of this statement
to multiple dimensions is not straight forward.

3.2 One-dimensional nonlinear problems

While the equivalence is very clear for linear problems, it is less so for nonlinear ones, since there is
no unique AF method for them. The point value update requires upwinding, and there are various
ways of splitting the Jacobian, and various ways of approximating the flux derivative (compare
Jacobian splitting in [ABK25| and Flux-Vector Splitting (FVS) of [DBK25]). We show in the
following that in the nonlinear case DG can be rephrased as a new Active Flux method somewhere
between the two choices cited.

To this end, consider the m x m hyperbolic system of conservation laws in this Section.
Choosing v =1 in yields the update of the average of the DG approximation

Az £ ¢
d 1 2 fiJrl — Ji-1
- - i d 2 2 32
dt Az | 2 T T A (32)
The average update (see (3)) for AF reads

d FQiy1) = Q1)

QI 4 —=2 = =0 (33)

dt Az

such that it is natural to identify the two averages and @, 1 := f 1 fl +1) wherever f is invertible.
2 2

(In our opinion this identification really justifies the name “Active Flux”.) For linear f, it reduces

to Identification |1| discussed previously. Then, the update equation for the point value must be

d s -1 [ af d of d _
&QH_% = (f (f 1(f7,+%))) <3qLdtq2+ + E)qutqH_1> (34)

with a two-point numerical flux f (gL, qr), as defined in (12).

10



. . . . + L

Reca}l the test functions vy, /g defined in (29)—(30), which project out g;-. Define also A, 1=

S/ (f7'(fiy1)), an (unusual) estimate of the Jacobian. Since f o ¢ is not in PE+1 (or not even
2

polynomial in general), one cannot proceed as before. Define thus a projection F; € PE+! of fog;
into the space of AF approximations such that

Az

2 K-1
/ b(F:— fog)ds =0 Wb e PE- (35a)

(35D)

1
2

A ~
Ff =F; <ix> = f(Qii%) = fix

Observe also that F' # fo@Q; in general. Then, the DG method becomes (no approximation here!),
v € PK

Ax Ax
1 (=2 d 1 [ vt ET — v  F
— —q; de — — 'F;d —r—t =9 36
Az _%vdtq o Aq;/_Asz T Ax (36)
Ax Ax
1 2 d 1 2 d
— —q; d — —F;dz =
Az 7%vdtq ac—i—Ax ,%de z=0 (37)

which is the equivalent of . Since %Fi € PX one concludes, as before

d o [(of d af d
Q= (M 0l
dtQ”% it+3 <8qL dx $:%+8QR dz” ! 1’—%”) (38)

Of course, the derivatives of F; are different from those of f o ¢;, which is where the projection
becomes relevant.

Example 3.9. For K = 1 one finds, with f; := ﬁ [ 2, flgi)dz

d 1 8f Gfi - 4f(Qz+%) - Qf(Q%%) 8f _6fi+1 + 2f(Qz+g) =+ 4f(QZ+%)
EQH‘% T it \ gr, Ax + Jqr Ax

<

Since the same Finite-Difference-like formulas are used as before, but applied to F' instead of
Q (as in (4)), it is worth introducing the notation

d d
+ . . . - . .
(DQi)™ = Q| ., (DQiv1)” = 7 Qi+t e (39)
Ezxample 3.10. Consider as f the global Lax-Friedrichs’ flux, such that
2 flqu) + f(q a
flau,qr) = (L)2(R) —5lar —av) (40)
for some a = const. Then
of _1,,
_ = 41
8QL/R 2(f (QL/R) Fa)) (41)

11



Thus, % are a particular way of choosing the positive/negative part Ji , of the Jacobian f’ at
2

x;, 1. With this, the above point value update can be written as
2

d
dt

1
2

_ -1 7+ N+ -1 57— ] —
QM% = <Ai+§Ji+§(DFz) +Ai+%Ji+ (DF;41) > (42)

Compare this to the approach

d _ + g -
GQies =~ (L (DQY* + T, (DQi)) (43)
from [ABK25] (where J* were instead defined via the eigenvalues of .J) and the one from [DBK25]:

d _ o

SQuy = (D +(Df5.)7) (44)
with the Flux-Vector Splitting fijE = %(f(Ql) + a@Q;) (for example). The DG-inspired AF thus is
closely related to existing variants of AF for nonlinear problems. <

Most importantly, one thus concludes that DG can be written as an Active Flux method even
for nonlinear problems.

3.3 Multi-dimensional linear problems on Cartesian grids
3.3.1 A special choice of degrees of freedom for AF

Above, it has been shown that in 1-d, the classical DG method for linear problems becomes the
classical AF method upon a suitable mapping of the degrees of freedom: the two methods are
equivalent in the sense of Definition A natural DG method on 2-d Cartesian grids employs
tensor-product basis and test functions.

It turns out (already for third-order accuracy) that it is not equivalent to the classical AF
method employing point values at edge midpoints, point values at nodes and cell averages. However,
equivalence can be shown for a non-classical point value update. Here, we find it more instructive
to instead consider a new, non-classical choice of degrees of freedom for Active Flux, but endowed
with a natural update, in a way made precise below. The new third-order accurate, tensorial
Active Flux method (see Figure [2) uses as degrees of freedom point values at nodes (as before), a
cell average (also unchanged) and one-dimensional averages along the edges (instead of values at
their midpoints):

Ay

_ 1 2
QH%,]' = Ay / Ay q(t,z,y)dy (45)

A

_ 1 2

2

These latter will be referred to as edge averages.

These degrees of freedom are those of Virtual Finite Elements (VEM) (see e.g. [BAVBC™13],
and in particular [ABL25| for their usage in Active Flux methods on triangular grids). These de-
grees of freedom might also call for comparison with those of the Whitney finite elements, which
associate to each k-cell (in the language of algebraic topology) an average over it. Here, however, ori-
entation is not taken into account and all variables remain scalars. One-dimensional averages were

12



Figure 2 Left: Classical degrees of freedom of Active Flux on Cartesian grids (third-order accu-
racy). Right: The modified degrees of freedom proposed here. The edge midpoints are replaced by
one-dimensional averages along the edge.

X—X—X X—=—X

X X I ]

X—X—X X—=X

also employed recently in [GHD™25|, albeit only as an approximation in conjunction with a split-
ting into one-dimensional problems, and not in an effort to explore alternative multi-dimensional
formulations of Active Flux.

The special property associated with the usage of edge averages instead of midpoints is the
tensor-product structure of the basis functions. If the one-dimensional AF approximation Q; is
written as

0
Qi) = Qi1 R (@) + Q1VSE (@) + Quy s RE T () (47)
(see Equation ), then the two-dimensional tensor-product approximation is
Qij(®) = Q1 ;1 REXL(@)REX, (W) + Quy j 1 RE AL (@) RE A, () + .. (48)
+ Qi SEA @)SER W) + Qi REL@)SEA () + Qs y R KL (@) SEA (9)
+ Qi,j—%sé,(&i (JT)RI{(,X;(?J) + Qi,j—&—%sé,(gxl( )R{:{QEJ( )
The usage of classical edge midpoints does not lead to a tensor-product structure of the basis
function of AF, as pointed out in |[Bar25b]. This property, however, is not used directly to show

equivalence between DG and AF below.
Simpson’s rule allows to convert between point values and edge averages without losing accuracy:

- Qi+%,j+% + 4Qi+%,j + Qi+%,j*%
Qiri;= 6

Why does it matter then whether a point value or a one-dimensional average is used? The difference
lies in what one considers their natural update.

Example 3.11. Consider linear advection with U*, UY > 0

g+ U%dyq +UY0yq=0 U, UY eRT 50
Y

(49)

The edge midpoint value is naturally updated as

d

aQH J+Um Qij

=0 ol
z=5% y=0 5D

r=5% y=0 >

2

0
"t Uy@@ij
while the edge-average is naturally updated by integrating over the edge and thus as

Qz‘—i—%,j—&-% - Qi+§,j—%
Ay

d
dy+UY =0 (52)
2

Ay
7Q _*_UZL TQQ
dt ity Ay J a0 0w 7 la=ge

13



The integral would be replaced by quadrature as:

Ay
1 [=2 0 1[0 0 0
Ay /AQ?J 8$QZ]L:A2’“' 4 6 (8$QU mZ%,y:% + 8:[3@” x:%,yzo + 8$QZ] x:%’“’,y:—?)
(53)
Explicit calculation (omitted) shows that and are not equivalent, in the sense that

d ~ 1/d d d
a9 g (a%;m Tt dt%;n—;) (54)
<

One can, however, use to define a modified update of @, 1 This way, one will end up
with an AF method employing classical degrees of freedom, in particular, point values at edge
midpoints, but with a new update prescription for the latter. We prefer the opposite choice here,
and use edge averages as non-classical degrees of freedom, but endow them with the natural update
2.

For completeness, the natural update of the nodal point values is (see e.g. [ABK25])

d 0 0
el 2 0., v 2 0. _
dtQ”%J*% +U (‘)xQ” =A% y=5¢ U (9wa p=Az Ay 0 (55)
and that of the average is
d o, e Qirds =Dty @it @iy
dtQU +U Ar +U Ay =0 (56)

Conversely, it should also be possible to stick to a classical AF method, but a devise a non-
classical DG method that is equivalent to it. We will address this as part of future work.

3.3.2 The equivalence of DG and AF

In this Section, we focus on showing equivalence between DG and tensorial AF in the multi-
dimensional case for linear advection only, and postpone the nonlinear case and that of systems to
future work due to not insignificant technical challenges associated with these.

Consider DG on Cartesian grids with a tensor basis, i.e. test and basis functions v(z)w(y),
v e PK ([—%, %]), w e PK ([—%, %]), for two-dimensional linear advection with no
restrictions on the signs of U* and UY:

1 51 3 da 15
= = o = = Lo [T - "TTY,. .
As /—A;” Ay /_Azvadtq” dydzx s /_A2z Ay /_A2y (v wUq;; +ow'U qZ]) dydz (57)

Ay + A~ — A Ax + A — A
1 2 Vgl =0 ¢ 1, 1 2 Wig; il —W g1
+ — wU” 2 22 dy + — vUY =2 ~ 2dx=0
Ay Ay Ax YT Az _ae Ay

Recall that f;’;

_is obtained by means of a numerical flux fx: RxR—Ras

1
- - Ax Ax
i+%7j(7f,y) =f (%’j (t, 2,y> s Qit1,j (t, —27?J>> (58)
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The time-dependence in ¢;; will be again omitted now, and analogously for fy.
Here, inJr%’j, (ji7j+%: R4 x R — R are obtained from the numerical fluxes f , =~ U%q, f” o~

it5.4 Lit+s
UYq as
ra x x rY Y Y
5L fi+$,j/U vt #0 5 fz‘,j+é/U ur#0 (59)
Gitl,5 - G j+3
2 0 else 2 0 else

The upwind flux amounts to choosing

. ~aii (BEy) Uu*>0 . _ qij(z, BL) Uv>0
Givsd = e

(60)
Gi+1j (—5%,y) else Giji1(z, —5Y)  else
Upon an integration by parts (57 becomes
1 51 % a 151 5 i ,
Ar | s Dy ) oo ’Uw&qij dydz + A | s Ay | s vw (U*0pqij + UY0yqi;) dydx (61)
-5 -3 -3 -7
Ay ~ Ax Ay ~ Ax
1 2 44 15— qz’j(T,y) 1 2 4,1~ Qij(_Tuy)
T Ux + 2 d T Ux — 2 d
TRy ) s Az N / a0 Az Y
Az A Ay Az A Ay
1 [T Qi jy1 = (T, 5) 1 [ G; j—1 — qij(2, —F)
_ Yo, b2 o Yy, — )73 _
+ Ar | s vUY%w Ay dx Ay /_A; vUY%w Ay dr=0

This makes it natural to define

= . Az . Ax
Tij(xay) = <qi+§7j — qij <2,y>> R}?Z{T(x) + (qi_é,j — 4ij (—2,y>) Rfii(m) (62)
R Ay . Ay
ri(x,y) = (q@'7j+é = qij <fU7 2)) R AL (y) + <qi’j_é — Gij <!L", —2>> RELL(y) (63)

Here the length of the interval involved in the definition of the Radau polynomial is made explicit
as an additional subscript. Since the test functions factorize, one immediately has

1 31 o8 1 & Ay
. 2 L 2 ’ T o s 2 BN 2 Iy -
Axr /A; Ay /Azvam dydxr =0 s e Ay /A2TJ vwry; dyde =0 (64)
since
4z Az
2 2
/A bef“dxz/A bRET Az =0  vbe PET! (65)
_Tx _Tx

By using the properties of Radau polynomials one thus finds

R N 9 1 1 % 9

M/_A; Ay/_AQy U’LU%TZ‘deL'dy: A:U/_A;Ay/_béy w%(vrij)dwdy (66)
_ 1 /A2y (y) +di+%,j — 4 (%ﬂg) _qi—%u' — dij (_%’y) d (67)
Ay _%w A Az v Az Y
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and analogously for the other direction. This can be used to replace the corresponding terms in
thus obtaining

Az Ay

2 1 2 1 2
Az / 5 Ay/ detq” dydz + eyl Ay /_AQy vw (U 0z(qij +135) + UY0y(gij + 7“”)> dydz =0
(68)

Remark 3.12. The situation at this point differs from that of the one-dimensional case (which was
Equation ): Observe that the derivatives in act on different functions, and neither g;; + 77,
nor g;; + r%’j equals the AF approximation (as will be shown next). This is actually very good news:
while both 0, (g;; + ;) and 0, (gi; +rf;) are in the DG space Q¥ the same first derivatives of the
QK+l AF approximation would be outside of this space. Having the AF approximation appear
there would not allow to generalize the 1-d approach.

Lemma 3.13. There exist C’ZgL, C'f]’R, C’gL, CRR € R such that

Qij = qij + 15 + 17 (69)
+ CHRERWIRER ) + CF RS @ RES, 0
+ OﬁLRfézau)Rﬁ;(y) + O Ry K (@) R Ky (9)
with 7“”, U given in is the AF approximation.

The proof can be found in Section [B] where it is shown that the statement of this Lemma is
independent of the definition of @, 1l

In 1-d, the point value of Active Flux could be directly linked to the numerical flux of DG (see
Identification . In multi-d, this has an analogy in the edge averages. The nodal point values,
however, involve the z-flux and the y-flux simultaneously. Consider from now on therefore the
following linear numerical fluxes:

R Ax _ Ax
qi+%,j(y) = a+Qij (2»?/> + o Gty <27y> (70)

A A
QZ,j+ ( ) ﬁ Q’l]( ) 2?/) +ﬁiqaj+1 <$7_2y> (71)

Consistency requires a™ +a~ = 7 + 3~ = 1. This allows to proceed to the following

Identification 2. Consider K = 1. Starting from the DG approximation, define the degrees of
freedom of tensorial AF as

Az Ay Az Ay
Ql+27]+1 = ot BT (2, 5 ) +a g (—2,2> (72)
Az Ay Az Ay
+045qw+1(2 —2>+045q@+1]+1( 27_2>
Ay Az
_ 1 2 - 1 2
Qi-l—%,j = Ky Ay qH_%,j(y) dy qu_% = Az | s qi,j%(w) dz (73)
2 2
1 (51
©._ * il
Qi = Az / a Ay / R gij(z, y) dydz (74)



This identification is reminiscent of the definition of the generalized Gauss-Radau projections
n [XZ22], which, however, do not themselves appear in this discussion. The choice of the point
value ensures that

Az _ Ax Ay _ Ay
+5 - +5 ;
o qi7j+% <2> + « qi+17j+% ( > BTq <2> + 8 qi+%7j+1 < 2) QZ+2,J+*

(75)
Remark 3.14. Consider U*,UY > 0 and the upwind flux. Then,
Az Ay
Qiyl iyl = dij (27 2) (76)

N

1 (¥ /A 1 5 A
5 [ (BT 2 — o 2Y
Qisi = 3y /A q” ( 2 ’y) v Cijet = A /A q” (w 2 ) = ()

The following Lemma establishes the update equations for linear combinations of some special
values of the DG approximation:

Lemma 3.15. For any o, 3,7,0 € R one has

Y

A
d 1 2 Ax Ax
th?//AQy (a%‘j <27?J> + Bqit+1,5 <—27y>> dy (78)

Ay

1 2
t 3y /A U (ozax(ql‘j +15)|, . +B00(gir1s + rg;l,j)]x_m> dy

2

1 R Ax Ax R Az Az
5 (s () s ()]s () ()

as well as

% Aa:/ <aqz‘j <m, Qy) + Bdij+1 (90,21/)> dz (79)
A A . A A
+ IU <|:an+ g < Zy) +/BQH_ ,]"Fl < 2y>:| - [Ol(h—&-%,] ( 2y> +/8qz—*]+l ( 2y>:|>

1 z Y Yy
+ Az /A; UY <aay(qij + Tij)‘y%y + 80y(gi j+1 + Ti7j+1)‘y_A234) dz =0

and
d Az Ay Az Ay Az Ay Ax Ay
dt (aqu( 9 ' 9 >+/8%+1,j <_ 9 9 )"”VQl,jJrl( B - 9 +5QZ+1,]+1 9 y 9
(80)
07 (adhlag +75)| o oy B0 )],
r=oY= T=—5 Y=

2 2 —2,y——2

+70:(gi g1 + 77 541) pBz Ay + 002 (gi+1,541 + Tf—ﬁ-l,ﬁl)‘xi Ay)

+UY (aay(qw‘ + T%)‘FM Loy OO i )|
27 2

y _
re _ ay T 00y (@it1541 +Ti+1,j+1)’ e Ay> =0

10y (@iger + )| s

=% =2 =T YT
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The proof can be found in Section [A.
Even though neither g;; + TU, nor g;; + r - agree with the AF approximation @;;, in certain
combinations they do agree along certain edges as the following Lemma shows:

Lemma 3.16. One has, for any x € [—M, M], and for K =1,

+B_Qi,j+1‘ Ay (81)

A

<

2

By + )|y T8 @i+ rii)| s, =B Qu)
-2

2

w\

A Ay]

and analogously, for any y € [-57, 5

a’(gi; + T%))ng + o (i1 + 7’§/+1,j)‘x:_M =a’Qy as T OfQHLjL A (82)
2 2 2 2

The proof can be found in Section
Theorem 3.17. For K =1, the DG method is the Active Flux method , f upon

identifications f.

Proof. The evolution equation for edge averages is obtained from (78) (Lemma [3.15) with o = o,
b=a":
Ay

d ~ 1 2
G0ty [,V ()| ravms | ) )
dt T Ay T =t P e

" AT;U ’ (Qi+%u‘+% = Quymg) =0

where has been used. Moreover, due to the integral property of Radau polynomials and the
tensor-product structure,

Ay Ay
2

2 2
/ 05(gij +rj;) dy = / 0:Qi5 dy (84)
_Ay _Ay

2 2
Then, this equation indeed becomes the natural update , with a regularization of the z-
derivative by means of the same upwinding as employed in the numerical flux of DG. Analogous
arguments apply for the perpendicular edge.

For the point value, consider witha=aB ., B=a B, y=a"p7,0 =a B:

d
&Qwé,jﬁ

+U* [a+3x (6*(%’ + Tfj)‘y,Ay + B7(gij+1 + rf,jﬂ)‘y_gy)

2

(85)

_Azx
T=7

+a” 0y (5+ Qi+1,5 +Tz+1,J)‘ Ay + B7(qir1,5+1 +7“f+1,j+1)‘ _Ay> ‘r AI}
2 2 -T2

=0
—)ls]

o[, <a+<qw it >(m_M o+
=2 =7 ¥y==

2

18



With Lemma this equation can be rewritten as
d
@QH%J% (86)

+U" [oﬁ@x <5+Qij Ay +5*Qw’+1‘y_ Ay) _Aa

2 2

+a” Oy </B+Qi+1,j Ay T B Qiv1+1 Ay) Az
2 Y 2 x:_T_

2 2

+UY |:B+8y <Q+Qij Ar + aQi+1vj‘x_m> Ay

+B870y (Oé+Qi,j+1‘ ae T Qir1jn1 Az) ) ay| =0
z=5% = y=—=

2 - 2

which indeed is the natural upwind point value update involving a weighted sum of the one-sided
derivatives to do multi-dimensional upwinding, and generalizing .
The update equation for the cell average follows from with the choice v =w = 1:

Az Ay

(0) 1 2 1 2 - N Y .
Q” Ar [ as Ay ) s (U (@i +1ij) + U0y g3y +7“z‘j)) dydz (87)

d 11 [ X 1[5
S o N § A v Y
@i TV AL Ay /_A2 (@5 +75) | s WHU'L, Ay/ (a5 +7%) | "

Here, again the integral properties of the Radau polynomials allow to rewrite this as

d 11 3 A 11 [% 4
— 200 d v
0=3% VN, / Q|8 WHU IR, / @i| s, v (89)

which is the usual update of the cell average for AF.

Remark 3.18. The zeros of RI{(Z; are straight lines parallel to the y-axis, and those of Rf&l/ are

parallel the xz-axis. At the crossing points, i.e. at all points
{(2,) - R{ A, (2) = 0 and R, (y) = 0} (90)

one has g;; = @y, such that the K 4 2 order of accuracy of AF becomes immediately visible as
superconvergence of DG.

4 Performance Comparison

In this section we investigate the performance of semi-discrete Active Flux methods in two space
dimensions of different orders, and compare to that of tensorial modal Discontinuous Galerkin
methods. We focus on Active Flux with the minimal possible number of degrees of freedom (point
values at the cell interfaces and moments), as proposed in [BCKL25|] (serendipity-type, called
therein GenAF(M)). This is not the new tensorial version for which equivalence for DG has been
shown above, but we prefer to compare with this more established version. Both methods are
implemented in a unified way, using identical routines for equivalent computational components
wherever applicable. For example, both types of methods use moments as degrees of freedom, and
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thus, the computation of them is done in a similar way. Also, we ensured that, for instance, the
computational effort to compute the reconstruction is of the same order of magnitude for both
types of methods.

In the following, N ger denotes the order of the Active Flux or Discontinuous Galerkin methods,
Nyots the exclusive degrees of freedom per cell and Nyqo5s the number of degrees of freedom accessible
per cell. This distinction is needed, since the point values of the Active Flux methods are shared
between neighbouring cells. The number of moments, edge point values and node point values
accessible per cell are named Nyom, Nedge and Nyode-

For the modal Discontinuous Galerkin methods we have the following relation:

2
Ntdofs - Ndofs - Nmom - (Norder)

The number of moments and point values per cell of the Active Flux methods is given by

1
Nnode = 4, Nedge = 4(A]Vorder - 2) and Nmom = max (17 §(Norder - 4) (Norder - 3))

and the number of (exclusive and accessible) degrees of freedom per cell is given by

1 1
Naots = ZNnode + iNedge + Nmom and Nidots = Nnode + Nedge + Nmom-

To compute the moments, integrals need to be evaluated numerically, which is done by a Gauss-
Legendre quadrature, whose order is chosen as the sum of the order of the method (Nyyqer) and the
largest exponent of the computed moment. If this value is even, then the next smallest odd number
is chosen. As a time discretisation, we use a three-stage, third-order and a five-stage, fourth-
order strong stability-preserving Runge-Kutta scheme. In Table [l an overview of the methods
considered here is given, where the highest order of integration used by a method of a given order
is denoted as Nipt ancli the CFL number as Ccpr,. In our case, the size of the time step is given by

At = CCFLAQZ = Norjer‘

Active Flux Method Discontinuous Galerkin Method
Norder | 3 4 5 6 7 2 3 4 5 6
Naofs | 4 6 8 12 17 4 9 16 25 36
Nidots | 9 13 17 23 30 4 9 16 25 36
Nmom | 1 1 1 3 6 4 9 16 25 36
Nedge | 4 12 16 20 - - - - -
Noode | 4 4 4 4 4 - - - - -
Ning 3 3 5 7 9 3 5 7 9 11
Cerr | 0.27 | 0.2 0.17 | 0.12 | 0.085| 0.2 0.1 0.05 | 0.02 | 0.01

Table 1: Overview of the different Active Flux and Discontinuous Galerkin methods.

4.1 Theoretical Expectations

Before we compare the measured results, we will investigate the theoretically expected asymptotic
behaviour of the Active Flux and Discontinuous Galerkin methods. First, we consider the runtime,
which will be denoted by 7, as a function of the grid and of the method. Using the unified
implementation, we expect

T = O(Ntimesteps : Nstages : Ncells : maX(Nmom - Nint - Ntdofsa Niom - (]\fint)2 : Ntdofs))7 (91)
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to be the asymptotic behaviour of the runtime of the Discontinuous Galerkin methods, where
Neels is the number of grid cells, Niimesteps the number of time steps and Ngtages the number of
stages of the time discretisation. Niimesteps, Nstagess NVtdofs and Niy; depend on the specific method
and Niimesteps and Neeps on the grid. For the Active Flux methods, we expect a slightly different
asymptotic behaviour:

T = O(Ntimesteps : Nstages * Neells - maX(Nmom * Nint * Nidofs, (92)
Nmom . (Nint)2 : Ntdofs; Ntdofsa Nedge : Ntdofs))a

where the number of the different degrees of freedom depends on the method. If we fix the used
method (varying Neens and thus Niimesteps i and only) and therefore consider 7 only as
a function of the grid, we expect for the Active Flux and the Discontinuous Galerkin methods:

T=0 ((Ncells)lﬁ) y

since the number of time steps depends on the chosen spatial step size and Ccpy,, which is fixed for
each method. Another option is to consider the runtime as a function of the numerical error which
again depends on the spatial step size. Let Ejo be the maximum over all [?-errors of the degrees
of freedom of a given method. If we consider 7 to be a function of £y and assume that Eyops is
unaffected by the error introduced by the time discretisation and thereby dominated only by the
spatial error, we obtain the following expected asymptotic behaviour of the runtime:

7= O ((Eaoss) Forir ).

Next, we will consider methods of different orders on a fixed grid and with a fixed time discreti-
sation. We define 75 to be the runtime per time step and obtain for the Discontinuous Galerkin

methods from and
Ts = O((Ntdofs)3) = O((Ndofs)3) = O((Norder)ﬁ)p

if we consider the runtime per time step as a function of the number of degrees of freedom or the
order of a specific method. For the Active Flux methods we expect a similar asymptotic behaviour:

Ts = O((Norder)G)-
If we consider the runtime per time step as a function of the number of degrees of freedom, we get
Ts = O((Ntdofs)g) and Ts = O((Ndofs)g)-

Concerning the total runtime 7, we expect for the Discontinuous Galerkin and the Active Flux
methods

T =Ts" O(Ntimesteps)a

where the number of time steps depends solely on Ccpr,. Hence, the asymptotic relation between
the total runtime and the order or the number of degrees of freedom per cell depends on the
asymptotic relation between Corr, and Norder, Ndofs OF Nidofs respectively.
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4.2 Numerical Results

For our performance study, we consider the linear advection equation
0iq + 0rq+ 0yqg =0

on [0, 1]? with Dirichlet boundary conditions and smooth initial data

2 2
qo(x,y) = 0.8 + exp (— <x0'005.5> - <y0'0(;.5> ) :

The spatial discretisation uses Cartesian grids with an equal number of cells in z and y directions
(i.e., Az = Ay). To obtain the numerical results, we compute the solution to this problem at time
T = 0.1 with the different Active Flux and Discontinuous Galerkin methods and measure the total
runtime, average runtime per time step and the I2-error of the different degrees of freedom. In
the following we will refer, for example, to a Discontinuous Galerkin or an Active Flux method of
order five with a SSPRK3 time discretisation as DG53 or AF53. For the first numerical test, we
consider the runtime 7 as a function of Nges. In Figure 3| one can see the measured runtime for
the different methods with different values of N (i.e., 202, 402, 802 and 160%). As one can see,
the Active Flux methods are overall significantly faster than the Discontinuous Galerkin methods
with the same order. Note that the curves for AF43 and DG23 and AF44 and DG24 lie on top of
each other. In addition, the measured runtime behaves as expected.

Figure 3 The total runtime of the Active Flux and Discontinuous Galerkin methods of differnt
order with respect to the number of cells.
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In Figure [4] one can see the runtime with respect to Egofs. For a given error, the Active Flux
methods are capable of computing the numerical results within a shorter runtime. The most
runtime-efficient methods with respect to the accuracy are AF33, AF43 and AF54. Furthermore,
note that the runtime of AF43 and AF53 appears to have a different behaviour than expected.
The reason for this is that the error of methods is presumably dominated by the error of the time
discretisation. As one can see in Table [2] the experimental order of convergences of both methods
differs from the formal order. By using a fourth-order time discretisation, the fourth and fifth-
order Active Flux methods achieve an experimental order of convergence of four and five. This
is not needed for the Discontinuous Galerkin method of order four, as the experimental order of
convergence for DG43 is already approximately four (see Table .
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Figure 4 The total runtime of the Active Flux and Discontinuous Galerkin methods of differnt

with respect to the error Eqofs-
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Az AF33 | AF43 | AF53 | AF34 | AF44 | AF54
0.05 - - - - - -
0.025 2.2924 | 3.4956 | 3.8381 | 2.3038 | 3.7278 | 4.3997
0.0125 2.7147 | 3.5786 | 3.5996 | 2.7077 | 4.0076 | 4.761
0.0625 29172 | 3.3618 | 3.2449 | 2.9138 | 4.0369 | 4.9365
0.003125 | 2.9762 | - - 29743 | - -

Table 2: Experimental order of convergence of the different Active Flux methods.

Az DG23 | DG33 | DG43 | DG24 | DG34 | DG44
0.05 - - - - - -
0.025 2.0138 | 3.0501 | 3.6359 | 2.0268 | 2.9636 | 3.6243
0.0125 2.4265 | 2.9529 | 4.0162 | 2.364 | 2.9496 | 4.0179
0.0625 1.9227 | 2.9984 | 3.9554 | 1.9225 | 2.9983 | 3.9536
0.003125 | 1.98 - - 1.9801 | - -

Table 3: Experimental order of convergence of the different Discontinuous Galerkin methods.

Next, we consider the runtime as a function of the order or the number of exclusive degrees of
freedom per cell and therefore all numerical results are computed on a 40 x40 grid with Az = 0.0125.
In Figure [b| one can see the measured average runtime per time step 75 and the total runtime 7
with respect to the orders of the methods. For a given order, the average runtime per time step
of the Active Flux methods considered here is shorter than the average runtime per time step of
the Discontinuous Galerkin methods. The difference is even greater for the total runtime, because
the Active Flux methods allow for a larger CFL number and therefore have fewer time steps. The
steep slope between the Active Flux methods of order five and six is due to the introduction of
new moments and the associated numerical computation of the integrals, which dominates the
runtime. Up to order five, the Active methods only have the zeroth moment (i.e., cell average) as
a degree of freedom, whose computation is significantly cheaper than the computation of higher-
order moments. Moreover, the measured results for the average runtime per time step correspond
approximately to the theoretical expectations.
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Figure 5 The average runtime per time step and the total runtime with respect to order of the
Active Flux and Discontinuous Galerkin methods.
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In Figure [6] one can see the runtime with respect to the number of exclusive degrees of freedom
per cell, which corresponds to the memory usage. The average runtime per time step of the Active
Flux methods up to order five is faster than the average runtime per time step of the Discontinuous
Galerkin methods. For order six and higher, the average runtime per time step of the Active Flux
methods is at least as fast as the average runtime per time step of the Discontinuous Galerkin
methods with the same time discretisation. The total runtime of the different Active Flux methods
is faster than the total runtime of the Discontinuous Galerkin methods. The reason for this is again
the larger CFL number of the Active Flux methods. In addition, for a given number of degrees
of freedom per cell, the Active Flux methods compute more accurate results, as one can see in
Figure [7| Especially the error for the Active Flux methods with a fourth-order time discretisation
is significantly lower than the error for the Discontinuous Galerkin methods with a similar number
of exclusive degrees of freedom per cell. In contrast, for a given order, the Discontinuous Galerkin
methods are more accurate than the Active Flux methods.

Figure 6 The average runtime per time step and the total runtime with respect to number of
exclusive degrees of freedom of the Active Flux and Discontinuous Galerkin methods
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Figure 7 The [?-error with respect to the the number of degrees of freedom and the order of the
different Active Flux and Discontinuous Galerkin methods.
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One way to find the most efficient method with respect to memory usage, accuracy and runtime
out of all the methods considered here is to find the one minimising

Naof - Edot * T

In Table [4] this value for the different methods at different grid sizes is displayed, and the smallest
value is highlighted. If one measures efficiency in this way, the Active Flux methods are superior
to the Discontinuous Galerkin methods.

An overview of the measured results for the different methods is given in Table [l where the
number of degrees of freedom, total runtime and {?-error for different grids are stated with respect
to the results for AF54.

5 Conclusions

In this work we have shown that in quite some generality, Active Flux and DG can be considered
to be essentially the same method—with the crucial difference, though, that AF is of order K + 2,
and DG only of order K + 1, unless the error is measured on certain points or some post-processing
applied. One can say that Active Flux is the high-order method “behind” DG, that becomes
visible e.g. in the Radau points. While a choice of bases (modal/nodal/etc.) in DG trivially leads
to equivalent methods, the equivalence between AF and DG is more complicated to see since the
spaces employed are different.

While the methods might be the same, different choices of degrees of freedom can entail very
different computational cost. We have performed experiments in order to measure runtime, ac-
curacy and memory usage in a unified implementation of both AF and DG, ensuring as much as
possible their comparability. In our experiments we find Active Flux to be more efficient than DG.
Especially the fifth-order Active Flux method with a fourth-order time discretisation appears to be
the most accurate and cost-efficient method in the regime considered.

A study of the relationship between AF and DG for multi-dimensional nonlinear systems is
going to be subject of future work.
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Table 4: The value Nyof - Eqof - 7- for the different methods and different gird sizes.

20 x 20 40 x 40 80 x 80 160x 160
DG23 | 0.0053 0.0098 0.0142 0.029
DG24 | 0.0087 0.0155 0.0235 0.0487
AF33 | 0.003 0.0044 0.0049 0.0052
AF34 | 0.0049 0.0067 0.0079 0.0083
DG33 | 0.0248 0.0225 0.0221 0.0199
DG34 | 0.0382 0.0369 0.0361 0.0332
AF43 | 0.004 0.0027 0.0017 0.0013
AF44 | 0.0056 0.0032 0.0015 0.0007
DG43 | 0.0566 0.0329 0.0146 0.0071
DG44 | 0.0924 0.0543 0.0243 0.0115
AF53 | 0.0074 0.0039 0.0024 0.002
AF54 | 0.0111 0.0038 0.0011 0.0003
DG53 | 0.1924 0.0307 - -
DGH54 | 0.3185 0.0514 - -
AF63 | 0.023 0.008 - -
AF64 | 0.0281 0.0015 - -
DG63 | 0.0905 0.0187 - -
DG64 | 0.0216 0.0164 - -
AF73 | 0.1284 0.0965 - -
AFT74 | 0.0077 0.0007 - -
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A Proof of Lemma

Proof. The starting point is with w = 1. The defining property of v* is that

Az
1 2y Ax
ar [ o P @te e =y (£570) (93)

These test functions exist by Riesz’ representation theorem, and they project out the corresponding
values of the derivatives, because these are in the same DG space (see Remark [3.12). Summing up
once with av™, and once with Bv~, shifted to i + 1, yields

Ay
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Finally, using one finds that

_Ay
Y= Ax Ay Ax Ax Ay
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Similarly, using v = 1 and w* one finds the analogous expression
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which is simplified by realizing that
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=5 . Ay R Ay
)]y = s (£5) s (55 %)

Y=

For the third expression, one combines the two approaches and obtains immediately
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B Proof of Lemma [3.13
Proof. By the fact that Radau polynomials have zero average it is clear that
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and also

Ay Ay
1 2 Ax 1 2 Ax Ax
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The other edge-averages are treated analogously. Finally,

Az Ay Az Ay y RR !
Qij (, 5 > = 4ij <2,2> + 73 pm e Tyl I +OG = Q1 1 (104)
which can easily be solved for C}}R:
A Az Ax A
RR _ . Y . - Y
Ciy~ =CQirtjrt ~lirdy <2> ~ i+l <2> + aij (2’ 2> (105)
(106)

Analogously, the other three nodal values allow to fix the remaining constants C{;L, C’{;R, C’EL. O

C Proof of Lemma [3.16

Proof. The expressions in question are second-degree polynomials. It is therefore sufficient to verify
that they agree in average and in value at the endpoints.
Consider first the average of the left-hand side of

Az
1 2
+(.. T,
Aw[yﬁa@+%m:

while the average of the right-hand side is, by continuity of the AF approximation
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which, with 87 4+ 8~ =1 and ( is indeed the same.
Observe now that the evaluatlon at x = 5% AT’ allows to simplify the expressions, using .
as follows:
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(109)
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(110)
where the last equalities are . The rest of the proof follows analogously. O
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