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Zusammenfassung

Diese Thesis behandelt die Existenz von Losungen des Anfangswertsproblems
fiir Systeme von eindimensionalen hyperbolischen Gleichungen. Wir beginnen mit
der Einfithrung von schwachen Losungen fiir das Anfangswertproblem und leiten
die sogenannte ,jump condition® her. Das ist eine wichtige Eigenschaft der schwa-
chen Losungen. Anschlieend betrachten wir ein spezielles Anfangswertproblem, das
Riemann-Problem. Wir zeigen, dass dieses eine schwache Losung besitzt, wenn der
Anfangswert gewisse Bedingungen erfiillt. Dafiir gehen wir auf Eigenschaften von
sogenannten ,,simple waves“ und ,,shock waves“ ein.

Wir nutzen unsere Ergebnisse anschliefend, um das Glimm-Schema einzufiihren.
Dieses Schema ermdglicht uns unter gewissen Bedingungen schwache Losungen fiir
das Anfangswertproblem zu konstruieren.

Abstract

In this thesis the existence of solutions of the initial value problem for systems
of one-dimensional hyperbolic equations is studied. We start by introducing weak
solution for the initial value problem and deduce the jump condition. An important
property, which weak solutions satisfy. Then a special initial value problem, the
Riemann problem, is considered. We show, that the Riemann problem has a weak
solution under some conditions. To prove that, some general theory of simple waves
and shock waves will be presented.

We will use the existence of solutions of the Riemann problem to introduce Glimm’s
scheme. This scheme is used to construct weak solutions of an initial value problem
under certain conditions.
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1 INTRODUCTION

1 Introduction

The aim of this thesis is to present a way to constructed weak solutions of the initial value
problem for systems of one dimensional hyperbolic equations using Glimm’s scheme. By that
the existence of weak solutions under some conditions for the initial value problem will be
shown. This topic is usually fairly extensive in textbooks. So, another goal of this thesis is to
focus on the essential parts. Therefore, important results needed to construct weak solutions
will be introduced in the first two chapters of this thesis. In the third chapter Glimm’s scheme
will be presented based on chapter 19 of [Smo94]|. Helpfull results from other references are
added to provide more insight, but the aim is still to focus on the essential parts.

We will start with some basics. Therefore, in this chapter we will define the one dimensional
system of hyperbolic equations and the corresponding initial value problem, which we want to
study in this thesis. Also we will generalize the notion of solution for the initial value problem
by introducing weak solutions. Finally we are going to deduce the so-called jump condition for
the weak solutions.

1.1 One-Dimensional Systems of Conservation Laws

Let U be an open subset of RY, N € N, and F : U — R" a smooth function. F is called the
flux function. We define the following system of equations

0 0
au(m,t) + %F(u(m,t)) =0, zeR,;t>0, (1.1)
where
uy(x,t)
u(z,t) =
un(z,t)

is a vector-valued function from R x R, into U. In this thesis R, = {z € R: 2z > 0}.

In physics such systems are used to describe the conservation of matter. By reason of that
(1.1) is called the general system of conservation laws in one space dimension. For example a
one-dimensional system of conservation laws can be used to model compressible gas flow in one
dimension [CM93]. We will give an example of a scalar conservations law used to model traffic
flow.

FExample 1.1. Let N =1 and p : R x R, — R be the density of cars. For example p could
be the number of cars per mile on a road. We can assume, that 0 < p(z,t) < ppaz, for some
constant pmar € R. So p(x,t) = 0 if a section of the road is empty and p(z,t) = pma. if &
section of the road is completely full of cars. Also we can assume the velocity of the cars is
bounded from above by some value v,,,,. For example this could be the speed limit. Then the
scalar conservation law

9 plast) + - F(pla, 1) = 0

with

F(p(a,) = tmnap(at) (1= 420

pmax

is a simple way to model the traffic low on this road.
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This example is taken from [Lev92], where one can find more details and other examples of
one-dimensional conservation laws. We now return to the general system of one-dimensional
conservation laws.

Definition 1.2. Let dF (u) € RN*N be the Jacobian matriz of F(u). We call (1.1) hyperbolic,
if for each u € U the matriz dF (u) has N real and distinct eigenvalues Ay (u) < ... < An(u).

This definition is according to [Gli65]. From now on we assume that (1.1) is hyperbolic.
We will study the initial value problem, also called Cauchy problem, for (1.1). That means we
want to find a function v : R x Ry — U, which satisfies (1.1) and the initial condition

u(z,0) = ug(x), z€R, (1.2)

where ug : R — U is a given function. The function u(z) is called the initial data. From now
on for simplicity we will call the initial value problem of (1.1) with initial data (1.2) the initial
value problem (1.1), (1.2).

In the next example, taken from [Smo94], we will see, that in general the initial value problem
(1.1), (1.2) does not have a continuously differentiable solution for all ¢ € R,. For the example
we need the following definition from [GR21].

Definition 1.3. Let Cy be the integral curves of the differential systems

d

= = Mz, 1)

where k € {1,..., N}. The curves Cy are called the characteristic curves of the k-th field.
Fzample 1.4. Consider the following scalar conservation law

1
au(a:,t) + %(i(u(:c,t))z) =0, zeRt>0. (1.3)
This equation is called Burger’s equation. We can write (1.3) to get
%u(z, t) + u(z, t)%u(z, t) = 0.

We will consider the initial value problem for 1.3 with initial data

1 iftx <0
w(z)=ql—2z f0<z<1. (1.4)
0 ite>1

Suppose a function u : R x R, — U is a continuously differentiable solution of the initial
value problem (1.3), (1.4), defined for all ¢ > 0. For any zq € R and ¢, > 0 consider the
characteristic curve through (zo,%p). Since N = 1 the characteristic curve through (zo, %) is
defined by (z(t),t), where x : Ry — R is the solution of the initial value problem for

Cfi_f =u(z,t),
with the initial condition
z(tg) = wo.
For all g € R and ¢y > 0 the curve exists at least in some small time interval. We have

d 0 d 9, 0 0
au(:v(t),t) = %u(x(t), t)%x(t) + au(w(t),t) = u(x(t),t)a—xu(x(t),t) + au(m(t}, t)=0
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So the function wu is constant along the characteristic curves and thus the characteristic curve
are straight lines in the x-t-plane. The constant slopes of the curves depend on the initial data.
Figure 1 depicts some of these curves for 0 < ¢t < 1. We can see that characteristic curves
intersect at the point (1,1). Since for example the characteristic curves through the points
(0,0) and (1,0) meet the point (1,1), the solution u should have the value u(1,1) = 0 and
u(1,1) = 1. Therefore the solution u cannot be continuous at that point. This hold for all
points, at which at least two characteristic curves intersect. So we cannot define a continuous
solution of the initial value problem for ¢ > 1.

Figure 1: The characteristic curves of the initial value problem (1.3), (1.4)

In the example we could see, that in general we cannot assume that the initial value problem
(1.1), (1.2) has a continuous solution for all ¢ > 0. If we want to define solutions for all ¢ > 0
we need to generalize our notion of solution in some way. We will do that similarly to [GR21].

Definition 1.5. Let C3(R x Ry )N be the space of all continuously differentiable function with
compact support in R x R, .

Let ug € L (R)Y, where L2 (R)Y is the space of locally bounded measurable functions. Now
assume u is a contlnuously differentiable solution of the initial value problem (1.1), (1.2). Let
¢ € CLR x R,)N. We multiply (1.1) with ¢ and integrate over R x R,. Then we get

// atxt ei (u(z,t))) - ¢z, t)dtdz = 0.

Note that the dot - denotes the Euclidean inner product on RY. We can use Fubini’s theorem
[Bau92] and integration by parts to obtain

/ / (xw+m( ».%M%m@m+[:%@yaammzo (1.5)

Definition 1.6. Let ug € LiS.(R)N. We call a function u € Li%(R x Ry)N a weak solution of
the initial value problem (1.1),(1.2) if u(x,t) € U almost everywhere and u satisfies (1.5) for
all o € CHR x Ry )N
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A continuously differentiable solution of the initial value problem (1.1), (1.2) is a weak solution.
That follows directly from the construction of (1.5). Now assume v : R x Ry — U is a
continuously differentiable weak solution of the initial value problem (1.1), (1.2). Let ¢ €
C3H(R x (0,00))", then with (1.5) we get

/ / —u 1) + (,f F(u(x,1))) - ¢z, t)dadt = 0.
Since this holds for all ¢ € CL(R x (0,00))Y, we have

0
au(m,t) + %F(u(a:,t)) =0

for all (z,t) € R x (0,00). Now we can multiply this by a function ¢ € C3(R x R, )" and again

use integration by parts and Fubini’s theorem to get

/ / (:c #) + Flu(,t)) - %(Z)(x,t)dxdtjt/o; u(z,0) - ¢(z,0)dz = 0,

Comparing this with (1.5) gives us

7 (u(z,0) — wo(a)) - 6(z,0)dx = 0.

— 00

Again this holds for all ¢ € C}(R x R;)". Thus u is a continuously differentiable solution of
the initial value problem (1.1), (1.2). We can conclude: A continuously differentiable function
u:R xRy — U is a weak solution of the initial value problem (1.1), (1.2) if and only if u is a
solution of the initial value problem in the classical sense.

1.2 The Jump Condition

We shall note that a weak solution of the initial value problem (1.1), (1.2) can be discontinuous.
This is important, since, as we seen before, solutions of the initial value problem are in general
not continuous for all t € R,. Let €2 be a smooth curve and assume () has a parametrization
of the form (z(t),t), where z : I — R is a smooth function and I an open interval in R,.
Assume a function u : R x Ry — U is a weak solution of the initial value problem (1.1), (1.2).
Suppose u has a discontinuity across the curve €2, u has well-defined limits on both side of €2
and is continuously differentiable on either side of the curve 2. Such a discontinuity is called a
jump discontinuity, according to [Smo94]. We now are going to investigate properties of such
a discontinuity. The next part is based on [GR21] and [Eva98].

Let P € R x Ry be a point on the curve 2 and V' C R x (0,00) an open ball centered at P.
Let V' be small enough, such that €2 separates V' into two components. Let V, and V; be the
components of V' separated by (2 as depicted in Figure 2. We assume V, lies on the right side
of the curve 2 and V; on the left. V, and V; are both open subsets of U.

Let ¢ € CH(V)Y, then with (1.5) we get

o_/ / (x £) + F(u(z, ))-%(b(x,t)dxdtjt/o:ouo(x)-¢(:L’,0)d:c
0 )
— //V u(:c,t)-ad)(x,t)jLF(u(:z:,t))-%qﬁ(x,t)da:dt,
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Figure 2: The open ball V' centred at P.

since ¢(x,t) = 0 for all (,¢) ¢ V. This leads to
0= //v u(z,t) - %WE, t) + F(u(z,1)) - a%(b(””’ t)dwdt
- // u(z,t) - %qb(“”t) + F(u(z,1)) - %(]ﬁ(x,t)dxdt
+ //w u(w, 1) - %dﬂw, t) + F(u(z,t)) - %(ﬁ(x, £)dzdt.

Now we define

ur(z(t),t) = lim u(z(t) + €, t)

e—0t

w(x(t),t) = 61_1)r51_ u(x(t) + €, ).

Seeing that ¢(z,t) = 0 if (z, t) € 0V we can use Green’s formula [Olv13] to get
J[] wtast) - 5otant) + Flute,0)- aﬁ¢(;¢,t)dmt
x

:-// (1) +— F(u(z,1))) - ¢, t)dodt
QﬂV(ur(at: Ove(z,t) + F(up(z,t))vi(x,t)) - p(x, t)d(QN V).

Here v(x,t) = (vi(z,t), vo(x,t))T is the unit normal to the curve 2 pointing from V; into V.
Considering that u is continuously differentiable in V,. and V; we get

0 0
au(x t) + %F(u(x,t)) =0,

for all (z,t) € V, or (z,t) € V}. So we obtain
// w(@,t) - 2 p(x,t) + Flu(z, 1)) - (%gb(x,t)dxdt

o V(ur(x vz, t) + F(uy(x,t))v(x,t)) - p(x,t)d(Q2NV)
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and in the same way

// (2,1) - 2 p(x,t) + F(u(z,1))) %¢(x,t)dxdt
/W(ul(x t)VQ(x t) + Fu(a, ) (x,1) -z, )dQN V).
This gives us
0= /Q () = (@ v, t) + (Flw(, 1) = Flus (@0, 1)] - oz, )d@ N V).
Recall that this holds for all ¢ € C}(V)¥, so we get
0 = (w(x,t) — up (2, ))va(w, t) + (Fluy(z, ) — Flup(x, )0 (@, )

for any point (z,t) on QN V. Since Q is defined by (z(t),t) the unit normal to the curve Q
pointing in the direction of V. is given by

V(a(i).f) = (2%33) - ﬁ ( ;&w) '

d
F(un(a, 1) ~ Flun(e, 1)) = (. 1) — w2, 1)) () (1.6)
for all (z,t) € QN V. Now for a point P’ = (z(t'),t') €e QN V, t' € I, define

So we get

[u] = w(P") = u(P)
[F(u)] = F(u(P') = F(ur(P))

The value s is called the speed of the discontinuity at the point P’. With that we can write
(1.6) at a point P’ as
[F(u)] = slu] (L.7)

The equation (1.7) is called the jump condition. The following theorem states an important
relation between weak solutions and the jump condition. The theorem is a simplified version
of Theorem 4.1 in [GR21].

Theorem 1.7. Let u: R xR, — U be a piecewise continuous differentiable function. Suppose
u only has a finite number of jump discontinuities across smooth curves. The curves can be
represented parametrically by (x(t),t), where x is a smooth function from some open Interval
I C (0,00) into R. Then u satisﬁes

[ e 2000+ Pt 0) - ool et =0

for all ¢ € CH(R x (0,00))N if and only if
(i) w is a solution of (1.1) in the domains, where u is continuously differentiable;
(ii) u satisfies the jump condition (1.7) at every point on every curve.

A domain is an open and connected set. At the end of this chapter we want to give an example,
taken from [GR21], that shows another important property of weak solutions: In general we
cannot expect that weak solutions of the initial value problem (1.1), (1.2) are unique.



1.2 THE JuMP CONDITION

FExample 1.8. Again consider an initial value problem for Burger’s equation

ot

with initial data

uo(z) {Z:

where uy,us € R. Then

U2

9 it + %(%(u(w,t)f) 0

ifz <0
ifz>0

if v < st
if x > st

u(z,t) = {u1

is a weak solution of this initial value problem if s = 1(uy + us). This follows from theorem

1.7, since

1 1
§(u1 +ug)(uy — up) = §uf - 3Us

So the solution satisfies the jump condition (1.7) along the discontinuity. Now choose an @ € R
with a > u; and a > —us, then

L,

wy if @ < sqt
(1) = —a ifsit<z<0
’ a iHf0<x< syt
us if sot < x

with s; = 1(u; — a) and s; = (us + a) is a weak solution of the initial value problem. Again
this follows from theorem 1.7. So we can see, the weak solution of the initial value problem
is not only not unique, but there are infinitely many weak solutions since there are infinitely
many options to choose a.
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2 The Riemann Problem

In this chapter we are going to introduce a special initial value problem for (1.1), the so-called
Riemann problem. We will show, that under certain conditions a weak solution of the Riemann
problem exists. Therefore we need to define shock waves and simple waves and deduce some
properties of them.

2.1 Definition

First we need to define the Riemann problem for (1.1). Let u;, u, € U. We will call the elements
of U henceforth states. The initial value problem for (1.1) with initial data

w ifr<0
— 2.1
uo(@) {ur ifz>0 (2.1)

is called the Riemann problem for (1.1). Remember we assumed that (1.1) is hybprbolic, so
the Jacobian matrix dF'(u) of F'(u) has N real and distinct eigenvalues A\ (u) < ... < Ay(u) for
all u € U. Corresponding to each eigenvalue we have a right eigenvector ri,(u) € RY defined by

dF (u)ri(u) = Mg (u)rg(u)
and a left eigenvector l;(u) € RN defined by

Le(w)TdF (u) = \p(uw)lp(u)”
for all k € {1,...,N}.
Theorem 2.1. Let dF(u) be the Jacobian matriz of F(u).

(i) The eigenvalues A\ (u) < ... < Anx(u) of dF (u) depend smoothly on u € U.

(ii) The left eigenvector l(u) and the right eigenvector ry(u) depend smoothly on w € U for
all ke {1,..., N},

Remark 2.2. The left and right eigenvectors of the matrix dF'(u) satisfy following properties:
(i) L(uw)” -rj(u) =0 for all k,j € {1,..., N} with k # j.
(ii) lp(w)® - ri(u) #0 for all k € {1,...,N}.

The theorem and the content of the remark are from [Eva98]. We will continue with some
definitions.

Definition 2.3. Let k € {1,...,N}. The pair (A\(u),rr(w)) is called the k-th characteristic
field.

Definition 2.4. The k-th characteristic field (Ax(u),r(w)) is called genuinely nonlinear if
VAk(u) - re(u) # 0

for allu € U. We call the k-th characteristic field linearly degenerate if
VAk(u) - re(u) =0

forallu e U.
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The definitions and the following remark are from [GR21].
Remark 2.5. For the scalar case N = 1 we have \(U) = 4L F(u) and r1(u) = 1. So

d? d?

VA (u) - ri(u) = T2 (

u)

Thus in the scalar case the characteristic field is genuinely nonlinear if dd—;F (u) # 0 for all
uel.

Regarding the following, we assume that (1.1) is genuinely nonlinear in each characteristic field.
That is because we only need that case in the next chapter. However it can be proven, that weak
solutions of the Riemann problem for (1.1) exist under some conditions if each characteristic
field is either genuinely nonlinear or linearly degenerate. For this case we refer to [HR15] or
[GR21]. For simplicity we normalize ri(u) and [;(u), such that

VA (u) - ri(u) =

1
L(w) - rp(u) = 1

for all k € {1, ..., N}. This normalization will be useful in the next parts.

2.2 Simple Waves

In this section we will develop some general theory of simple-waves. We start with some
definitions.

Definition 2.6. Let k € {1,...,N}. We call a function w: U — R a k-Riemann invariant if
Vw(u) - ri(u) =0

forallu e U.

Definition 2.7. A continuously differentiable solution of the initial value problem (1.1), (1.2) in
a domain D is called a k-simple wave, k € {1,..., N}, if all k-Riemann invariants are constant
in D.

These definitions are from [Lax57]. Before we continue we want to state some properties of
k-simple waves and k-Riemann invariants.

Theorem 2.8. For every k € {1,..., N} exist (N — 1) k-Riemann invariants, whose gradients
are linearly independent.

Theorem 2.9. Assume u is a k-simple wave, k € {1,..., N}, then the characteristic curves of
the k-th field are straight lines and u is constant along the characteristic curves.

These theorems are from [Smo94].
Now we will define k-centered simple waves, k € {1,..., N}, similar to [GR21]. Let u;,u, € U
and let u be the solution of the Riemann problem for (1.1) with initial data

(2) w ifz<0
up(x) =
0 u, if x> 0.
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Suppose v has the form u(z,t) = v(%) for £ > 0, where v : R — U. Such a solution is called a
self similar weak solution. Let D be a domain in the x-t-plane, where v and so v is continuously
differentiable. Then we have

o 0
o0 1) + dF (ula, 1) 5 -u(x,1) =0,

since u satisfies (1.1) in D. With u(z,t) = v(}) we get

r T 1 Ty o,y
—av (?) + ZdF(U(?))U (;) =0
and so . . .
(@F@() - (DY'(5) =0.

T

By setting v = 7 we obtain

(dF(v(7)) =7 (y) = 0.
Therefore one of the following two condition must hold for v:
(i) v'(v) =0
(ii) v'(v) = a(y)ri(v(y)) and A\g(v(7y)) = 7 for some function a: R — R and a k € {1, ..., N}

With the normalization from before we get

d

1=2EAAUWD==VAMM7»-WMOZO&ﬂVAAMVD-m@Wﬂ)Zah&

So the conditions simplify to
(i) v'(7) =0
(ii) v'(v) = re(v(v)) and A\g(v(7y)) =~ for a k € {1,..., N}

Now let v : R — U and v. : R — U be two functions. We assume v, is continuously differentiable
satisfying the second condition for a fixed k£ € {1,..., N}. Also we suppose v.(Ax(1;)) = w; and
Ve( Ak (ur)) = up with Ag(u;) < Ag(u,) for some states u;, u, € U. Then we can define a function
u:R xR, — U by

for t > 0 and

w ifx<0
0) = 2.2
w(,0) {m it >0 (2:2)

for t = 0. Thanks to our findings before, u is a self similar weak solution of the Riemann
problem for (1.1) with the initial condition (2.2). The function u in the z-t-plane is depicted
in Figure 3.

Lemma 2.10. The k-Riemann invariants are constant for all (z,t) € R x Ry with \g(u;) <

10
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Uy

N4

Figure 3: The function w in the x-t-plane

Proof. Let w be a k-Riemann invariant then

d d

;W (e() = Vw(ve(r)) - gove(n) = Va(ve(7) - ra(ve(v)) = 0
So since u(z,t) = v.() for all (z,t) € R x Ry with A\ (u;) < 7 < Ae(u,), t > 0, the k-Riemann
invariants are constant for all (x,t) € R x Ry with Ap(u;) < § < Ae(u,), t > 0. O

Therefore if A (u;) < Ar(u,) u is a k-simple wave in the domain defined by A\x(u;) < 7 < Ai(u,),
t > 0, because u is a continuously differentiable solution in that domain. If \g(u;) = g (u,)
then u, = u; and so u(z,t) = vy, for all (x,t) € RxR,. Hence u is a k-simple wave in R x (0, c0).
This justifies the next definition.

Definition 2.11. We call such a self similar weak solution of the Riemann problem of (1.1)
with the initial condition (2.2) a k-centered simple wave connecting the state u; to u, on the
right.

Suppose we have a state u; € U given, then we want to find all states u,, € U in a neighborhood
of u;, that can be connected to u; on the right by a k-centered simple wave. Therefore we will
prove the following theorem. The proof is based on [GR21].

Theorem 2.12. Let w; € U be a given state, then there exists a 79 > 0 and a smooth func-
tion R : [—Y0,7%) — U, such that the set {R% (¢) : € € [0,7]} consists of all states in a
neighborhood of w; which can be connected to u; on the right by a k-centered simple wave.

Proof. Let u; € U, k € {1,..., N} and consider the initial value problem for

with the initial condition

11
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According to [MM54], there exists a unique solution vy () on an interval [Ag(w;) — o0, Ak (w) +70)
for a 79 > 0 sufficiently small. Since

VA (vr(7)) - mi(ve(7)) = 1,

we obtain
TN0)) = PAuon)+ n(3) = VM) - ru{un() = 1
Hence
Me(Ur (7)) = Ak (Wr(Ak(w)) = 7 = Me(w)
and so

Ak(vr(7)) =7
Let u, € {vg(7y) : v > 0}, then Ag(u,) > A\e(w;) and vg(Ax(u,)) = u,-. By our findings before the
function u : R x Ry — U defined by

(i if % < )\k(ul)
u(z,t) = Jup(%) if Ap(w) < ¢ < Ne(uy)
Uy if ¥ > A(uy)

for t > 0 and

( 0) up ifx <O
U:U, =
u, ifx>0

for t = 0 is a weak solution of the Riemann problem for (1.1) with initial data

o () = w ifxz<O0
O u, if x> 0.

So the state u, can be connected to u; on the right by a k-centered simple wave. Therefore
the set {vk(y) : v > Ak(w)} consists of states, which can be connected to w; on the right by a
k-centered simple wave. If v < 0 we have \g(vg(y)) < Ag(w), so vg(y) cannot be connected to
u; on the right by a k-centered simple wave. In the set

{u e U Mp(ve(M(w) — 7)) < M) < M(oe(Ar(w) +70)) }

are no other states, that can be connected to u; on the right by a k-centered simple wave.
Assume there is a state

u' € {u €U Ne(vr(Me(uwr) —70)) < () < Ne(wr(Ae(w) +70))}

and v’ ¢ {vr(y) : v > A\k(w)}, that can be connected to w; on the right by a k-centered simple
wave. Then per definition Ag(u’) > Ag(u;) and there exists a function o (y) with 0, (Ax(w)) = w
and 0y (7') = u’ for some 7' > A (). Also

Thus, according to [MM54], 9, = vg. This is a contradiction to our assumption. So the set
{vk(7y) : v > Ak(w)} consists of all states in a neighborhood of u;, which can be connected to
u; on the right by a k-centered simple wave. Now define Rﬁl :[0,7v%] — U by

Ry (e) = vi(e + Ae(w)).

This completes the proof. O
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2.3 SHOCK WAVES

We conclude this subsection by stating an important result of this theorem.
Corollary 2.13. The derivatives of R}, () are given by
(i) iR, (e) = (RS, (€))

(i1) 4= RS, (e) = Eri(RE ()

Proof. This follows directly from the definition of R (¢). O
Remark 2.14. For € = 0 we get
(i) ZR:(0) = ri(u)

(i) LRk (0) = Vrg(w) - ri(w)

2.3 Shock Waves

In this chapter we want to deduce a similar result for k-shock waves, k € {1,...,N}. Let
ur,u; € U be two given states and s € R, then we define a function v : R x Ry — U by

if t
ER R S (2.3)
u, if x > st.

The function u is a weak solution of the Riemann problem for (1.1) with initial data

up(z) =

w ifx<O0
u, if x> 0.

if s satisfies the jump condition
s(u, —w) = F(u) — F(uy,).

According to [GR21], we call such a weak solution a discontinuity wave. The function u in the
a-t-plane is depicted in Figure 4. If for some states u;, u, € U the Riemann problem for (1.1)
with initial date
w ifxz<O0
uo(x) = {

u, if x> 0.

has such a solution, we say u; can be connected to wu, on the right by a discontinuity wave. For
a fixed state u; we now want to find all states, that can be connected to u; on the right by a
discontinuity wave. Therefore we are going to prove the following theorem. The proof is based

on [GR21] and [Eva98].

Theorem 2.15. Let u; € U, then there exist N smooth functions Sffl E—=U,ke{l,.,N},
where E is a neighborhood of 0 small enough. The set {Sfjl (&) : &€ B ke {l,..,N}} consists
of all states u, near u;, such that there exists a real number s with

s(up — ) = F(w) — F(u,).

13



2 THE RIEMANN PROBLEM

(0 / Uy

v

Figure 4: The discontinuity wave connecting u, to u; on the right in the z-t-plane.

Proof. Let u; € U be a fixed state. For any state u € U we can write

F(u) — F(w) = 01 %F(ul +o(u—w))do

_ /01 dF (w1 + o(u — w))do (u — w).

Set .
Ay (1) = / dF (u; + o(u — w))do,
0
then the jump condition can be written as
Ay (u)(u— ) = s(u—uy). (2.4)

Note that .
Ay (W) = /0 dF (u + o(w — w))do = dF (w)

and so A, (u;) has N real and distinct eigenvalues A\i(w;) < ... < Any(w). Since dF(u) is
smooth, there is a neighborhood N,, C U of u;, such that smooth functions A\g,, : M, — R,
Tewy  Nuy = RY, Dy, Noyy — RY exist, with

Mo (W) = A (), T (W) = TR(w), Ui, = Ui ()

and

Ay ()7 kg (W) = My ()78 (1)
i (1) Ay (1) = N () ()

for k € {1,..., N}. A state u € N,, satisfies (2.4) if and only if a k € {1, ..., N} exists, such that
§ = Mgy (1) and a(u — u) = 7p,(u) for an a € R. Since

lk,uz (u)TTj,ul =0

14



2.3 SHOCK WAVES

for j € {1,..., N} with k # j, we have a(u — u;) = 74, (u) if and only if
L (W) (u — ) =0

for all 7 € {1,..., N} with k # j. This gives us N — 1 equations for each fixed k, which u needs
to satisfy. We define

Gr(u) = My(u)(u — w)

with
ll,ul (U)T

_ lkfl,uz(u)T
Mi(u) = Ve, (u)"

lN,ul (U)T

So Gj.(u) is a smooth function from N, into RY. Let dG}.(u) be the Jacobian matrix of Gy (u),
then
I (ur)

| e ()™
de(ul)_ lk+1,ul(ul)T

lN,ul (ul>T

Since 1, (w) = lj(w) for j € {1,...,N}, dGi(w) has rank (N — 1). Thus there exists a
p € {1,..., N}, such that dGj(w;) without the pth column is a (N — 1) x (N — 1) matrix
with full rank. Also we have Gy(u;) = 0. Let w; = (u},...,u])" and u = (u',...,u™)T, then
by the implicit function theorem [Dei21] there are open neighborhoods Mj of u] and My of

(Ul .oey uf’_l, Pt uM)T and a unique smooth function
H{fl : M1 — MQ
with
Hy (v) = (Hy (), oo HyV 1),
such that

Gr((Hy (7)o Hi? 7 (), 7 Hu? (1), s HiN 1)) = 0
for all v € M;. Also we have
w = (Hy' (u]), ooy HyP 7)), HyP (uf) oy HiV 7 (u])T

Now let
M={ueU: @@, uP ' utt  u) e My ul € M}

If there exists a state v’ € M such that Gi(u’) = 0, then there exists a 7y € My, such that
Gr(u') = Gp((Hy' (7)o HyP =M (), 7, HP (), H V1))

15



2 THE RIEMANN PROBLEM

Per definition is M a neighborhood of ;. Thus we can define

HE(E + uf)
HEP=L(E +up)
Sk &) = e+ul
HEP(E + uf)

Hyp ¥ (€ + )

Then S} (€) is a function from E' = {€ € R: £ +u] € My} into M. The set {S} (§) : { € E'}
consists of all states v in M, such that

lk7ul ('U,)T’r‘]’ul = 0

and so
Ay (u)(u —w) = s(u—w),

where s = Ay, (u). We can find such a function for each k € {1,...,N}. So we can choose a
neighborhood E of 0, such that the states u, € {SF (§) : € € E,k € {1,..., N}} are the only
states in a neighborhood of u;, for which a real number s exists with

s(up — ) = F(w) — F(u,).

This finishes the proof. O

To conclude our findings let u; € U be a fixed state, then in a neighborhood of wu; the states
Uy € {Sﬁl(f) &€ E ke{l,.., N}}, are the only states, such that

w ifz<st
b)) = 2.5
u(, 1) {ur if x> st (25)

is a weak solution of the Riemann problem for (1.1) with initial data

(i ifx <O
_ 2.6
o (@) {ur ifx>0. (26)

Also s = Mg, (u,) for some k € {1,..., N}. We can now define shock waves like in [Lax57].

Definition 2.16. We call the discontinuity in the weak solution (2.5) of the initial value problem
(1.1), (2.6) a k-shock wave, k € {1, ..., N}, if following two conditions hold

(1) Me(up) <8 < Aggr(uy)
(’L’L) )\k,l(ul) <s < )\k(ul)
These conditions are called the Lax entropy conditions.

Remark 2.17. If N =1 then the conditions simplify to

F'(w) < s < F'(u,)

16



2.3 SHOCK WAVES

If the discontinuity in the weak solution (2.5) is a k-shock wave, then we say the state w, is
connected to the state w; on the right by a k-shock wave. Our aim is to find the set of all
states in a neighborhood of u;, that can be connected to the state u; on the right by a k-shock
wave. The states in a neighborhood of u;, which can be connected to a u; on the right by a
k-shock wave are obviously a subset of {S§ (€) : € € E,k € {1,..., N}}. But before do that, we
will prove the following corollary of the theorem before. The proof is taken from [GR21] and
[Lax57].

Corollary 2.18. Let SSZ, ke {1,..., N}, be the functions obtained in the theorem before, then
we can choose parametrization, so that

(i) £Su,(0) = ri(w)

(ii) 5%,(0) = V() - re(w)
(i1i) 5 New (S5,(0)) = 3,
where € is the new parameter.

Proof. Let u; € U and k € {1,..., N}, then from the proof of the last theorem we know

= L (S3,(6))" (S, (6) — 84, (0))
for all j € {1,..., N}\{k}. Thus we can write

0=limi; (S, (f))T(i(Sffl (€) = 85,(0))) = lj(uz)ngsffl(O)
Since 1;(u)"ry(w) = 0 for all j € {1,..., N}\{k} we get
C%SSZ(O) = ark(w)

for some a € R. We can choose a new parameter d, such that £ = ié . So we obtain

Now if we differentiate the jump condition
Mk (S4,(8))(S, (8) — w) = F(S},(8)) — F(w)

with respect to 9, we obtain

5 (S5 8))(S5(6) = ) + Mo (S5 (6) e S5.5) = (S5 (6)) 35559
and
d k k d k d k k d2 k
M (SE(9))(5,6) = ) + 23 X (51 (8)) 1 (0) + N (85, (6)) 5555 (6)
d d ., &2
= SAF(S5,(6)) 4554 (0) + dF (S5 () 3555% 6)
For 6 = 0 we get
d> d d

(dF (ur) = M(w) 73 S (0) + d(de(Sfl (0))ri(w) = 2%Ak,ul(551(0))7‘k(ul)- (2.7)

17



2 THE RIEMANN PROBLEM

If we differentiate

dF (Sy, (9)r1(Sg, (6)) = Mie( Sy, (6)ri (S, (6))
with respect to 6 we get

d k k k d k
SSAF (L () r(S5 (8)) + AF(E(8) 7=k(5(8))
d

= V(S5 (5)) - S5 (Bl (5)) + Me(S% (9) eri(E (6)).

For 6 = 0 this becomes

(dF(Ul> - )\k(ul))Vrk(ul) . rk(ul) + %dF(SSl(O))Tk@Ll) - V)\k(ul)rk(ul)rk(ul) =0. (28)

Now we can subtract (2.8) from (2.7) and obtain

d2

(dF(w) — )\k(ul))(@&’fl(o) — Vri(w) - (w))
d
+ V)\k(ul)rk(ul)rk(ul) = Z%Ak,ul(ssl(O))rk(ul) (29)
If we multiply (2.9) with [;(u;)" on the left we get
d 1 1
%Ak,uz(sf,(o)) = 5 VA(w) - re(w) = 3.
We can use that in (2.9), so
d2
(dF(w) — Ak(“l))(@%(o) — Vri(w) - (w)) = 0.

So there exists a # € R, such that

2
é%§S$(O)::VM%(UO'Tk@M)*‘ﬂrk@”)

Again we can choose a new parameter €, so that

0= g — 5682.
With that we obtain P
d—éSffl(O) = Vri(w) - re(ug).
Also with this parametrization we have
d
d—gsffl(o) = ri(w)
and p .
— e (SE(0) = =
dE k. l( ul( )) 2
This finishes the proof. O

Henceforth we choose the parametrization of S} in such way, that the condition (i) - (iii) from
the corollary hold. We now can prove the main theorem of this subsection. The theorem and
the proof are based on [Smo94].
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2.4 SOLUTION OF THE RIEMANN PROBLEM

Theorem 2.19. Let w; € U and S} (¢), k € {1,...,N}, the functions obtained in the last
theorem. Then if € is sufficiently small, the state S{fl (€) can be connected to u; on the right by
a k-shock wave, if and only if € < 0.

Proof. Choose u; € U. We know for some small ¢ the state S} (¢), k € {1,..., N}, can be
connected to u; = Sfjl(()) on the right by a discontinuity wave. The discontinuity is a k-shock
wave if

(1) Ae(S, () < Ak (S, (8)) < Aeyr (S5, (€))
(i) Ae-1(55,(0)) < Ak, (S5, (2)) < A(S,(0))

Note that

L OW(SE 0)) ~ A (85,(0))) = VAm) - 7al) — S (SE0) =1 2 >0, (210)

Assume ¢ is small enough and £ > 0 then A (S} (€)) > A, (S5 (€)). So the discontinuity is not
a k-shock wave. Now assume ¢ < 0 sufficiently small, then )\k(Sfj (€)) < Ak, (S (€)) and since

lim Ay (S () = Ae(w),
lim >\k+1(55,( ) = Mg (w),
we get Ay, (SE (€)) < Aes1(S5 (€)), because A (SE (0)) < Ars1(S5 (0)). So we have
(85, (€)) < Ak (83, (€)) < k1 (S (€))
for e < 0 sufficiently small. Also from (2.10) we get A, (S5 (€)) < Ak(S} (0)) and since
lim A, (Sy, (€)) = Ak(Sy,(0) > A1 (S,,(0))

we have
Me-1(S5,(0)) < Ny (S5, (£)) < (S5, (0))
for € < 0 sufficiently small. H

So it follows, if u; € U, then there exists an interval [gg,0) with €y < 0 sufficiently small, such
that {S% (¢) : € € [€0,0)} consists of all states in a neigborhood of u;, that can be connected to
u; on the right by a k-shock wave.

2.4 Solution of the Riemann problem

Now we can finally prove the existence of weak solutions of the Riemann problem for (1.1).
Let w; € U and k € {1,..., N}. According to the previous two sections, we know that there are
constants 7o > 0 and gy < 0 such that in a neighborhood of u; the set {Rf (¢) : ¢ € [0,70]}
consists of all states in that neighborhood that can be connected to wu; on the right by a k-
centered simple wave and {SF (¢) : ¢ € [g0,0)} consists of states in that neighborhood, that
can be connected to u; on the right by a k-shock wave. Similarly to [GR21], we can define a
function UF : [0, 7] = U by

U (0) = Sk(e) ife<0
“ R: () ife>0.

So the set {Uf (¢) : € € [g0,70]} consists of all states in a neighborhood of u;, that can be
connected to u; on the right by a k-centered simple wave or a k-shock wave.
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2 THE RIEMANN PROBLEM

Lemma 2.20. The function Uf (¢) is twice continuously differentiable.

Proof. We know the functions S} (¢) and R} (¢) are smooth. Also

d d
RS (0) = riu) = 5,0

de
and » »
@Rﬁl(O) = Vri(w) - re(w) = d—é;?Ssl(O)‘
So Uf (e) is twice continuously differentiable in & = 0. O

Remark 2.21. Since U} (¢) is twice continuously differentiable in ¢ = 0 we get

UIZ (6) = u + €Tk(ul) + %€2V1“k(ul) . rk(ul) + 0(63). (2.11)

Assume ug, uy,us € U, such that u; = U,l’fo(sl) and uy = Ufjl(sg) for some €;,e5 € R and
ke {1,...,N—1}. Then ug can be connected to u; on the right by a k-centered simple wave or
a k-shock wave and u; can be connected to us on the right by a (k + 1)-centered simple wave
or a (k + 1)-shock wave. Thus the Riemann problems for (1.1) with initial data

1 uy ifx <0
= 2.12
() {u1 ifx>0 ( )
and
if 0
Ba)=1" 1S (2.13)
ug ifz>0

have weak solutions. We can put these solutions together to obtain a solution for the Riemann
problem for (1.1) with initial data

if
uo(z) = {0 MY (2.14)
uy if x > 0.

Assume for the moment, that ¢; > 0 and &5 < 0, than the Riemann problem for (1.1) with
initial data (2.12) has the solution

vi(,t) = QRE (%) if Ae(uo) < % < Ap(un)
Uq if )\k(ul) < %

for ¢t > 0 and u(x,0) = u}(z) for t = 0. The Riemann problem for (1.1) with initial data (2.13)
has the solution

oo, 1) = uy Af T < Ny (u2)t
2 U if A(k+1),ul (Ug)t <.

By saying we put these solution together we mean we define a function v : R x R, — U by

U if % < Ag(up)

(e, 1) = RY (%) if Me(ug) < 2 < Mo(w)
Uy if )\k(ul) < % < )\(k—i-l),ul (u2)
(O i A1), (u2) < 7
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for ¢ > 0 and u(x,0) = ug(z) for t = 0. This is possible, because Ag(u1) < Agks1), (u2). The
function w is a weak solution of the Riemann problem for (1.1) with initial data (2.14). Figure
5 shows w in the z-t-plane. The fan consisting of straight lines represents the k-centered simple
wave and the single straight line the (k4 1)-shock wave. We can also define such a weak solution
u, if 1,69 >0, 1,60 < 0 or g1 < 0,65 > 0. With that knowledge we can prove the following
existence theorem. The proof is based on [GR21] and [Eva98].

%) Uy U2

WV

Figure 5: The weak solution u in the z-t-plane.

Theorem 2.22. Let u; € U, then there exists a neighborhood N of u;, such that if u, € N,
then the Riemann problem for (1.1) with initial data (2.1) has a weak solution. The solution
consists of at most (N — 1) domains in the z-t-plane, where the solution is constant, that are
connected by k-shock waves or k-centered simple waves, k € {1,...,N}. A solution of this kind
s unique.

Proof. Let w; € U and let € be the set of all € = (g1, ...,ex)T with &1,...,enx € R sufficiently
small. Then we can define a mapping 7,, : £ — U by

Toy (&) = UN(UN (UM (ug; 1)) .5 6n),

where U*(uy; e1,) = Uffl (ek), k € {1,..., N}. This mapping is twice continuously differentiable,
because the functions U*(u;; ;) are twice continuously differentiable. We also have

7:”(0) = Uy.
We will show, that
N
7:”(&‘) :ul+25krk(ul)+(’)(|£|2) (215)
k=1

With (2.11) we get
Ujl (e1) = w + 1 (w) + O(e?)
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2 THE RIEMANN PROBLEM

Then we have

U?(UNug;1));62) = U (wg + e17m1(wg) + O(€1); €2)
= +e1r1(w) + (9(5%) + eoro(uy + ey (wy) + (9(5%)) + (9(5%)
= u; + &1 (wy) + eama(wy) + O(sf + 53)

So by induction we obtain (2.15). Let d7,, be the Jacobian matrix of the mapping, then we
obtain

AT, (w) = (r1(w), ..., v (w)).

Since 71 (w), ...,y (u;) are linearly independent, d7,, (w;) is invertible. So by the inverse function
theorem [Forl7] there exists a neighborhood N of w; such that if u, € N the equation

T (€) = ur (2.16)

has a unique solution &’ € £. Set ug = UHUI'(...(U" (u;€}))...;¢,) for ¢ € {1,..., N} and
up = w;. Because (2.16) has a solution, uy can be connected to u; on the right by a 1-shock
wave or a 1-centered simple wave, u; can be connected to us on the right by a 2-shock wave or
a 2-centered simple wave and so on. Finally uxy_; can be connected to uy = u, on the right by
a N-shock wave or a N-centered simple wave. Thus for all p € {0,..., (N — 1)} the Riemann
problems for (1.1) with initial data

() = u, ifx<0
Upyr x>0

have a weak solution

Up if 3 < Apya(up)
vp(z, t) = Rﬁf(%) if Ap1(up) < F < Apa(ups1)
Upt1 if Apt1(up+1) < 7

for t > 0 and u(z,0) = ug(z) for t =0 if £,44 > 0 or

o) = Uy if @ < A1, (ups1)t
Y Upsr I Appr (upsr)t <z

if e,41 < 0. We can put all these weak solutions together, like shown before, to get a weak
solution of the Riemann problem for (1.1) with initial data

(2) w ifz<0
up(x) =
0 u, if z > 0.

This weak solution consists of at most (N — 1) domains in the z-t-plane, where the solution is

constant, which are connected by shock-waves or centered simple waves. Since the solution of
(2.16) is unique, a solution of this kind is also unique. O
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3 Glimm’s Scheme

In the previous chapter the existence of weak solutions for the Riemann problem for (1.1)
under certain conditions was shown. As we know, the Riemann problem is a special initial
value problem. In this chapter we intent to present Glimm’s scheme, which is also known as
the random choice method. This scheme provided the earliest way to construct weak solutions
of the initial value problem (1.1), (1.2) under specific conditions for the initial data. In other
word, we will present a way to show, that the initial value problem (1.1), (1.2) has a weak
solution if the initial data satisfies certain conditions. This chapter is based on [Smo94] with
additions from [Dafl6] and the original paper of James Glimm [Gli65].

3.1 Definition of the Scheme

Our aim is to find weak solutions of the initial value problem (1.1), (1.2). We assume without
loss of generality, that U is a neighborhood of Oy = (0,..,0)T € RY. Also we suppose (1.1)
is hyperbolic and genuinely nonlinear in each characteristic field. For u € U we denote the
Jacobian matrix of F'(u) by dF(u). Like in the chapter before, let Aj(u) < ... < Ay(u) be
the eigenvalues of dF'(u) and 71 (u),...,ry(u) and Iy (u), ..., [x(u) the normalized right and left
eigenvectors to the corresponding eigenvalue.

We will now present Glimm’s scheme, which can be used to construct weak solutions of the
initial value problem (1.1),(1.2). The general idea of the scheme is to separate our initial value
problem (1.1), (1.2) into Riemann problems. We know from chapter 2, that the Riemann
problem has a weak solution, if the two states of the initial data are sufficiently close. The
ideas is to obtain a weak solution of the initial value problem (1.1), (1.2) with help of the weak
solutions of these Riemann problems.

We will define the scheme like [Smo94]. Choose neighborhoods Us C Uy C Uy C U of Oy.
Let U; be a compact neighborhood and choose Us in such way, that by theorem 2.22 a weak
solution of the Riemann problem for (1.1) with initial data (2.1) exists for every u;, u, € Us and
the range of the weak solution is in Us. Remember this solution consists of at most (N — 1)
domains in the x-t-plane, where the solution is constant. These domains are connected by
shock-waves or centered simple waves. Also there is no other solution of this kind. We then
choose Az, At > 0, such that

A
sup{A;(u) :u € Uy, j€{1,..,N}} < Ki (3.1)

Thus ﬁ—f = ¢ for some ¢ > 0 and henceforth we consider At = %Aaz as a function of Az. Now

define
Y={(m,n):(m,n)€Z* (m+n)mod2=0,n>0}
A= ] {lm—1)Az, (m+1)Az] x {nAt}}.
(m,n)ey

We consider every factor of A as a probability space under ﬁ times the Lebesgue measure.
So we consider A as the product space under the product measure. We denote the measure of

the factor [(m — 1)Az, (m + 1)Az]| x {nAt} by df,,, and the product measure by df. Then we

have
/ a9 =1
A
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because of the way we defined the measure. Now choose 6 € A and let
Omn € [(Mm —1)Az, (m + 1)Az] x nA

be the components of §. We call the points 6,,, the mesh points. Since § € A is arbitrary
chosen, the scheme is also called the random choice method.

Let uaz g be an approximate solution for some Az > 0 and § € A. Assume ua,p is defined at
mesh points ,,—1 1, Omi1.n, (M—1),1n),((Mm+1),n) € Y, and uaz 9(@m-11); Uarz.o(Omi1n) € Us.
Then the initial value problem for (1.1) with initial data

UAz,0(Om—1,) if . <mAx
U =
0 UAz,0(Oms1,n) i mAT <z

can be considered as a Riemann problem and so has a solution v for ¢ > nAt, that consists of
at most (N — 1) domains in the z-t-plane, where the solution is constant, which are connected
by shock-waves or centered simple waves. Now we set

UAz,0 (em,n—i—l) = ta(lginl)At U(gin,n—l—la t)

where O i1 = (0}, 415 02 )" Also we set
unzg(x,t) =v(z,t) for (m—1)Az <z < (m+1)Az, nAt<t<(n+1)At.
Note that ua,¢(z,t) is a weak solution of the Riemann problem for (1.1) with initial data
up(z) = uazg(x,nAt)

in this rectangle. We can repeat this process as long as the range of the solution of the
Riemann problems stay in Us. Assume for some n € N, ua,9(z,t) is defined for all z € R,
nAt <t < (n+ 1)At, then for all ((m —1),n) € Y, uazo(z,t) is a weak solution of the initial
value problem for (1.1) with initial data

up(z) = uazg(x,nAt)

in the rectangle defined by (m — 1)Az <z < (m + 1)Az, nAt <t < (n+ 1)At. If z is near
(m —1)Az or (m + 1)Ax we get with (3.1)

uAmﬁ(x; t) = uAm,G(em—l,n)
or

UAz,0 (.’17, t) = uAm,9(9m+1,n)-
So uazg(z,t) is weak solution of the initial value problem (1.1) with initial data

up(z) = upgg(x, nAL)

for all x € R,nAt <t < (n+ 1)At. At the moment we need to solve two problems:

(i) The range of the solutions of the Riemann problems need to be in Us, such that we can
define the approximate solution for all (z,t) € R x R,.

(ii) For Az — 0 and so At — 0 the approximate solution has to converges to a weak solution
of the initial value problem (1.1), (1.2).

We will start by solving (i). Therefore we are going to deduce bounds for the approximate
solution.
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3.2 BOUNDS FOR THE SOLUTIONS OF THE RIEMANN PROBLEM

3.2 Bounds for the Solutions of the Riemann Problem

In this section we will show some estimates, that will help us to deduce the bounds for the
approximate solution. Suppose we have a Riemann problem for (1.1) with initial data

up(z) =

u, ifx<0
w ifz>0

with u;, u, € U, then we will call it for simplicity the (u;,u,) Riemann problem. If u; and
u,. are sufficiently close, the (u;, u,) Riemann problem has a weak solution, that consists of at
most (N — 1) domains in the z-t-plane, where the solution is constant, which are connected by
shock-waves or centered simple waves according to theorem 2.22. If we talk about a solution
of the (u,, ;) Riemann problem, we always mean such a weak solution. From the proof of
theorem 2.22 we know a unique € = (q,...,ex)? € RY and unique states ug, ...,uy € U with
ug = u; and uy = u, exists, such that

Uy = UiO(El)
Ug = U51(€2)

unN = Uii\zf\r—1 (€N)

We call the states ug, ..., un the intermediate states and € = (g1, ...,ex) the magnitude of the
waves of the solution of the (u;,w,) Riemann problem. Also for simplicity, we will call the
j-shock wave or j-centered simple wave connecting the domain, where u(z,t) = u;_; to the
domain, where u(x,t) = wu; the j-wave connecting w;_; to u;. For the moment, let us call
the j-wave connecting u;_; to u; «, then the strength of « is denoted by |a| and defined by
al = [&;l-

Suppose uy, U, u, € U and sufficiently close to On. Then the (u;,u,), (u, uy,) and (wy,, u,)
Riemann problems have a solution. We know want to investigate how the magnitude of the
waves of the solution of the (u;, u,,) and (ty,, u,) Riemann problems influence the magnitude
of the waves of the (u;,u,) Riemann problem. Therefore we are going to prove the following
lemma. The proof is from [Smo94] with some minor additions from [Gli65].

Lemma 3.1. Let uj, upy,u, € U be three states that are sufficiently close to Oy. If the (u,u,),
(ug, Um) and (U, u,) Riemann problems have a solution, where respectively e = (g1,...,en)T, v =
(Y15 oo, )T, 0 = (01, .., 0n)T € RY be the magnitudes of the waves and ug, ...uy € U uy, ..., ul, €
U, ug,...,uy; € U be the intermediate states of the solutions. Then we have

gj =5 +0; + O(|v[[o]) (3.2)
forallje{1,...,N}.

Proof. Assume w, u,,,u, € U and sufficiently close to Oy, such that the (u;,u,), (u,un)
and (uy,,u,) Riemann problems have a solution, where respectively ¢ = (e1,...,en)T,y =
(1, yN) T, 6 = (01,...,0n)T € RY are the magnitudes of the waves and ug,...,uy € U,
ug,y ..., ul, € U and ug), ..., u}; € U are the intermediate states of the solutions. From the previ-
ous chapter we know for i € {2,..., N}

1
Ui = U(i—1) + 5iTi<u(i—1)) + §€?VT'L(U(1—1)) : ri(“(i—l)) + O(&??)
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By induction we obtain
1
=+ Zsjr] (w)+ D e Vrglw) - rp(w) (1 — iépq) + O(le?),
1<p<qg<N
where d,, is the Kronecker delta. So we get
1
—w = Zsﬂ“] (w) + Z epeqVrg(ur) - mp(w)(1 — §5pq) + O(le?)
1<p<q<N

and similarly

Up — Um = iéjrj(um) + Z 0p0q Vrg(tm) - mp(um) (1 — %(510(1) + O(|5!3)-

Jj=1 1<p<q<i

Also for i € {2,..., N} we have

1
Ui—1) = U — V4T (uz) + % VTZ(ul) T'L(UZ) + 0(7?)

So again by induction we get

L500) + O([?).

Uy — Uy = Z —7i(Um) + Z Vo YaVTg(Um) - p(tm) (1 — 5

Jj=1 1<q<p<i

We can use (3.4) and (3.5) to obtain

Up — U = Up — Uy, + Uy, — U = Z(6J - f}/j)rj(um) + O((|7| + |)‘|>2>
j=1

(3.3)

(3.4)

(3.5)

(3.6)

Let u,, be fixed and consider € as a function of v and ¢, then according to [Gli65] and [Smo94],

this function is continuously differentiable and since e =0 if vy =6 = 0 we get e = O(|| + |9])
if the states are close enough to Oy. Also fori € {1,...,N}
ri(w) = ri(tn) Z%Vm ) 75 (tm) + OV ), (3.7)

7=1
so we obtain
Uy — Uy = ng w) + O(([y] +101)?) Zﬁm um) + O((|7] + 161)%).
Jj=1 j=1

If we compare this with (3.6) we get
i =7+ 6 + O((Iv] + 16])?).
Now we can use this and 3.7 in 3.3 to find

Zé—?]r] Um) + Z EpEqVTq(Um) « Tp(tm) (1 — %5@1)

1<p<q<N

= 2 &7 Vrg(um) - p(tm) + O] + [0])7).

p,g=1
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So finally if we compare this with (3.4) and (3.5) we get

i_vjl ri(tm) i_vjl S0+ 8+ (3 8+ 58— 2D V(o) - 7ifun)
B jr_ . ;<N(5p5q — (% + ) (9 + 0g) + (% + 09)%) Vg (um) - 7 (1)
+&j§iNCJﬁ%4—hq+50%JVm@mJ~w@m0+éﬂﬂﬂ-FMDﬂ
= 1<p§:;7q6p(v7~p(um) T () = Vrg(um) - 7p(um)) + O((I7] + [0])*).

Then we have

2_: 05)7i(um) = O(]19])

and since r1(ty,), ..., "n(um) are linearly independent we get €, = v; + 0, + O(|7||d]) for all
j € {1,..., N}, which proves the lemma. O

Definition 3.2. Let uj, up,, v, € U and assume the the (u;, u,,) and (um,,w,) Riemann problems
have a solution. Let y = (y1,...,yn) and 6 = (01, ...,0n)T be the magnitudes of the waves and
Uy ooyt € U, ufy ...,y € U the intermediate states of the solutions. Let j, k € {1,...,N}. We
call the j-wave connecting u;_l to uj; and the k-wave connecting uy_y to u} approaching if one
of the following conditions hold

() § >k
(i) j =k and v <0 or dp <0
Let

6) = > 1llol, (3.8)

where the sum is over all pairs of (v;,0k), for which the j-wave connecting u;_, to u; and the
k-wave connecting u}_, to u} are approaching.

This definition is according to [Smo94]. In the next theorem we will improve the estimate,
which we obtained in the lemma. Again the theorem and proof are based on [Smo94].

Theorem 3.3. Let uy, uy,, u, € U be three states that are sufficiently close to Oy. If the (uy, u,),
(ug, Um) and (tm,, u,) Riemann problems have a solution, where respectively e = (g1,...,en)T, v =
(Y1, o) T, 0 = (01,...,08)T € RY are the magnitudes of the waves and ug,...,uy € U,
Uy ooy s, € U, ug, ..., uyy € U are the intermediate states of the solutions. Then we have

gi =7+ +D(v,0)0(1) (3.9)

Proof. Like in proof in the lemma before, we assume wu;, u,,, u, € U and suppose the states
are close enough to Oy, such that the (u;,w,), (u;, up) and (u,, u,) Riemann problems have a
solution. Let ¢ = (g1, ...,en)T Y = (71, - aVN) § = (61,..,0n)" € RY be the magnitudes of
the waves and g, ..., Un, Ufy, .., Uny, Uy ..., UN € U be the intermediate states of the solutions.

Assume D(v,0) = 0. Let k € {1,...,N} be the largest index, such that v, # 0, so v =
(Y1, -, V&, 0, ..., 0)T, then per definition of D(v,d) we have 0y, ...0;_1 = 0. If 7, < 0, then (5k =0.
So we have u) = u,, = u}, and we can put the solutions of the (u;,u,,) and (u,, u,) Riemann
problems together and get a solution of the (u;,u,) Riemann problem. Since such a solution
is unique we get ¢; = 7; for i« < k and ¢; = ¢; for i > k. If 7, > 0, then 6 > 0. In that
case uj_, can be connected to u,, on the right by a k-centered simple wave and u,, can be
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connected to uj on the right by a k-centered simple wave. Hence we can connect uj_, to uj
by a k-centered simple wave. So we can put the solutions together and obtain the solution of
the (u;,u,) Riemann problem, since such solutions are unique. So ¢; = ; for i < k, g; = §; for
1>k and g = Y, + 0. So to sum up we get

gi=7%+0;+D(v,0)0(1)

for i € {1,..., N}. This proves the theorem for the case D(v,d) = 0.
Now we will prove the theorem by induction. If § = (0, ...,0)7, then D(v,d) = 0 and so

€i =% +0; +D(v,0)O0(1)
fori € {1,..., N}. Let p € {1,...,.N} and assume
gi =% +0; + D(7,0)0(1)

for i € {1,...,N} if 6 = (61,...,0p-1,0,...,0)". Now suppose & = (dy,...,8,,0,...,0)7. Set
A= (61,.,0p-1,0,...,007 and Ay = (0, ...,0,6,,0,...,0)7, such that A + Ay = 4.

Then the (um,,u, ;) Riemann problem has a solution, where A = (dy,...,6,-1,0, ..., 0)7 is the
magnitude of the waves. Consider the (uy, ug_l) Riemann problem. If the states u,., u,,, u; are
sufficiently close to Oy, it has a solution. Let p = (py, ..., px) be the magnitude of the waves
and vy, ..., v, the intermediate states of this solution. Define y = (p1, ..., un)T by p; = p; if the
J-wave connecting u’;_; to u} and the p-wave connecting w;_; to u; do not approach and p; = 0
otherwise. Also define v = (vy,...,un)T by v; = 0 if u; = p; and v; = p; otherwise. Of course
i€ {l,...,N}. Note that ; =0if i > pand v; =0if i <p. So p = pu+ v. Also we define

M L if p, =0
"o\, ifp, £0.

Because the (u, ), (Um,u, ;) and (u;,w; ;) Riemann problems have solutions, where v, A
and p are the magnitudes of the waves of the solution, we can use the induction hypothesis and
obtain

pi =7+ Ai+D(y,A)0(1).
for i € {1,..., N}. Because 6 = A + Ag, D(v,A) < D(v,0d), we get

pi =%+ A +D(v,6)O(1)

or

pi =i + 6; — 0ipdp + D(v,0)O(1). (3.10)

Now consider the (@, u,) Riemann problem, which again has a solution if w;, u,,, u, are close
enough to Oy, and let m = (7, ..., 7y)? be the magnitude of the waves of the solution. Since
Ap is the magnitude of the waves of the solution of the (uj_;,u,) Riemann problem and v =
(v1,...,vn)" is the magnitude of the waves of the solution of the (@, u,_,) Riemann problem,

we get with the lemma before
i = Vi + 0ip0p + [V][0,|O(1).

fori € {1,..,N}. If i < p, v; = 0so |p]|6,| = 0. If i = p we either have v, = 0 and so
[Vp|[0p] = 0 or v, = p,, when the p-wave connecting u;, ; and u, and the p-wave connecting
ug_l and u, are approaching. With 3.10 we get v, = 7, + D(7,6)O(1) in that case. So this
gives us

Vpl10p] < 10p[(170] +D(7,0)O(1)) < (1 +6,|O(1))D(v,9) < D(v,0)O(1)
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since |yp||0p] < D(v,0). If ¢ > p then the i-wave connecting u; ; and ] and the p-wave
connecting w;_; and u; are approaching and we get with 3.10 like before

|vill6,| < D(v,6)0(1)
since §; = 0 for i > p. We can combine our findings to get |v||d,| < D(v,d)O(1). And so
i = Vi + 00, + D(7,6)O(1). (3.11)

Now define 7 = v + Ag. Then if the states u;, u,,, u, are close enough, there exists a state
@, such that @ = (71, ..., 7x)7 is the magnitude of the waves of of the solution of the (i, @)
Riemann problem. Also p = (1, ..., )T is the magnitude of the waves of the solution of the
(uy, U,,) Riemann problem. Note

(ii) if i = pr ps = 0 or v, = 0 and so the p-wave connecting u}_, to u, and the p-wave
connecting w;_; to u, do not approach

(iii) if i > p: pu; =0
So D(p, ) = 0. Let us consider the (u;,@,) Riemann problem, for which a solution exists if
Uy, U, Uy are close to Oy and let &’ = (¢],...,€/y)T be the magnitude of the solution, then

€5 = Wi + Ty = pti + Vi + 0ip0y
since the theorem holds for D(u, ) = 0. Also with p = v + p and (3.10) we have
Vi + 0 = pi + v + 0ipdp + D(,0)O(1).
So we obtain
g; =7 + 0 + D(7,0)O(1).

According to [Smo94] and [Gli65] there exists a continuously differentiable function for ,y,, that
maps the magnitudes of the waves of solutions of (u,, U,,) and (%, u,) Riemann problems to
the magnitude of the waves of the (u,,u;) Riemann problem, where u,,u, € U and sufficiently
close to ,,. Therefore we get

le —¢&'| < |m— 7| O(1).

With 7 = v; + 0,0, and (3.11) we get |7 — 7| = D(7,0)O(1) and so we obtain
& =%+ 6 + D(7,6)O(1).

So the theorem holds for § = (81, ..., 8, 0, ...,0)T. This completes the proof. O

3.3 Bounds on the Approximate Solution

In this section we want to obtain the desired bounds on the approximate solution. In [Smo94]
this is a bit vague. So we will give additional details from [Daf16] and [Gli65]. Therefore we
are going to define mesh curves, like in [Dafl6]. Let ua, 9 be an approximative solution, then
remember our mesh points are 0,,,, (m,n) € Y. We will now consider piecewise linear curves,
which are connecting the mesh points. Let 0,,, n,, ..., O, n,., 7 € N, be a finite sequence of mesh
points, such that m; ;1 =m; +1and n;yy =n;+1orn;.; =n;—1forallie {1,...r—1}. We

connected 0,,, », t0 Oy, ., by a linear curve. So we obtain a piecewise linear curve.
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Figure 6: A mesh curve I with and immediate successor .J.

We call such a curve a mesh curve and 6,,, ,, the start point and 6,,, ,, the end point of the
mesh curve. Let us assume we have two mesh curves I and J, which have the same start and
end points. We call J an immediate successor of I, if J and I go through the same mesh point
except for one. As one can see in Figure 6, I and J enclose a region in the z-t-plane. We call
such a region a diamond. If two mesh curves I and J have the same endpoints and there is a
finite sequence I = Iy, ..., I, = J, r € N, of mesh curves, where [; is an immediate successor of
I;_q for all i € {1,...,r} then we call J a successor of I. For simplicity if we say o € I, then «
is a j-wave of the approximate solution crossing I, j € {1,..., N}. Also for simplicity we will
just talk about waves. By that we mean j-waves for j € {1,..., N}. We will now expand our

definition of approaching waves to mesh curves.

Definition 3.4. Let J be a mesh curve and o a j-wave and a [ k-wave of an approximative
solution crossing J. We say a and B are approaching if one of the following conditions hold

(i) j # k and the wave with the higher index crosses J on the left of where the wave with the
lower index crosses J

(i) j =k and a # B and at least one of the waves is a shock wave
Definition 3.5. For a approximative solution and a mesh curve I we define

(i) L(I) =3 |a|, where the sum is over all waves o crossing I

(ii) Q(I) = |a||B|, where the sum is over all waves o and [3, which crosses I and approach

For simplicity we write
(i) L(I) ={la|:a €I}
(ii) Q(I) =>A{lal|B] : a, B € I and approach}
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The definitions are from [Daf16]. We will use £ and Q to prove bounds on the approximative
solution. We start with a simple lemma.

Lemma 3.6. Let I be a mesh curve, then Q(I) < L(I).

Proof. We have
Q(I) =>_lal|f| : o, B € I and approach}

<> lollBl:a, B €I}
< L(1)?
0

Let wup,um,u; € Uz and v = (y1,...,77)T, § = (1,...,0n)" and € = (&1,...,en)T are the
magnitudes of the waves of the solutions of the (u, w,,), (tm, u,) and (u;, u,) Riemann problems.
According to [Gli65], with theorem 3.3, we can choose a neighborhood of Uy C Us of Oy, such
that a constant ky > 0 exists, so that

les| < |vil + 16i] + koD(v,0) (3.12)

for all i € {1, ..., N}, if the range of the solution of the (u;, u,,) and (u,, u,) Riemann problems
are in Uy. With that we can prove the following lemma, which gives us some properties of £
and Q. The proof is based on [Smo94].

Lemma 3.7. Let ua,p be an approximate solution and let I be a mesh curve and J and
immediate successor of I. Let Oy, 41 be the mesh point on J, that is not on I and 0., ,_; the
mesh point on I, that is not on J. Assume uayyg is defined on the mesh curves and the range of
the approximative solution on the mesh curves is in Uy. Then the (uaz.o(Om—1.n), Ureo(Omn—1))
Riemann problem has a solution, where v = (v1, ..., 7)) is the magnitude of the waves and the
(urz.6(Omm—1); Urz.o(0mi1n)) Riemann problem has a solution, where § = (01,...,0n5)" is the
magnitude of the waves. Then

L(J) < L(I) + NkeD(,0) (3.13)

and
Q(J) — Q(I) < L(I)NkoD(v,6) — D(v,6). (3.14)

Proof. The mesh curves I and J form a diamond, as depicted in figure 7. There are waves
crossing in and out of this diamond. The waves are represented by straight lines. Let u,, =
UAZ,0(Omn—1)s Up = Uaz0(Om—1n) and vy = uaz 9(Omi1n)- SO Vg, U, v, € Uy. By the uniqueness
of the solutions, the waves crossing inside the diamond are the waves of the solutions of the
(vg, Um) and (u,, v,) Riemann problems. Let v = (71,...,7x)7 be the magnitude of the waves
of the solution of the (v,,u,,) Riemann problem and let 6 = (dy,...,dx)” be the magnitude of
the waves of the solution of the (u,,,v,) Riemann problem. The range of these solutions is also
in Uy. Also the (vp,v,) Riemann problem has a solution. The waves of the solution are the
waves crossing out of the diamond. We denote the magnitude of the waves of the solution by
e =(e1,...,en)T. We can use the (3.12) to get

N N N
L(T)= L) =D 1l =16l + Y eil
i=1 i=1 i=1
N N

<L) = 3l = 2010+ 3 b+ 8+ koD(7, )

i=1 =1

< L(I) + NkyD(7, ).
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Figure 7: The diamond formed by I and J.

Now define Iy = J NI and I’, J’, such that J = J' U Iy and I = I' U Iy. Also define
Q(Io, I') = > {la||B] : @ € Iy, € I" and approach}.
By a € Iy we mean a wave «, which crosses [y. Then

Q1) = Qo) + QI") + Q(Io, I')
Q(J) = QL) + Q(J') + QLy, J").

We can see Q(J') =0 and Q(I") = D(v,0). So we get

Q(I) = Q(Iy) + D(7,6) + Q(Io, I')
Q(J) = Q(Iy) + QIo, J').

For simplicity we call the j-waves, j € {1,..., N}, of the solutions of the (v,,v,), (v, un) and

(tm,vy) Riemann problems just €;, 7; and §;. Then

Qlo, J') =D |allel,

where the sum is over all waves a that cross Iy and waves ¢;, that approach. With (3.12) we

get

Q(lo, ') < > _(lel (Il + 1651 + koD(v, 9)))
< > _(lel(ll +16;1)) + ko NL(To)D(7,6)

where the sum is over all waves o, that crosses Iy and all j, for which a and €; approach.

Now assume we have a k-wave «, k € {1,.., N}, which crosses I, and approaches ;. If k # j
or o is a k-shock wave and k = j, then a approaches §; and ;. If k = j and « is a k-centered
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simple wave then ¢; has to be a j-shock wave. In that case o approaches v; or ¢; if they are
Jj-shock waves. Assume §; is a j-centered simple wave, so J; > 0, then

lej| < |vj +0; +D(7,0)] < v+ D(v,9)].

If 7v; > 0 too, then
‘€j| < D(77 6)

But so we get
Q(lo, J') < QIo, I') + ko N L(1o)D(7, 0)

and so
Q(J) = Q) = Qlo, J') — 1o, I') — Q(I')
This proves the second estimate. O

Definition 3.8. The Glimm functional F for a mesh curve I is defined by
F(I) = L(I) + kQ(T),
where k > 2koN is a constant.

This definition is from [Daf16]. With the Glimm functional we can prove the following theorem.
The proof is again based on [Smo94].

Theorem 3.9. Let I be a mesh curve with kL(I) <1 and J an successor of I. Assume that the
approzimative solution can be defined for all points on J and I and the range of the approrimate
solution is in Uy. Then

F(J) < F(I)

and

L(J) <2L(1).
Proof. Assume J is an immediate successor of I then with lemma 3.7 we get
L(J)+kQ(J)
() + koND(v,0) + k(Q(I) + ko NL(I)D(v,6) — D(v,9))
)

c
L(I) + kQ(I) + (koN + kkoNL(I) — k)D(7, 5)
F(I) + (koN + kkoNL(I) — k)D(v, )

F(J)

IA

where v and ¢ are like in the lemma before. With
koN + kkoNL(I) — k < kgN + kgN — k
< 2kogN — 2kgN
=0
we get F(J) < F(I). Let J now be an arbitrary successor of I and assume the approximate
solution is defined on J and the range of the approximate solution is in U,. From the definition

of successors we know, there is a finite sequence Iy, ...,Iy;, M € N, of immediate successors
with I} = I and I); = J. So we get

F(I) =2 F(ly) = ... =2 F(J).
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This proves the first estimate. With that we obtain

L(J)

VAN VAN VAN VAN

|
N
o
—~
~—

This proves the second estimate. O

Now let us define total variation according to [Ser99].

Definition 3.10. Let f : R — R be a function and S an interval of R, which can be either
open or closed, then the total variation of f on S is

TV(}.5) = s%pfjl (@) = Flay)]

where P is the set of all finite increasing sequences (xg, ..., x,) € S.
A more general definition of total variation is given in [EG15].

Definition 3.11. Let V C R? with p € N and g € L*(V), then

where ¢ € CH(V)P.

According to [Smo94] £(I) measurers the total variation of the approximate solution on a mesh
curve I. We can use that to prove the main theorem of this section. The theorem and proof
are from [Dafl6].

Theorem 3.12. Fiz 0 < 7 < T < 00 and —oo < a < b < 0o and assume the approrimative
solution upz g is defined for all € R and t < n.At and the range of uaye s in Uy for all
x € R and t < n.At, where n. € N with (n. — 1)At < 1 < n.At. If

ET.V (upzo(-, 1), [a — c(ma — 1) — 6Az, b+ c¢(m9 — 71) + 6Az])
is sufficiently small, then
T.V(uazo(-s 1), [a,b]) < CiT.V(uazo(-, 1), [a — (2 — 1) — 6Az, b+ (12 — 71) + 6Ax])

where C1 is a constant that only depends on F'.
Let x € R be a point of continuity of uaze(-,71) and uaz (-, 72) and

ET.V(upzo(-, 1), [x — (12 — 11) — 6Az, 2 + ¢(72 — 71) + 6Ax])
be sufficiently small, then
lunz.o(x, 72) —unzo(x, )| < CoT.V(upzp(-, 1), [z — c(m2 — 11) — 6Az, 2 + ¢(19 — 71) + 6Az])

where Cy is a constant, which also only depends on F'.
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3.3 BOUNDS ON THE APPROXIMATE SOLUTION

Proof. We choose nq,ny € N, such that nyAt < 7 < (ny + 1)At and na At < 75 < (ng + 1)At.
Then the approximative solution is defined for all ¢ < (ny + 1)At. Also choose my,my € N|
such that there exists mesh points

_(p! 2
6m1+17n2+1 - (0m1+1,n2+17 0m1+1,n2+1)

and
_ (pt 2
9m1+3yn2+1 - (0m1+3,n2+17 9m1+3,n2+1)
. 1 1 .
with 0, 1,01 <@ <0, .3, 1 and mesh points

_ 1 2
9m2*37n2+1 - (HWLQ—?),RQ—H[’ 9m2—3,n2+1)

and
_ (1 2
9m2_17n2+1 - (gmz—l,ng-i-l? 9m2—1,n2+1)
. 1 1 _ _
with 0, 3,01 < a <0, 4,,.. Alsoset mg =my — (ny —ny) and my = my + (N — ny).
Then we construct two mesh curves [ and J.

(i) I has the start point 6,,,,, and the end point 6,,, ,, and only has mesh points that lay
on the lines t = nyAt and ¢t = (n; + 1)At.

(ii) J has the start point 6,,, ,,. From there it goes to the mesh point 6,,,4+1,,+1, then to the
mesh point ¢,,,41,,+1 and so on until it reaches the mesh point 0,,, ,,. From here J lays
between the lines ¢ = nyAt and ¢ = (ng + 1)At until it reaches the mesh point 6,,, ,,.
From here it goes to the mesh point 6,,,_1,,—1, then to the mesh point 6,,,_2 ,,—2 and so
on until it reaches the mesh point 6,,, ,,. This is the end point of J.

\“ Iy -~ ',\ 2 g
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Figure 8: The mesh curves I and J.

For better understanding one may take a look at Figure 8. J is a successor of I and per
definition of the scheme the approximative solution is defined at all point an J and I and the
range of the approximative solution on I and J is in Uy. We assume

ET.V(upzp(-, 1), [a — c(me — 1) — 6Az, b+ c(12 — 71) + 6Az])
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3 GLIMM’S SCHEME

is sufficiently small. Since £(I) measures the total variation on I there exists a constant ¢
only dependent on F', such that

L) <aT.V(upze(-,m),[la—c(re — 1) — 6Ax,b+ c(r2 — 71) + 6Ax]).
From the theorem before we know £(J) < 2£([) if kL(I) < 1. This is given if
ET.V(upzo(-, 1), [a — c(ma — 1) — 6Az, b+ c(12 — 71) + 6Az])
is sufficiently small. Also we have a constant ¢, only depending on F' such that
T.V(uazo(-, 1), [a,b]) < caL(J).

So we can combine these findings to obtain the first estimate with C; = 2¢;¢s.

Now let € R be a point of continuity of ua.¢(-,71) and uaz¢(-, 72), then we choose x =a = b
and construct I and J like before. There is a point (#,%) on I with ua,¢(%,%) = uage(z, 1)
and a point (2',t") on J with ua,e(2',t') = uaze(z, 72). Again assume

KTV (unzo(-, 1), la — c(r2 — 11) — 6Az, b + c(12 — 71) + 6Az])
is sufficiently small. A constant c3 only depending on F' exists, such that
[unzo(T, T2) — uaze(z, )| < c3(L(I) + L(J])).

Since
KTV (unzo(-, 1), la — c(r2 — 11) — 6Az, b + (12 — 71) + 6Az])

is sufficiently small, we get ££(I) < 1 and so
[Unz,6(T, T2) — Ungo(x, 1) < 3esL(I)
< 3esar TV (upzo(-, 1), [ — c(mg — 1) — 6Az, x + c(2 — 71) + 6Ax]).
This proves the second estimate with Cy = 3c;c3. O

Corollary 3.13. Let T.V(ug,R) be sufficiently small and assume the approzimate solution
Ungp 15 defined for all x € R and t < nyAt, where ny € N, and the range of the approrimative
solution is in Uy, then for any 0 <t < noAt

uazo(-s )lloo < [[to]loo + C2T"V (ug, R).

Proof. Let 0 <t < nyAt, then we can use the second estimate of the theorem with 7 = 0 and
Ty =t to obtain for every point of continuity z € R

|UA1;79<37, t) - qu,9($7 0)| < C2T‘V(UA1,6‘('7 0)7 [x - c<7-2 - 7—1) - 6A$, T + C(TQ — Tl) + 6AIE])
S CQT.V(UAI’Q(', 0), R)
S CQT.V(’U,(), R)

Since C5 depends only on F' we get

Hqu,G('?t)Hoo - ||qu,0('70)||oo S ||U’AE,9(.7t) - qu,()('ao)Hoo
S CQTV(U(),R)

and so
[wazo(s )]l < [|tol|oo + CoT.V (ug, R).
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3.3 BOUNDS ON THE APPROXIMATE SOLUTION

This corollary is based on [Dafl6]. It ensures that we can define the approximative solution for
all £ > 0. We will show that in the following theorem.

Theorem 3.14. There exists positive constants Cs and Cy sufficiently small, such that if
() lluolloe < Cs
(ii) T.V(up,R) < Cy
then the approximative solutions uage can be defined for allt > 0 and
(1) lfunzo( D)lloo < l[uolloo + CoT.V (uo, R)
(i) T.V(upzo(-,t),R) < CiT.V(up,R)
(1i1) [°5 [unzo(x,t) —upzo(z, 7)|dx < Cs5((t — 7) + 6Az)T.V (up, R)

where 0 < 7 <t < oo and C1,Cy and Cs are constants that only depend on F'.

Proof. The first part of the proof is based on [Gli65]. Choose a neighborhood Us C Uy of Oy,
such that if u,,u; € Us the range of the solution of the (u;, u,) Riemann problem is in Uy. Now
we can choose (4 and C3 small enough, such that ua, ¢ can be defined up to the line ¢t = At
and the range of ua, g is in Us. So we can define ua, ¢ up to the line t = 2A¢ and the range
of the approximative solution is in Uy. Also let Cy be small enough, such that we can use the
corollary from before. Thus again if U5 and Cj are small enough, the range of ua, ¢ is in Us.
So we can define ua, ¢ for all ¢ < 3At. But, because of the corollary, the range of ua, ¢ is again
in Us. So in that way we can define ua,p for all £ > 0 and the first estimate holds for the
approximative solution. Note that C3 and C,; do not depend on Az or #. So if C3 and C} are
small enough, approximative solutions can be defined for all Az and 6.

The second estimate follows directly from the last theorem, if we choose 7, = 0 and let a — —o0
and b — oo. To obtain the third estimate, according to [Daf16], we integrate the second estimate
from last theorem over (—o0, c0) and obtain

o0
/ Ureo(,72) — Ungo(z, 7)|dx <
—0o0

Cz/ T.V(uazp(-, 1), [x = c(r2 = 71) — 6Az,z + (12 — 1) + 6Az])dz.
With Fubini’s theorem we get

/_ lamo(2, 72) — ungo(z, 7)|dz < 2C5(c(ts — 1) + 6AT)T.V (upss(-, 1), R)
< 2C1Cy(e(1g — 1) + 6AZ)T.V (up, R).

That proves the third estimate with C5 = 2C;Cs. O

What we have presented is in fact a simplified version of the theorem originally proven in
[Gli65]. In that theorem

uazo(-;t)lloo < K]luol|oo
for some constant K > (0. This estimate can be obtained by defining another functional on
mesh curves, like F, which dominates the norm || - ||o. This estimate is of interest since the

total variation does not need to be small for the approximative solutions to be defined. But
the estimate we obtained is enough to prove the existence of solutions.
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3 GLIMM’S SCHEME

3.4 Convergence of the Approximate Solutions

In this section the existence of weak solutions under some conditions will be shown, similarly
to [Smo94]. We know from the last theorem, that there are constants C5 and Cy, such that if
the initial data of the initial value problem (1.1), (1.2) satisfies

(i) [[uollo < C3
(ii) 7.V (uo, R) < C

then the approximative solutions ua, ¢ can be defined for all Az > 0 and 6 € A. Lets assume
ug satisfies the conditions above and let {ua,} be the set of all approximative solutions.
Recall a function u : R x Ry — U is a weak solution of the initial value problem (1.1), (1.2) if

/ / @Q+F(()y%ﬁ@ﬂﬂﬁ+[:m@yﬂLmM:O

From the definition of the scheme we know an approximate solution ua, s € {uaz g} is a weak
solution in every time strip {(z,t) € R xR, : nAt <t < (n+1)At}, where n € N. So for each
¢ € CHR x Ry)N we have

(n+1)At  roo o 9
0 :/n / UAx G(x,t) . &(ﬁ(x, t) + F(U/Ax,e(l', t)) . %(ﬁ(:ﬂ’ t)dl'dt

At
+/ (x,nAt) - upz o(x,nAt)dx

/ (n+1)At) - uazo(z, (n + 1)At—)dx,
where
unzo(z, (n+1)At—) = t—>(l7gg)At Unzo(z,t).

It is important to note, that in general
Unzo(z, (n+ 1)At—) # uazo(z, (n + 1)At).

This is a result of how we defined the scheme. Now we can sum up the integrals from before
to obtain

0= / / Unzo(z,t) - E(ﬁ(m,t) + Fupgzo(z,t)) - %¢5(a7,t)dxdt
-l-/ (2,0) - uagp(z,0)dx + Z/ (x,nAt) - (uazo(T, nAL) — upgo(x, nAt—))dz.

Define -
TIn(0, Az, ¢) = / o(x, nAL) - (upzp(z,nAL) — upgzo(z, nAL—))dx

and

T0,80,0) = > Tu(, A, ).

We will now show that there is a sequence Az; — 0 for i — oo, such that J (0, Az;,¢) — 0
for i — oo. To do so, we are going to need some properties of J (6, Az, ¢). The first lemma is
based on [Smo94] and the proof of the second one is taken from [Gli65].
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3.4 CONVERGENCE OF THE APPROXIMATE SOLUTIONS

Lemma 3.15. Let 0 € A, ¢ € CH(R x RN and let up, o be an approzimate solution. Then
there exist constants My and My, such that

|Tn(0, Az, ¢)| < Mi(A7)]|¢]|oo
and
(T (0, Az, $)| < My(diam. support ¢)|[¢|]e,

where (diam. support ¢) is the greatest distance between two points in the support of ¢. The
constants are independent of ¢, 0 and Ax.

Proof. We will start with the first estimate. Let (m,n) € Y and 6,,,, = (6}

mm,@fn’n) a mesh
point, then from the definition of the scheme we get

Upzo(T, NAL) = Uz (G}nm, nAt—).
for (m — 1)Ax <z < (m + 1)Az. We can use this to obtain
(m+1)Az
/ |p(z, nAL) - (upgo(, nAL) — upz oz, nAL—))|dx
(m—1)Az

(m+1)Az
</ |62, nAY) - (Unng(6), s nAE=) — usgo(w,nAl-))|dz

— Jm-1)Ax mns
(m+1)Az
< (DA ||l TV (upzo(-, nAt—), [(m — 1) Az, (m + 1)Azx])dx

< 2A7||B]| TV (upgo(-, nAE=), [(m — 1) Az, (m + 1)Ax]).

Hence we get

| T(0, Az, ¢)| < i 2A2]|9|| TV (upgo(-,nAt—=), [(m — 1) Az, (m + 1)Axz])

m=—00

< AAZ|[@]| TV (Upz (-, nAL—), R)
< 4AzCy||@||T.V (ug, R)
< My (A)||8]]0o

where M; > 0 is a constant independent of ¢, # and Az.
The support of ¢ is compact. So we can assume there are a, b, T}, T» € R, such that the support
of ¢ is in [a,b] x [T}, Ts]. Then J,(0, Az, $) # 0 only if 71 < nAt < T5. So there are at most

Cc

s )(diam. support ¢)

Ait(diam. support ¢) = (

nonzero summands in J (0, Az, ¢). So we get

|70, Az, ¢)| < Ma(diam. support ¢)|[6]|

for some constant M, independent of ¢, € and Ax. O

Lemma 3.16. Let ¢ € C}(R x Ry )N and assume ¢ is piecewise constant on segments
[((m —1)Az, (m + 1)Az]| x {nAzx},

where (m,n) € Y. If ny # na, n1,ne € N, then <~7n17~7n2>L2(A) = 0.
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3 GLIMM’S SCHEME

Proof. Let (my,ny), (ma,ny) € Y with ny < ny and let
= A\{((ma — 1)Ax, (ms + 1)Ax) x ny At}

and let df’ be the product measure of A’. The inner product (Jy,, Jn,).(4) is a sum of terms

(TTLQ-i-l
/ / / d(x, naAL) - (upg (2, N2 AL) — upgp(x, noAt—))dx|
rJ A
|/ (2, m1At) - (upzp(T, N1 AL) — upzo(x, i At—))dz|dbm,y 1, d0
Note ¢ is constant on [(ms — 1)Az, (ma + 1)Az] x {nyAz} and

/OO oz, mAL) - (uago(x, N AL) — upze(z, M At—))dx

is independent of db,,, »,. We also have

(ma2+1)Azx
/ / Ung,0(T, N2 AL) — ung o(z, No At —)dxdbp,y 1,
AN S (ma—1)Az

ma+1)A
:/ / T s (Ory g M2E=) = Ung (2, N At =) A2 A0y 1y = 0
A\A’

mo—1)Ax

We can combine this to get

(m2+1
/ / / d(x, naAL) - (upg (2, N2 AL) — upgp(x, noAt—))dx|
rJA\A
| / (z,maAt) - (upgzo(T, M1 AL) — upzo(x, nAt—))dx|dbm, 1,d0 =0
So we get (T, Tns) Lo(4) = 0. O

If Az = 27" for k € N and ¢ is piecewise constant on segments [(m—1)Az, (m+1)Az] x {nAz},
where (m,n) € Y. Then ¢ is piecewise constant on these segments for all Az = 279, where
q € N with ¢ > k.

According to [Gli65], there is an isomorphism of A with

1100, 1},
an infinite product of copies of [0, 1]. The isomorphism is given by
O = = (0} —— —m +1)
Az
for all (m,n) € Y. Therefore we can consider A to be independent of Az. This is important
for the next theorem, which is based on [Smo94].

Theorem 3.17. Let {ua. 9} be the set of all approximative solutions like before. Then there
exists a null set N C A and a sequence Ax; — 0 as i — oo, such that J (0, Ax;,¢) — 0 as
i — oo for any 0 € AN and any function ¢ € C}(R x R, )N

Proof. Let Az; = 27" i € N, and let ¢ € C}(R x R,)"N be piecewise constant on segments
[(m — 1)Azy, (m + 1)Axy] x {nAt}, where (m,n) € Y and k € N. Then for all i > k we get

1TC Az o)l = D0 (1Tl Az O+ D0 (To Todracay
n=-00 4,p=—00,47p
Y Il Aai, )|
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3.4 CONVERGENCE OF THE APPROXIMATE SOLUTIONS

Also we have

S 1TuC A )2 = S0 /A T, Ay, )20

n=-—00 neA

<Y [ 1My ()¢l a0

neA

< X [Mi(Azi)[ll],

neA

where

A={neN:(m,n) €Y and ¢(z,nAt) # 0 for some z € R}.

So is follows
1T (-, Azi, §)||5 < M7 Az;(diam .support ¢)||¢]|%.

So for each ¢ € C}(R x R,)™, that is piecewise constant on segments
[(m —1)Ax,, (m + 1)Azx,| x {nAt}

where (m,n) € Y and Az, = 277 for some p € N, there exists a sequence (Az;) with
lim; o Az; = 0, such that lim; o || T (-, Az;, ¢)||]2 = 0.
Now let (¢) C C(R x R, )Y be a sequence of piecewise constant functions like above, which
are dense in C}(R x R, )N. For every k € N there exists a null set N, C A and a sequence
(AzF) C R, such that

T (0, Axk o) — 0

asi — oo if § € A\N,. By a standard diagonal process we can find a subsequence, for simplicity
let us call the subsequence (Az;) again, such that

as i — oo for all 0 ¢ U;enNj and k € N. Let N = U;en Nj.
Now let ¢ € C}(R x R, )™ not necessarily piecewise constant, then for any § € AAN and k € N
we get

| T (0, Az, )| < |T (0, Axi, ¢ — d)| + | T (0, Ay, dr) |-
Let € > 0, then we can choose k£ € N in such way, that

1

This follows from the first lemma. Then we can choose i so large, that

1
|T (0, Ax;, dr)| < 55-

This can be done by our previous findings. So we get
T (0, Azi, ¢)| < e.

So for any 6 € A\N and any function ¢ € C}(RxR, )" we have J (0, Ax;, ¢) — 0asi — co. [

Let (Ax;) be the sequence obtained in the last theorem, then set u; = ua, g for any 6 € A\N.
Then the following theorem from [Smo94] states

Theorem 3.18. Let (u;) be a sequence of approzimative solutions, like above, then there exists

a subsequence (u}), that converges in L} (R x Ry )N to a function u.
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3 GLIMM’S SCHEME

We will present the idea of the proof. Since the sequence of approximative solution is bounded
and has bounded total variation we can use Helly’s theorem [PM91], to find a subsequence, that
converges at each point on any bounded interval of any given horizontal line in the z-t-plane.
By a standard diagonal process we can construct another subsequence, that converges on every
point x € R for a ¢t > 0. By choosing a dense, countable subset of an interval (0,7") with 7" > 0
one can show with the third estimate for the approximative solution, that the subsequence is
Cauchy in Ly({r € R: |z| < X} x (0,T))" for any X > 0. This can be used to show, that the
subsequence, call it (u/,), converges to a function u in L}, (R x R, )". This completes the idea
of the proof.

Now let (u],) be the sequence obtained in the last theorem. According to [Smo94] there exists
a subsequence (u), which converges to the u almost everywhere. Since F' is smooth F'(u])
converges to F'(u) almost everywhere. We also know, that the sequence F'(u]) is uniformly
bounded, so with the dominated convergence theorem [EG15] we get F'(u!)) — F(u) for n — oo
in L} (R x R, )". With that we get

loc

/_O:o /_O:O u(z,t) - %gb(m,t) + F(u(z,t)) - %gb(m,t)d:ndt + /_o:o o(x,0) - u(xz,0)dz = 0.

But from the definition of our scheme follows, according to [Gli65], that u (z,0) — wuy(z) for
n — oo in L} (R). So we obtain

/O:o /0:0 u(z,t) - %(b(:z:,t) + F(u(z,t)) - %d)(x,t)d:cdt + /O:o ¢(2,0) - ug(x)de = 0.

So the limit function u is indeed a weak solution of the initial value problem (1.1), (1.2). So
we have shown, that under certain conditions weak solutions of the initial value problem (1.1),
(1.2) exists. We will end this section by stating our findings in the following theorem.

Theorem 3.19. Assume we are given an initial value problem 1.1, 1.2. There exists positive
constants Cs and Cy, such that if

(i) |luolloe < C3
(ii) T.V (ug, R) < Cy

a weak solution of the initial value problem (1.1), (1.2) exists.
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4 Conclusion and QOutlook

In this thesis, a way to construct weak solutions of the initial value problem for general sys-
tems of conservation laws in one space dimension using Glimm’s scheme is presented. The
particular aim is to focus on the most essential parts published in different references (e.g.
[Smo94], [Dafl6], [GR21] or [Eva98]). In the first chapter the system of equation and initial
value problem is defined and weak solutions are introduced. Subsequently, it is shown, that the
Riemann problem for one-dimensional systems of conservation laws has a weak solution if the
initial data satisfies certain conditions. Finally Glimm’s scheme is introduced. Based on that
scheme a way to show the existence of weak solutions of the initial value problem is presented.

As a conclusion, based on the considered references, this thesis presents the essential basics
and results, which are required to show the existence of solutions of the initial value problem
for one-dimensional systems of hyperbolic conservation laws, in a more focused and holistic way.

James Glimm developed this scheme and thereby the existence proof in 1965. As we stated
in chapter 3, the estimates we obtained are a simplified version of the estimates in [Gli65].
This estimates were sufficient to show the existence, but are more restrictive, than the original
estimates. So it would be of interest to present the proof of the more general estimates.

Also numerous new results were published over the last decades. For example the convergence
of the scheme we presented depends on choosing a random sequence # € A. Tai-Ping Liu
showed in [Liu77], that this is not necessary, since the scheme converges for any equidistributed
sequence. The ideas of the scheme can be used to develop a numerical method as Alexandre
Chorin did in [Cho76]. Also an alternative way to prove the existence of solutions to systems
of hyperbolic conservation laws was shown by Nils Hendrik Risebro in [Ris93].
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